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The wave functions, energy levels and matrix elements of Yb+ ions are calculated using the relativistic configuration
interaction plus core polarization (RCICP) method. The static and dynamic electric dipole polarizabilities of the ground
state and low-lying excited states are determined. Then, the magic wavelengths of the magnetic sublevel 6s1/2,m=1/2 →
5d3/2,m=±3/2,±1/2 and 6s1/2,m=1/2 → 5d5/2,m=±5/2,±3/2,±1/2 transitions in the linearly, right-handed, and left-handed
polarized light are further determined. The dependence of the magic wavelengths upon the angle between the direction of
magnetic field and the direction of laser polarization is analyzed.
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1. Introduction
The interaction between the laser field and the atoms can

cause ac Stark shift, which is one of the most important fac-
tors that influence the atomic transition frequency. In order
to reduce the impact of the ac Stark shift, magic-wavelength
trapping was introduced in Refs. [1,2], in which the shifts of
a given pair of energy levels are the same as each other. The
magic-wavelength trapping has been extensively used in op-
tical lattice clocks,[3–5] and the performance and accuracy of
optical lattice clocks have been greatly improved.[6,7]

Yb+ is one of the good candidates for ultrahigh-precision
optical clocks.[8,9] Yb+ optical clocks have been studied as
promising optical frequency standards by the groups of Na-
tional Physical Laboratory in the UK[10] and German Institute
of Physikalisch-Technische Bundesanstalt.[11–13] The [4f145d]
2D3/2 and [4f145d] 2D5/2 states of Yb+ ions are long-lived
metastable states with lifetimes of about 52.7(2.4) ms[14] and
7.2(3) ms,[15] respectively. The 6s1/2 → 5d3/2 transition wave-
length lies in the optical range with a natural linewidth of
about 3.1 Hz.[16] Consequently, the quality factor Q, the ra-
tio of transition frequency to natural linewidth, of this line is
about 2.2× 1014.[17] In addition, Yb+ ions can also be used
for probing parity nonconservation effect,[18] exploring funda-
mental physics,[19,20] testing local Lorentz invariance,[21] and
processing quantum information.[22] Due to the non-spherical
symmetry structure of the 5d3/2,5/2 states, the laser polariza-
tion and direction have great influence on the magic wave-
length. It is very difficult to accurately measure magic wave-

lengths in experiments. Additionally, for Yb+ ions, there are
a large number of electrons and it is complex to accurately
calculate atomic structure parameters.[23]

In this paper, the energy levels, electric dipole (E1) ma-
trix elements of Yb+ ions are calculated using a semiempirical
method — the so-called relativistic configuration interaction
plus core polarization (RCICP) method. The electric dipole
polarizabilities of the ground state 6s1/2 and low-lying ex-
cited states 6p1/2,3/2 and 5d3/2,5/2 are determined. The magic
wavelengths of the 6s1/2 → 5d3/2,5/2 transitions in the linearly,
right-handed polarized light, and left-handed polarized light
are further determined. Then, the dependence of the magic
wavelengths upon the angle between the direction of mag-
netic field and the direction of laser polarization is analyzed.
Atomic units (me = 1, e = 1, h̄ = 1) are used throughout the
paper unless stated otherwise. The speed of light is chosen to
be c = 137.0359991 in our calculations.

2. Theoretical method
A detailed description of the RCICP method has been

given in Ref. [24], here we just present a brief introduction
(Yb+ ions can be considered as a single electron system, so
there is no configuration interaction). The key strategy of the
method is to partition a Yb+ ion into a Yb2+ core plus a va-
lence electron. The first step involves a Dirac–Fock (DF) cal-
culation on the core of Yb+ ions. The single-particle orbitals
are written as a linear combination of the S-spinors,[25,26]

which can be regarded as a relativistic generalization of the
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Slater-type orbitals.
The effective Hamiltonian of the valence electron is writ-

ten as

H = c𝛼 ·𝑝+(𝛽−1)c2 +Vcore(𝑟), (1)

where 𝛼 and 𝛽 are 4× 4 Dirac matrices, 𝑝 is the momentum
operator, c is the speed of light, and 𝑟 is the position vector of
the valence electron. Moreover, Vcore(𝑟) is given by

Vcore(𝑟) =−Z
r
+Vdir(𝑟)+Vexc(𝑟)+Vp(𝑟). (2)

Here, Z is atomic number, r is the distance of the valence elec-
tron with respect to the origin of the coordinates. Vdir (𝑟) and
Vexc (𝑟) denote the direct and exchange interactions of the va-
lence electron with the core electrons, respectively.[24] The l
and j-dependent polarization potential Vp (r) can be written as

