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Quantum speed limit of a single atom in a squeezed
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We theoretically study the quantum speed limit of a single atom trapped in a Fabry—Perot microresonator. The cavity
mode will be squeezed when a driving laser is applied to the second-order nonlinear medium, and the effective Hamiltonian
can be obtained under the Bogoliubov squeezing transformation. The analytical expression of the evolved atom state can
be obtained by using the non-Hermitian Schrédinger equation for the initial excited state, and the quantum speed limit time
coincides very well for both the analytical expression and the master equation method. From the perspective of quantum
speed limit, it is more conducive to accelerate the evolution of the quantum state for the large detuning, strong driving,
and coupling strength. For the case of the initial superposition state, the form of the initial state has more influence on the
evolution speed. The quantum speed limit time is not only dependent on the system parameters but also determined by the

initial state.
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1. Introduction

What is the shortest time for a quantum state to evolve
to an orthogonal state under unitary evolution? Mandelstam
and Tamm (MT) gave a satisfactory explanation.[!! The short-
est time At was interpreted as the intrinsic time scale be-
tween two pure states during unitary dynamical evolution,
which is called the MT quantum speed limit time and orig-
inated from the Heisenberg energy—time uncertainty relation
At > h/(2AE). According to the transition probability be-
tween two pure states, Margolus and Levitin!?! (ML) reinves-
tigated the quantum state evolution and found that the mini-
mum evolution time is related to the mean value of energy (E),
which is called the ML quantum speed limit time. In order to
character the dynamics of the quantum state, the unified quan-
tum speed limit time including MT-type and ML-type is ex-
pressed as tqq = max{nh/(2AE),xh/(2(E))}. The quantum
speed limit time for closed systems had also been investigated
by Anandan and Aharonov,! Fleming,*) Bhattacharyya,®!
Vaidman,[®! and so on.

The evolution of quantum systems is of great significance

7=101' quantum metrology,!' 12!

in quantum optimal control,!
quantum thermodynamics, 3] quantum phase transition, %3]
and so on (see the comprehensive review!'®) and references
therein). However, the quantum system will inevitably in-
teract with the environment in real quantum information pro-
cessing, so we have to use the open system approach to deal
Due to the

theoretical significance, the concept of quantum speed limit

with decay and decoherence during evolution.
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time have been extended to the open quantum system by us-

71 and quantum Fisher information, '8!

ing the relative purity
respectively. Employing the Bures angle as the “distance”
measure between two states in Ref. [19], Deffner and Lutz
extended and obtained a unified expression of MT-type and
ML-type quantum speed limit time from closed systems to
open quantum systems. Inspired by these seminal works, the
quantum speed limit for the open quantum system was fur-
ther investigated widely in variety of methods,?*-3°! the speed
limit in classical systems,[9%-%41 operational definition of quan-

63661 and the relation with the gauge-invariant

tum speed limit!
distance[®7-%8] were also be investigated.

The cavity quantum electrodynamics (QED) system!®’]
is a powerful tool to investigate the interaction between light
and matters, such as the Purcell effect,[’%7! the photon
blockade,!”>73! the optical non-reciprocity,!’*”3! and so on.
It requires a high-quality resonance factor and a small mode
volume to realize the strong coupling strength between the
trapped atom and the cavity mode. For the relatively weak
coupling cavity, the coupling strength can be amplified by
the squeezed field, and the purpose of strong coupling can be
achieved.!”77] This mechanism was also applied to enhance
the dipole interaction between two atoms in a cavity mode. 8!
This paper will consider the quantum speed limit of a two-
level atom trapped in a high-fineness Fabry—Perot microres-
onator with a second-order nonlinear medium. A classical co-
herent laser is applied to the nonlinear medium. Utilizing the
Bogoliubov squeezing transformation, the effective Hamilto-
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nian is obtained. Meanwhile, the analytical evolved state is ac-
quired by solving the non-Hermitian Schrodinger equation for
the initial excited state. The quantum speed limit time based
on the analytical solution and the master equation coincides
very well. The quantum speed limit time is studied based on
the master equation for the initial arbitrary superposition state.
One can find that the acceleration of the quantum speed limit is
not only determined by the system parameters but also related
to the initial state.

