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Coupled phase oscillators are adopted as powerful platforms in studying synchrony behaviors emerged in various
systems with rhythmic dynamics. Much attention has been focused on coupled time-continuous oscillators described by
differential equations. In this paper, we study the synchronization dynamics of networks of coupled circle maps as the
discrete version of the Kuramoto model. Despite of its simplicity in mathematical form, it is found that discreteness may
induce many interesting synchronization behaviors. Multiple synchronization and desynchronization transitions of both
phases and frequencies are found with varying the coupling among circle-map oscillators. The mechanisms of these tran-
sitions are interpreted in terms of the mean-field approach, where collective bifurcation cascades are revealed for coupled
circle-map oscillators.
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1. Introduction
Self organization and collective behaviors can be exten-

sively observed in complex systems, ranging from physics,
chemistry, biology to economic and social sciences.[1] A sys-
tematic exploration of the emergence of complex systems is
the core mission of complexity science.[2]

Synchronization implies the rhythmic coordination be-
tween two or more elements, which has been ubiqui-
tously observed and relevant in many processes,[3] rang-
ing from groups of cardiac pacemaker cells,[4] coupled
metronomes,[5] large groups of fireflies,[6,7] biochemical
oscillators,[8] oscillating neutrinos,[9] power grids[10] and neu-
ronal synchronization.[11] Further studies have been extended
to chaotic systems, and complete synchronization,[12,13] gen-
eralized synchronization,[14,15] lag synchronization,[16] and
even measure synchronization[17] have been exhaustively ex-
plored. With the developments of network sciences,[18,19] syn-
chronization dynamics on complex networks have also be-
come a center of interest in relating to collective dynamics,
spreading and percolation, and explosive phenomena.[20–23]

A simple pointcut in explorations of synchronization is
to model unit dynamics as phase oscillators. Starting from
Winfree[24] and Kuramoto,[25] coupled phase oscillators such
as the Kuramoto model[26,27] have been adopted as prototype
models in exploring synchronization behaviors ubiquitously
existing in various backgrounds.

Most of the phase models are described by differential
equations, i.e., by adopting the continuous-time dynamics.
Maps, i.e., discrete-time dynamics, may exhibit completely

different properties in studies of nonlinear dynamics. Such is
also the case of the study of synchronization problem. Kaneko
et al. studied the coupled map lattices and found more com-
plicated while interesting behaviors.[28]

For coupled phase map oscillators, there have been nu-
merous studies on coupled sine-circle maps.[29] It is well
known that a single sine-circle map has very complex dynam-
ics including periodic, quasiperiodic, and chaotic behaviors.
Circle maps were also applied to explore the existence of high-
dimensional quaisperiodicity (torus).[30,31] As a population of
sine-circle maps are coupled to each other, the intermingled
influences of coupling and mapping nonlinearities will make a
clear analysis very difficult.[32–41]

On the other hand, even for an unperturbed circle map,
very complicated synchronization–desynchronization dynam-
ics can be found as these simple oscillators are coupled to each
other. In this paper, it is our mission to extensively investigate
the synchronization dynamics of coupled circle maps. We find
that discreteness may induce much more interesting synchro-
nization behaviors. Multiple synchronization and desynchro-
nization transitions of both phases and frequencies are found
with varying the coupling which happen at strong couplings
among circle-map oscillators. The mechanisms of these tran-
sitions are interpreted in terms of the mean-field approach,
where collective bifurcation cascades are revealed for the cou-
pled circle-map oscillators.

This paper is arranged as follows. In Section 2, the cou-
pled circle maps with sinusoidal coupling are introduced. In
Section 3, we study the synchronization dynamics of two cou-
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pled circle maps. This can be well described by the dynamics
of the sine-circle map. In Section 4, we discuss the dynamics
of the coupled maps on networks. Multiple synchronization–
desynchronization (SD) transitions are revealed. These tran-
sitions can be interpreted in the framework of mean-field ap-
proach, where the synchronization transition and the instabil-
ity of synchronous state are disclosed in Section 5. Section 6
presents a concluding remark.

2. Modeling networks of coupled circle maps
Consider a general topology of mutual interactions

among oscillators. If one describes the oscillator dynamics
only in terms of phase variable θ , the dynamics should be con-
strained on the [0,2π] circle. Suppose a system of N oscillators
with phases and nature frequencies {θi(t),ωi, i = 1,2, . . . ,N}.
Let us study the time-discrete version of the Kuramoto model,
i.e., the coupled circle maps.[28,29] The dynamics of a single
oscillator described by the circle map can be written as

θ
t+1
i = θ

t
i +ωi, (1)

where t = 1,2, . . . is the discrete time.
Since the circle map (1) is linear and does not contain

nonlinear perturbations, the dynamical feature is thoroughly
determined by the commensurability of the natural frequency
ωi. As ωi is commensurate, i.e., ωi can be expressed as the
ratio of two integers, the motion of the map on the circle is
periodic. On the other hand, when ω is irrational (incommen-
surate), the motion on the circle is ergodic and quasiperiodic.

