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A graphics-processing-unit (GPU)-parallel-based computational scheme is developed to realize the competitive
growth process of converging bi-crystal in two-dimensional states in the presence of forced convection conditions by cou-
pling a multi-phase field model and a lattice Boltzmann model. The elimination mechanism in the evolution process is
analyzed for the three conformational schemes constituting converging bi-crystals under pure diffusion and forced convec-
tion conditions, respectively, expanding the research of the competitive growth of columnar dendrites under melt convection
conditions. The results show that the elimination mechanism for the competitive growth of converging bi-crystals of all
three configurations under pure diffusion conditions follows the conventional Walton–Chalmers model. When there is
forced convection with lateral flow in the liquid phase, the anomalous elimination phenomenon of unfavorable dendrites
eliminating favorable dendrites occurs in the grain boundaries. In particular, the anomalous elimination phenomenon is
relatively strong in conformation 1 and conformation 2 when the orientation angle of unfavorable dendrites is small, and
relatively weak in conformation 3. Moreover, the presence of convection increases the tip growth rate of both favorable
and unfavorable dendrites in the grain boundary. In addition, the parallelization of the multi-phase-field-lattice Boltzmann
model is achieved by designing the parallel computation of the model on the GPU platform concerning the computer-
unified-device-architecture parallel technique, and the results show that the parallel computation of this model based on the
GPU has absolute advantages, and the parallel acceleration is more obvious as the computation area increases.

Keywords: multi-phase field model, GPU, grain competition growth, lattice Boltzmann model
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1. Introduction
Research of competitive growth between grains of differ-

ent orientations is an important link in microstructures of ma-
terials. Understanding the mechanism of competitive growth
of grains of different orientations, clarifying the influencing
factors in the competitive growth process and then controlling
the competitive growth process of grains are common and crit-
ical problems in the preparation of oriented materials.[1,2] In
polycrystalline systems, the competitive growth and interac-
tion between grains of different orientations affect the cast-
ing’s final microstructure and mechanical properties, so many
scholars have carry out a lot of research on the competitive
growth of grains in the directional solidification process. As
early as 1959, Walton and Chalmers[3] described the com-
petitive growth process between converging dendrites of dif-
ferent orientations based on the analysis of the relative po-
sition of the dendrite tips and the tip sub-cooling and con-
cluded that the dendrite tip position of unfavorably oriented
dendrites has been lagging behind the dendrite tip position of
favorably oriented grains and that unfavorably oriented den-
drites must eliminate favorably oriented dendrites. Rappaz
et al.[4,5] reported on this widely accepted grain competition

elimination model, which graphically illustrated the elimina-
tion mechanism by studying the grain evolution organization
of thin film specimens in transparent alloy experiments, and
proposed the Walton–Chalmers theory. Further confirmation
of the predicted results of the Walton–Chalmers model was
provided by D’Souza et al.[6] In recent years, many scholars
have identified elimination mechanisms in their research that
are contrary to the Walton–Chalmers theory. Zhou et al.[7]

observed that favorably oriented dendrites can also be elim-
inated by unfavorably oriented dendrites when studying the
convergent bi-crystals growth during the directional solidifica-
tion of the nickel-based high temperature alloy IN792. Meng
et al.[8] found that the elimination mechanism for the com-
petitive growth of convergent bi-crystals is the elimination of
favorable dendrites by unfavorable dendrites through a com-
bination of experiments and simulations. Li et al.[9] analyzed
the causes of the anomalous elimination phenomenon based
on physical parameters such as primary dendritic spacing and
pulling speed. It can be seen that there is no systematic conclu-
sion on the study of the competitive growth process between
different morphological grains in directional solidification.

For the study of competitive grain growth in directional
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solidification, the use of numerical simulation methods for re-
search and analysis has become a key aspect because experi-
mental methods cannot obtain real-time information on the tis-
sue morphology and solute distribution during the growth evo-
lution of dendrites. Among the many material microstructure
simulation methods, the phase field method is a powerful tool
developed in recent years to study the microstructure evolu-
tion process.[10] Numerous scholars have conducted more sys-
tematic studies on the process, mechanism, and control of the
competitive growth of directionally solidified grains by means
of phase field simulations.[11–13] In the above-mentioned stud-
ies, the elimination mechanisms in grain boundaries have been
extensively described, whereas the influence of the presence of
convection in grain boundaries on the evolution of bi-crystal
competition has been neglected, and the dendrite morphology
under pure diffusion conditions is somewhat different from the
real situation when convection is present. In a recent study, Pa-
van et al.[14] used a multi-phase field model to investigate the
competition for the growth of columnar dendrites under melt
convection conditions. It was shown that the conventional den-
drite elimination mechanism changes to an anomalous elimi-
nation growth mechanism of dendrites as the melt convection
velocity gradually increases, and it was pointed out that there
exists a critical melt convection velocity to determine the com-
petitive growth mechanism at the grain boundaries. However,
the study was performed only for one configuration in the
competitive growth of convergent bi-crystals. To fully grasp
the basic laws of polycrystalline elimination and to improve
the existing theoretical model of competitive grain growth, it
is necessary to consider different configurations of convergent
bi-crystal systems.

