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We study the double ionization dynamics of a helium atom impacted by electrons with full-dimensional classical
trajectory Monte Carlo simulation. The excess energy is chosen to cover a wide range of values from 5 eV to 1 keV
for comparative study. At the lowest excess energy, i.e., close to the double-ionization threshold, it is found that the
projectile momentum is totally transferred to the recoil-ion while the residual energy is randomly partitioned among the
three outgoing electrons, which are then most probably emitted with an equilateral triangle configuration. Our results agree
well with experiments as compared with early quantum-mechanical calculation as well as classical simulation based on a
two-dimensional Bohr’s model. Furthermore, by mapping the final momentum vectors event by event into a Dalitz plot,
we unambiguously demonstrate that the ergodicity has been reached and thus confirm a long-term scenario conceived by
Wannier. The time scale for such few-body thermalization, from the initial nonequilibrium state to the final microcanonical
distribution, is only about 100 attoseconds. Finally, we predict that, with the increase of the excess energy, the dominant
emission configuration undergoes a transition from equilateral triangle to T-shape and finally to a co-linear mode. The
associated signatures of such configuration transition in the electron–ion joint momentum spectrum and triple-electron
angular distribution are also demonstrated.

Keywords: double ionization, classical trajectory Monte Carlo simulation, Wannier threshold law, ergodicity
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1. Introduction
Electron-impact ionizations of atoms and molecules

are, on one hand, fundamental processes to understand
the electron correlation in nature, and on the other hand,
empowering versatile applications ranging from microelec-
tronics fabrication,[1] human healthcare,[2] to astrophysical
diagnosis.[3,4] Here, of particular interest is the low-energy
scattering processes close to the ionization threshold, which,
for example, was found to be the dominant mechanism in
biomolecular damage of DNA under external radiations.[5,6]

It is even envisaged that, in the near future, with a high flux
of low-energy electrons, radiation-based targeted cancer ther-
apies might become possible.[7]

During the past decades, the understanding of low-energy
collision processes has been significantly advanced by sophis-
ticated measurements with cold target recoil ion momentum
spectroscopy (COLTRIMS) in experiment[8] and, complemen-
tarily in theory, by the development and application of state-
of-the-art quantum-mechanical approaches,[9] e.g., the conver-
gent close coupling (CCC),[10] time-dependent close-coupling
(TDCC),[11] R-matrix with pseudo-states (RMPS),[12] and ex-
terior complex scaling (ECS) methods.[13] One should note,

however, it is until recently that the simplest four-body
breakup process, i.e., electron-impact double-ionization of he-
lium (He) at low impact energies close to ionization threshold,
can be solved numerically with massive parallel supercomput-
ers, e.g., using roughly 30000 cores on a Cray XC40 with a
total of 216 h of wall-clock time.[14] The dynamics of even
more complex multi-electron quantum systems is still an open
question. To this point of view, it is highly desirable to develop
feasible classical or semiclassical models,[15] which are also
beneficial to other related fields such as particle simulation of
warm dense plasmas physics[16] and material science.[17]

Electron-impact double-ionization of He, as one of the
simplest four-body breakup processes, has attracted great at-
tention during the past years, both theoretically and experi-
mentally. The research interest can be dated back to Wan-
nier’s one-page seminal work,[18] in which the famous Wan-
nier threshold law[19,20] was extended from single ionization
to multiple ionization of atoms. The Wannier theory is con-
stituted by three pillars: the ergodic hypothesis, the scal-
ing law of ionization cross section, and the final emission
configuration. For e +He→ He2+ + 3e, the threshold law
is predicted to be σ ∝ En

exc, with the system excess energy
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Eexc = E − Ethreshold and the exponent n slightly larger than
2, which has been confirmed in an experiment as early as in
1968[21] and later refinements.[22,23] It is only until recently,
however, a more thorough analysis, e.g., on the angular dis-
tributions for three ejected electrons, has become possible
in the kinematically complete experiment with coincidence
measurements.[24–26] As an example, it was shown that for a
total excess energy of 5 eV, the three slow continuum elec-
trons in the final state should most probably be emitted with
the equilateral triangle configuration, i.e., the relative angles
between each pair of the electrons are all 120◦.[25] This is in
accordance with analysis on the saddle points of the asymp-
totic Hamiltonian[27] but contradicts an earlier detailed clas-
sical trajectory simulation where a T-shape emission was pre-
dicted even if the excess energy penetrated down to 2 eV.[28]