Vp(𝑟) =−
1

∑
k=1

αk
core

2r2(k+1) ∑
l, j

g2
k,l, j(r) |l j⟩⟨l j| , (3)

where l and j are orbital and total angular momenta, re-
spectively. αk

core is the k-th-order static polarizabilities of
the core electrons (α1

core = 7.72 a.u. for Yb2+ ions[27]), and
g2

k,l, j(r) = 1− exp[−r2(k+2)/ρ
2(k+2)
l, j ]. The cutoff parameters

ρl, j are tuned to reproduce the binding energies of the ground
state and some low-lying excited states, and the adopted pa-
rameters are listed in Table 1. The effective Hamiltonian of the
valence electron is diagonalized within a large S-spinor and
L-spinor basis.[26] L-spinors can be regarded as a relativistic
generalization of the Laguerre-type orbitals.

êz
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^
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ψ

Fig. 1. Representation of the electromagnetic plane-wave geometrical pa-
rameters. The surface represents the ellipse swept out by the electric field
vector in one period. The unit vector ε̂maj (ε̂min) aligns with the semimajor
(-minor) axis of the ellipse. êz is the direction of magnetic field (quantiza-
tion axis), which selects the direction of the magnetic field in experiment.
k̂ represents the direction of the wave vector. θk is the angle between êz
and k̂. The parameters ε̂maj, ε̂min, and k̂ are mutually orthogonal. θmaj
(θmin) is the angle between ε̂maj (ε̂min) and êz. ψ is directly related to the
degree of circular polarization.

Table 1. The cutoff parameters ρl, j of the polarization po-
tential of Yb+ ions.

l J ρl, j

s 1/2 2.4687
p 1/2 2.1196

3/2 1.9624
d 3/2 2.1842

5/2 2.1951
f 5/2 2.2400

7/2 1.7080

For an arbitrarily polarized light, the dynamic polarizabil-
ity for an atomic state i is given by[28,29]

αi (ω) = α
S
i (ω)+𝒜cosθk

m ji
2 ji

α
V
i (ω)

+
3cos2 θp −1

2

3m2
ji − ji( ji +1)

ji(2 ji −1)
α

T
i (ω) , (4)

where m ji is the component of the total angular momentum ji.
It is noted that there is no tensor polarizability for the states
with j ≤ 1/2. θk is the angle between the wave vector k̂ and
the direction of magnetic field (quantization axis êz) as de-
fined below, cosθk = k̂ · êz. The θp relates to direction of laser
polarization (polarization vector ε̂) and êz axis. The relevant
diagram is shown in Fig. 1. For a more general geometrical
interpretation of θp, it is useful to further introduce the param-
eters θmaj, θmin, and ψ . cos2 θp can be written in the form[30]

cos2
θp = cos2

ψ cos2
θmaj + sin2

ψ cos2
θmin, (5)

where the parameter θmaj (θmin) is the angle between the ma-
jor (minor) axis of the ellipse and the êz axis. From the geo-
metrical consideration, θk and θp satisfy the relation cos2 θk +

cos2 θp ≤ 1.[28,29] The angle ψ is directly related to the degree
of polarization of light. 𝒜 represents the degree of polariza-
tion (𝒜 = 0 is linearly polarized light, 𝒜 = +1 is the right-
handed, and 𝒜 = −1 is the left-handed circularly polarized
light). αS

i (ω), αV
i (ω), and αT

i (ω) represent the scalar, vec-
tor, and tensor polarizabilities for the state i, respectively. It
can be given by

α
S
i (ω) = ∑

n

fi,n

∆E2
n,i −ω2 , (6)

α
V
i (ω) = 3

√
6 ji(2 ji +1)
( ji +1)

×∑
n

{
1
ji

1
ji

2
jn

}
× (−1) ji+ jn ×

fi,n

∆E2
n,i −ω2

ω

∆En,i
, (7)

α
T
i (ω) = 6

√
5 ji (2 ji −1)(2 ji +1)

6( ji +1)(2 ji +3)
×∑

n

{
1
ji

1
ji

2
jn

}
× (−1) ji+ jn ×

fi,n

∆E2
n,i −ω2 . (8)
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Here, ∆En,i = En −Ei is the transition energy. The E1 absorp-
tion oscillator strength fi,n is defined as

fi,n =
2 |⟨γn jn ‖𝐷‖ γi ji⟩|2 ∆En,i

3(2 ji +1)
, (9)

where γ represents all additional angular momenta in addition
to the total angular momenta j.

3. Results and discussion
3.1. Dipole transition matrix elements

Due to the introduction of the polarization potential, the
E1 transition operator is given by[31–33]

𝐷 = 𝑟−
[

1− exp
(
− r6

ρ6

)]1/2
α1

core𝑟

r3 . (10)

The cutoff parameters are not the same for the initial and final
states of the transition. In order to make the correction of the
transition matrix elements more reasonable, the average cutoff
parameters are used for the correction of the transition matrix
elements.