The numerical solution of the phase field model has been
suffered from the drawbacks of large computational effort and
small computational scale. Along with the continuous updat-
ing and development of high-performance computing technol-
ogy and the maturity of GPU technology in scientific com-
puting, the CPU–GPU hybrid programming technology (CPU:
central processing unit) with multi-core processor as the core
is also applied to phase field simulation computation, which
has gradually become one of the research frontiers in the inter-
disciplinary fields of computer numerical simulation and en-
gineering, materials science, etc. In recent years, it has been
confirmed in a large number of research reports[15,16] that the
GPU parallel approach is fully adapted to the computation of
the phase field model, which can give full play to the computa-
tional performance of GPU and effectively solve the disadvan-
tages of computational inefficiency in the phase field model.
This study developed a GPU parallel computing scheme to ad-
dress these problems. By coupling the multi-phase field model
and the lattice Boltzmann model (LBM), the process of com-
peting growth of converging bi-crystals under forced convec-
tion conditions is realized. The laws of competitive growth
of converging double crystals of three configurations appear-

ing under the influence of forced convection are studied, the
elimination mechanism in the evolution process is analyzed,
and the problem of competitive growth of columnar dendrites
under melt convection conditions is expanded.

2. Mathematical model
In this study, the multi-phase-field-lattice Boltzmann

model was developed to simulate the competitive growth pro-
cess of directionally solidified converging bi-crystals under
forced convection. The calculation was carried out with SCN-
0.24-wt% camphor model alloy (SCN: thiocyanate)[17] and
developed in two-dimensional state.

2.1. Multi-phase field model

In this study, two directionally solidified grains with dif-
ferent orientations were simulated, and the conventional phase
field model was unable to describe this orientation differ-
ence; therefore, the multi-phase field model[18] was intro-
duced to characterize the two dendrites with different orien-
tations. The multi-phase field model defines grains with dif-
ferent orientations by introducing multiple ordinal parameters
ϕi (1 <= i <= N) to define grains with different orientations,
N is the total number of grains, and the value of ϕi varies be-
tween [−1, 1], where 1 denotes the solid state and −1 denotes
the liquid state, assuming that diffusion of solutes in the solid
phase is not considered. For the SCN crystal with cubic sym-
metry, the solid-liquid interface energy anisotropy in the two-
dimensional system can be expressed by

a(ψ) = as

(
1+

4ε4

as

)[
cos4 (θ −Θi0)+ sin4 (θ −Θi0)

]
, (1)

where as = 1− 3ε4, θ represents the direction of the thermal
gradient and the angle perpendicular to the grain interface, ε4

represents the anisotropic strength of the free energy at the
interface, and Θi0 represents the top angle of the first grain.
Then, we have the multi-phase field equation

τ(T )
∂ϕi

∂ t
= ∇ ·

[
W 2(θ)∇ϕi

]
+∂x

(
|∇ϕi|2 W (θ)

∂W 2(θ)

∂ (∂xϕi)

)
+∂y

(
|∇ϕi|2 W (θ)

∂W 2(θ)

∂ (∂yϕi)

)
+ϕi−ϕ

3
i

+λ
(
1−ϕ

2
i
)2
(

U +
T −Tref

|m|(1− k)c0
l

)
, (2)

τ(T ) = τ0a2 (θ −Θi0)

[
1− T −Tref

|m|(1− k)c0
l

]
, (3)

where the frozen temperature approximation T = Tref +

G(x−VPt) replaces the temperature, G represents the thermal
gradient, Tref represents the reference temperature, the pump-
ing velocity Vp refers to the isotherm movement rate, x and
y represent the horizontal and vertical direction axes, respec-
tively; c0

l = c0/k represents the concentration of the liquid
side of the solid-liquid interface, k represents the solute parti-
tion coefficient, and c0 represents the initial composition. The
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time scale τ0 = a1a2W 3
0 /(d0Dl), and the space scale W0 is de-

termined by the solute capillary length d0 = a1W0/λ , λ de-
notes the width of the diffusion interface, a1 = 0.8839 and
a2 = 0.6762;[19] d0 = Γ /

(
|m|(1− k)c0

l

)
, Γ represents Gibbs–

Thomson coefficient, w(θ) = W0a(θ −Θi0), liquidus slope
m = −1.365 K/wt%. The dimensionless solute supersatura-
tion U reads [

1+ k
2
− (1− k)

2 ∑
i

ϕi

][
∂U
∂ t

+u ·∇U
]

= ∇ · [Dlq(𝜙)∇U−𝐽at]+
1
2
[1+(1− k)U ]

×∑
i

∂ϕi

∂ t
−∇ ·𝐽 , (4)

where 𝐽 represents a flux associated with the fluctuation,[20]

u represents the fluid velocity, q(𝜙) = (1−∑i ϕi)/2. 𝐽at rep-
resents the anti-trapping current term proposed by Karma et
al., [14] and the actual internal composition C of the solid and
liquid phases can be determined.