Furthermore, in a recent delicate TDCC calculation,[14] the
angular distribution was found to peak at an angle slightly
lower than 120◦. Thus, the situation that there exist signif-
icant discrepancies between experiments and theories, either
ab-initio quantum-mechanical simulation or the classical mod-
eling, needs further clarification. Last but not least, the corner-
stone of Wannier’s theory, i.e., the ergodic hypothesis, has so
far escaped rigorous tests.

In this work, we reexamine the ergodicity in electron-
impact double-ionization of He by close inspection of the mo-
mentum transfer between the break-up ion and electrons as
well as the energy sharing and the angular correlation among
the three outgoing electrons. This is facilitated by the classi-
cal trajectory Monte Carlo (CTMC) approach[29–31] adopting
a Heisenberg potential to prevent non-physical autoionization
of a classical multi-electron atom.[32–34] With simulations of
a large ensemble of classical trajectories, we unambiguously
demonstrate the signature of ergodicity when the electron im-
pact energy is close to the double-ionization threshold of He.
Furthermore, it is confirmed that the dominant emission geom-
etry of the three outgoing electrons in the close-to-threshold
region is the symmetric configuration predicted by Wannier’s
theory, in good agreement with an early experiment.[25] We
then further extend the simulations to several higher excess
energies and reveal a transition of the dominant emission con-
figurations.

The paper is organized as follows. In Section 2, we intro-
duce the CTMC model. Our simulation results are presented
and discussed in Section 3. Section 4 concludes the paper.
Atomic units (a.u.) are used throughout the paper unless oth-
erwise specified.

2. Model
The use of the CTMC approach in studying atomic col-

lisions can be dated back to the early 1960s as introduced

by Abrines and Percival,[35] and then further extended by Ol-
son et al. to electron impact ionization (see, e.g., Ref. [36]).
It has also become a powerful tool in studying the laser-
driven ionization dynamics of atoms and molecules,[29–32]

as well as laser-assisted atomic collisions[33,34] and nuclear
processes,[37,38] etc.

In CTMC, the electrons are treated as classical point par-
ticles and the initial momenta and positions of the bound elec-
trons are sampled from a micro-canonical ensemble with fixed
total energy. The coupled classical equations of motion can be
easily solved in a three-dimensional framework, taking full ac-
count of the Coulomb potentials between electrons and nuclei
as well as electrons and electrons. However, a multi-electron
classical atom can be unstable, suffering nonphysical auto-
ionization due to the absence of the lower bounds on the elec-
tron energies imposed by quantum mechanics. To circumvent
this problem, Kirschbaum and Wilets proposed a momentum-
dependent effective two-body potential

VH(𝑟,𝑝) =
ξ 2

4α|𝑟|2
exp

{
α

[
1−
(
|𝑟||𝑝|

ξ

)4
]}

(1)

to mimic the Heisenberg uncertainty principle which prevents
the electron from visiting parts of the classical phase space
that would be forbidden in quantum mechanics.[39] Here, the
position and momentum of the electron are denoted by 𝑟 and
𝑝, respectively. The parameter α controls the rigidity of the
Heisenberg core and ξ is chosen to fit the atomic or ionic bind-
ing energy for a given α .[40–44]

Considering that the mass of the nucleus is much larger
than that of the electrons, the total classical Hamiltonian of an
electron–helium scattering system can be written as

H =
3

∑
i=1

(
𝑝2

i
2
− 1
|𝑟i|

)
+

3

∑
i, j=1;i< j

1
|𝑟i−𝑟 j|

+
3

∑
i=1

ξ 2

4α𝑟2
i

exp

{
α

[
1−
(
|𝑟i||𝑝i|

ξ

)4
]}

, (2)

where i = 1, 2, and 3 denote the three active electrons, includ-
ing two bound electrons of the helium atom and one incident
electron. In our simulations, the incident electrons propagate
along the z axis starting from a position (e.g., zin = −50 a.u.)
far away from the helium atom. They are uniformly distributed
in a circular disk parallel to the Oxy plane. The center of the
disk is on the z axis, and its radius is set as 2 a.u., large enough
to ensure the convergence of the statistical cross section.

