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Quantum state protection from finite-temperature thermal noise with
application to controlled quantum teleportation
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We propose a quantum state protection scheme via quantum feedforward control combined with environment-assisted
measurement to protect arbitrary unknown initial states from the finite-temperature thermal noise (FTTN). The main strat-
egy is to transfer the quantum system to a noise-robust state by weak measurement and feedforward control before the noise
channel. Then we apply the environment-assisted measurement on the noise channel to select our desired damped states
that are invertible to the initial state. After the noise channel, the reversal operations are applied to restore the initial state.
We consider the protection of a single-qubit system, derive the analytical expressions of the success probability and the
fidelity, and analyze the influence of key parameters on the performance of the proposed scheme. Unlike previous studies,
there is no trade-off between the fidelity and the success probability in the proposed scheme; hence one could maximize
them separately. Simulation results show that the proposed scheme can greatly improve the fidelity of the quantum state
with a certain success probability. Moreover, the proposed scheme is successfully applied to improving the fidelity of
controlled quantum teleportation through two independent FTTN channels from the perspective of protecting the shared
entanglement.
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1. Introduction
Generally, all real quantum systems interact with the ex-

ternal environment and suffer from decoherence, which is un-
doubtedly unfavorable to the concrete realization of quantum
information theories.[1–3] For instance, in the standard quan-
tum teleportation protocol, the EPR pair (Bell state) shared
by the sender and the receiver is used as the communication
channel,[4,5] and the presence of environmental noises reduces
the entanglement degree and thus affects the transmission ef-
fect. Additionally, the implementation of various quantum al-
gorithms in quantum computers also relies on the coherent su-
perposition of quantum states.[6,7] Hence, it is crucial to in-
vestigate decoherence control for real quantum systems. A
variety of quantum state protection schemes have been pro-
posed to suppress the effects of noise, including quantum error
correction,[8–12], decoherence-free subspaces[13–16] and quan-
tum dynamical decoupling.[17–22] However, quantum error
correction requires too many redundant qubits; decoherence-
free subspace requires the interaction Hamiltonian to have ap-
propriate symmetry; quantum dynamical decoupling requires
the generation of ultra-high frequency control pulses. Hence,
how to develop practical quantum state protection schemes
still remains an opening issue.

Fortunately, quantum state protection schemes based on
weak measurement (WM) have shown promising applica-
tion prospects.[23–25] These schemes mainly include quan-

tum feedback control (QFBC),[26–31] quantum measurement
and its reversal,[32–35] and quantum feedforward control
(QFFC).[36,37] In Ref. [26], the QFBC scheme was proposed
to protect a class of single-qubit states from the phase damping
(PD) noise, where weak measurements are used after the noise
channel to gain the information of the system state and the
noise, and then rotation operators are employed to correct the
damped state. Later, it was verified that QFBC schemes could
also protect single-qubit states from the other types of noises,
e.g., the amplitude damping (AD) noise, the bit-flip noise and
the depolarizing noise.[38,39] However, QFBC schemes rely on
the prior information on the initial state and assume the initial
state to be completely known. In fact, the prior information
on quantum states before the noise channel is essential to the
optimum suppression of noises.[34,35] In Ref. [32], the WM
and its reversal scheme was proposed to protect arbitrary un-
known single-qubit states from the AD noise, which uses WM
to obtain partial information on the initial state before the noise
channel, and then apply a WM reversal to recover the quantum
state after the noise channel.[33–35] Furthermore, in Ref. [36],
the QFFC scheme was presented as an upgraded version of
the WM and its reversal scheme, which uses feedforward op-
erators after the pre-WMs before the noise channel, and re-
versed feedforward operators before the post-WMs after the
noise channel. In fact, the QFFC scheme follows the same idea
as the previous WM and its reversal scheme but outperforms

†These authors contributed equally to this work.
‡Corresponding author. E-mail: sajede@ustc.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

050306-1

http://dx.doi.org/10.1088/1674-1056/acbd2a
mailto:sajede@ustc.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 050306 (2023)

it, since the initial state can certainly be transferred to a state
that is robust to noise by adding the feedforward operators. In
Ref. [37], the QFFC scheme was extended to the protection of
arbitrary unknown two-qubit states, and its performance was
analyzed in detail. It should be noted that the AD and the PD
noises mentioned above only exist at zero-temperature. How-
ever, in many practical quantum systems, e.g., superconduct-
ing circuits and Rydberg atomic systems, the zero-temperature
assumption is not valid and the thermal environment needs
to be considered; otherwise, the error caused by noise model
would not be tolerable. In these cases, modeling the quantum
noise as the finite-temperature thermal noise (FTTN) is more
consistent with the real environment.[40]