𝐽at =−W0[1+(1− k)U ]∑
i

∂tϕi∇ϕi/ |∇ϕi|/2
√

2, (5)

U =
(2kc/c∞)/ [1+ k− (1− k)∑i ϕi]−1

1− k
. (6)

The explicit finite difference method and the simple Eu-
ler equation are used to solve the phase field equations and the
solute field equations. The grid spacing and time step are set
as fixed values, with x = 1W0 and t = 0.02τ0.

2.2. Lattice Boltzmann method

The lattice Boltzmann method (LBM) is utilized to com-
pute fluid velocity, wherein the distribution function of par-
ticles in velocity and position space is represented by regu-
lar microscopic particles. These discrete particles are con-
strained to grid nodes, with the evolution equation establishing
a discrete velocity model that yields the discrete particle dis-
tribution function. Macroscopic variables such as density and
velocity are directly calculated from the particle distribution
function, facilitating the calculation of the fluid’s macroscopic
density and velocity via the LBM. Compared to traditional
numerical methods for solving Navier–Stokes equations, the
LBM offers a relatively simple approach.[21]

In this study, the two-dimensional nine-velocity (D2Q9)
model, depicted in Fig. 1, is employed to simulate forced con-
vection in grain boundaries. The model’s particle equilibrium
state distribution function is obtained from the local particle
distribution function and the continuous Boltzmann equation,
which discretizes the fluid in the physical region of time and
space. We present the evolution equation together with the
LBM as follows:

fi (r+ ei∆t, t +∆t)− fi(r, t)

= − 1
τf

[
fi(r, t)− f eq

i (r, t)
]
+∆tFi(r, t), (7)

fi (r+ ei∆t, t +∆t)− fi(r, t)

= − 1
τf

[
fi(r, t)− f eq

i (r, t)
]
, (8)

τf =
3v

(c2∆t)
+0.5, (9)

where i = 0–8 represents 9 directions, fi represents the veloc-
ity distribution function of the virtual particle, f eq

i represents
the equilibrium distribution function corresponding to the vir-
tual particle velocity, Fi represents the external force term. In
the calculation of forced convection, the external source term
Fi(r, t) = 0 due to the relatively negligible magnitude of the
external force term, and the evolution equation is given in the
following. Here, ei represents the discrete velocity of the vir-
tual particle along the direction i, r represents the spatial posi-
tion vector, Fi represents the external force term, τf represents
the velocity relaxation time, which controls the rate of approx-
imation of fi(r, t) to f eq

i (r, t), and it is the time required for
the particle distribution function to reach the equilibrium state
from the non-equilibrium state, v represents the kinematic vis-
cosity of the fluid, c represents the lattice velocity, c = ∆x/∆t,
∆x represents the spatial step, and ∆t represents the time step.

e4 

e7 

e8 

e1 

e3 

e5 

e2 e6 

f2 f6 f5 

f1 

f f7 

f3 
e0 

f0 

f4 

Fig. 1. Lattice structure according to D2Q9.

Also, we provide the equilibrium state distribution func-
tion as follows:

f eq
i (r, t) = ρωi

[
1+

3(ei ·u)2

c2 +
9(ei ·u)2

2c2 − 3u2

2c2

]
,

i = 0,1, . . . ,8, (10)

ρ = ∑ fi(r, t), (11)

ρu = ∑ei fi(r, t), (12)

which includes the discrete velocity u and density ρ . Table 1
shows the values of the discrete velocity ei and the weighting
factor wi for each particle in the model in the nine directions,
respectively.

Table 1. Discrete particle velocity and weighting coefficients in the D2Q9
model.

i 0 1 2 3 4 5 6 7 8
cx 0 c 0 −c 0 c −c −c c
cy 0 0 c 0 −c c c −c −c
wi 4/9 1/9 1/9 1/9 1/9 1/36 1/36 1/36 1/36
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2.3. Parallel method based on the CUDA technique

The multi-phase-field-lattice Boltzmann model has the
biggest advantage of simulating polycrystalline systems with
complex interfaces in the presence of convection. However,
solving this model using traditional serial computing meth-
ods leads to low computational efficiency and time-consuming
disadvantages because of the large computational volume and
scale. Therefore, exploring GPU parallel computing technol-
ogy has become the most effective way to solve the above
problems. Figure 2 shows the schematic diagram of the
computer-unified-device-architecture (CUDA) technique par-
allel technique used to accelerate the computation of the multi-

phase-field-lattice Boltzmann model, and the overall idea of
parallel design. In this design, the CPU serves as the host,
which controls the start of kernel functions and the information
transfer between the host and the device and runs serial code.
The GPU serves as the device capable of executing multiple
threads of the device in parallel. Grid, block, and thread on
the device side are logically recognized to be two-dimensional.
After the CPU starts the kernel, the kernel performs computa-
tional tasks on the device, creating a large number of logically
two-dimensional and physically one-dimensional threads on
the device, each of which can execute independently and con-
currently.