By taking into account the couplings among N circle
maps, the dynamics can be described as

θ
t+1
i = θ

t
i +ωi +

K
ki +1

N

∑
j=1

Ai j sin(θ t
j−θ

t
i ),

i = 1,2, . . . ,N. (2)

The coupling topology is described by the adjacency matrix
𝐴= (Ai j), i, j = 1,2, . . . ,N. One usually sets Ai j = A ji = 1 if
oscillators i and j are coupled to each other, and Ai j = A ji = 0
otherwise. The diagonal elements Aii are supposed to satisfy
the condition Aii = −∑ j 6=i Ai j = −ki, where ki is the degree
of the i-th node. The natural frequencies of oscillators {ωi}
are assumed to be heterogeneous and randomly given by the
uniform distribution in [−∆ ,∆ ].

Equation (2) is the discrete version of the following Ku-
ramoto model:

θ̇i = ωi +
K

ki +1

N

∑
j=1

Ai j sin(θ j−θi) , i = 1,2, . . . ,N. (3)

There have been extensive theoretical studies on the synchro-
nization behaviors of the model (3).[26,27] For the fully con-
nected network case, i.e., ki = N − 1, Eq. (3) describes the

dynamics of the traditional mean-field Kuramoto model. In
the thermodynamics limit N → ∞, statistical description can
be introduced to study the collective behavior of model (3).
Kuramoto.[42] proposed the self-consistency approach to ana-
lytically predict the transition from incoherence to synchro-
nization. It was found that synchrony among oscillators
emerges when the coupling strength exceeds the critical value
Kc = 2/πg(ω0), i.e., R = 0 for K < Kc, and R > 0 as K >

Kc. Here g(ω) is the distribution of the intrinsic frequency.
The dynamics of synchronization transition can also be re-
sorted to the recently proposed Ott–Antonsen ansatz[43,44] and
Watanabe–Strogatz transformation,[45–47] which gives rise to
the low-dimensional dynamical equations of order parameters
and richer non-stationary collective dynamics of coupled os-
cillators.

In the following discussion, we will perform numerical
simulations of system (2) for Erdos–Renyi (ER) random net-
works and nearest-neighbor regular (NNR) networks to check
the influence of network topology on the synchronization. An
ER random network can be constructed by setting a linking
probability p for a pair of nodes. For NNR networks, the ad-
jacency matrix satisfies Ai,i± j = 1 for j ≤ L and Ai,i± j = 0 for
j > L, where L is the neighbor distance. It can be easily seen
that ki = 2L for the NNR case.

3. Synchronization of two coupled circle maps
We first study the synchronization dynamics of N = 2

circle-map oscillators. The dynamics is simplified to two cou-
pled maps

θ
t+1
1,2 = θ

t
1,2 +ω1,2 +

K
2

sin(θ t
2,1−θ

t
1,2). (4)

The average winding number (frequency) of each oscillator is
defined as

Ωi = lim
t→∞

θ t
i −θ 0

i
t−1

. (5)

The synchronization of two oscillators is achieved when
Ω1 = Ω2. We compute the frequency difference ∆Ω =

|Ω2−Ω1| to investigate the synchronization dynamics of the
coupled circle maps.

In Fig. 1, the difference ∆Ω is plotted against the coupling
strength K for different mismatch parameters ∆ = ω2−ω1. It
can be seen that for small ∆ = 0.2, 0.5, and 0.75, ∆Ω decreases
to 0 smoothly with increasing coupling. For larger ∆ = 1.0,
1,25, 1.5, and 1.75, ∆Ω also decreases as the coupling is in-
creased, but some non-smooth steps such as ∆ω/2π = 1/6,
1/4, 1/3, 1/2, . . . can be found. These steps imply a locked
difference between the frequencies of two oscillators, and they
are never observed in differential phase dynamical systems. In
this sense, the traditional synchronized state means the locking
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state ∆ω = 0, which of course is the largest locking step in all
possible steps, as shown in Fig. 1. When the natural-frequency
mismatch is too large, i.e., for the curve of ∆ = 2.0 in Fig. 1,
∆ω will be locked to the 2π step instead of the ∆ω = 0 step.