The cutoff parameter for the polarization corrections to
transition operator was fixed at ρ = 2.16833 a.u., generated as
ρ = 1/8×(2ρs1/2 +ρp1/2 +ρp3/2 +ρd3/2 +ρd5/2 +ρf5/2 +ρf7/2).

In Table 2, we list the presently calculated reduced matrix
elements for a number of principal E1 transitions of Yb+ ions,
which are compared with some theoretical[18,23,27,34–36] and
experimental[37–39] results. For the resonant 6s1/2 → 6p1/2,3/2

transitions, the present RCICP results agree very well with
the other theoretical results,[23] but all theoretical results are
larger than the experimental results[37–39] by about 7%. For
the 5d3/2 → 6p1/2,3/2, 5d3/2 → 5f5/2, 5d5/2 → 6p3/2, 5d5/2 →
5f7/2, 6p1/2 → 7s1/2, 6p1/2 → 6d3/2, 6p3/2 → 7s1/2, and
6p3/2 → 6d3/2,5/2 tranitions, the reduced matrix elements are
larger than 1.0 a.u., and no experimental results can be found,
except for the 5d3/2 → 6p1/2 transition. The present RCICP
results are in good agreement with the relativistic many-body
perturbation theory (RMBPT) results,[35] and the difference is
less than 4%. For the 5d3/2 → 6p1/2 transition, the agreement
with the measurements[37,38] is better than 3%. Moreover, for
the 6s1/2 → 7p1/2,3/2, 5d3/2 → 7p1/2,3/2, 5d5/2 → 7p3/2, and
5d5/2 → 5f5/2 transitions, the reduced matrix elements are all
less than 1.0 a.u., and no experimental results can be found.
The present RCICP results are in good agreement with the rel-
ativistic coupled-cluster (RCC) results.[27]

Table 2. Reduced E1 matrix elements (in unit a.u.) for principal transitions of Yb+ ions. The numbers in the parentheses are uncertainties.

Transitions RCICP RCC(T)[18] SD All-order[23] RCC[27] DF+CP[34] RMBPT[35] HFR+CP[36] Expt.

6s1/2 →6p1/2 2.63(7) 2.72(1) 2.64 2.75 2.6829 2.39 2.471(3)[37,38]

6s1/2 → 6p3/2 3.73(9) 3.83(1) 3.71 3.84 3.7676 3.09 3.36(3)[39]

6s1/2 → 7p1/2 0.08(3) 0.08(1) 0.01 0.0686
6s1/2 → 7p3/2 0.14(6) 0.18(2) 0.11(1) 0.20 0.1530
5d3/2 → 6p1/2 2.88(8) 3.06(2) 2.98 6.53 2.9707 2.84 2.97[37,38]

5d3/2 → 6p3/2 1.28(3) 1.35(2) 1.32 1.31(2) 2.05 1.3068 1.17
5d3/2 → 7p1/2 0.20(8) 0.17(2) 0.14(2) 0.03 0.0829
5d3/2 → 7p3/2 0.014(4) 0.014(5) 0.07 0.0369
5d3/2 → 5f5/2 2.56(7) 2.43(4) 2.56
5d5/2 → 6p3/2 3.98(10) 4.23(3) 7.52 4.1204 3.60
5d5/2 → 7p3/2 0.10(4) 0.18 0.0229 0.74
5d5/2 → 5f5/2 0.73(2) 0.73
5d5/2 → 5f7/2 3.21(8) 3.24
6p1/2 → 7s1/2 2.19(6) 2.03 2.2338 2.11
6p1/2 → 6d3/2 3.62(9) 3.7094
6p3/2 → 7s1/2 3.62(9) 3.32 3.7042
6p3/2 → 6d3/2 1.84(5) 1.8899
6p3/2 → 6d5/2 5.38(14) 5.4787

The uncertainties of the present transition matrix ele-

ments are estimated using the method in Refs. [40,41]. For

the 6s1/2 → 6p1/2,3/2, 5d3/2 → 6p1/2,3/2, 5d3/2 → 7p3/2,

5d3/2 → 5f5/2, 5d5/2 → 6p3/2, 5d5/2 → 5f5/2,7/2, 6p1/2 →
7s1/2, 6p1/2 → 6d3/2, 6p3/2 → 7s1/2, 6p3/2 → 6d3/2,5/2 transi-

tions, the uncertainty is about 2.6%. For the 6s1/2 → 7p1/2,3/2,

5d3/2 → 7p1/2, 5d5/2 → 7p3/2 transitions, the uncertainty is

relatively large. In addition, we find that when the uncertainty

of static electric dipole polarizability of the core is about 10%,

which can cause an uncertainty of 0.4% for the transition ma-

trix elements.