Serial code

Kernel 
function 1 

CPU

Block (0,0)

Grid 1

Thread (4,2)

Thread (4,1)

Thread (4,0)Thread (3,0)Thread (2,0)Thread (1,0)Thread (0,0)

Thread (0,1)

Thread (0,2)

Thread (1,1)

Thread (1,2)

Thread (2,1)

Thread (2,2)

Thread (3,1)

Thread (3,2)

GPU

Copy

Copy

Phase field Solute field

(d)

Serial code

Kernel 
function 2 x

y

(b) Computational

 domain

(c) Subdomain

x

y

Flow field D2Q9 model

1

3

2

4

6
5

8
7

(a)

(e)

Block (2,0)Block (1,0)

Block (0,1) Block (1,1) Block (2,1)

Fig. 2. Schematic diagram of the CUDA parallel accelerated multi-phase-field-lattice Boltzmann model.

As shown in Fig. 2(b), the multi-phase-field-lattice Boltz-
mann model divides the entire computational domain into uni-
form grids of the same size by the finite difference method.
The LBM model constructs a grid with the same specifica-
tions as the multi-phase field model in the computational do-
main, and one thread is responsible for computing one grid
node. When performing parallel computation on the device,
the kernel function calls the grid, and all threads in the grid can
cover the computation domain. As shown in Fig. 2(c), the en-
tire computation region is divided into non-overlapping subdo-
mains, and each corresponds to a block on the device. Stencil
computation is the key to scientific computation, achieved by
fixing the values of neighboring grid points on the geometric
structure and calculating the update of each point in the struc-
tured grid according to the corresponding expressions. The

iterative update of a large number of time steps advances the
evolution of the whole computational domain system. Fig-
ure 2(d) shows the computational modes of the multi-phase
field equation and solute field equation, while Fig. 2(e) shows
the computational mode of the flow field equation.

The multi-phase field equation and the solute field equa-
tion both involve stencil calculations, with the former utilizing
a 9-point stencil calculation and the latter a 5-point stencil cal-
culation. Adjacent grid points on the fixed geometric structure
in the computational domain have no data dependency, mak-
ing the equations well-suited for parallel computation. In the
D2Q9 model, the particle distribution function needs to prop-
agate along nine directions, and an array of distribution func-
tions must be built for each direction. As a result, the compu-
tational scale of the multi-phase-field-lattice Boltzmann model
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is larger and the computational time is longer compared to the
multi-phase field model. Therefore, exploring the GPU par-
allel method to solve the model becomes critical to improve
computational efficiency.

2.4. Initial condition

In two dimensions, the meritocratic orientation of the in-
ternal dendrites of grain can be determined by the tilt angle
Θ of the 〈100〉 direction of that grain deviating from the tem-
perature gradient direction, where the grain deviating from the
heat flow direction is the favorable grain, whose internal den-
drites are the meritocratic dendrites, denoted by red, and the
grain deviating from the heat flow direction is the unfavorable
grain, whose internal dendrites are the meritocratic dendrites,
denoted by blue. The favorable and unfavorable tilt angles are
denoted by ΘFO and ΘUO, respectively, where clockwise deflec-
tion is assigned a negative value and counterclockwise deflec-
tion is assigned a positive value. Some of the parameters used
are listed in Table 2.[17]

Table 2. Calculation parameters used in the simulation process.

Description Parameter Value
Kinetic viscosity v 1.0×10−6 m2 · s−1

The solute diffusion coefficient in liquid Dl 2.7×10−4 cm2 · s−1

Initial liquid temperature Tl 647 ◦C
Gibbs–Tomson coefficient Γ 6.48×10−6 cm ·K

Solubility partition coefficient k 0.21
Liquidus slope m −1.365 K · (wt.%)−1

The initial concentration C0 0.24 (wt.%)

Interface layer width parameter ξ 54
Time discrete step size dt 0.002τ0

The computational domain of the initial stage is shown
in Fig. 3(a), with the computational region width W = 1500
grids and height H = 1500 grids, converging bi-crystals start-
ing from two spherical seeds, where seed F0 is a favorable
grain seed with small deviation from the heat flow direction
and seed U0 is an unfavorable grain seed with large deviation
from the heat flow direction. After the initial stage with tran-
sient fine dendritic primary spacing, the primary spacing of the
columnar dendrite in the array will evolve into a quasi-steady
state. The direction of forced convection is bottom-up flow,
with an initial dimensionless free flow velocity ux = 0.08. The
boundary conditions are set as the periodic condition along
y-direction and the no-flux condition along the x-direction
(growth direction). The solid–liquid boundary of the treated
flow field is in bounce format, and the external boundary is
in non-equilibrium extrapolation format. To fully grasp the
basic laws of polycrystalline elimination and to improve the
existing theoretical model of grain competition growth, it is
necessary to consider bi-crystal systems composed of grains
with different orientations. For convergent bi-crystal config-
urations, most studies have focused on the classical conver-
gent bi-crystal configurations by setting the orientation angle