0 0.5 1.0 1.5 2.0
0

0.5π

π

1.5π

2π

D
Ω

K

  

  

  

   

∆=0.2  ∆=0.5

∆=0.75  ∆=1.0

∆=1.25  ∆=1.5 

∆=1.75 ∆=2.0

Fig. 1. Synchronization dynamics of N = 2 coupled circle maps by plot-
ting the variation of the winding-number difference ∆ω with the cou-
pling strength K for different natural-frequency mismatches: ∆ = 0.2,
0.5, 0.75, 1.0, 1,25, 1.5, 1.75, and 2.0 (from the bottom up). Several
locking staircases such as ∆ω = 0, π/3, π/2, 2π/3, π , . . . , and 2π are
shown as dashed lines.

It is important to give a thorough understanding of the
locking behavior for various parameters. By introducing the
phase difference φ = θ2−θ1, Eq. (4) can be written as

φ
t+1 = φ

t +∆ −K sinφ
t . (6)

This is just the so-called sine-circle map, which has been ex-
tensively studied[29] in relating to a number of phenomena in
driven sustained oscillator, rotator, phase-locked loop, Joseph-
son junction, and cardiac dynamics.[3] The original derivation
of the map (6) comes from the physical modeling of peri-
odically driven oscillator, where the mismatch parameter ∆

is proportional to the ratio between the period of the driving
force T and the period of self-sustained oscillations T0, i.e.,
∆ = 2πT/T0. The parameter K is proportional to the ampli-
tude of the external force. For K = 0, we have the linear circle
map (1), and K governs the nonlinearity level in the map (6).

Different from the driven sustained oscillator, the system
we are discussing is composed of two mutually coupled sus-
tained oscillators, and the parameters ∆ and K are the differ-
ence of the natural frequencies of the two oscillators and the
coupling strength, respectively.

In Fig. 2, some typical locking states of ∆Ω = |Ω2−Ω1|
are plotted as a phase diagram on the (K,∆) parameter plane,
where colors correspond to different rational values of ∆Ω/2π

that can be expressed by the ratios of integers m/n. One
may readily find that these locking states form the interesting
Arnold tongues. This is natural because the locking behavior
of the two coupled oscillators is described by Eq. (6). It can
be first noted that 0/1 (red) and 1/1 (blue) lockings occupy
the largest portion of the parameter plane, then 1/2, 1/3, 2/3,
. . . The measure of these locking tongues decreases with the
rationality of the ratio m/n.

A convenient way to present all these locking tongues is
to introduce the Farey summation rule, i.e., for two irreducible
integer ratios m1/n1 and m2/n2, a new ratio m/n can be intro-
duced as

m
n
=

m1 +m2

n1 +n2
. (7)

If the new ratio m/n is irreducible, then one successfully con-
structs a new Arnold tongue with a smaller measure than
m1,n1 and m2,n2. The Farey rule gives rise to a Farey tree
starting from two seeds 0/1 and 1/1. One can also determine
the lower boundaries of various locking solutions m/n on the
basis of the map (6). All these discussions can be resorted to
the results from the sine-circle map. We will not further dis-
cuss this topic.

The critical line K/2π = 1 is labeled in Fig. 2. It should
be noted that the map (6) is invertible if |K/2π| ≤ 1, and non-
invertible for |K/2π| > 1. Below the critical line, the dynam-
ics of the sine-circle map is regular (periodic or quasiperiodic),
and various Arnold locking tongues do not overlap. When the
coupling exceeds the critical value, Arnold tongues begin to
overlap with each other, leading to competitions among differ-
ent resonant lockings and even chaotic dynamics.

0
0

1

2

3

4

0/1 1/1

1/2

1/3
2/3

3/4

1/4

∆

K
/

π

0.5π π 1.5π 2π

Fig. 2. Phase diagram of the synchronization regimes of N = 2 coupled
circle maps. Some visible locking tongues are labeled with different
colors (from left to right): 0/1 (red), 1/4 (purple), 1/3 (dark purple), 1/2
(green), 2/3 (cyan), 3/4 (yellow), and 1/1 (blue).

4. Synchronization in networks of circle maps
Coupled circle-map systems may exhibit rich and compli-

cated collective dynamics when a population of maps with dif-
ferent individual natural frequencies are coupled to each other.
In this section, we discuss the behaviors of coupled circle maps
on different network topologies.

First let us distinguish two concepts related to synchrony
among oscillators. The first quantity measures the degree of
coherence among phases of oscillators, which can be intro-
duced by the following complex order parameter:

z(t) = R(t)eiψ(t) ≡ 1
N

N

∑
j=1

eiθ t
j , (8)

where i is the imaginary unit, R(t) and ψ(t) describe the co-
herence factor and collective phase, respectively. In the limit
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N→∞, R= 0 represents an incoherent state with phases of os-
cillators homogeneously distributed in [0,2π). R > 0 implies
some degree of synchrony among oscillators, and R= 1 means
a fully in-phase synchronous state.