The ground state of the helium atom is defined as the par-
ticle configuration which minimizes the value of the Hamilto-
nian

H0 =
𝑝2

1
2

+
𝑝2

2
2
− 1
|𝑟1|
− 1
|𝑟2|

+
1

|𝑟1−𝑟2|

+
ξ 2

4α𝑟2
1

exp
{

α

[
1−
(
|𝑟1||𝑝1|

ξ

)4]}
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+
ξ 2

4α𝑟2
2

exp
{

α

[
1−
(
|𝑟2||𝑝2|

ξ

)4]}
.

The rigid parameter α is set as 5, and ξ is chosen to fit the
binding energy of He+, which gives ξ = 0.9535. By adding
another electron and employing the minimization algorithm
detailed in Refs. [41,45], we then obtain the ground state con-
figuration of the helium atom, whose total energy is equal
to −3.0625 a.u., a little bit (∼ 5%) lower than the experi-
mental value −2.9 a.u., but such a minor discrepancy does
not change the physical picture we show later. The posi-
tion and momentum of the electron in the ground state are
|𝑟1|= |𝑟2|= 0.5714 a.u. and |𝑝1|= |𝑝2|= 1.6685 a.u., respec-
tively. The two electrons locate co-linearly with the nucleus
sitting in the center. With this given configuration and employ-
ing the Monte Carlo sampling technique to make random Eu-
ler’s rotation of the positions and momenta independently,[46]

we finally get a microcanonical ensemble of the helium atom.
The dynamics of the electron–helium system is governed

by the following canonical equations:

d𝑟i

dt
=

∂H
∂𝑝i

,
d𝑝i

dt
=−∂H

∂𝑟i
. (3)

They are solved numerically by employing the standard 4-5th
Runge–Kutta algorithm and the double ionization events are
identified by the final energy of the three electrons, all greater
than zero. More than 106 classical electron trajectories are
traced for each different projectile energy of the incident elec-
tron, giving rise to at least 104 double ionization events for
further statistics.

3. Results and analysis
3.1. Momentum transfer

We simulate the double ionization process of helium im-
pacted by electron over a wide span of excess energies Eexc =

E−Ethreshold ranging from 5 eV to 1 keV. Here E is the inci-
dent energy carried by the projectile electron and Ethreshold is
the minimal energy required to doubly ionize the helium atom.
We first show how the momentum carried by the incident elec-
tron is partitioned among three electrons and the nucleus dur-
ing the process of double ionization.

To this end, we first calculate the initial momentum of the
incident electron according to 𝑝0 =

√
2E𝑒z and the final mo-

menta 𝑝i (i = 1, 2, and 3) of the three electrons by numerically
solving Newton’s equation. Then the momentum of the recoil-
ion He2+ can be obtained according to the conservation law of
momentum,

𝑝ion = 𝑝0−𝑝sum = 𝑝0− (𝑝1 +𝑝2 +𝑝3), (4)

with 𝑝sum = 𝑝1 +𝑝2 +𝑝3 the sum momentum of the three re-
ceding electrons. The results are shown in Fig. 1. Here, in

order to guide the eyes, we have added two dash lines in each
sub plot, one is pz,sum = 0 (left dash line in Fig. 1) and the
other pz,ion =

√
2E (right dash line in Fig. 1) representing all

the initial incident momentum is transferred to the recoil-ion.
Meanwhile, two circles centered at (0, 0) and (

√
2E,0) with

radius
√

2Eexc are also presented. These circles give a con-
straint on the maximal momentum (or equivalently, energy)
retained to redistribute among the three electrons after the in-
cident electron transferring just enough energy to release the
two bound electrons of the helium atom.
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Fig. 1. The electron–ion joint momentum distribution of double ioniza-
tion events at different excess energies. The two circles centered at (0,
0) and (

√
2E,0) with radius

√
2Eexc give constraints on the final longi-

tudinal and transversal momenta of the ion and electrons, according to
conservation laws of energy and momentum (see text for details).