In this paper, motivated by the previous QFFC
schemes,[32–37] we investigate the protection of arbitrary un-
known quantum states from FTTN via QFFC combined with
environment-assisted measurement (EAM). Theoretically, the
designed scheme is suitable for protecting quantum states from
arbitrary types of quantum noises with at least one invertible
Kraus operator, though the strengths of WMs need redesign-
ing for different types of noises. Analytical expressions of
the total fidelity and the corresponding success probability are
presented to evaluate the performance of the proposed scheme.
Furthermore, the optimal conditions in the sense of maximiz-
ing the total fidelity and the total success probability are de-
rived, respectively, where the optimal values of the pre- and the
post-WM strengths are given. For comparison, we consider
the QFFC scheme in Ref. [41] to highlight the superiority of

our proposed scheme. Finally, the proposed scheme is applied
to the protection of controlled quantum teleportation through
FTTN channels. Simulations are performed to demonstrate
that the proposed scheme can improve the fidelity of controlled
quantum teleportation from the perspective of protecting the
shared entanglement without modifying the quantum telepor-
tation protocol.

The remainder of this paper is organized as follows. In
Section 2, we elaborate the protection of a single-qubit sys-
tem under the influence of FTTN. In Section 3, we apply
the protection scheme to the controlled quantum teleportation
through FTTN channels. Finally, conclusions are drawn in
Section 4.

2. Quantum state protection from FTTN for a
single-qubit system
This section is concerned with the protection of a single-

qubit system from FTTN via QFFC combined with EAM.
Hereafter, we call our proposed scheme as QFFC-EAM. Ac-
cording to the characteristics of the FTTN channel, we first
use the pre-WM operators and feedforward operators to trans-
fer the system state to a less vulnerable state before entering
the FTTN channel, then apply the EAM to the FTTN chan-
nel, and finally apply the reversed feedforward operators and
the post-WM operators after the FTTN channel to restore the
damped state to its initial state. The schematic diagram of the
whole quantum state protection scheme is shown in Fig. 1.

Feedforward 

operator
FTTN channel

Reversed

feedforward
operator measurementmeasurement

mi fi mrifi
-1

ki

ρin ρfin

EAM

Pre weak Post weak mi

Fig. 1. Schematic diagram of QFFC-EAM.

The whole quantum state protection scheme consists of
the following five steps.

Step 1 We use a family of positive operator-valued
measurement (POVM) consisting of two operators given by
∑i=0,1 m†

i mi = I to obtain partial information on the state of
the single-qubit system. The WM operators m0 and m1 are
along the z-axis and defined as

m0 =

[
cos(ω/2) 0

0 sin(ω/2)

]
,

m1 =

[
sin(ω/2) 0

0 cos(ω/2)

]
, (1)

where 0 ≤ ω ≤ π/2 determines the strength of WMs. When
ω = π/2, the measurement does not change the state of the

system; when ω = 0, the measurement strength is at the high-
est amount and the measurement becomes a projection mea-
surement; when 0 < ω < π/2, one can strike a balance be-
tween the desired information gain and the unwanted state dis-
turbance. After applying pre-WMs in Eq. (1), the state of the
system is described as

ρmi =
miρinm†

i

tr(miρinm†
i )

(2)

with a probability

gmi = tr(miρinm†
i ), (3)

where ρin is the unknown initial state of a single-qubit system.
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Step 2 Feedforward operators f0 and f1 are used to trans-
fer the system state to a state that is less vulnerable to the ef-
fects of FTTN and defined as

f0 =

[
1 0
0 1

]
, f1 =

[
0 1
1 0

]
. (4)

If the measurement result corresponding to m0 is ac-
quired, it means that the state of the single-qubit system is
near the ground state and immune to the effects of the noise
channel, hence the feedforward operator f0 is selected as an
identity operator; if the measurement result corresponding to
m1 is acquired, it means that the system state is close to the ex-
cited state, hence another feedforward operator f1 is designed
to transfer the system to a state that is immune to the effects of
the noise channel.

After this step, the state of the system changes to ρ fi =

fiρmi f †
i with a probability g fi = gmi .

Step 3 The single-qubit system passes through the FTTN
channel and we apply EAM on the environment. The Kraus
operators of the FTTN channel for the single-qubit system are
defined as[42]

k0 =

[√
p 0

0
√

p(1− r)

]
, k1 =

[
0
√

pr
0 0

]
,

k2 =

[√
(1− p)(1− r) 0

0
√

1− p

]
,

k3 =

[
0 0√

r(1− p) 0

]
, (5)

where r ∈ [0,1] is the probability that the excited state decays
to the ground state, p = [1+ exp(−ωc/kBT )]−1(0.5 ≤ p ≤ 1)
is a parameter related to the temperature of thermal bath, in
which ωc is the transition frequency, kB is the Boltzmann con-
stant, and T denotes the temperature. The definition of p re-
veals that it decreases as the temperature T increases.