3.2. Static dipole polarizabilities

Table 3 lists the presently calculated static dipole scalar

and tensor polarizabilities for the 6s1/2, 5d3/2, 5d5/2, 6p1/2,

and 6p3/2 states of Yb+ ions, along with a comparison

with some available theoretical[27,35,42] and experimental

results.[43] For the ground state 6s1/2, the present RCICP re-
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sult is in good agreement with the results of the RCC,[27]

RMBPT,[35] and relativistic model potential plus core polar-
ization (RMP+CP) methods[42] within the uncertainty range.
The differences are no more than 3%. In addition, the result
of Ref. [43] is smaller than the present RCICP result by about
28%. The main reasons are that only a few E1 transitions were
included in the calculation of Ref. [43], and the core contribu-
tion was completely ignored. The present scalar polarizabil-
ity is in good agreement with the RCC result[27] for the 5d3/2

state, the difference is no more than 5%, and within the uncer-
tainty range of the result of Ref. [43]. For 5d5/2, 6p1/2, and
6p3/2 states, as far as we know, there are no other theoretical
and experimental results can be found.

The uncertainties of the present transition matrix ele-
ments lead to the uncertainties of 5.2% for these polarizabili-
ties. In addition, the contribution of the negative energy states
to the polarizability is estimated about 1.92×10−5 a.u., which
can be ignored.

Table 3. Comparison of the static dipole scalar and tensor polarizabilities (in unit a.u.) of the low-lying states 6s1/2, 6p1/2,3/2 and 5d3/2,5/2 of Yb+ ions
with available experimental and theoretical results.

Methods
6s1/2 5d3/2 5d5/2 6p1/2 6p3/2

αS αS αT αS αT αS αS αT

RCICP 60.1(3.1) 99.1(5.2) −69.3(3.6) 82.1(4.3) −66.9(3.5) −112.5(5.9) −49.5(2.6) 4.2(2)
RCC[27] 59.3(8) 107(3) −75(2)

RMBPT[35] 62.04
RMP+CP[42] 59.32

Ref. [43] 47(9) 90(17)
Expt.[44] −82.5(1.3)

3.3. Dynamic polarizabilities

When êz axis is chosen along the wave vector k̂, as a con-
sequence, cosθk = 1 and cos2 θp = 0. Equation (4) is thus
simplified as

αi (ω) = α
S
i (ω)+𝒜

m ji
2 ji

α
V
i (ω)−

3m2
ji − ji( ji +1)

2 ji(2 ji −1)
α

T
i (ω) .

(11)

Figure 2 shows the dynamic polarizabilities of the 6s1/2,m=1/2

state with 𝒜 = 0 and 𝒜 = ±1. It is noted that there is no ten-
sor polarizability for the ground state 6s1/2, and only scalar
polarizability for the case of 𝒜= 0, and scalar and vector po-
larizabilities for the case of 𝒜 = ±1. According to Eq. (4),
the dynamic polarizabilities of atomic states with negative m
for 𝒜 = −1 are the same as those of states with positive m
for 𝒜 = +1, and the dynamic polarizabilities of atomic states
with positive m for 𝒜=−1 are the same as those of states with
negative m for 𝒜=+1. As can be seen clearly, the behaviors
of the dynamic polarizabilities of the 6s1/2,m=1/2 state in the
𝒜 = +1 are different from the case of 𝒜 = 0 and 𝒜 = −1,
these differences are caused by the dynamic vector polariz-
abilities. In addition, when the laser wavelength is close to the
6s1/2 → 6p1/2 transition, α6s → ∞ for 𝒜 = 0 and 𝒜 = −1.
However, for 𝒜 = +1, the polarizability of the 6s1/2,m=1/2

state remain finite. This is because the contributions of the
scalar and vector terms from the 6s1/2 → 6p1/2 transition can-
cel each other out, which is similar to Ca+ ions.[45]

Figure 3 depicts the dynamic polarizabilities of the
6s1/2,m=1/2 and 5d3/2,m=3/2,1/2 states for the case of 𝒜 = 0.
The crossings give rise to the magic wavelengths of the
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Fig. 2. Dynamic polarizabilities for the 6s1/2,m=1/2 state in the wave-
length range 325 nm–375 nm in the 𝒜 = 0 and 𝒜 = ±1. The vertical
dotted lines indicate the positions of the resonant 6s1/2 → 6p1/2,3/2 tran-
sitions.
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6s1/2,m=1/2 → 5d3/2,m=3/2,1/2 transitions and are identified by
arrows. For each of the magnetic sublevel transitions, two
magic wavelengths are found. One is near 355 nm, which
lies between the resonant wavelengths of 6s1/2 → 6p3/2 and
6s1/2 → 6p1/2 transitions. Another one is larger than the reso-
nant wavelength, 1345.63 nm, of 5d3/2 → 6p3/2 transition.