The structure of this paper is as follows. In Section 2, we
give the model and the concept of the quantum speed limit. In
Section 3, for the initial excited state, the analytical solution of
the evolved atom state using the non-Hermitian Schrodinger
equation and the master equation in the squeezed picture is
obtained, and the quantum speed limit time is studied. In
Section 4, the quantum speed limit time for initial superpo-
sition states are investigated. The conclusion and discussion
are given in Section 5.

2. The Model and the concept of quantum speed
limit

Our model is depicted in Fig. 1, which consists of a two-
level atom and a second-order nonlinear medium trapped in a
single-mode high-fineness Fabry—Perot microresonator. When
a classical coherent laser drives the nonlinear medium with
frequency ®,, amplitude €2, and relative phase 6, the total
Hamiltonian of the quantum system and environment is

Hy= w,06,06 +oa'a+g(c,a+d o)

_~_%[a%26—i(9p+wpt)_’_azei(eerwpz)]’ (1)
where 6 = |e)(g| is the raising operator between the ground
state |g) and the excited state |¢) with transition frequency @,,
@, is the frequency of bare cavity mode, a is the annihilation
operator of the cavity mode, and g is the coupling strength be-
tween the single atom and cavity. Under the rotating frame
Hg = U"HyU — ihUU, the Hamiltonian (1) is simplified as

Hr = A0,6 +Aa'a+g(c,a+ad o)

Q. .
+7p[e191’a2+ e g2, 2)

where the transformation is U = exp[—i@j(a‘a + 6,0 )]
with the frequency @y = @y/2, Ay = @, — @y /2 is the detun-
ing between the driving laser frequency and atom transition
frequency, and Ac = ®. — ,/2 is the detuning between the
driving laser frequency and the bare cavity mode frequency.
Similar to Refs. [76-78], utilizing the Bogoliubov squeezing
transformation a = ascosh(ry) — e'% sinh(rp)a{,[°! the cav-
ity mode can be squeezed, and the Hamiltonian (2) can be
diagonalized in the squeezed picture, where the controllable
squeezing parameter ry, is defined by rp, = (1/2)arctanhf8 with

B = Q,/A.. By adjusting the relative phase 6, of the driving
laser to be zero and using the rotating-wave approximation,
the Hamiltonian (2) can be rewritten as

H=A,0,0_+Adlas+gs(c as+alc), (3)

where Ay = A
picture, as denotes the squeezed cavity mode, and g, =

1 — 32 is the cavity detuning in the squeezed

gcosh(r,) means the coupling strength between the atom and
the squeezed mode as. When the driving laser is applied, the
coupling strength g between the atom and the squeezed mode
will be exponentially enhanced and transformed into a rela-
tively strong coupling regime. This paper will investigate the
quantum speed limit time of the atom’s evolution based on this
model.

In the seminal work about the quantum speed limit of
open quantum system,!'”! the ML-type quantum speed limit
time is given through the von Neumann trace inequality by us-
ing the operator norm and trace norm, and the MT-type quan-
tum speed limit time can be obtained by using the Cauchy—
Schwarz inequality and Hilbert—Schmidt norm. The unified
quantum speed limit time is expressed as

1 1 1 .
qu]:max{/\top,/\ttr,/\[hs}Slnz{%[p(()),p(t)]}, (4)

where AP — (1/1) [ d]B(1) | opass With || [paes being
the operator norm, trace norm, and Hilbert—-Schmidt norm of
the matrix, respectively. The time-dependent non-unitary dy-
namical operator P (t) =L,[p(¢)] can be given through the mas-
ter equation. For the pure initial state p(0) = |y(0))(y(0)|
and the final state p(¢), the Bures angle is defined as

Alp(0),p(1)] = arccos(/(y(0)[p (1) [w(0))).

Q.0
p

‘ £ (Atom ) 12

Fig. 1. The schematic diagram of the model. A two-level atom and a
second-order nonlinear medium y® are trapped in a single-mode optical
cavity. A classical coherent driving laser pumps the medium at frequency
@y, amplitude €2, and relative phase 6,. g is the coupling strength between
the atom and cavity mode, ¥ is the spontaneous emission rate of the atom,
and « is the decay rate of the cavity.