The order parameter R(t) reflects the coherent behaviors
of phases of oscillators. One may study the dynamics of R(t)
by computing its time average

〈R〉= lim
T→∞

1
T

T

∑
t=1

R(t). (9)

The second measure is to describe the degree of frequency
locking among oscillators, which can be introduced by the fol-
lowing function:

∆Ω =
1
N

N

∑
j=1

∣∣Ω j−ω0
∣∣, (10)

where Ω j is the time-averaged frequency of the j-th oscillator
defined by Eq. (5). Ω0 is the mean natural frequency of the
system

Ω0 =
1
N

N

∑
j=1

ω j. (11)

All oscillators are frequency locked when ∆Ω = 0.
The detailed information of the synchronization dynam-

ics can be traced by using the synchronization bifurcation tree
{Ωi(K), i = 1,2, . . . ,N}[48–50] to study the locking processes
among oscillators. In the following studies, the number of
oscillators is set to be N = 100. Natural frequencies of map
oscillators obey the uniform distribution in [−∆ ,∆ ], where ∆

measures the natural-frequency mismatch.
We first study the collective behaviors of system (2) for

different network topologies by computing the relations be-
tween 〈R〉 and the coupling K, which are presented in Fig. 3 for
ER random networks and NNR networks containing N = 100
oscillator nodes, respectively. The difference ∆ = 0.1. For
a sparse ER random network with p = 0.2, as shown by the
square line in Fig. 3, the order parameter experiences a sharp
increase at the critical coupling Kp

c,1 ≈ 0.12. The transition to
a large 〈R〉 implies the emergence of a high degree of phase
coherence of oscillators. The order parameter 〈R〉 continues
to increase and approaches 〈R〉 = 1 (full synchrony) with the
increase of the coupling K. This strong coherence is main-
tained for the differential Kuramoto system (3), and 〈R〉 → 1
as K→∞. Such is not the fact for coupled circle maps (2). One
may find from Fig. 3 that when the coupling K is larger than
the second critical value Kp

c,2 ≈ 1.52, 〈R〉 begins to decrease
with further increasing the coupling K. For the random net-
work with a higher connection probability p= 0.5 (circle line),
one still finds the synchronous transition at K ≥ Kp

c,1 ≈ 0.11
and the desynchronization transition at Kp

c,2 ≈ 1.67.

We also investigate synchronization dynamics of coupled
circle maps on NNR networks. In Fig. 3, we present the
〈R〉 ∼ K relation for the node degree k = 10 (triangle line)
and 50 (inverted-triangle line), respectively. It can be seen that
the synchronization dynamics on regular networks with differ-
ent degrees exhibit similar tendency to ER random networks.
For k = 10, the critical couplings Kp

c,1 ≈ 0.16, Kp
c,2 ≈ 0.26.

For k = 50, Kp
c,1 ≈ 0.14, and Kc,2 ≈ 1.66. As a comparison,

〈R〉 does not exhibit strong phase coherence and decreases at
a much smaller critical value Kc,2.

0.01 0.1 1

0

0.2

0.4

0.6

0.8

1.0

R

K

 ER p=0.2

 ER p=0.5

 NNR k=10

 NNR k=50

Fig. 3. Synchronization dynamics of coupled circle maps measured by
the relations between the order parameter R and the coupling strength K
for different network topologies. The number of oscillators is N = 100.
∆ = 0.1. ER random networks with different connection probabili-
ties: (a) p = 0.2, (b) p = 0.5. NNR networks with different degrees:
(c) k = 10, (d) k = 50.

We further study the synchronization bifurcation tree pre-
sented by the {Ωi} ∼ K profile. These profiles are presented
in Figs. 4(a)–4(d) corresponding to the networks discussed in
Fig. 3. For convenience, each bifurcation tree is further mea-
sured by plotting the difference ∆Ω varying with the coupling.
To show the details in the small-coupling regime, the K-axis is
presented in the logarithm format. It can be clearly found that
for all these different cases, oscillators experience complicated
clustering processes, i.e., oscillators are frequency locked to
form synchronous clusters with increasing coupling, and the
clustering dynamics persist until all oscillators are frequency
locked to a single cluster at K ≥ Kf

c,1. For cases of Figs. 4(a),
4(b) and 4(d), the critical coupling for frequency locking is
approximately the same as that for the emergence of phase co-
herence, i.e., K ≥ Kf

c,1 ≈ Kp
c,1. This coincidence can be shown

and understood from the synchronization bifurcation tree. For
ER random networks and NNR networks with large degrees,
both long-range shortcut connections for the random networks
and enough number of neighbors for the NNR networks ensure
a highly efficient frequency locking among oscillators. This
gives rise to an explosive-like locking near the critical cou-
pling Kf

c,1, implying a coincidence of frequency locking with
phase coherence. For the case presented in Fig. 4(c), k = 10,
one may still find an intermingled tree structure with multiple
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synchrony clusters. In this case, though 〈R〉 increases drasti-
cally at Kp

c,1 ≈ 0.16, a global frequency locking is not achieved
at Kp

c,1 until K ≥ Kf
c,1 ≈ 0.27.