of the favorable grains to ΘFO = 0◦ and setting the orienta-
tion angle of different unfavorable grains to ΘUO,[7–9] while
there are few studies on other configurations of convergent bi-
crystals. As shown in Fig. 3(b), in the multi-phase-field-lattice
Boltzmann model, there are three main configurations of con-
verging bi-crystals under forced flow, namely ΘFO×ΘUO = 0,
ΘFO×ΘUO < 0, ΘFO×ΘUO > 0. This paper aims to analyze the
process of competing growth of different crystal orientations
in converging bi-crystals under the influence of forced con-
vection conditions, thus setting up three different signature bi-
crystal orientations in each class of configurations. The three
types of the configuration ΘFO×ΘUO = 0 are A-1, A-2, and
A-3; of the configuration ΘFO×ΘUO < 0 are B-1, B-2, and B-
3; of the configuration ΘFO×ΘUO > 0 are C-1, C-2, and C-3.
Table 3 lists the specific angles in the three configurations.

(a)
y

x

H

W

Uniform
inflow

Continuous 
outflow

Seed UO Seed FO

Liquid

(0,0) ΘUO ΘFO

Liquid

Growth
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ΘFOTΘUO=0

ΘFOTΘUO>0
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U
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(b)

Fig. 3. (a) Condition setting of the initial state in the grain boundary, red
spheres are the favorable grain seed, blue spheres are the unfavorable
grain seed, and forced convection flows from the bottom-up direction.
(b) Three configurations of converging bi-crystal.

Table 3. Converging configurations of bi-crystal orientations in the
multi-phase-field-lattice Boltzmann model.

Case ΘFO ΘUO

A-1 0 –10
A-2 0 –15
A-3 0 –20
B-1 5 –10
B-2 5 -15
B-3 5 –20
C-1 –5 –10
C-2 –5 –15
C-3 –5 –20

3. Results and discussion
3.1. Analysis of CUDA parallel acceleration efficiency

The experimental platform is configured with Intel Core
i7-9750H CPU and NVIDIA GeForce RTX 2060 GPU. For
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the multi-phase-field-lattice Boltzmann model, the computa-
tional time is mainly reflected in the size of the computational
domain, and the size of the computational volume depends
on the number of grids. Table 4 shows the time required
to compute TC using the serial method on the CPU, and TG

using CUDA in parallel on the GPU, when other conditions
are the same and the size of the computation area is differ-
ent, and t/∆t = 200000. It can be seen that the advantages
of GPU parallel computing will be more prominent under the
same computational conditions, and the computation time is
reduced substantially.

Table 4. Execution times of the CPU serial method and the GPU parallel
method.

Computation area size TC (s) TG (s)
1100×1100 195827 14294
1300×1300 353243 19198
1500×1500 528210 23467

Figure 4 shows the GPU parallel computation speedup ra-
tio to CPU serial computation as SN = TC/TG for all other con-
ditions being equal and different computational domain sizes.
It can be seen that there is a large difference in the acceleration
effect of GPU parallel computing for different computational
region sizes, as shown by the fact that the acceleration ratio of
GPU parallel computing increases as the computational region
increases. When the computation area size is 1500×1500, the
speedup ratio is 22.5 times higher than the CPU serial pro-
gram, which is 8.8 times higher than the speedup ratio when
the computation area size is 1100×1100, and the speedup ef-
ficiency is significantly improved. Thus, it takes a sufficient
amount of computation to bring out the computational perfor-
mance of the GPU. This further demonstrates that GPU par-
allel solving of the multi-phase-field-lattice Boltzmann model
can effectively improve the computational efficiency and scale
up the computation.

1100T1100

1300T1300

1500T1500

0 10 20

Speedup

C
o
m

p
u
te

 f
ie

ld
 s

iz
e

22.5

18.4

13.7

Fig. 4. GPU parallel to CPU serial acceleration ratio.

3.2. ΘFO ×ΘUO = 0 configuration converging bi-crystal
competition growth

The classical Walton–Chalmers theory[3] suggests that
during the convergent growth of bi-crystal, the favorable den-
drites whose growth direction is closer to the heat flow direc-
tion will inevitably eliminate the unfavorable dendrites whose

growth direction deviates significantly from the heat flow di-
rection. However, some experiments and simulations in recent
years have demonstrated[7–9] that under some specific condi-
tions, there may be an anomalous elimination phenomenon
of unfavorable dendrites eliminating the favorable dendrites.
However, the elimination mechanism of converging bi-crystal
of different configurations under forced convection conditions
is yet to be verified.

Firstly, the competitive growth process of converging bi-
crystal ΘFO×ΘUO = 0 configuration was simulated under pure
diffusion conditions. Figures 5(a), 5(b), and 5(c) show ΘUO =

−10◦, ΘUO =−15◦, and ΘUO =−20◦, respectively, converging
the growth states of the dendrites, with the favorable grains in
red and the unfavorable grains in blue. It can be seen that the
unfavorable dendrites UO1 are all eliminated by the favorable
dendrites FO1 in different grain orientations under pure diffu-
sion conditions. Even in the subsequent evolution, the dendrite
FO1 eliminates both UO2 and UO3, and this regular elimina-
tion mechanism is consistent with the Walton–Chalmers the-
ory. In our previous research work, we focused on the analysis
of the reasons for this situation. With a higher pulling velocity
VP, the favorable dendrite FO1 and the unfavorable dendrite
UO1 are near each other, and UO1 is not enough to affect the
growth of FO1 because the solute interaction between them is
too small. And lowering the pulling speed VP can effectively
increase the solute diffusion length and enhance the solute in-
teractions, thus making it possible for anomalous elimination
to occur in the case of small ΘUO.