At the lowest incident energy we have considered, Eexc =

5 eV [Fig. 1(a)], pz,sum peaks around zero and pz,ion peaks
around 2.55 a.u., roughly equals to

√
2E. Moreover, the spread

of the distribution is constrained within the maximal momen-
tum, a final-state electron can gain pmax =

√
2Eexc ≈ 0.61 a.u.

For this near-threshold energy, all three final continuum elec-
trons share the residual excess energy. However, none of them
has an energy higher than Eexc = 5 eV and, thus, cannot carry
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momentum more than 0.61 a.u. Since the projectile electron
loses most of its kinetic energy, the incident momentum is al-
most completely transferred to the recoil-ion. This physical
picture is consistent with recent experimental observations.[25]

With increasing the excess energy to Eexc = 50 eV
[Fig. 1(b)], pz,sum still peaks around zero but with a slight shift
towards the projectile forward direction, while the width of
the distribution is constrained within

√
2Eexc ≈ 1.92 a.u., as

expected. This is because, accompanied by the increase of the
incident energy, one of the outgoing electrons preferentially
carries a larger part of the excess energy and is emitted more
toward the forward direction shifting 𝑝sum accordingly.[25]

Going further to even higher excess energy Eexc = 200 eV
[Fig. 1(c)], the distributions of 𝑝ion and 𝑝sum almost com-
pletely overlap. This indicates the even sharing of the pro-
jectile momentum between the electrons and the nucleus. Fi-
nally, when the excess energy increases up to Eexc = 1 keV
[Fig. 1(d)], pz,sum reversely peaks around

√
2E while pz,ion

peaks around zero, in sharp contrast to the low excess energy
case close to the threshold, suggesting a completely differ-
ent fragmentation dynamics. At this extremely high impact
energy, one can assume that the lost energy of the projectile
electron during the scattering process is roughly equal to the
ionization energy of the helium atom.[47] Then the momentum
transfer is only about 0.3 a.u., much smaller than the absolute
value of the incident momentum (∼ 8.9 a.u.). As a result, the
projectile electron still dashes forward as revealed by the red
spot on the right-hand side of Fig. 1(d).

3.2. Energy sharing

In the proceeding sub-section, we have demonstrated that,
at the lowest excess energy close to the threshold, the projec-
tile momentum is totally transferred to the recoil-ion. How-
ever, due to the large mass of the nucleus, its accumulated ki-
netic energy is indeed quite small. As a result, almost all the
residual energy is shared by the three outgoing electrons, i.e.,
T1 +T2 +T3 ≈ Eexc, where Ti = 𝑝2

i /2 (i = 1, 2, and 3) are the
kinetic energy of the three electrons, respectively.

Wannier[18] has ever conceived that this energy conser-
vation condition indeed constitutes a triangular segment in
the three-dimensional space spanned by the respective kinetic
energies.[48] The area of the triangle, and thus the number of
kinetically allowed states, increases as the square of the ex-
cess energy. With the ergodic hypothesis that all these states
are evenly occupied during the ionization process, the thresh-
old law of ionization cross section then becomes the nth power.
For an independent particle situation, n is exactly equal to two.
The true exponent, however, is supposed to be slightly larger
than two due to the electron–electron correlation.

To test this idea, we present the energy sharing of the
three outgoing electrons in the Dalitz plot[49] as shown in

Fig. 2. Here, the momentum vectors are mapped event by
event into the coordinates of (ε2− ε3)/

√
3 and ε1− 1/3, in

which εi = Ti/(T1 +T2 +T3) is the relative energy (final state
kinetic energy of each electron as a fraction of the total energy)
of the three outgoing electrons, respectively.