-0.10
-0.05

0

0.05

0.10
(a) (b)

0.01 0.1 1
0

0.02

0.04

0.06

0.01 0.1 1

-0.10

-0.05

0

0.05

0.10

Ω
i

Ω
i

(c) (d)

0.01 0.1 1
0

0.02

0.04

0.06

D
Ω

D
Ω

K

K K

0.01 0.1 1
K

Fig. 4. Synchronization dynamics of N = 100 coupled circle-map oscil-
lators with the same network topologies as in Figs. 3(a)–3(d). ∆ = 0.1.
For each sub-figure, the upper plot is the synchronization bifurcation
tree {Ωi}∼K, and the lower plot is the frequency difference ∆Ω against
the coupling strength K.

As one further increases the coupling, the locking states
lose their stability as the coupling strength exceeds the second
threshold Kf

c,2. It can be seen that frequencies of oscillators
{Ωi} become unlocked when K > Kf

c,2. For the ER network
with p = 0.2, Kf

c,2 ≈ 4.02, for p = 0.5, Kf
c,2 ≈ 4.35. For the

NNR network with k = 10, Kf
c,2 ≈ 4.28, for k = 50, Kf

c,2 ≈ 4.6.
As a comparison with the R–K curves presented in Fig. 3, one
notices at K = Kp

c,2 that the phase coherence is deteriorated,
but the frequency locking is still kept until K ≥ Kf

c,2 > Kp
c,2. It

is significant to study what happens at K = Kp
c,2 and K = Kf

c,2.

5. Synchronization–desynchronization transi-
tions: mean-field analysis
The above investigations for different network topologies

exhibit some common features. We are interested in the transi-
tions from asynchronous to synchronous states and the emer-
gence of desynchronization transition for both phase coher-
ence and frequency locking. It is found that phase and fre-
quency synchronization–desynchronization transitions are dif-
ferent. To understand these transitions, let us study the global
coupling case.

The global coupling implies ki = N− 1 in Eq. (2), then
one obtains

θ
t+1
i = θ

t
i +ωi +

K
N

N

∑
j=1

sin
(
θ

t
j−θ

t
i
)
. (12)

In Fig. 5, the synchronization dynamics are exhibited by
plotting the variation of the order parameter R [Fig. 5(a)] and
the frequency difference ∆Ω [Fig. 5(b)] against the coupling
strength K for different natural frequency dispersions ∆ . One
may observe a similar scenario of various transitions between
synchronous and asynchronous states. For the global coupling
case, the curves become more smooth.

We first analyze the results in Fig. 5(a). There are three
branches of the order parameter, and we label them as P-I, P-
II, and P-III. The label “P” of these branches implies that they
possess different collective states of phases. Branch P-I corre-
sponds to the phase incoherent state for 0≤ K ≤ Kp

c,1. On this
branch, both phases and frequencies of oscillators are not syn-
chronized, and R remains at a small value, R ∼ 1/N. Branch
P-II represents the coherent state for Kp

c,1 ≤ K ≤ Kp
c,2, where

both phases and frequencies are synchronized, i.e., R increases
rapidly with increasing the coupling and R ≈ 1. Branches P-
I and P-II are also typical collective states of coupled time-
continuous oscillators. As a comparison, the emergence of
branch P-III for K ≥ Kp

c,2 is much more interesting. On this
branch, R decrease with increasing coupling, implying the loss
of phase coherence. These three branches experience transi-
tions by changing the coupling. Usually one can observe all
these three branches. If ∆ is very large , e.g., ∆ = 1.5, as
shown in Fig. 5(a), R directly jumps from branch P-I to P-III
in the absence of branch II.

0 2 4 6
0

0.2

0.4

0.6

0.8

1.0

R

(a)

 ∆=0.2

 ∆=0.5

 ∆=0.8

 ∆=1.5

0 2 4 6
0

0.2

0.4

0.6

0.8

D
Ω

K

 ∆=0.2

 ∆=0.5

 ∆=0.8

 ∆=1.5

(b)

Fig. 5. The synchronization dynamics are exhibited by plotting the vari-
ation of the order parameter R and the frequency difference ∆Ω against
the coupling strength K for different natural frequency dispersions ∆ .

