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Effects of system size, coupling strength, and noise on vibrational resonance (VR) of globally coupled bistable systems
are investigated. The power spectral amplifications obtained by the three methods all show that the VR exists over a wide
range of parameter values. The increase in system size induces and enhances the VR, while the increase in noise intensity
suppresses and eventually eliminates the VR. Both the stochastic resonance and the system size resonance can coexist with
the VR in different parameter regions. This research has potential applications to the weak signal detection process in
stochastic multi-body systems.
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1. Introduction
Vibrational resonance (VR)[1,2] is another important non-

linear phenomenon after stochastic resonance (SR).[3–5] Both
the VR and the SR have important applications in detection
of weak signals.[6–9] The core idea of VR is to replace the
role of noise in SR with a high-frequency signal. For the rea-
son why high-frequency signals are more convenient to con-
trol than noises and there is widespread existence of dual-
frequency signals in nature, research of VR has expanded
from bistable systems to monostable,[10] multistable,[11–14]

asymmetric,[15–17] and other nonlinear systems.[18–21] In ad-
dition, VRs with effects of geometric spatial confinement and
effects of quantum have also been studied, corresponding to
entropic vibrational resonance[22,23] and quantum vibrational
resonance,[24,25] respectively. Influence of damping coeffi-
cient on vibrational resonance has also been studied by non-
linear analog circuit experiments.[26] In the last few years, ma-
chine learning and related methods have been applied to re-
search of stochastic resonance, and achieved good results and
progress.[27,28]

Furthermore, it is reasonable to consider interaction be-
tween particles or subsystems in practical systems. These
coupling effects have a profound impact on dynamic prop-
erties of nonlinear systems.[29–31] Specific examples include
competing independent synchronous clusters,[30] system size
synchronization,[31] and so on. Furthermore, SR[13,32–34] and
VR[11,35,36] in coupled nonlinear systems have been exten-
sively investigated. Influence of coupling strength and sys-
tem size on resonance behavior of a coupled system will have
an optimal value.[37,38] On the other hand, stochastic pertur-
bations are inevitable in natural and artificial systems, so it is

natural to consider coupled VR with noises. Inspired by the
constructive effect of noise in stochastic resonance, we are in-
terested in the interaction between vibrational resonance and
stochastic resonance in globally coupled bistable systems. To
our best knowledge, the vibrational resonance in noisy bistable
systems with global coupling is hardly investigated, which is
an issue we will investigate in this work.

This paper is arranged as follows. In Section 2, we in-
troduce the basic model and methods described by Langevin
equations. The main results and detailed analysis are presented
in Section 3. The conclusions are given in Section 4.

2. Model and methods
A globally coupled bistable system driven by two har-

monic signals and noise is described by the following
Langevin equations:

ẋi = xi− x3
i +

ε

N

N

∑
j=1

(x j− xi)+
√

2Dξi(t)

+Acos(ωLt)+Bcos(ΩHt), (1)

where xi is the position of the particle, and ε is the cou-
pling strength, N is the number of identical bistable units, and
ξi(t) is Gaussian white noise with autocorrelation functions〈
ξi(t)ξ j (t ′)

〉
= δi jδ (t− t ′). A and ωL are the amplitude and

frequency of the low-frequency signal, respectively, B and ΩH

are the amplitude and frequency of the high-frequency signal,
respectively, and D is the noise intensity.

According to Eq. (1), the time series of the mean-field
with different amplitudes B of the high-frequency signal ob-
tained by stochastic simulation is shown in Fig. 1. The initial
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value of each oscillator in the system is randomly ±1 with
equal probability. With the appropriate amplitude of the high-
frequency signal, the time series of the mean-field will switch
between the two equilibrium points at the frequency ωL of
the weak low-frequency signal. This is due to the fact that
the high-frequency signal can change the equilibrium point
and the effective stiffness of the bistable system.[2] The high-
frequency signal induces synchronization between the system
output and the low-frequency signal, which is similar to effects
of noises in the SR.
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Fig. 1. The time series of the mean-field X(t) = N−1
∑i xi(t) for differ-

ent amplitudes of the high-frequency signal: (a) B = 0, (b) B = 0.44, (c)
B = 0.8. We also depict the low-frequency weak signal (its amplitude
is not in scale) to demonstrate the synchrony between the time series of
the mean field and the low-frequency signal. Other parameters are set
as D = 0.7, ε = 5.1, N = 60, A = 0.02, ωL = 0.05, and ΩH = 1.