The objective of applying EAM to the noise channel is to
select only the results corresponding to invertible Kraus opera-
tors by measuring the environment (noise channel) coupled to
the system of interest as well as to discard the other results. To
be specific, a measurement is performed on the environment,
which makes the environment collapse to the eigenstates of
the measured observable, and the protected quantum system
is projected onto a state related to the measurement outcome
of the environment. If the noise channel collapses to the nth

eigenstate, the non-normalized density matrix of the protected
quantum system becomes ρn = KnρK†

n , where Kn is an invert-
ible Kraus operator and ρ is the initial state of the protected
quantum system. Obviously, only k0 and k2 in Eq. (5) are in-
vertible. As a result, after this step, the state of the system
changes to

ρk i =
k0ρ fik

†
0 + k2ρ fik

†
2

tr(k0ρ fik
†
0 + k2ρ fik

†
2)

(6)

with a probability

gk i = g fi tr(k0ρ fik
†
0 + k2ρ fik

†
2). (7)

Step 4 The corresponding reversed feedforward opera-
tor f−1

0 or f−1
1 is applied after the single-qubit system passes

through the FTTN channel. Since both f0 and f1 are unitary
matrices, f−1

0 = f0 and f−1
1 = f1 hold, i.e., the reversed feed-

forward operators are the same as the feedforward operators
in Eq. (4). After this step, the state of the system changes to
ρ f−1

i
= fiρk i f †

i with a probability g f−1
i

= gk i.
Step 5 Finally, the damped state is recovered to its ini-

tial state by using the post-WM operators mr0 or mr1, where
mi ·mri is approximately equal to the identity matrix; mr0

and mr1 are selected from the complete measurement sets
{mr0,mr0} and {mr1,mr1}, respectively, i.e.,

mr0 =

[
q 0
0 1

]
, mr0 =

[√
1−q2 0
0 0

]
,

mr1 =

[
1 0
0 q

]
, mr1 =

[
0 0
0
√

1−q2

]
, (8)

where q ∈ [0,1] denotes the strength of the post-WMs. In our
scheme, we only keep the results of mri, discard the results
corresponding to mri, and normalize the final state after ap-
plying the post-WM.

After the last step, the density matrix of the protected
single-qubit system changes to

ρmri =
mriρ f−1

i
mr†

i

tr(mriρ f−1
i

mr†
i )

(9)

with a probability

gmri = g f−1
i

tr(mriρ f−1
i

mr†
i ). (10)

Remark 1 Note that the proposed QFFC-EAM scheme
works in a probabilistic manner, since the post-WM operators
are incomplete and EAM cannot always be done successfully.

In a nutshell, the nonnormalized final states ρ̃fin
m0

and ρ̃fin
m1

corresponding to the WM operators m0 and m1 are calculated
as

ρ̃
fin
m0

= ∑
i=0,2

(mr0 f0ki f0m0)ρin(mr0 f0ki f0m0)
†,

ρ̃
fin
m1

= ∑
i=0,2

(mr1 f1ki f1m1)ρin(mr1 f1ki f1m1)
†, (11)

with the corresponding success probabilities g(1)m0 and g(1)m1 as

g(1)m0 = tr(ρ̃fin
m0
), g(1)m1 = tr(ρ̃fin

m1
). (12)

Therefore, the normalized final states ρfin
m0

and ρfin
m1

corre-
sponding to m0 and m1 are

ρ
fin
m0

=
ρ̃fin

m0

gm0

, ρ
fin
m1

=
ρ̃fin

m1

gm1

. (13)

050306-3



Chin. Phys. B 32, 050306 (2023)

To quantify the performance of QFFC-EAM scheme, fi-
delity is used to measure the similarity between the final state
and the initial state and defined as

fid(1)mi =

[
tr(

√√
ρfin

mi
ρin

√
ρfin

mi
)

]2

. (14)

For the sake of avoiding calculating the square root of a
matrix, we define the fidelity for pure and mixed initial states
as follows.

When the initial state is a pure state |ψin〉, the fidelity in
Eq. (14) is equivalent to[43]

fid(1)mi = 〈ψin|ρfin
mi
|ψin〉= tr(ρfin

mi
ρin). (15)

When the initial state is a mixed state, the fidelity in
Eq. (14) can be expressed as[44]

fid(1)mi = tr(ρfin
mi

ρin)+2
√

det(ρfin
mi

ρin), (16)

where det( ·) denotes the matrix determinant.
The total fidelity fid(1)total and total success probability g(1)total

of the QFFC-EAM scheme are calculated as

fid(1)total =
g(1)m0 fid(1)m0 +g(1)m1 fid(1)m1

g(1)m0 +g(1)m1

,

g(1)total = g(1)m0 +g(1)m1 . (17)

Suppose that the initial state is an arbitrary single-qubit
pure state |ψin〉 = a |0〉+ b |1〉, where |a|2 + |b|2 = 1 and

a,b ∈ C. The total fidelity of the QFFC-EAM scheme is
calculated as

fid(1)total = 1+2|b|4−2|b|2

+
4q
(
|b|2−|b|4

)
tan(ω/2)

√
1− r

q2(1+ pr− r)+(1− pr)tan2(ω/2)
(18)

with the total success probability

g(1)total = (1− pr)sin2(ω/2)+q2(1+ pr− r)cos2(ω/2). (19)

According to Eq. (19), the total success probability is in-
dependent of the initial state, while the total fidelity in Eq. (18)
is dependent on the initial state. In Fig. 2, we depict the total
fidelity fid(1)total vs. ω and q by fixing p = 0.9 and r = 0.6, and
setting the initial state parameter |b| to be 0.3, 0.5, 0.7 and 0.9,
respectively.
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Fig. 2. Total fidelity vs. ω and q. Here p = 0.9 and r = 0.6.