As compared to the three branches of the order parameter,
in Fig. 5(b), the parameter ∆Ω describing frequency synchro-
nization also exhibits three branches. Frequency-unlocking
branch F-I exists for 0 ≤ K < Kf

c,1, on which ∆Ω 6= 0,
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where oscillators are not globally synchronized (but some syn-
chronous clusters can be found). When K ≥ Kf

c,1, the system
becomes globally synchronized, i.e., ∆Ω = 0, so this state is
labeled as branch F-II. Branch F-II ends when K ≥Kf

c,2, which
is replaced by branch F-III. On F-III, again one has ∆Ω 6= 0,
indicating that oscillators are no longer frequency locked. This
state can also be well demonstrated by the synchronization bi-
furcation tree in Fig. 4, where the frequencies of oscillators be-
come different from each other at very strong coupling. Sim-
ilar to the discussions for complex networks, one also notices
that Kp

c,1 ≈ Kp
c,1 while Kp

c,2 < Kp
c,2.

5.1. Synchronization transition

It is interesting from numerical simulations for different
network topologies (ER, NNR, and globally connected) one
always observes the above macroscopic states including P-I,
P-II, P-III and F-I, F-II, F-III. It is important to understand the
physical mechanisms for the transitions among these differ-
ent states. The synchronization transition can be analytically
treated by using the mean-field and self-consistency approach.
By using the order parameter (8), Eq. (12) is transformed to

θ
t+1
i = θ

t
i +ωi−KRsin(θ t

i −Θ). (13)

In terms of the translational transformation θi −Θ → θi,
Eq. (13) becomes

θ
t+1
i = θ

t
i +ωi−KRsinθ

t
i . (14)

It is interesting that this map is just the standard sine-circle
map, where the nonlinear parameter KR is closely related to
the order parameter. This means that each oscillator is driven
by the mean-field force KRsinθ t

i .
Equation (14) can be rewritten by defining the discrete-

time derivative Dtθ = θ t+1−θ t as

Dtθ
t
i = f (θ t

i ) = ωi−KRsinθ
t
i . (15)

We are interested in the fully synchronized state where all os-
cillators with the same frequency. According to Eq. (14), the
synchronous state of all oscillators implies ∆Ω = 0, i.e., the
globally synchronized state should be the fixed-point solution
of Eq. (15) satisfying Dtθ

t
i = 0, leading to

sinθ
∗
i =

ωi

KR
. (16)

Then the stationary states satisfy

θ
∗
i = arcsin

(
ωi

KR

)
, i = 1,2, . . . ,N. (17)

Depending on different winding numbers ωi, an oscillator
evolves to the fixed-point solution θ ∗i when KR ≥ ωi, which
is stable when

f ′(θi) =−KRcosθ
∗
i < 0. (18)

This leads to the requirement cosθ ∗i > 0. This in fact cor-
responds to the Ω = 0/1 Arnold tongue and is shown in
Fig. 6. The critical line of the synchrony tongue is Ki

cR =±ωi.
An oscillator with the natural frequency ωi falls in the syn-
chrony tongue and can be frequency locked when the coupling
K≥Ki

c = |ωi/R|. This gives the critical coupling for the global
frequency locking as

Kf
c,1 = max{|ωi|/R} . (19)

All oscillators will be synchronized when K ≥ Kf
c,1. However,

since the expression of Kf
c,1 contains the order parameter R,

one should determine R. This can be solved in terms of the
self-consistency approach.

Ω=0

K

K/ω/R

ω

Fig. 6. The critical lines (red dashed lines) and synchronization regime
(shaded region) of globally coupled circle-map oscillators. An oscilla-
tor can be frequency locked as its natural frequency and the coupling
falls in the synchrony tongue.

Now we discuss the transition to phase coherence by us-
ing the self-consistency approach. In thermodynamic limit
N → ∞, one may introduce the natural-frequency distribu-
tion as g(ω) and the phase distribution for a given ω as
P(ω;θ , t). The phase distribution function satisfies the fol-
lowing discrete-time continuity equation:

DtP(ω;θ , t) =− ∂

∂θ
{(ω−KRsinθ)P(ω;θ , t)} . (20)

The stationary state satisfies DtP(ω;θ , t) = 0. From
Eq. (20), one obtains the asynchronous solution

Pa(ω;θ) =
C

|ω−KRsinθ |
(21)

for |ω| ≥ KR, and the synchronous solution

Ps(ω;θ) = δ [θ − arcsin(ω/KR)] (22)

for |ω| ≤ KR. The constant C is the normalization coefficient.
Because all oscillators are considered as synchronous and

asynchronous groups, the general distribution is

P(ω;θ) = Ps(ω;θ)+Pa(ω;θ). (23)