3. The analytical solution of quantum speed
limit time
In this section, we consider that the trapped atom is pre-

pared in the excited state and investigate its dynamical evolu-
tion. The cavity is assumed as vacuum, i.e., the initial state is
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|y (0)) = |e,0), the evolved state at time ¢ has the following
form:

lw(2)) = A(t)le,0) + B(1)[g, 1) + C(1)[8,0)- )

The final target state can be proved according to the reachable
state set and Bures angle proposed in Refs. [65,66]. Taking
into account the spontaneous emission of the atom and the de-
cay of the cavity, the evolved state can be solved by the non-
Hermitian Schrédinger equation

O — (5Tt Foro Vv, ©

where 7y is the atomic spontaneous emission rate, and x de-
scribes the bare cavity decay rate. Taking the state (5) into the
non-Hermitian Schrodinger equation (6), the coefficients A(z),
B(t), and C(t) are determined by the differential equations

() = (4~ 2 ) a0+ 800,

iK

1) = (4~ ) B() + .40,
iC(t) = 0. (7

By tedious calculations, the coefficients A(f) and B(¢) can be
solved analytically as follows:

A(t) =exp <_411W) [cosh (i&) - % sinh (iétﬂ ,

B(r) = %exp <thvt) sinh (iét) , (®)

where L = ¥ — K+21(Ay — As), V= 7+ K+ 2i(Ay + As), and

& = \/u? — 16g2. The coefficient C(¢) is a tiny constant quan-

tity related to the decay rates 7y, k, and the evolution time ¢.
Under the specific system parameters, the probability |C(¢)|?
is tiny and ignored, and the solution of the state (5) is not af-
fected. When we only consider the dynamics of the atom and
trace out the influence of the cavity mode, the reduced density

matrix operator reads

L AOP AWCw)
pl) = (A*(r)C(r) B)F + |c<r>|2> O

To verify the validity of the analytical calculation, we also cal-
culate the reduced density matrix numerically using the Lind-
blad master equation in the squeezed picture as a contrast,
which is given by

1

SL(La)p(1).  (10)

Bl =ilp(1). H] = 3.2 (Lo )pl1) ~ 5

2

The detailed derivation of Eq. (10) is given in the Ap-
pendix A. The cavity has been considered coupled to a broad-
band squeezed vacuum field, so the noise generated by driv-
ing laser £, will be offset by appropriate parameter selection.

Both the analytical and numerical methods will be employed
to research the quantum speed limit time of the atom in the
remainder of this section.

The variation of the quantum speed limit time along with
the system parameters Ay, A, 7, and g are described in Fig. 2,
where the solid lines are obtained by using analytical solu-
tion (9). The corresponding asterisks are obtained through the
master equation (10). The atomic spontaneous emission rate
is set as Y= 1073 g, the decay rate is assumed as k = 1073 g,
and the actual driving time is chosen as T = 1 (in units of
g). For the zero dissipative condition (i.e., Kk = ¥ = 0), one
can find that quantum speed limit shows the almost the same
behavior as with the dissipative condition. However, dissipa-
tion is bound to occur when considering the actual situation.
The lines and asterisks are the quantum speed limit time based
on the operator norm (red), the trace norm (green), and the
Hilbert—Schmidt norm (blue), respectively. The solution of the
non-Hermitian Schrodinger agrees well with that of the mas-
ter equation. The ML-type quantum speed limit bound based
on the operator norm is the sharpest by comparing the three

curves.
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Fig. 2. The quantum speed limit time 45 as functions of the atom de-
tuning A, (a), the cavity detuning A. (b), the squeezing parameter r;, (c),
the coupling strength g (d). The parameters are g = 1, r, = 0.1, and
Ac = 3gs/+/1— B2 in panel (a), and A, = 2g in panel (b). The parame-
ters are Ac = 3gs/+/1— B2, Ay =2g, and g = 1 in panel (¢), and r, = 0.1 in
panel (d). The system’s initial state is assumed as |e,0). The solid line is the
analytic expression (9) based on the operator norm (red curve), the Hilbert—
Schmidt norm (blue curve), and the trace norm (green curve), respectively.
The corresponding asterisk is obtained from the master equation (10). In all
panels, the decay rates are k = 1073 g, y= 103 g, and the actual evolution
time T = 1 (in units of g, black dot dotted line).