Two key conclusions can be drawn from Fig. 2. On the
one hand, the total fidelity of the protection scheme varies con-
siderably with different initial states. If the other parameters
are fixed, the total fidelity reaches the minimum value when
|b|2 = 1/2, and is at a high level when |b|2 is close to 0 or
1. What’s more, the regions corresponding to a high fidelity
in Figs. 2(a) and 2(d) are significantly larger than those in
Figs. 2(b) and 2(c). On the other hand, for a certain initial
state, the maximum total fidelity depends on the values of ω

and q.

According to the first conclusion, it is needed to define
the average fidelity for all possible initial states to evaluate the
performance of the QFFC-EAM scheme as

fid(1)av =
∫

dψ fid(1)total. (20)

Therefore, the analytical expression of fid(1)av is obtained
as

fid(1)av =
11
15

+
8q tan(ω/2)

√
1− r

15[q2(1+ pr− r)+(1− pr)tan2(ω/2)]
. (21)
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The average fidelity fid(1)av and the corresponding total
success probability g(1)total vs. ω and q are depicted in Figs. 3(a)
and 3(b), respectively.
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Fig. 3. (a) Average fidelity fid(1)av vs. ω and q. (b) Total success proba-
bility g(1)total vs. ω and q. Here p = 0.9, r = 0.6.

The second conclusion inspires us to find out the opti-
mal relationship between the pre-WM strength ω and the post-
WM strength q to maximize the total fidelity. By calculating
the partial derivative of fid(1)total with respect to q, the following
relationship among q, ω , p, and r is deduced to achieve the
maximum total fidelity (see Appendix A for proof):

qopt = tan(ω/2)

√
1− pr

1+ pr− r
. (22)

From now on, we call Eq. (22) as the optimal condition
of the fidelity, which is independent of the initial state. Hence,
even if the initial state is unknown, the maximum total fidelity
can be achieved as long as q satisfies Eq. (22). Under the op-
timal condition, the total fidelity of the proposed QFFC-EAM
scheme becomes

fid(1)
opt

total = 1+2|b|4−2|b|2 + 2(|b|2−|b|4)
√

1− r√
1− pr

√
1+ pr− r

(23)

with the corresponding total success probability

g(1)
opt

total = 2(1− pr)sin2(ω/2). (24)

Moreover, the maximum average fidelity of the QFFC-
EAM scheme is calculated as

fid(1)
opt

av =
11
15

+
4
√

1− r
15
√

1− pr
√

1+ pr− r
. (25)

Importantly, by considering the optimal condition in
Eq. (22), it is found that the total and the average fidelities
are independent of ω , while the success probability is still de-
pendent on ω . Hence, the maximum success probability can
be obtained by only adjusting ω without affecting the value of
fidelity, which has barely occurred in previous studies. In fact,
in almost all of the previous WM based protection schemes,
there is a trade-off between the fidelity and the success prob-
ability, in which the fidelity is promoted at the expense of the
success probability, and vice versa; see, e.g., Refs. [32–37].
While in our proposed QFFC-EAM scheme the fidelity and
the success probability can be optimized separately without
affecting each other. According to Eq. (24), it is clear that
the optimum value of ω in the sense of maximizing the total
success probability is

ωopt = π/2. (26)

And the maximum total success probability under ωopt is

g(1)
opt

total = 1− pr. (27)

The maximum average fidelity fid(1)
opt

av and the corre-

sponding maximum total success probability g(1)
opt

total vs. p and
r under qopt and ωopt are depicted in Figs. 4(a) and 4(b), re-
spectively.
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Fig. 4. (a) Maximum average fidelity fid(1)
opt

av vs. p and r. (b) Maximum
total success probability vs. p and r.

As shown in Fig. 5(a), to observe the effect of each step
in the QFFC-EAM scheme intuitively, we study a single-qubit
pure state protection on the Bloch sphere, where the initial
state is selected as |ψ〉= cos(5π/8) |0〉+ sin(5π/8)e−π/6 |1〉,
the parameters of the FTTN channel are set as p = 0.95 and
r = 0.7, the pre-WM strength ω is set to be π/4, and the
post-WM strength q is set to its optimum value in Eq. (22)
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to maximize the fidelity. Specifically, the red arrow indicates
the initial state, the black arrow indicates the state after the
pre-WM operator, the blue arrow indicates the state after the
feedforward operator, the cyan arrow indicates the state after
the FTTN channel, the yellow arrow indicates the state after
the reversed feedforward operator, and the green arrow indi-
cates the final state after the post-WM operator. For compar-
ison, we also study the case under no protection in Fig. 5(b),
where the red arrow indicates the same initial state as that in
Fig. 5(a), and the cyan arrow indicates the final state after the
same FTTN channel under no protection.
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Fig. 5. (a) State evolution of the protected single-qubit pure state after
each step of QFFC-EAM. (b) State evolution of the single-qubit pure
state under no protection.