The order parameter defined by Eq. (8) can be written as
the following integral:

R =
∫ 2π

0
eiθ P(ω;θ)g(ω)dω dθ . (24)
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Inserting Eq. (23) into the integral, the asynchronous part has
no contribution to the order parameter due to the periodicity of
Pa. Then one obtains

R =
∫

π/2

−π/2
eiθ KRcosθg(Ω +KRsinθ)dθ . (25)

One has the real part

R = KR
∫

π/2

−π/2
cos2

θg(Ω +KRsinθ)dθ , (26)

and the imaginary part

0 = KR
∫

π/2

−π/2
cosθ sinθg(Ω +KRsinθ)dθ . (27)

At the synchronization transition point Kp
c,1, R � 1,

g(Ω +KRsinθ) ≈ g(Ω)+g′′(Ω)(KRsinθ)2 + · · · . By keep-
ing only the first term, Eq. (26) can be integrated out as
Kp

c,1πg(Ω)/2 = 1. The critical coupling is

Kp
c,1 =

2
πg(Ω)

. (28)

For the homogeneous distribution g(ω) = 1/(2∆), the
critical coupling Kp

c,1 = 4∆/π . In Fig. 5, for ∆ = 0.2 and
0.5, Kp

c,1 ≈ 0.25 and 0.56, which agrees well with analytical
predictions.

5.2. Instability of synchronous state

The crossover from branch P-II to P-III occurs at a crit-
ical value Kp

c,2 signifying some degree of decoherence of
phases, although the frequencies of oscillators are still locked
(∆Ω = 0). It is interesting to understand the mechanism of
this crossover. This in fact can be understood as the phase
instability of the synchronous state.

The synchronous state corresponds to the period-1 state of
the sine-circle map Eq. (14). Phase instability means the insta-
bility of period-1 solution. The Jacobian |1−KRcosθ ∗| ≤ 1
leads to

0≤ KRcosθ
∗ ≤ 2. (29)

By inserting the period-1 solution (17) one obtains (KR)2 ≤
ω2+4. When (KR)2≥ω2+4, the stationary phase state {θ ∗}
becomes unstable. By considering the minimum frequency
|ω|= 0, one obtains the critical condition

KR≥ 2. (30)

In Fig. 7, the relation between KR and the coupling K is
plotted for different ∆ . It can be clearly found that the criti-
cal couplings Kp

c,2 for the curves passing through the threshold
KR = 2 agree very well with the turning points of R shown
in Fig. 5. For the uniform natural-frequency distribution, the

order parameter for the phase synchronous state R≈ 1. There-
fore for small ∆ , when K ≥ Kp

c,2 ≈ 2, the phase synchronous
state becomes unstable. This is also in agreement with the
critical couplings Kp

c,2 for small ∆ = 0.2, 0.5, and even 0.8.

0 1 2 3 4
0

0.5

1.0

1.5

2.0

2.5

K
R

K

 ∆=0.2

 ∆=0.5

 ∆=0.8

 ∆=1.5

Kc
2

Fig. 7. The variation of KR against the coupling strength K for different
∆ = 0.2, 0.5, 0.8, and 1.5. Oscillator number N = 100. The threshold
curve KR = 2 is shown as dashed line.
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0

0.5

1.0

0

0

2 4 6

R

3.0 3.5 4.0 4.5
0

0.5

1.0

R

K

3.0 3.5 4.0 4.5

K

(a) (b)

(c) (d)
2π

πθ

0

2π

πθ

Fig. 8. The bifurcation diagram of (a) the order parameter R(t) and (b)
the phase of the oscillator θ t

1 against the coupling strength. Here N = 100,
∆ = 0.2. In (a), the average 〈R〉 is plotted in red line as the reference. (c)
An enlargement of the bifurcation diagram (a) for K ∈ [3.0,4.5]. (d) An
enlargement of the bifurcation diagram (b) for K ∈ [3.0,4.5].

In Fig. 8(a), the bifurcation diagram of the order param-
eter R(t) is given for ∆ = 0.2. To make a comparison, the
variation of the averaged order parameter 〈R〉 is also plotted.
It can be found that at the crossover coupling Kp

c,2, R(t) ex-
periences a period-doubling bifurcation, i.e., the synchronized
fixed point is replaced by a period-2 state, i.e., an oscillatory
behavior of the order parameter. This is a collective period-2
bifurcation originated from the mutual couplings among os-
cillators. Of course, the period-2 bifurcation can also be well
traced by observing microscopic dynamics of one of the os-
cillators, as shown in Fig. 8(b) by plotting θ t

1 versus the cou-
pling. The period-doubling process does not end at period-
2 with the increase of coupling. Figures 8(c) and 8(d) show
an enlarged bifurcation diagram of the order parameter R(t)
and the phase θ t

1 against the coupling K, respectively. Suc-
cessive period-doubling bifurcations from period-2 to period-
4 and other period-2m states can be observed. This process
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naturally accumulates to the chaotic oscillation of R(t) and θ t
i .