When forced convection is applied in the grain bound-
ary, the flow is from the bottom up and perpendicular to the
direction of dendrite growth with an initial flow velocity of
ux = 0.08. Figures 5(d), 5(e), and 5(f) show the tissue mor-
phology of converging bi-crystals with different unfavorable
pickup angles under the applied flow conditions. The black
arrows in the diagram indicate the direction of flow. It can
be seen that when ΘUO =−10◦, the unfavorable dendrite UO1
eliminates the favorable dendrite FO1, and the phenomenon
of anomalous elimination occurs. After FO1 is blocked, the
unfavorable dendrite UO1 continues to grow, and there is an
obvious bending of the dendrite backbone, which is caused by
the interaction between the solutes of the two dendrites. When
ΘUO = −15◦ and ΘUO = −20◦, the elimination mechanism of
converging bi-crystals is the same as that in the absence of
convection, and both are the normal elimination behavior of
favorable grains eliminating unfavorable grains. It is note-
worthy that the unfavorable dendrite UO1 is eliminated at a
smaller rate under forced convection than under pure diffusion
conditions, and the convective transport mechanism near the
solidification front causes some slight tilting of the FO1 den-
drite arm along the flow direction, which also indicates that
forced convection has an important influence on the evolution-
ary development of converging bi-crystal.
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Fig. 5. Evolution results of converging bi-crystals in configuration 1 for pure diffusion condition and the presence of convection: (a) pure diffusion
condition ΘUO =−10◦, (b) pure diffusion condition ΘUO =−15◦, (c) pure diffusion condition ΘUO =−20◦, (d) in the presence of convection condition
ΘUO =−10◦, (e) in the presence of convection condition ΘUO =−15◦, (f) in the presence of convection condition ΘUO =−20◦.

To quantitatively describe the effect of forced convection
on the convergent bi-crystal elimination mechanism under the
same configuration and growth angle conditions, Fig. 6 shows
the evolution patterns of the statistical tip height difference
∆H and primary dendrite arm spacing λ between the favor-
able and unfavorable grains for configuration 1, ΘUO = −10◦,
ΘUO = −15◦ and ΘUO = −20◦. The grain boundaries are in
an unstable state at the stage of dendrite initiation growth and
are stable at t/∆t = 60000, so the statistical results are ana-
lyzed from t/∆t = 60000. When ΘUO = −10◦, the elimina-
tion mechanism of dendrites under pure diffusion conditions
maintains the conventional elimination behavior of favorable
grains eliminating unfavorable grains. As shown in Fig. 6(a),
the tip height difference ∆H between the favorable dendrite
FO1 and the favorable dendrite UO1 is greater than 0 at all
evolution times (the tip of FO1 is always higher than UO1).
After t/∆t = 100000, the two dendrites gradually approach
the collision after which the favorable dendrite FO1 elimi-
nates UO1. Figure 6(a1) shows the local dendrite evolution
at t/∆t = 120000. The tip height difference between dendrites
FO1 and UO1 is negative until t/∆t = 100000 (the tip of FO1
is always higher than that of UO1 at the beginning), but with
the evolution time, the growth drive of the favorable dendrite
FO1 increases and the tip height difference with the unfavor-
able dendrite UO2 decreases, and finally at t/∆t = 120000,
the ∆H curve flattens out and the growth drive of the favorable
dendrite FO1 slows down. Thereon, since the primary dendrite
arm spacing λ between dendrites UO1 and FO1 is larger until
t/∆t = 120000, the solute interaction between them is weak,