Next, using the Gaussian approximation,[38–40] where
xi = X +δi, Eq. (1) can be simplified to

Ẋ = X−X3−3MX +

√
2D
N

Γ (t)

+Acos(ωLt)+Bcos(ΩHt), (2)

where X = N−1
∑i xi, M = N−1

∑i δ 2
i , and Γ (t) is the Gaus-

sian white noise having the same properties as ξi(t) in Eq. (1).
Eqation (2) shows that the system has two symmetric stable
fixed points and one unstable point in the thermodynamic limit
N → ∞ when the two harmonic signals are absent. The value
of the two symmetric stable fixed points and the unstable point
of the bistable system are X2

0 = (2− ε + S)/4 and X = 0, re-
spectively, where S =

√
(2+ ε)2−24D. The dynamical equa-

tion and statistical properties of variance M can refer to the
literature.[38,39]

By employing the slaving principle motions,[38,39] equa-
tion (2) can be further simplified to

Ẋ = aX−bX3 +

√
2D
N

Γ (t)+Acos(ωLt)+Bcos(ΩHt), (3)

where a = 1+0.5(ε−1)−0.5
√

(ε−1)2 +12D, b =−0.5+

1.5(ε − 1)[(ε−1)2 +12D]−1/2. In order to ensure a bistable
system (a,b > 0), equation (3) must satisfy the conditions

D > 2/3 and ε > 3D. The Fokker–Planck equation corre-
sponding to Eq. (3) can be written as

∂P(X , t)
∂ t

= − ∂

∂X

[
(aX−bX3 +Acos(ωLt)

+Bcos(ΩHt))P(X , t)
]

+
D
N

∂ 2

∂X2 P(X , t). (4)

Then, using a Chebyshev collocation method,[41] the
mean-field X(t) can be obtained by combining the numerical
solution P(X , t) of the Fokker–Planck equation (4) with the
following numerical integration:

〈X(t)〉=
∫ XR

XL

XP(X , t)dX , (5)

where XL and XR are the two equilibrium points of Eq. (3), the
values of XL and XR are

√
a/b and −

√
a/b, respectively. Re-

move the effect of the transient state, then the power spectral
amplification (PSA) η is obtained by calculating

η =

(
M1

A

)2

, (6)

where M1 is the first harmonic of 〈X(t)〉 at the frequency ωL

of the low-frequency signal, the value of M1 is calculated by a
fast-Fourier transform.[22] The first method is the main method
in this research, which has no restriction on the amplitude B of
the high-frequency signal.

Then, the second method to get PSA η is given, that
is, the analytical expression based on the linear response the-
ory. According to the method of direct separation of slow and
fast motions,[2,22] one can obtain a coarse-grained version of
Eq. (3) as follows:

Ẋ∗ = a′X∗−bX∗3 +

√
2D
N

Γ (t)+Acos(ωLt), (7)

where X∗ is the slow component with frequency ωL of the
X(t), and a′ = a− 3bB2[2Ω 2

H]
−1. After writing the ensemble

dynamics as a standard noise-driven double-well system, the
theoretical expression of the PSA η can be written as

η =
NX2

0
2Da′

(
Ψ−3/2(−

√
s
)

Ψ−1/2(−
√

s)

)2[
1+

π2ω2
L

2a′2
exp(s)

]−1

, (8)

where s = a′NX2
0 /(2D), and Ψ is the parabolic cylinder func-

tion. The amplitude B will be confined to a narrow range
B < ΩH

√
2a/3b to ensure the bistability of the system and

the validity of Eq. (8).
The third method, i.e., the stochastic simulation based on

the Langevin Eq. (1), has been implemented by the standard
stochastic Euler algorithm to verify the rationality and correct-
ness of the first two methods. The number of stochastic trajec-
tories is 2000, and the spin of each stochastic trajectory is 12
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times the period of the low-frequency signal, where the time
step is 0.001. The mean-field 〈X(t)〉 can be obtained by tak-
ing the ensemble average of 2000 stochastic trajectories. Then
the PSA η can be obtained by Eq. (7), where M1 is the first
harmonic output signal at the frequency ωL of the mean-field
〈X(t)〉.

3. Results and discussion
The variation of PSA η with the amplitude B of the high-

frequency signal obtained by the three different methods is
shown in Fig. 2. The PSA η obtained by the three methods all
exhibit resonance with the increase of the amplitude B of the
high-frequency signal. The numerical solution of the Fokker–
Planck equation agrees well with the simulated solution of the
Langevin equations, while the analytical solution shows a de-
viation from the other two solutions. The increase of the am-
plitude B of the high-frequency signal will reduce the height of
the effective barrier.[1,2] When the height of the effective bar-
rier close or even less than the amplitude A of the weak signal,
the results obtained from the linear response theory will not be
applicable.[22] Furthermore, the computation time required for
the Fokker–Planck equation is much smaller than the Langevin
equations, and the linear response theory imposes strict lim-
its on the amplitude B of the high-frequency signal to ensure
the bistable nature of the system. For the reasons mentioned
above, in the following we mainly use the numerical solution
method based on the Fokker–Planck equation.