-0.6
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0.6
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-0.6

0

0.6

-0.6 0 0.6

0

0.5

1.0
(a) Eexc=5 eV (b) Eexc=50 eV

(c) Eexc=200 eV (d) Eexc=1000 eVε 1
−
1/
3

(ε2−ε3)/√3
−

Fig. 2. Dalitz plot of the energy sharing of three outgoing electrons at
the excess energies of 5 eV (a), 50 eV (b), 200 eV (c), and 1 keV (d),
respectively.

At Eexc = 5 eV [Fig. 2(a)], we find that the Dalitz
plot is full of the entire triangular space, showing an al-
most random distribution. This suggests that, via few-body
Coulomb interaction, the excess energy is distributed arbitrar-
ily among the three outgoing electrons, as anticipated in Wan-
nier’s theory.[18,48] However, with the increase of the excess
energy from Eexc = 50 eV to 1 keV [Figs. 2(b)–2(d)], the
energy-sharing distribution in the Dalitz plot gradually con-
centrates to the three corners of the triangle. This can be ex-
plained by the fact that, at higher impact energies, the projec-
tile electron tends to escape with more energy while the other
two electrons are allocated just enough energy to escape.

3.3. Angular correlation

The triple-electron angular correlations between the fi-
nal state continuum electrons are shown in Fig. 3 at differ-
ent excess energies. Here θi j (i, j = 1,2,3) represents the
angle in between the momentum vectors of two arbitrarily
chosen final-state electrons. For Eexc = 5 eV, there exists
a maximum at θi j = 120◦ indicating the dominance of the
equilateral triangle emission configuration. This is in accor-
dance with the spirit of Wannier’s theory which assumes that
the mutual escape of several electrons from the ionic poten-
tial is only possible if their radial distances from the parent
ion remain nearly equal. The minimization of the electrons’
mutual repulsion results in particular angular configurations,
e.g., an equilateral triangle for the three-electron escape. This
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is supported by some quantum-mechanical calculations and
a delicate experiment.[25] However, early classical trajectory
simulations have predicted, down to 2 eV excess energy, a
T-shape emission configuration in which two electrons were
emitted back-to-back and the third one perpendicular to the
other two.[28] This early classical model did not correctly pre-

dict the experimental observations probably because it was
based on a two-dimensional (2D) Bohr’s model that was un-
stable with respect to auto-ionization due to the absence of
the lower bounds on the electron energies imposed by quan-
tum mechanics. This difficulty is now solved by applying the
Heisenberg potential to reconstruct the classical Hamiltonian.
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Fig. 3. (a)–(d) The distributions for the relative emission angles of the final-state electrons, where θi j (i, j = 1,2,3) represents the angle in
between the momentum vectors of two arbitrarily chosen outgoing electrons. In this representation, the solid-angle correction factor (sinθi j)

−1

is taken into account. In (a), the experimental measurements by Ren et al.[25] are denoted by red dots. The blue curve represents TDCC
calculations by Colgan and Pindzola.[14] (e)–(h) The triple-electron angular correlations between the outgoing electrons at different excess
energies. In this representation, the correction factor (sinθ12× sinθ23)

−1 is applied.

With the increase of the excess energy to Eexc = 50 eV
[Fig. 3(b)] and 200 eV [Fig. 3(c)], the distribution still peaks at
θi j = 120◦. However, the relative contribution from θi j = 180◦

becomes more and more significant, indicating the gradual en-
hancement of T-shape emission, in qualitative agreement with
the experimental observations.[25] Finally, when the excess
energy climbs up to Eexc = 1 keV [Fig. 3(d)], the dominant
emission configuration becomes the co-linear mode peaking
at θi j = 180◦. This indicates that two of the three outgoing
electrons are emitted back-to-back while the emission direc-
tion of the third electron is the same as one of the former two
electrons. Actually, as revealed by the typical classical trajec-
tories, the incident electron in this case preferentially carries a
larger part of the excess energy after the double-ionization of
He and is emitted more towards the forward direction.