Figure 4 presents the dynamic polarizabilities of the
6s1/2,m=1/2 and 5d3/2,m=±3/2,±1/2 states in the case of 𝒜 =

±1. For each of magnetic sublevel transitions, two magic
wavelengths are found in the case of 𝒜 = −1. One is near
340 nm, which lies between the resonant wavelengths of
6s1/2 → 6p3/2 and 6s1/2 → 6p1/2 transitions. The other one
is larger than the resonant wavelength of 5d3/2 → 6p3/2 tran-
sition, as shown in Figs. 4(a) and 4(c). In the case of 𝒜=+1,
only one magic wavelength of larger than the resonant wave-

length of 5d3/2 → 6p3/2 transition is found for each of mag-
netic sublevel transitions, as shown in Figs. 4(b) and 4(d).

Table 4 lists the differences between the magic wave-
lengths of 6s1/2,m=1/2 → 5d3/2,m=±3/2,±1/2 transitions in the
case of 𝒜=±1 and 𝒜= 0. The differences between the magic
wavelengths which lies between the resonant wavelengths of
6s1/2 → 6p3/2 and 6s1/2 → 6p1/2 transitions of 𝒜 = −1 and
𝒜 = 0 are 12 nm–15 nm. This means that these magic wave-
lengths are sensitive to the degree of polarization of light.
Moreover, the differences between the magic wavelengths
which is larger than the resonant wavelength of 5d3/2 → 6p3/2

transition of 𝒜=−1 and 𝒜= 0 are about 80 nm–270 nm, and
the differences between magic wavelengths of 𝒜 = +1 and
𝒜 = 0 are about 85 nm–300 nm. These magic wavelengths
are extremely sensitive to the degree of polarization of light.
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Fig. 4. Dynamic polarizabilities for the 6s1/2,m=1/2 and 5d3/2,m=±3/2,±1/2 states in the case of 𝒜 = ±1. (a) and (b) The 6s1/2,m=1/2 →
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Table 4. Magic wavelengths (in unit nm) for the 6s1/2,m=1/2 → 5d3/2,m=±3/2,±1/2 transitions in the case of 𝒜=±1, which are compared with
the ones in the case of 𝒜= 0. ∆λ (in unit nm) denotes the difference of magic wavelengths between the case of 𝒜=±1 and 𝒜= 0.

𝒜= 0 𝒜=−1 𝒜=+1

λmagic λmagic ∆λ λmagic ∆λ λmagic ∆λ λmagic ∆λ

6s1/2 → 5d3/2,3/2 6s1/2,1/2 → 5d3/2,3/2 6s1/2,1/2 → 5d3/2,−3/2 6s1/2,1/2 → 5d3/2,3/2 6s1/2,1/2 → 5d3/2,−3/2

1616.2(5.0) 1380.36(15) −235.84 1497 (32) −119.2 1398.5 (9.5) −217.7 1380.78(5) −235.42
355.17(47) 342.50(50) −12.67 340.70(42) −14.47

6s1/2 → 5d3/2,1/2 6s1/2,1/2 → 5d3/2,1/2 6s1/2,1/2 → 5d3/2,−1/2 6s1/2,1/2 → 5d3/2,1/2 6s1/2,1/2 → 5d3/2,−1/2

1355.57(4) 1439.2(8) 83.63 1619(17) 263.43 1646.0(5.8) 290.43 1441.31(35) 85.74
355.04(48) 341.94(48) −13.10 341.34(45) −13.70
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Figure 5 shows the dynamic polarizabilities of the 6s1/2

and 5d5/2,m=5/2,3/2,1/2 states in the case of 𝒜 = 0. For each
of magnetic sublevel transitions, only one magic wavelength
is found, which is near 355 nm.