Next, let us quantify the fidelity improvement of the pro-
posed QFFC-EAM scheme. In the scheme under no protec-
tion, the damping final state is

ρ
fin
FTTN =

3

∑
i=0

kiρink†
i , (28)

where ki are the Kraus operators in Eq. (5).
Therefore, the fidelity of the unprotected scheme is cal-

culated as

fid(1)FTTN =

[
tr(

√√
ρfin

FTTNρin

√
ρfin

FTTN)

]2

= 1+ pr− r−|b|2 (2pr−3r+2)

−|b|4 (2r−2)+2(|b|2−|b|4)
√

1− r. (29)

By adopting the optimal condition of fidelity in Eq. (22),
the improvement of the total fidelity is defined as

fid(1)improve = fid(1)
opt

total −fid(1)FTTN

= 2|b|4−2|b|2− pr+ r

+ |b|2 (2pr−3r+2)+ |b|4 (2r−2)

−2(|b|2−|b|4)
√

1− r

+
2(|b|2−|b|4)

√
1− r√

1− pr
√

1+ pr− r
. (30)

Figure 6 illustrates that fid(1)improve is a function of |b| and
r under a fixed value of p, where the total fidelity is improved

for arbitrary initial states. Moreover, fid(1)improve rises with the
increase of |b|, since the closer |b| is to 1, the closer the sys-
tem state is to the excited state and the more vulnerable it is to
the effects of the noise channel. Additionally, in high damping
cases (r > 0.8), the fidelity improvement is particularly ob-
vious, which demonstrates the effectiveness of our proposed
scheme.
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Fig. 6. fid(1)improve vs. |b| and r, for p = 0.9.

For further comparison, we consider the QFFC scheme in
Ref. [41] to highlight the superiority of our proposed QFFC-
EAM scheme, and the maximum fidelity improvements of the
two schemes are shown in Fig. 7. Same as the control objective
of our proposed QFFC-EAM, the QFFC scheme in Ref. [41]
was designed to deal with quantum systems subject to FTTN;
however, it does not apply EAM, and uses the rotation operator
to replace the post-WM operator in the last step.

b

fi
d

im
p
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v
e
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0.1

0.2

0.3

0.4

0.5

1.00.80.60.40.2

Proposed QFFC EAM

QFFC in Ref. [41]

Fig. 7. Comparisons between the proposed QFFC-EAM and the QFFC
in Ref. [41]. Here p = 0.95 and r = 0.5.

To plot Fig. 7, analytical expressions of maximum fi-
delity improvements of the proposed QFFC-EAM are de-
duced, while the maximum fidelity improvement of the QFFC
scheme in Ref. [41] is obtained in a numerical way. As demon-
strated in Fig. 7, our proposed QFFC-EAM scheme outper-
forms the QFFC scheme in Ref. [41] for all possible initial
states. The underlying reason for this is that the EAM gains
more knowledge about the noise channel which helps us to
select the states corresponding to invertible Kraus operators.
Moreover, compared to the unitary rotations utilized in the
QFFC scheme in Ref. [41], we achieve a higher fidelity in the
QFFC-EAM scheme by using post-WM after EAM.
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Remark 2 Note that the initial state of the protected
single-qubit system is allowed to be totally unknown in our
proposed QFFC-EAM scheme, while the QFFC scheme in
Ref. [41] cannot achieve the maximum totally fidelity if the
prior information on the initial state is not available.

3. Application to controlled quantum teleporta-
tion
Controlled quantum teleportation is an important branch

of quantum communication,[45] where the receiver can gain
the information on the teleported qubit from the sender only
with the permission of the controller. In this section, we apply
the QFFC-EAM scheme to the protection of controlled quan-
tum teleportation through two independent FTTN channels.
We assume that a third party (Charlie) works as the controller,
and prepares a Bell state |ψ〉ab =

1√
2
(|00〉+ |11〉) as the shared

entanglement and sends the first qubit to Alice and the second
qubit to Bob through an FTTN channel, respectively.

In order to develop high-fidelity quantum teleportation
schemes, a feasible solution is to use the proposed QFFC-
EAM to protect the shared entanglement against decoherence
and then implement an original quantum teleportation proto-
col. In Section 2, we have illustrated the protection of a single-
qubit state from FTTN. Since the Bell state is a two-qubit
state, the operators in each step should be reconstructed. For
simplicity, we assume that each qubit goes through an FTTN
channel, and all parameters of the two FTTN channels are the
same. The 4× 4 operators of the two-qubit case can be con-
structed by using the tensor product as follows.