0 0.2 0.4 0.6 0.8 1.0
0

20

40

60

80

100

120
Fokker-Plank
Langevin
Linear response

B

η

Fig. 2. The PSA η versus the amplitude B of the high-frequency signal
for the three methods. The line represents the numerical solution based
on the Fokker–Planck equation, and the dotted line represents the theo-
retical results based on Eq. (8), where the symbol represents the result
obtained by stochastic simulation according to the Langevin equation.
Other parameters are set as D= 1, ε = 5.5, N = 60, A= 0.02, ωL = 0.05,
and ΩH = 1.

Considering that the system size tends to vary in the ac-
tual coupled system, which has a significant impact on the dy-
namical properties of the system, the effect of the amplitude
B of the high-frequency signal on the PSA η at different sys-
tem sizes has been studied, as shown in Fig. 3. Only when the
number of coupled oscillators is greater than a certain value,

will the phenomenon of VR in the system appears. In partic-
ular, when the amplitude of the high-frequency signal is zero,
the system still resonates with the increase of the system sizes,
which is called the system size resonance and has been re-
ported by Pikovsky et al.[38] It should be noted that a larger
amplitude B of the high-frequency signal will eliminate the
resonance because the excessively strong amplitude B of the
high-frequency signal will cause the transition of the effec-
tive potential function of the system from bistable to monos-
table. An interesting phenomenon is shown in Fig. 3, when the
system size is small, the amplitude B of the high-frequency
signal required for the PSA η to realize its maximum value
is small. As the system size increases, the amplitude of the
high-frequency signal required for the PSA η to realize its
maximum value will also increase. The reason for this phe-
nomenon is that if the system size increases, the effective in-
tensity of noise accepted by the cluster of non-linear system
will decrease, and the system requires enough energy to real-
ize the state of resonance. Therefore, as the size of the system
increases, the amplitude of the high-frequency signal required
to realize resonance also increases.

B

η







.
.



 .



.
.

 
N

Fig. 3. The PSA η versus the system size N and the amplitude B of
the high-frequency signal. Other parameters are set as D = 1, ε = 5.5,
A = 0.02, ωL = 0.05, and ΩH = 1.

In a coupled nonlinear system, the effective coupling
strength of the mean field will vary with the external exci-
tation parameters,[37] and it is important that the system has
a large value of the PSA η under a large range of coupling
strength. The PSA η as a function of coupling strength and
system size is shown in Fig. 4. For the properly sized sys-
tem, resonance exists over a wide range of coupling strengths,
while for the small-sized system only a weak resonance exists
under the condition of strong coupling. This indicates that sys-
tem size and coupling strength have a significant effect on VR
in the globally coupled bistable system.

As mentioned in the introduction, noise is inevitable in
natural and artificial systems. The influence of noise on VR
has been considered in single bistable systems.[2,42] It is a nat-
ural problem to consider whether noise in coupled VR has a
similar role similar to that in a couple-free bistable system.
Figure 5 shows the PSA η as functions of the noise inten-
sity D and the amplitude B of the high-frequency signal. It is
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worth noting that although the noise intensity D or the ampli-
tude B of the high-frequency signal is small or tends to zero,
the system still exhibits resonance phenomena, which corre-
spond to coupled VR[36] and coupled SR.[43] The PSA η will
decrease with the increase of the noise intensity D, and even-
tually lose its peak structure. The mechanism of this result
is that noise injects energy into the system that contributes
to all frequencies.[2,22] This weakens the contribution of the
high-frequency signal and reduces its weight in the PSA η .
On the other hand, the increase of amplitude B of the high-
frequency signal enhances and then eliminates the coupled SR.
The increase of the amplitude B reduces the stiffness of the
non-linear system, which is conducive to the occurrence of
SR. However, its excessive increase induces the transition of
the system from bistable state to monostable state, thus mak-
ing the system lose the condition of SR.[1,2] In brief, in the
globally coupled bistable systems under the noise background,
the noise suppresses the beneficial effect of the high-frequency
signal on the resonance. The high-frequency signal favors the
positive effect of noise on the resonance under the condition
of bistable properties of the nonlinear system.