Figure 6 shows the dynamic polarizabilities of 6s1/2 and
5d5/2,m=±5/2,±3/2,±1/2 states in the case of 𝒜 = ±1. In
the case of 𝒜 = −1, only one magic wavelength is found
for each transitions of 6s1/2,m=1/2 → 5d5/2,m=5/2,±3/2,±1/2,
which is near 340 nm. Two magic wavelengths are found
for the 6s1/2,m=1/2 → 5d5/2,m=−5/2 transition. However, in
the case of 𝒜 = +1, one magic wavelength is found only
for the 6s1/2 → 5d5/2,m=5/2 transition, which is larger than
1200 nm. The differences between the magic wavelength
of the 6s1/2,m=1/2 → 5d5/2,m=±5/2,±3/2,±1/2 transitions in the
case of 𝒜 = ±1 and 𝒜 = 0 are listed in Table 5. The differ-
ences between the magic wavelengths of 𝒜 = −1 and 𝒜 = 0

are 12 nm–15 nm.
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Fig. 5. The dynamic polarizabilities (in unit a.u.) of the 6s1/2 and
5d5/2,m=5/2,3/2,1/2 states in case of 𝒜 = 0. The magic wavelengths are
identified by arrows.
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Fig. 6. Dynamic polarizabilities for the 6s1/2,m=1/2 and 5d5/2,m=±5/2,±3/2,±1/2 states in case of 𝒜 = ±1. (a) and (b) The 6s1/2,m=1/2 →
5d5/2,m=5/2,3/2,1/2 transitions in the case of 𝒜=±1, respectively. (c) and (d) The 6s1/2,m=1/2 → 5d5/2,m=−5/2,−3/2,−1/2 transitions in the case
of 𝒜=±1, respectively. The obtained magic wavelengths are illustrated by arrows.

Table 5. Magic wavelengths (in unit nm) for the 6s1/2,m=1/2 → 5d5/2,m=±5/2,±3/2,±1/2 transitions for 𝒜 = ±1, which are compared with the
ones for 𝒜= 0. ∆λ (in unit nm) denotes the difference of magic wavelengths between the case of 𝒜=±1 and 𝒜= 0.

𝒜= 0 𝒜=−1 𝒜=+1

λmagic λmagic ∆λ λmagic ∆λ λmagic ∆λ λmagic ∆λ

6s1/2 → 5d5/2,5/2 6s1/2,1/2 → 5d5/2,5/2 6s1/2,1/2 → 5d5/2,−5/2 6s1/2,1/2 → 5d5/2,5/2 6s1/2,1/2 → 5d5/2,−5/2

1368(30) 1258.7(5.6)
355.12(47) 342.69(52) −12.43 340.48(41) −14.64

6s1/2 → 5d5/2,3/2 6s1/2,1/2 → 5d5/2,3/2 6s1/2,1/2 → 5d5/2,−3/2 6s1/2,1/2 → 5d5/2,3/2 6s1/2,1/2 → 5d5/2,−3/2

355.07(48) 342.26(50) −12.81 340.92(42) −14.15
6s1/2 → 5d5/2,1/2 6s1/2,1/2 → 5d5/2,1/2 6s1/2,1/2 → 5d5/2,−1/2 6s1/2,1/2 → 5d5/2,1/2 6s1/2,1/2 → 5d5/2,−1/2

355.04(49) 341.8(9) −13.24 341.37(45) −13.67
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Fig. 7. The dependence of magic wavelengths of 6s1/2 → 5d3/2,m=3/2,1/2

transitions upon cos2 θp in the case of 𝒜= 0.
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Fig. 8. The dependence of the magic wavelengths of 6s1/2 →
5d5/2,m=5/2,3/2,1/2 transitions upon cos2 θp in the case of 𝒜= 0.

We have discussed the case of the direction of magnetic
field êz is parallel to the wave vector k̂ in the above sections.
However, when the direction of magnetic field is perpendicular
to the wave vector, i.e., cosθk = 0, the dynamic polarizability
can be simplified as follows:

αi (ω) = α
S
i (ω)+

3cos2 θp −1
2

3m2 − j( j+1)
j(2 j−1)

α
T
i (ω) . (12)

The θp is the angle between the êz axis and direction of laser
polarization ε̂ . The dynamic polarizability depends on not
only the value of m but also the θp in a certain frequency ω .

Figure 7 shows the variation of the magic wavelengths for
the 6s1/2 → 5d3/2,m=3/2,1/2 transitions with cos2 θp. The up-
per panel shows the dependence of the magic wavelengths near
355 nm upon cos2 θp. As can be seen clearly, the magic wave-
lengths change nearly linearly with cos2 θp, and the magic
wavelengths of each magnetic transition varies slowly with the
increase of cos2 θp. The differences of magic wavelengths are
less than 0.1 nm for the cases of cos2 θp = 0 and cos2 θp = 1.
It means that these magic wavelengths are insensitive to the

cos2 θp. The lower panel shows the cos2 θp dependence of the
magic wavelengths of larger than 1300 nm. The magic wave-
length for the 6s1/2 → 5d3/2,m=3/2 transition becomes longer
with the increase of cos2 θp, while the magic wavelength for
the 6s1/2 → 5d3/2,m=1/2 transition becomes shorter. Moreover,
these magic wavelengths vary sensitively with cos2 θp, and the
differences are larger than 100 nm for the cases of cos2 θp = 0
and cos2 θp = 1.