The two-qubit pre-WM operators are constructed as

M0 = m0⊗m0, M1 = m0⊗m1,

M2 = m1⊗m0, M3 = m1⊗m1 (31)

with corresponding feedforward operators

F0 = f0⊗ f0, F1 = f0⊗ f1,

F2 = f1⊗ f0, F3 = f1⊗ f1. (32)

The invertible Kraus operators of the FTTN channel are
constructed as

K0 = k0⊗ k0, K1 = k0⊗ k2,

K2 = k2⊗ k0, K3 = k2⊗ k2. (33)

Remark 3 There are 16 Kraus operators in total to char-
acterize the two independent FTTN channels, but only the
quantum trajectories corresponding to the invertible Kraus op-
erators are kept due to the principle of EAM; hence we only
present the four invertible Kraus operators for simplicity.

The reversed feedforward operators are the same as those
in Eq. (32) since fi (i = 0,1) are unitary matrices, i.e.,
( fi⊗ f j)

−1 = f−1
i ⊗ f−1

j = fi⊗ f j, where i, j = 0,1.
The two-qubit post-WM operators are constructed as

MR0 = mr0⊗mr0, MR1 = mr0⊗mr1,

MR2 = mr1⊗mr0, MR3 = mr1⊗mr1. (34)

In the entanglement distribution process of the controlled
quantum teleportation, Charlie applies the pre-WM and the
feedforward control to the first and the second qubit of the en-
tangled pair, respectively, before the two qubits pass through
the FTTN channel, then Alice and Bob performs a measure-
ment on the coupled environment and keep the results cor-
responding to invertible Kraus operators when their qubit is
in the FTTN channel, finally they apply the reversed feedfor-
ward control and the post-WM to their qubit. The schematic
diagram of the protected controlled quantum teleportation
through two independent FTTN channels is shown in Fig. 8.

Charlie

Bell state |ψ>ab
prepared by 

Feedforward 
operator

measurement

FTTN

channel

measurement

Reversed 
feedforward 

operator

FTTN

channel

ab

Standard 

teleportation 

protocol

Bob

Alice

mi

fi

mri

fi
-1

Pre weak 

Post weak 

ρfin

|ψ>a

|ψ>b

measurement
mi

Pre weak 

Feedforward 
operator

fi

Reversed 
feedforward 

operator

measurement

mri

Post weak 

EAM

EAM

fi
-1

Fig. 8. Schematic diagram of the protected controlled quantum teleportation through two independent FTTN channels.
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By analyzing the protection of the shared entanglement
step by step, we found that if the measurement result corre-
sponding to M1 or M2 is obtained, the final state is the same
whether the post-WM operators MR1 or MR2 is applied or
not. In other words, in these cases, the post-WM operators
are not necessary. In addition, a higher success probability
can be achieved by removing the unnecessary post-WM; how-
ever, if the measurement results corresponding to M0 and M3

are obtained, the post-WM is still necessary (see an illustrative
example in Appendix B for details).

Therefore, for cases corresponding to M1 and M2, the fi-
nal state ρM j is calculated as

ρM j =

3
∑

i=0
FjKiFjM jρab(FjKiFjM j)

†

tr
[ 3

∑
i=0

FjKiFjM jρab(FjKiFjM j)
†
] (35)

with corresponding success probability gM j as

gM j = tr
[ 3

∑
i=0

FjKiFjM jρab(FjKiFjM j)
†
]
, (36)

where ρab = |ψab〉〈ψab| is the density matrix of the Bell state.
Likewise, for cases corresponding to M0 and M3, the final

state ρMk is calculated as

ρMk =

3
∑

i=0
MRkFkKiFkMkρab(MRkFkKiFkMk)

†

tr
[ 3

∑
i=0

MRkFkKiFkMkρab(MRkFkKiFkMk)
†
] (37)

with corresponding success probability gMk as

gMk = tr
[ 3

∑
i=0

MRkFkKiFkMkρab(MRkFkKiFkMk)
†
]
. (38)

Hence, by considering the optimal condition of the fi-
delity in Eq. (22), the total fidelity of the protected Bell state
is calculated as

fidopt
Bell =

3
∑

i=0
gMifidMi

3
∑

i=0
gMi

=
1
2
+

1− r
2(1− pr)(1+ pr− r)

(39)

with the total success probability as

gfinopt

ab =
sin2(ω)(1− pr)(1+ pr− r)

2
+2sin4(ω/2)(1− pr)2, (40)

where fidMi = tr(ρMiρab) are fidelities corresponding to differ-
ent Mi.

It is known that the average teleportation fidelity directly
depends on the fidelity of the shared entanglement; hence, it
is necessary to study the total fidelity of the Bell state after

the QFFC-EAM scheme is applied. The total fidelity of the
protected Bell state in Eq. (39) vs. p and r under the optimal
condition of the fidelity in Eq. (22) is depicted in Fig. 9(a), and
the unprotected scenario is depicted in Fig. 9(b) for compari-
son.
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Fig. 9. (a) Total fidelity of the protected Bell state vs. p and r. (b) Total
fidelity of the Bell state vs. p and r under no protection.