3.4. Attosecond thermalization

In this sub-section, we present some typical trajectories
to unravel the complex dynamics of the four-body break-up
process. In Figs. 4(a) and 4(b), at Eexc = 5 eV, the typical
emission configuration is equilateral triangle. We can see that
at such near-threshold energy, the projectile electron first col-
lides with one of the bound electrons, handing over most of its
kinetic energy via few-body Coulomb interaction, and on its

way out of the atomic core, encountering another bound elec-
tron. Finally, the excess energy is arbitrarily distributed among
the three continuum electrons. If the energies of the three out-
going electrons are uniform and their sum momentum is equal
to zero, they will be emitted in the same plane and the rela-
tive angles between them are all 120◦. This is consistent with
the experimental observations of Ref. [25]. As witnessed by
Fig. 4(b), the typical time scale from the projectile electron
coming close to the bound electrons to the redistribution of
the excess energy and final burst out takes only about 100 at-
toseconds (3 a.u.).

Figures 4(c) and 4(d) demonstrate the typical trajectory of
the T-shape emission when the residual excess energy is 50 eV.
In this case, the incident electron also losses most of its kinetic
energy to dislodge the bound electrons. However, the sum mo-
mentum of the three outgoing electrons pz,sum does not peak
at zero. This is because the incident electron still moves for-
ward after momentum transfer to the recoil-ion and the bound
electrons, while the two continuum electrons released from
the helium atom break up back-to-back and perpendicular to
the projectile, which gives rise to the so-called T-shape emis-
sion. Moving to even higher residual excess energy 1 keV
[see Figs. 4(e) and 4(f)], the co-linear emission configuration
starts to dominate. Here, the incident energy is so large that the
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projectile electron hardly changes its direction during the scat-
tering process. When the incident electron passes through the
target atom, the two bound electrons will be mutually shaken
off back-to-back, aligning along the incident direction.

(a) Eexc=5 eV (a) Eexc=5 eV

(c) Eexc=50 eV (d) Eexc=50 eV

(f) Eexc=1000 eV(e) Eexc=1000 eV
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Fig. 4. Typical trajectories of double ionization at different excess ener-
gies. The left panel demonstrates the trajectories in the position space,
while the right panel illustrates the corresponding energy evolution. For
clear visualization, we have restricted the trajectories on a plane.

4. Conclusions
We have thoroughly investigated the double ionization

dynamics of a helium atom impacted by electrons, over a
rather wide span of excess energies ranging from 5 eV to
1 keV, and have identified the dominant physical mechanisms
taking full advantage of the classical trajectory diagnosis. Our
simulations have consolidated Wigner’s picture, in particular,
the ergodic hypothesis, on the fragmentation configuration of
multiple ionization when the electron impact energy is close
to the ionization threshold. The simulations successfully ex-
plained some early experiments. Finally, we have also pre-
dicted some new features on the dominant emission config-
uration with the excess energy of the projectile electrons in-
crease. The associated signatures in the electron–ion joint
momentum spectrum and triple-electron angular distribution
were presented. These predictions are observable with the cur-
rent experimental apparatus. We hope our work would stimu-
late further experiments. Furthermore, the method adopted in

this paper can be extended to other more complex atomic,[41]

molecular,[17,43] or even plasmas[16] systems. For a multi-
electron target, the Pauli exclusion effects among the electrons
might become significant. In this case, another type of effec-
tive potential, sometimes dubbed “Pauli potential”, is required
to model the electron–electron interaction.[15] It would be an
interesting issue to study how the Pauli exclusion effects will
affect the fragmentation dynamics in the future.
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[3] Güsten R, Wiesemeyer H, Neufeld D, Menten K M, Graf U U, Jacobs

K, Klein B, Ricken O, Risacher C and Stutzki J 2019 Nature 568 357
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