Figure 8 shows the dependence of the magic wavelengths
for the 6s1/2 → 5d5/2,m=5/2,3/2,1/2 transitions upon cos2 θp.
Similarly, the magic wavelengths near 355 nm are insensitive
to cos2 θp. In addition, the uncertainties of these magic wave-
lengths are estimated using the uncertainties of the transition
matrix elements.

4. Conclusion
The energy levels and E1 matrix elements of Yb+ ions

are calculated using the RCICP method. The static and
dynamic polarizability of ground and low level states are
determined. The magic wavelengths of the 6s1/2,m=1/2 →
5d3/2,m=±3/2,±1/2 and 6s1/2,m=1/2 → 5d5/2,m=±5/2,±3/2,±1/2

transitions are also determined.
For each of the 6s1/2,m=1/2 → 5d3/2,m=±3/2,±1/2 transi-

tions, two magic wavelengths are found in the case of 𝒜 = 0
and 𝒜 = −1. One of them lies between the resonant wave-
lengths of 6s1/2 → 6p3/2 and 6s1/2 → 6p1/2 transitions. This
magic wavelength is sensitive to the degree of polarization of
light (𝒜), but not to the angle between the direction of the
magnetic field (êz axis) and direction of laser polarization. An-
other one is larger than 1300 nm, and this magic wavelength
is extremely sensitive to the the degree of polarization of light
and the angle between the direction of the magnetic field and
the direction of laser polarization. In the case of 𝒜=+1, only
one magic wavelength of larger than 1300 nm is found for each
of the magnetic sublevel transitions. This magic wavelength is
sensitive to the degree of polarization of light as well.

For each of the 6s1/2,m=1/2 → 5d5/2,m=5/2,±3/2,±1/2 tran-
sitions, only one magic wavelength is found in the case of
𝒜 = 0 and 𝒜 = −1, which lies between the resonant wave-
lengths of 6s1/2 → 6p3/2 and 6s1/2 → 6p1/2 transitions. More-
over, this magic wavelength is also sensitive to the degree of
polarization of light, but not sensitive to the angle between
the direction of the magnetic field and direction of laser po-
larization. In the case of 𝒜 = +1, one magic wavelength is
found only for the 6s1/2,m=1/2 → 5d5/2,m=5/2 transition, which
is larger than 1200 nm.
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T, Hohensee M A and Häffner H 2016 Nat. Phys. 12 465

[22] Monroe C, Campbell W C, Duan L M, Gong Z X, Gorshkov A V, Hess
P W, Islam R, Kim K, Linke N M, Pagano G, Richerme P, Senko C and
Yao N Y 2021 Rev. Mod. Phys. 93 025001

[23] Porsev S G, Safronova M S and Kozlov M G 2012 Phys. Rev. A 86
022504

[24] Jiang J, Mitroy J, Cheng Y J and Bromley M W J 2016 Phys. Rev. A 94
062514

[25] Grant I P 1989 Relativistic, Quantum Electrodynamic and Weak Inter-
action Effects in Atoms (New York: AIP) p. 235

[26] Grant I P 2007 Relativistic Quantum Theory of Atoms and Molecules:
Theory and Computation (New York: Springer) p. 797

[27] Roy A, De S, Arora B and Sahoo B K 2017 J. Phys. B 50 205201
[28] Kien L F, Schneeweiss P and Rauschenbeutel A 2013 Eur. Phys. J. D

67 92
[29] Manakov N L, Ovsiannikov V D and Rapoport L P 1986 Phys. Rep.

141 320
[30] Beloy K 2009 “Theory of the ac Stark Effect on the Atomic Hyperfine

Structure and Applications to Microwave Atomic Clocks”, Ph.D thesis
(Reno: University of Nevada)

[31] Mitroy J, Griffin D C, Norcross D W and Pindzola M S 1988 Phys. Rev.
A 38 3339

[32] Marinescu M, Sadeghpour H R and Dalgarno A 1994 Phys. Rev. A 49
5103

[33] Hafner P and Schwarz W H E 1978 J. Phys. B 11 217
[34] Kolb D, Johnson W R and Shorer P 1982 Phys. Rev. A 26 19
[35] Safronova U I and Safronova M S 2009 Phys. Rev. A 79 022512
[36] Biémont E, Dutrieux J F, Martin I and Quinet P 1998 J. Phys. B 31

3321
[37] Olmschenk S, Younge K C, Moehring D L, Matsukevich D N, Maunz

P and Monroe C 2007 Phys. Rev. A 76 052314
[38] Olmschenk S, Hayes D, Matsukevich D N, Maunz P, Moehring D L,