After a successful entanglement distribution, we carry out
the standard quantum teleportation protocol. The density ma-
trix of the unknown input state that Alice wishes to teleport to
Bob is described as

ρin =

[
|a|2 ab∗

a∗b |b|2
]
, (41)

where the superscript ∗ denotes complex conjugation. After
the standard teleportation protocol, the state of Bob’s qubit
becomes (see Appendix C for the specific calculation process)

ρout =

[
|a|2 σab∗

σa∗b |b|2
]
, (42)

where

σ =
q2sin2(ω)(1− r)

[sin2(ω/2)(1− pr)+q2cos2(ω/2)(1+ pr− r)]
2 .

Under the optimal condition of the fidelity in Eq. (22), the
state of Bob’s qubit is described as

ρ
opt
out =

 |a|2 ab∗(1−r)
(1−pr)(1+pr−r)

a∗b(1−r)
(1−pr)(1+pr−r) |b|2

 . (43)

In order to evaluate the performance of the protected
quantum teleportation, the average fidelity between the input
state ρin and the output state ρ

opt
out is calculated as

fidav
protect =

∫
dψ 〈ψin|ρout |ψin〉=

11
15

+
4σ

15
. (44)

050306-8



Chin. Phys. B 32, 050306 (2023)

Additionally, the maximum average fidelity is calculated
as

fidavopt

protect =
∫

dψ 〈ψin|ρopt
out |ψin〉

=
11
15

+
4(1− r)

15(1− pr)(1+ pr− r)
. (45)

For comparison, we consider the original quantum tele-
portation under no protection. Similarly, the average fidelity
of quantum teleportation under no protection is obtained as

fidav
FTTN = 1+

14p2r2−14pr2 +7r2−11r
15

. (46)

To quantify the performance of the proposed scheme, the
improvement of the average teleportation fidelity is defined as

fidav
improve = fidavopt

protect−fidav
FTTN

=
4(1− r)

15(1− pr)(1+ pr− r)

− 14p2r2−14pr2 +7r2−11r+4
15

. (47)

Furthermore, we plot fidav
improve vs. p and r in Fig. 10,

from which one can see that a higher average teleportation fi-
delity can be always achieved by applying the QFFC-EAM to
the shared entanglement.
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Fig. 10. The fidav
improve vs. p and r.

Remark 4 The feasible applications of the proposed
QFFC-EAM are not limited to the protection of the controlled
quantum teleportation. Note that in Fig. 8, the focus is on
protecting the shared entanglement during the entanglement
distribution process, and the original quantum teleportation
protocol does not need modifying. Hence, QFFC-EAM can
also be successfully applied to protecting other entanglement-
based quantum communications, e.g., quantum secret sharing
and quantum key distribution.

4. Conclusion
In summary, we have proposed a quantum state protec-

tion scheme via QFFC combined with EAM to protect arbi-
trary unknown initial states from FTTN. It is verified that there

exists no trade-off between the fidelity and the success prob-
ability in our proposed scheme, which was rarely reported in
previous studies. By finding out the optimum strengths of the
pre- and post-WMs, the fidelity and the success probability
are maximized separately. Analytical expressions of the max-
imum fidelity and the maximum total success probability are
derived. Performance of the proposed scheme is comprehen-
sively analyzed by choosing various WM strengths and de-
coherence parameters in a series of simulation studies. For
comparison, the unprotected scenario and the QFFC scheme
in Ref. [41] are considered to demonstrate the superiority of
our proposed scheme. Furthermore, it is shown that the pro-
posed scheme has a promising prospect in quantum telepor-
tation through noise channels. More importantly, we believe
that the proposed scheme can also play a role in protecting
other entanglement-based quantum communications.

Appendix A
Here, the proof of the optimal condition in the sense of

maximizing the total fidelity is given. All parameters except
ω and q are regarded as constants. First, let us introduce the
following notations:

u1 = 4tan(ω/2)
√

1− r, u2 = 1+ pr− r,

u3 = (1− pr)tan2(ω/2), u4 = |b|2−|b|4, (A1)

where u1, u2, u3, and u4 are all non-negative since ω ∈
[0,π/2], r ∈ [0,1], p ∈ [0.5,1], and |b| ∈ [0,1] hold.

By using the notations in Eq. (A1), the total fidelity in
Eq. (18) can be re-expressed as

fid(1)total =−2u4 +
u1u4q

u2q2 +u3
. (A2)

Then, the partial derivative of fid(1)total with respect to q is
calculated as

∂fid(1)total
∂q

=
u1u4(u3− k2q2)

(u2q2 +u3)
2 . (A3)

To find out the optimum q, we set the partial derivative to
be 0. Considering that the value of q is between 0 and 1, we
ignore the negative values and obtain

q =

√
u3

u2
= tan(ω/2)

√
1− pr

1+ pr− r
. (A4)