The quantum speed limit time as a function of the atom
detuning A, is shown in Fig. 2(a), where the system param-
1—B2. As
the initial atom state is the excited state |e), the excited state

eters are set as g =1, r, = 0.1, and A. = 3gs/

population of the evolved state (0,) is minimum and shows
symmetry at the atom detuning near A, = A, which can be
concluded from the analytical expression (9). In the vicinity
regime of A, = A, the evolution of the excited state popu-
lation (o) is always negative, which will lead to a similar
quantum speed limit time property. So, the ML-type quan-
tum speed limit time reaches the maximum evolution time,
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i.e., the actual driving time. Along with the atom detuning
A, increased, the system will be reverted to an excited state
when the parameter A, ~ 3Ag or —Ag, which is similar to the
Jaynes—Cummings model. However, according to Eq. (4), the
quantum speed limit time is determined by the initial and fi-
nal state and the parameters of the system, there is no relation
between the two different final states under different atom de-
tuning A, in terms of quantum speed limit. Similar mechan-
ics can be applied to understanding quantum speed limit time
variation with the cavity detuning A. in Fig. 2(b). The system
parameters are chosen as g =1, r, = 0.1, and A, = 2g. For
the cavity detuning A. = A,/+/1 — 32, the ML-type quantum
speed limit time is the actual driving time, while the minimal
evolution time is close to zero when the cavity detuning is near
Ac =4A,/\/1— B2, or —2A,//1— B2

The behaviors of quantum speed limit time dependent on
the squeezing parameter r;, is given in Fig. 2(c), and the other
parameters are g = 1, A = 3g;/+/1 — B2, and A, = 2g. The
quantum speed limit time reaches the actual evolution time
at the weakly driving laser amplitude £2,, i.e., and the value
of squeezing parameter r, is small. When the squeezing pa-
rameter 7, increases to about 1.42, the quantum speed limit
time will be decreased to zero. The quantum evolution will
show different characteristics with the increase of squeezing
parameters. According to the effective Hamiltonian (3) in
the squeezed picture, the effective coupling strength between
the atom and the squeezed cavity mode is g5 = gcosh(rp).
So, similar phenomena can be observed for the evolution of
the quantum speed limit time with the coupling strength g
in Fig. 2(d) where the system parameters are r, = 0.1, Ac =
3gs/v/1— B2, and A, = 2g. It should be noted that g starts
from a non-zero minimum coupling strength. Otherwise, the
evolution of the atom can not be affected by the cavity mode
and the driving laser.

According to Fig. 2, one can arrive the trend that it is more
conducive to accelerate the evolution of the quantum state for
the larger detuning, stronger drive and coupling strength. It is
shown that the minimum evolution time can be the actual driv-
ing time or near zero when controlling the system parameters.
Whether the trend for the initial excited state is suitable for
other states? In the next section, we will discuss the behavior
of the atom evolution when the initial state is the superposition
state.

4. The quantum speed limit time for initial su-
perposition pure states

We first consider the maximal coherent initial state, i.e.,
lw(0)) = (|e,0) + |g,0))/+/2. Selecting the same parameters
as Fig. 2, we plot the variation of ML-type quantum speed
limit time with the atom detuning A, in Fig. 3(a), the cavity de-

tuning A in Fig. 3(b), the squeezing parameter r,, in Fig. 3(c),
and the coupling strength g in Fig. 3(d), respectively.

In Fig. 3(a), one can find that the quantum speed limit
time is always shorter than the actual driving time, which
means that the evolution of the state can be accelerated. Com-
pared with Fig. 2(a), a conclusion can be drawn that the quan-
tum speed limit time is not only related to the system pa-
rameters but also dependent on the initial state.5*! The quan-
tum speed limit time exhibits quasi-periodicity about A, =0
and can reach the minimum evolution time in the vicinity of
Ay = —6.3g. In Fig. 3(b), we plot the quantum speed limit
time variation along with the cavity detuning A.. In the effec-
tive Hamiltonian (3), the cavity detuning A, will be shift and
replaced by the squeezed cavity detuning A; = Ac+/1 — 52.
Although the evolution of the quantum state can be acceler-
ated, they have a completely different evolutionary behavior
in contrast to the one in Fig. 3(a).