Younge K C and Monroe C 2009 Phys. Rev. A 80 022502
[39] Pinnington E H, Berends R W and Ji Q 1994 Phys. Rev. A 50 2758
[40] Kramida A 2013 Fusion. Sci. Technol. 63 313
[41] Jiang J, Li X J, Wang X, Dong C Z and Wu Z W 2020 Phys. Rev. A 102

042823
[42] Migdalek J 1982 J. Quantum Spectrosc. Radiat. Transfer 28 61
[43] Lea S N, Webster S A and Barwood G P 2006 Proceedings of the

20th European Frequency and Time Forum (EFTF), March 27–30, PTB
Braunschweig, Germany, p. 302

[44] Schnei K.der T, Peik E and Tamm C 2005 Phys. Rev. Lett. 94 230801
[45] Jiang J, Jiang L, Wang X, Zhang D H, Xie L Y and Dong C Z 2017

Phys. Rev. A 96 042503

053206-8

https://doi.org/10.1143/JPSJ.68.2479
https://doi.org/10.1103/PhysRevLett.83.4987
https://doi.org/10.1103/PhysRevLett.91.223001
https://doi.org/10.1088/0026-1394/42/3/E01
https://doi.org/10.1088/1674-1056/25/9/093101
https://doi.org/10.1103/PhysRevLett.97.040802
https://doi.org/10.1103/PhysRevLett.97.040802
https://doi.org/10.1103/PhysRevLett.104.070802
https://doi.org/10.1103/PhysRevLett.116.063001
https://doi.org/10.1103/PhysRevLett.116.063001
https://doi.org/10.1103/PhysRevLett.108.090801
https://doi.org/10.1088/0957-0233/14/8/302
https://doi.org/10.1088/0957-0233/14/8/302
https://doi.org/10.1103/PhysRevLett.93.170801
https://doi.org/10.1103/PhysRevA.80.043403
https://doi.org/10.1103/PhysRevA.80.043403
https://doi.org/10.1088/0953-4075/39/1/012
https://doi.org/10.1103/PhysRevA.61.022507
https://doi.org/10.1103/PhysRevA.56.2699
https://doi.org/10.1109/TIM.2007.891140
https://doi.org/10.1360/SSPMA-2020-0476
https://doi.org/10.1103/PhysRevA.84.010502
https://doi.org/10.1103/PhysRevA.97.032510
https://doi.org/10.1103/PhysRevA.97.032510
https://doi.org/10.1103/PhysRevLett.125.123002
https://doi.org/10.1103/PhysRevLett.125.123002
https://doi.org/10.1038/nphys3610
https://doi.org/10.1103/RevModPhys.93.025001
https://doi.org/10.1103/PhysRevA.86.022504
https://doi.org/10.1103/PhysRevA.86.022504
https://doi.org/10.1103/PhysRevA.94.062514
https://doi.org/10.1103/PhysRevA.94.062514
https://doi.org/10.1007/978-0-387-35069-1
https://doi.org/10.1007/978-0-387-35069-1
https://doi.org/10.1088/1361-6455/aa8bae
https://doi.org/10.1140/epjd/e2013-30729-x
https://doi.org/10.1140/epjd/e2013-30729-x
https://doi.org/10.1016/S0370-1573(86)80001-1
https://doi.org/10.1016/S0370-1573(86)80001-1
https://doi.org/10.1103/PhysRevA.38.3339
https://doi.org/10.1103/PhysRevA.38.3339
https://doi.org/10.1103/PhysRevA.49.5103
https://doi.org/10.1103/PhysRevA.49.5103
https://doi.org/10.1088/0022-3700/11/2/007
https://doi.org/10.1103/PhysRevA.26.19
https://doi.org/10.1103/PhysRevA.79.022512
https://doi.org/10.1088/0953-4075/31/15/006
https://doi.org/10.1088/0953-4075/31/15/006
https://doi.org/10.1103/PhysRevA.76.052314
https://doi.org/10.1103/PhysRevA.80.022502
https://doi.org/10.1103/PhysRevA.50.2758
https://doi.org/10.13182/FST13-A16437
https://doi.org/10.1103/PhysRevA.102.042823
https://doi.org/10.1103/PhysRevA.102.042823
https://doi.org/10.1016/0022-4073(82)90098-X
https://doi.org/10.1103/PhysRevLett.94.230801
https://doi.org/10.1103/PhysRevA.96.042503
https://doi.org/10.1103/PhysRevA.96.042503

	1. Introduction
	2. Theoretical method
	3. Results and discussion
	3.1. Dipole transition matrix elements
	3.2. Static dipole polarizabilities
	3.3. Dynamic polarizabilities

	4. Conclusion
	References