Since 0≤ tan(ω/2)≤ 1 and (1+ pr−r)≥ (1− pr) hold,
the value of q in Eq. (A4) is between 0 and 1, and the value of
the above partial derivative is greater than 0 within the inter-
val (0,q) and less than 0 within the interval (q,1). Hence, the
maximum value of fid(1)total is reached for any fixed ω ∈ [0,π/2]
if Eq. (A4) is satisfied. In addition, substituting q in Eq. (A4)
into the analytical expression of the total fidelity, one obtains
a constant which is independent of ω and q. Hence, it is con-
cluded that the total fidelity is maximized when the relation-
ship in Eq. (A4) holds. This completes the proof.
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Appendix B
Here, we show that the post-WM operator is not always

necessary. Without loss of generality, we assume that the mea-
surement result corresponding to M1 is obtained, and the re-
versed feedforward operator F1 is applied. In this step, the
state of the shared entanglement is calculated as

ρF−1
1

=

3
∑

i=0
F1KiF1M1ρab(F1KiF1M1)

†

tr[
3
∑

i=0
F1KiF1M1ρab(F1KiF1M1)

†]

=


1
2 0 0 1−r

2(1−pr)(1+pr−r)

0 0 0 0
0 0 0 0

1−r
2(1−pr)(1+pr−r) 0 0 1

2

 (B1)

with the corresponding success probability

gF−1
1

= tr[
3

∑
i=0

F1KiF1M1ρab(F1KiF1M1)
†]

=
sin2(ω)(1− pr)(1+ pr− r)

4
. (B2)

Finally, after the post-WM, the state of the shared entan-
glement changes to

ρMR1 =
MR1ρF−1

1
MR1

†

tr(MR1ρF−1
1

MR1
†)

=


1
2 0 0 1−r

2(1−pr)(1+pr−r)

0 0 0 0
0 0 0 0

1−r
2(1−pr)(1+pr−r) 0 0 1

2

 (B3)

with the corresponding success probability

gMR1 = gF−1
1

tr(MR1ρF−1
1

MR1
†)

=
q2sin2(ω)(1− pr)(1+ pr− r)

4
. (B4)

It can be seen from Eqs. (B1) and (B3) that ρF−1
1

= ρMR1 .
Additionally, it can be seen from Eqs. (B2) and (B4) that the
post-WM operator reduces the success probability of the pro-
tection scheme; hence, it is concluded that the post-WM oper-
ator is not necessary if the measurement result corresponding
to M1 is obtained. If the other measurement result correspond-
ing to M0, M2 or M3 is obtained, one can use the same method
to analyze whether the post-WM can be removed or not. The
remaining three cases will not be discussed due to similarity.

Appendix C
Here, we calculate the average teleportation fidelity un-

der the optimal condition of the fidelity in Eq. (22). First,
Alice interacts the input qubit with her half of the entangled

pair. Hence, the state of the combined system consisting of
the input qubit and her half of the entangled pair is

ρ1 = ρin⊗ρ
fin
ab

=
1
2



α2 0 0 α1α2 α5 0 0 α1α5

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

α1α2 0 0 0 α1α5 0 0 α5

α4 0 0 α1α4 0 0 0 α1α3

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

α1α4 0 0 α4 α1α3 0 0 α3


, (C1)

where α1 =
1−r

(1−pr)(1+pr−r) , α2 = |a|2, α3 = |b|2, α4 = a∗b, and
α5 = ab∗.

Then, Alice applies a Bell joint measurement on the input
qubit and her half of the protected entanglement under the ba-
sis Bi = |bi〉〈bi|⊗ I with I being the 2×2 identity matrix, and
|bi〉 are defined as

|b1〉=
1√
2
(|00〉+ |11〉), |b2〉=

1√
2
(|00〉− |11〉),

|b3〉=
1√
2
(|01〉+ |10〉), |b4〉=

1√
2
(|01〉− |10〉). (C2)

After the Bell joint measurement, the state of Bob’s qubit
becomes

ρBi =
tr12(Biρ1Bi)

gBi

, (C3)

where tr12(·) denotes the partial trace over the combined sys-
tem consisting of the input qubit and Alice’s half of the en-
tangled pair, and gBi = tr(Biρ1Bi) are the success probabilities
corresponding to Bi.

Next, Alice informs Bob which result was obtained
through a classical channel, and Bob applies a corresponding
unitary operator according to Alice’s measurement result. The
unitary operators for each measurement result are

C1 = I, C2 = σz, C3 = σx, C4 = σzσx, (C4)

where σx = [0,1;1,0] and σz = [1,0;0,−1] are Pauli operators.
Hence, the final output state of Bob’s qubit is

ρCi =CiρBiC
†
i =

 |a|2 ab∗(1−r)
(1−pr)(1+pr−r)

a∗b(1−r)
(1−pr)(1+pr−r) |b|2

 . (C5)

The corresponding fidelity for each measurement result is
defined as

fidi = tr(ρCiρin). (C6)

Therefore, the average teleportation fidelity is obtained as

fidav
protect =

∫
dψ ∑

i
gBifidi
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=
11
15

+
4(1− r)

15(1− pr)(1+ pr− r)
. (C7)

The calculation of the average teleportation fidelity under
no protection is similar to the above process, and the result is
given in Eq. (46).
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