In Figs. 3(c) and 3(d), we plot the evolution of quantum
speed limit time along with the squeezing parameter r, and
the coupling strength g, respectively. The squeezing parameter
and the quantum speed limit time have the opposite trend, i.e.,
the evolution time decreases with the increasing of r,. How-
ever, the behavior of the quantum speed limit with the coupling
strength g is different from Fig. 2(d). A reasonable explanation
is that the squeezed field can the shift cavity detuning and the
coupling strength between the atom and the cavity mode, and
the comprehensive effects with the form of initial state govern
the character of quantum speed limit time.
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Fig. 3. The quantum speed limit time f45 for maximal coherent state
[w(0)) = (|e,0) + |¢,0))/V/2 as a function of the atom detuning A, in

panel (a), the cavity detuning A in panel (b), the squeezing parameter r,
in panel (c), and the coupling strength g in panel (d). The system parameters
are chosen the same ones as Fig. 2.

In the following, we will continue to investigate the quan-
tum speed limit time for initial arbitrary superposition state
|w(0)) = cosale,0) +sinalg,0). Choosing the same parame-
ters with Fig. 2, the quantum speed limit time 7451 are shown in
Fig. 4 as functions of the coefficient o and the atom detuning
A, in panel (a), the cavity detuning A, in panel (b), the squeez-
ing parameter rp in panel (c), and the coupling strength g in
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panel (d). The behavior of quantum speed limit time can ex-
hibit quasi-periodicity, determined by the system parameters
and the initial state. In Fig. 4, one can notice that the behavior
of the quantum speed limit time is reduced to the conclusion in
Fig. 2 for & =0, i.e., the initial excited state |e,0), and the con-
clusion in Fig. 3 for oo = /4, i.e., the initial maximal coherent
state (|e,0) + |g,0))/+/2. When the initial state is the ground

(2)

state |g,0), i.e., o« = /2, the state does not evolve along with
the time, so the zero quantum speed limit time is reasonable.
In Figs. 4(c) and 4(d), the trend of the quantum speed limit
time is descending with the increasing of r,, or g, which indi-
cates that the higher effective coupling strength, the faster the
quantum state evolution, which fits the intuition in the field of
quantum optics.

(b)

1.00
0.75
£ 0.50

0.25

20 0 @

Fig. 4. The quantum speed limit time 7o for arbitrary initial superposition state |y(0)) = cos ct|e,0) + sin ct|g,0) as functions of the parameter ¢ and the
atom detuning A, in panel (a), the cavity detuning A. in panel (b), the squeezing parameter r;, in panel (c), and the coupling strength g in panel (d). The

system parameters are chosen the same ones as Fig. 2.

5. Discussion and conclusion

Now we discuss the feasibility of this model in the ex-
periment. High fineness Fabry—Perot resonator is a single-
mode optical cavity, and cesium or rubidium can be selected
as experimental atoms. The squeezed cavity mode is gener-
ated by second-order nonlinear medium pumping,’®! in which
the squeezing parameter can be adjusted by the amplitude and
relative phase of the laser. Additional broadband squeezed
vacuum field with bandwidth from MHz to GHz is gener-
ated via periodically poled potassium titanyl phosphate (PP-
KTP) crystal.l39) Choosing the following parameters: g =
3x2x MHz, k =3 x2n kHz, y=3 x2n kHz, r, = r. = 0.1,
Ay =2g, Ac =3gcosh(rp)/+/1 — B2, 6. =, 6, =0, our theo-
retical model can be verified based on the current experimental
techniques.