B

η
η

0
10
20
30
40
50
60
70

(b)

0
6.0

20

40

5.5 1.0

60

80

5.0 0.8

100

0.64.5

120

0.44.0 0.23.5 0

(a)

ε

B

6.0
5.5 1.0

5.0 0.8
0.64.5 0.44.0 0.23.5 0

ε

Fig. 4. Dependence of the PSA η on the coupling strength and the am-
plitude B of the high-frequency signal for (a) N = 60 and (b) N = 25.
The parameters are D = 1, A = 0.02, ωL = 0.05, and ΩH = 1.

Changes in the noise intensity D and the coupling inten-
sity ε can cause the system to switch between an ordered state
and a disordered state. According to Ref. [39] (in the absence
of an external drive, i.e., A = 0, B = 0), the critical values of
noise intensity and coupling intensity can be derived to satisfy
the transcendental equation

(2Dc)
1/2

εc
=

Ψ−3/2((εc−1)/(2Dc)
1/2)

Ψ−1/2((εc−1)/(2Dc)1/2)
. (9)

As shown in Fig. 6, the premise of our results is a system in
an ordered state. In addition, the relationship ε > 3D always
holds so that the system is in a bistable state.[38] On this basis,
the high-frequency signal induces the dynamic phase transi-
tion from bistable to monostable, which leads to the vibra-
tional resonance.

η

B
D

0
1.00.8

40

0.8
1.0

80

1.2 0.6
1.4

120

0.4
1.6

160

0.2
1.8 0

Fig. 5. Under the influence of different intensities D of noise, the PSA
η dependent on the amplitude B of the high-frequency signal. Other
parameters are taken as ε = 5.5, N = 60, A = 0.02, ωL = 0.05, and
ΩH = 1.
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Fig. 6. The ordered and disordered states in the model parameter space
based on Eq. (9). The coordinate values of point A is the typical param-
eter values adopted above (ε = 5.5, D = 1).

4. Conclusions
The phenomenon of vibrational resonance influenced by

the system size, coupling strength and noise has been studied
in globally coupled bistable elements. The power spectral am-
plifications are obtained by the linear response theory solution
based on the mean-field approximation and the slaving prin-
ciple, the simulated solution based on the Langevin equations
and the numerical solutions based on the Fokker–Planck equa-
tion. The three methods all show that the vibrational resonance
exists over a wide range of parameter values. The increase in
system size induces and enhances the vibrational resonance,
while the increase in noise intensity suppresses and eventu-
ally eliminates the vibrational resonance. Both the stochastic
resonance and the system size resonance can coexist with the
vibrational resonance in different parameter regions. Effects
of noise on the vibrational resonance are quite different from
that of high-frequency signal on the stochastic resonance. Us-
ing these properties reasonably and combining the adjustment
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of other parameters can provide theoretical guidance for de-
tection and extraction of weak signals in noisy multi-stable
systems.
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[2] Baltanás J P, López L, Blechman I I, Landa P S, Zaikin A, Kurths J and

Sanjuán M A F 2003 Phys. Rev. E 67 066119
[3] Benzi R, Sutera A and Vulpiani A 1981 J. Phys. A: Math. Gen. 14 L453
[4] Gammaitoni L, Hänggi P, Jung P and Marchesoni F 1998 Rev. Mod.

Phys. 70 223
[5] Lin S C, Tian T, Yin P R, Huang P, Zhang L and Du J F 2021 Chin.

Phys. Lett. 38 020502
[6] He Z W, Yao C G, Shuai J W and Nakano T 2020 Chin. Phys. B 29

128702
[7] Jung P and Hänggi P 1991 Phys. Rev. A 44 8032
[8] Li Q Q, Xu X M, Yin L Z, Ding Y P, Ding J F and Sun K H 2018 Chin.

Phys. B 27 034203
[9] He L F, Liu Q L and Zhang T Q 2022 Chin. Phys. B 31 070503

[10] Jeyakumari S, Chinnathambi V, Rajasekar S and Sanjuán M A F 2009
Phys. Rev. E 80 046608

[11] Fang C J and Liu X B 2012 Chin. Phys. Lett. 29 050504
[12] Yang J H 2012 Chin. Phys. Lett. 29 104501
[13] Gandhimathi V M, Rajasekar S and Kurths J 2006 Phys. Lett. A 360

279
[14] Rajasekar S, Abirami K and Sanjuán M A F 2011 Chaos 21 033106
[15] Jeyakumari S, Chinnathambi V, Rajasekar S and Sanjuán M A F 2011

Int. J. Bifurcat. Chaos 21 275

[16] Vincent U E, Roy-Layinde T O, Popoola O O, Adesina P O and Mc-
Clintock P V E 2018 Phys. Rev. E 98 062203

[17] Abirami K, Rajasekar S and Sanjuán M A F 2013 Pramana 81 127
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