and dendrite UO1 is not enough to affect the growth state of
FO1. With the evolution of the calculation time, UO1 keeps
approaching FO1, the solute interaction between the two keeps
increasing, and the lateral solute cannot diffuse out, resulting
in solute enrichment, which leads to a smaller growth driving
force of the dendrite, thus affecting the growth of the dendrite
FO1. Figure 7 shows the tip concentration curves of FO1 and
UO2 at t/∆t = 100000 and t/∆t = 120000, respectively. It
can be seen that as the time step increases, UO1 gets closer to
FO1, the slope of the tip concentration curve of FO1 becomes
slower and the solute gradient decreases accordingly, thus the
growth driving force of dendrite FO1 becomes smaller, which
further supports the above conclusion. After t/∆t = 120000,
the tip height difference ∆H between FO1 and UO2 remains
constant, and it can be speculated that the unfavorable den-
drite UO2 will be eliminated in the subsequent evolution, but
it is undeniable that the favorable dendrite FO1 may be elim-
inated in the further evolution due to the continued slowdown
of the growth drive after eliminating the unfavorable dendrite
several times, and the phenomenon of anomalous elimination
occurs. When forced convection from the bottom up is con-
sidered, a different state occurs in the grain boundaries than
previously observed, with the anomalous elimination of the
unfavorable dendrite UO1 eliminating the favorable dendrite
FO1. As shown in Fig. 6(b), under the influence of forced
convection, the tip height difference ∆H between the favor-
able dendrite FO1 and the unfavorable dendrite UO1 are both
negative, implying that the tip height of the dendrite UO1 is
greater than that of FO1, which is due to convection scour-
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ing the solute in the downstream (right) direction of the un-
favorable dendrite UO1, which thins the solute layer near the
tip of UO1 and thus facilitates the growth of the UO1 den-
drite. Starting from t/∆t = 60000, the tip height difference
between UO1 and FO1 gradually decreases until it stabilizes
at t/∆t = 100000, and the tip height gradually increases after
t/∆t = 120000. Therein, since the UO1 and FO1 are con-
stantly close to each other in evolution, and the tip solutes
of both interact with each other to the extent that they affect
the growth drive of the dendrite until the tip height difference
gradually increases after the collision of the tips of the two
dendrites, implying that the unfavorable dendrite UO1 elimi-
nates the favorable dendrite FO1. In contrast, the dendrite tips
of the favorable dendrite FO2 are more driven to grow in the
initial stage of the grain boundary because they are limited by
flow and have no collisions with unfavorable grains. It can be
observed in Fig. 6(b) that the tip of dendrite FO2 is signifi-
cantly higher than that of dendrite UO1 at t/∆t = 60000, but
the difference in tip height between dendrite UO1 and den-
drite FO2 decreases during the subsequent evolution as the tip
of UO1 increases its growth drive under the influence of forced
convection. At t/∆t = 120000, the tip heights of dendrite UO1
and dendrite FO2 are the same, with the elimination of FO1,
the spacing between the primary arms of UO1 and FO2 keeps
decreasing, and the tip height of UO1 is significantly higher
than that of FO2. When t/∆t = 180000, the local state of
the dendrite is shown in Fig. 6(b2), and it can be presumed
that the unfavorable dendrite UO1 will eliminate the favorable
dendrite FO2 in the further evolution afterward.

When ΘUO = −15◦ and ΘUO = −20◦, the elimination
mechanism of dendrites in both states of pure diffusion and
presence of convection is the normal elimination behavior of
favorable dendrites eliminating unfavorable dendrites. Assum-
ing that the tip height difference ∆H = 10 µm is the crite-
rion for elimination of unfavorable dendrites. It can be ob-
served from Figs. 6(a), 6(c), and 6(e) that the unfavorable den-
drite UO1 with ΘUO = −20◦ is eliminated at t/∆t = 50000,
the unfavorable dendrite UO1 with ΘUO = −15◦ is elimi-
nated at t/∆t = 90000, and the unfavorable dendrite UO1 with
ΘUO = −10◦ is eliminated at t/∆t = 130000 under pure dif-
fusion conditions. It can be seen that the size of the growth
orientation angle of unfavorable dendrites is positively corre-
lated with the elimination rate of unfavorable dendrites, imply-
ing that the larger the orientation angle, the faster the elimina-
tion rate of unfavorable dendrites. Unlike ΘUO =−10◦, the tip
height difference ∆H curves of the favorably oriented dendrite
FO1 and the unfavorably oriented dendrite UO1 do not appear
to be flat when ΘUO is −15◦ and −20◦, respectively. This is
because when the orientation angle of the unfavorably oriented
dendrite is larger, the two types of dendrites will have a large