In summary, we have studied the quantum speed limit
time for an atom trapped in a fineness Fabry—Perot resonator
with a second-order medium driven by a classical coherent
laser. The effective Hamiltonian is arrived at using the Bo-
goliubov squeezing transformation, and analytical expression

of the reduced density matrix is obtained for the initial excited
state |e¢,0). The quantum speed limit time based on the ana-
Iytical solution agrees with the Lindblad master equation. The
quantum speed limit can reach the actual driving time when
the evolution is not accelerated. At the same time, it can ap-
proach zero when the state evolves back to the initial state,
which is determined by the system parameters. From the per-
spective of quantum speed limit, it is more conducive to ac-
celerate the evolution of the quantum state for the large detun-
ing, strong drive and coupling strength. We also investigate
the ML-type quantum speed limit time for the initial maximal
coherent state (|e,0) + |g,0))/+/2 and the initial arbitrary su-
perposition state cos a|e,0) + sin ¢t|g,0). The quantum speed
limit time exhibits quasi-periodicity and abundant phenomena,
and it is not only dependent on the system parameters but also
determined by the initial state, which the form of initial state
has more influence on the quantum speed limit time. We can
utilize the initial state and the specific system parameters to
control the evolution of the quantum system to the field of
quantum optics, cavity quantum electrodynamics, and pave a
novel view to explanation the experimental phenomenon for a
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single atom interacting with the impact of ambient noise in the
squeezed cavity environment.
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Appendix A: Derivation of the master equa-
tion (10)

The master equation of the whole system is

BU1) = lp (1), He] ~ 3 {2 (Lo )p(e) + Z(L)p(0)}, (AD

where Hp is the Hamiltonian (2), Ls. = /Y0 describes
the atomic spontaneous emission with rate y, and L, =
V/ka describes the bare cavity decay with rate k. Using
the Bogoliubov squeezing transformation a = ascosh(rp) —
e!% sinh(r,)al, the master equation (A1) can be rewritten as

ple) = ilp(0).H) = 312 (Lo Jp (1)
HNH1DZ(L)P () +NL(L)p(0)

—ML(L)p() - ML (L)p(t)},  (A)

and L, =
Vkas is the Lindblad operator describing the decay of
N = sinh*(r,) and M =

e 1% cosh(r,) sinh(r,) describe the effective thermal noise
69,81

where H is the effective Hamiltonian (3),
the squeezed-cavity mode.

and two-photon correlation,[®*811 respectively. The superop-
erator .Z(0) and .’ (o) are defined as

Z(0)p(1) = o'op(t) —20p(1)o" +p(t)o’o,

L'0)p(t) = oop(t)—20p(t)o+p(t)oo. (A3)

When the driving laser is applied to the nonlinear medium
x(z), the squeezed noise will be introduced synchronously.
However, external broadband squeezed vacuum field can sup-
press the additional noise. When the cavity mode is coupled
with the squeezed vacuum reservoir with the squeezing param-
eter 7. and the reference phase 0., the master equation of the
trapped atom and the cavity mode is given as follows:

i[p(t),Hg] — %{X(Lm)l)(t)
+(N'+1)Z(L)p(t) + N ZL(L)p(1)
~M' L (LY)p(t) —M"* L' (L)p (1)},

Pl =

(A4)

where N’ = sinh?(r.), M’ = % cosh(r) sinh(r,) are param-
eters that describe the squeezed vacuum reservoir. Follow-
ing is the process that obtain the master equation (A1), taking

the Bogoliubov squeezing transformation a = ascosh(r,) —
ei%sinh(ry)al into Eq. (A4), the master equation in the
squeezed cavity mode picture is obtained as follows:

ple) = ilp(0).H) = 312(Lo o (1)
N+ DZ(L)p () + ML (L))

—MZL (LE)p(1) — ML (Las)p(1)},  (AS)

where N and M are given by
Nq = sinh?(re) cosh(2r,,) + sinh?(r,)

1
—|—§ sinh(2rp ) sinh (27, ) cos (6, + 6p),

0.1 1
M, = — e—IGp{E sinh(2rp) cosh(2r,) + 3 sinh(2r,)
x [eH(0+6p) cosh?(ry) + e 1(0+6) sinh?(r)]}. (A6)

When the squeezed parameters are chosen appropriately, i.e.,
e = Ip, B + 6, = 7, the parameters Ns and Ms can be reduced
to zero. The influence of noise caused by the driving laser £,
can be completely suppressed. The dynamical evolution of the
quantum system can be described by the master equation (10).
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