Period windows also reveal intricate collective temporal be-
haviors of the coupled circle maps.

The bifurcation to period-2 at Kp
c,1 is closely related to the

decrease of the averaged order parameter 〈R〉 with increasing
K. In fact, this is a typical transition from a stationary coher-
ence to an oscillatory coherence. The emergence of period
doubling also indicates that the single cluster of oscillators
splits into two clusters. In Fig. 9, the snapshots of N = 100
oscillators at t = 104 for different couplings are recorded by
plotting {(cosθi,sinθi)}. For a weak coupling, as seen from
Fig. 9(a) for K = 0.5, oscillators are randomly distributed on
the unit circle. Correspondingly, R ≈ 0. When K > Kp

c,1, as
shown in Fig. 9(b) for K = 1.5, all oscillators are locked to a
single compact phase cluster, and R≈ 1. Figure 9(c) gives the

snapshot for K = 2.5 > Kp
c,2. It is shown that the single cluster

in (b) is divided into two phase clusters. It is not difficult from
the definition of R in (reforder) that this division leads to the
downgrade of R with increasing K. Moreover, each compact
part of two clusters becomes dispersed with further increas-
ing K [see Fig. 9(d) for K = 3.5], and two parts are eventu-
ally merged into a single highly-dispersed cluster, as shown in
Fig. 9(e) for K = 4.0. This cascade of instability leads to the
destruction of the coherence of phases. For very strong cou-
pling exceeding the threshold Kf

c,2, as shown in Fig. 9(f) for
K = 5.0, frequency locking of oscillators becomes unstable,
thus the system evolves in an incoherent manner. The loss of
frequency locking for very strong couplings is due to the high-
nonlinearity induced chaos and crisis,[51] which enhance the
diffusivity of phases and lead to locking instability.

K/.

(a)

K/.

(b) (c)

(d) (e) (f)

K/.

K/. K/. K/.

Fig. 9. (a)–(f) Snapshots (cosθi,sinθi) of N = 100 circle-map oscillators at different coupling strength K = 0.5, 1.5, 2.5, 3.5, 4.0, and 5.0.

6. Concluding remarks
In this paper, we focus on the synchronization dynamics

of coupled circle-map oscillators, which can be considered as
the discrete version of the Kuramoto model. Different from
the differential version of the Kuramoto model, the coupled
circle-map system exhibits much more complicated synchro-
nization and desynchronization dynamics. Even for two cou-
pled circle maps, complicated synchronization dynamics can
be observed, which is related to the Arnold-locking-tongue dy-
namics of the sine-circle map. Coupled circle maps on dif-
ferent networks exhibit interesting synchronous transition and
instability of synchronization, wherever different scenarios for
phase coherence and frequency locking are found.

These scenarios can be analytically revealed by studying
the mean-field circle map system. In terms of self-consistency
approach and stability analysis, the critical couplings for these
transitions are given, and the dynamical mechanism of the
emergence and instability of synchronous states are revealed.

The synchronization behavior of coupled circle maps indi-
cates a distinct difference between differential dynamics and
discrete-time mappings.

It should be noted that the mean-field treatment in dealing
with the synchronization transitions can give analytical pre-
dictions for the thresholds for these transitions. Moreover, the
mean-field sine-circle map can explain the mechanism respon-
sible for the transitions to the loss of phase coherence and the
loss of frequency locking. For different network topologies,
these transition thresholds are different. In these cases, the
mean-field scenario cannot present analytical results.

In fact, the studies of the transitions between incoherence
and coherence are very interesting topics. In recent years,
there have been numerous studies of Kuramoto model with
many different variations, such as weighted coupling,[52–54]

nonlinear coupling,[55] high-order coupling,[56] and simplical
topologies.[57] Co-existences of ordered, partially ordered, and
disordered states lead to rich and complicated collective be-
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haviors, e.g., chimera state,[58] explosive synchronization,[59]

and so on. By considering different types of coupling mecha-
nisms, richer behaviors of synchronization–desynchronization
transitions can be observed. We believe our study in this paper
will arouse more extensive investigations of synchronization
transitions in coupled nonlinear oscillator systems.
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