tip height difference due to the effect of sub-cooling, so the tip
solute interaction between the two is limited when the unfavor-
ably oriented dendrite is close to the favorably oriented den-
drite. Conversely, when the orientation angle of non-favorably
dendrites is small, the difference in sub-cooling between unfa-
vorable and favorable dendrites is smaller, and the tip solutes
of both dendrites interact during the approach, so the growth
of the tip of favorable dendrites is limited. When convec-
tion exists in the grain boundary, due to the limited convec-
tion intensity, there is no effect on the elimination mechanism
of converging bi-crystals at ΘUO of −15◦ and −20◦, respec-
tively, and the normal elimination phenomenon of favorable
dendrites eliminating unfavorable dendrites is still maintained.
However, further analysis reveals that when ΘUO = −15◦, the
∆H curve of dendritic FO1 and UO1 under convection condi-
tion is flatter compared to the pure diffusion state, and UO1
is eliminated at t/∆t = 120000 with a lag in elimination time
compared to the pure diffusion condition. While dendrite UO2
is not eliminated during the evolution of the simulation, the
∆H curve with dendrite FO1 has been flat after t/∆t = 90000,
and the tip height difference ∆H has remained positive after
the elimination of dendrite UO1 (the tip height of the favor-
able dendrite FO1 is slightly higher than that of the unfavor-
able dendrite UO1), but the curve trend has a slight decrease.
It can be seen that the current elimination mechanism of con-
vection on grain boundaries has not changed, but the influ-
ence on the growth evolution of dendrites in grain boundaries
has been present. We measured the tip height difference be-
tween dendrite FO1 and dendrite UO3 at t/∆t = 190000 for
the pure diffusion condition and t/∆t = 180000 for the condi-
tion with convection, respectively. It can be seen that the tip
height of UO3 in the pure diffusion condition is much lower
than that of dendrite FO1, while the tip height difference ∆H
is negative in the presence of convection, implying that the tip
height of UO3 is higher than that of dendrite FO1. It can be
speculated that the dendrite UO3 under pure diffusion condi-
tions will still be eliminated, and the presence of convection
in the grain boundary will continue to affect the growth of
dendrites, which may change the original dendrite elimination
mechanism during subsequent evolution, implying that there
is a probability that the unfavorable UO3 will eliminate the fa-
vorable dendrite FO1. Unlike the other two unfavorable orien-
tation angles, ΘUO = −20◦, although the elimination times of
dendrites UO1 and UO2 are larger than those under pure dif-
fusion conditions, the tip height of dendrite UO3 is still much
smaller than that of dendrite FO1 in the simulated time due to
the excessive unfavorable pickup angle. It can be inferred that
forced convection has limited ability to affect dendrite growth
under these conditions, and the elimination mechanism in the
grain boundary will continue to be the elimination of unfavor-
able dendrites by favorable dendrites.

078101-8



Chin. Phys. B 32, 078101 (2023)

F
O
1

U
O
1

F
O
1

U
O
1

U
O
2

F
O
1

U
O
1

F
O
1

U
O
1

F
O
2

-10°

-10°

F
O
1

U
O
1

F
O
1

U
O
2

U
O
3

-15°

F
O
1

U
O
1

F
O
1

U
O
1

-15°

U
O
2

F
O
1

U
O
1

F
O
1

U
O
2

U
O
3

(e1)

F
O
1

U
O
1

F
O
1

U
O
2

U
O
3

-20°

U
O
2

-20°

U
O
2

6 8 10 12 14 16 18
-30

-20

-10

0

10

20

30

40

50

t/τ0 (104)

-160

-140

-120

-100

-80

-60

-40

-20

0

D
H

 (
m
m

)

λ
 (
m
m

)
λ
 (
m
m

)
λ
 (
m
m

)

D
H

 (
m

m
)

D
H

 (
m

m
)

D
H

 (
m

m
)

D
H

 (
m
m

)
D
H

 (
m
m

)

FO1 and UO1 tip hight difference DH
FO1 and UO2 tip hight difference DH
FO1 and UO1 primary spacing λ
FO1 and UO2 primary spacing λ

-20

-10

0

10

20

-140

-120

-100

-80

-60

-40

-20

0

-20

-10

0

10

20

30

40

50

-140

-120

-100

-80

-60

-40

-20

FO1 and UO1 tip hight difference DH
FO1 and UO2 tip hight difference DH

FO1 and UO1 primary spacing λ
FO1 and UO2 primary spacing λ 0

10

20

30

40

50

-140

-120

-100

-80

-60

-40

-20

0

20

0

10

20

30

40

50

60

70

80

90

100

-250

-200

-150

-100

-50

0

50

-20

0

20

40

60

80

100

FO1 and UO1 tip hight difference DH
FO1 and UO2 tip hight difference DH
FO1 and UO3 tip hight difference DH
FO1 and UO1 primary spacing λ
FO1 and UO2 primary spacing λ
FO1 and UO3 primary spacing λ

-600

-400

-200

0

200

400

600

6 8 10 12 14 16 18
t/τ0 (104)

6 8 10 12 14 16 18
t/τ0 (104)

FO1 and UO3 tip hight difference DH

FO1 and UO1 tip hight difference DH
FO1 and UO2 tip hight difference DH
FO1 and UO3 tip hight difference DH
FO1 and UO1 primary spacing λ
FO1 and UO2 primary spacing λ
FO1 and UO3 primary spacing λ

FO1 and UO1 tip hight difference DH
FO1 and UO2 tip hight difference DH

FO1 and UO1 primary spacing λ
FO1 and UO2 primary spacing λ

FO1 and UO3 tip hight difference DH

FO1 and UO1 tip hight difference DH
FO2 and UO1 tip hight difference DH
FO1 and UO1 primary spacing λ
FO2 and UO1 primary spacing λ

(a)

(c)

(e)

(c2)

(c1)

(a2)

(a1)

(e2)

(b1)

(b2)

(d1)

(d2)

(f1)

(f2)

b2

b1

ux=0.08

ux=0.08

d2

d1

f2f1

ux=0.08

a1

a2

c1

c2

e1

e2

λ
 (
m
m

)
λ
 (
m
m

)
λ
 (
m
m

)

6 8 10 12 14 16 18
t/τ0 (104)

6 8 10 12 14 16 18
t/τ0 (104)

6 8 10 12 14 16 18
t/τ0 (104)

(b)

(d)

(f)

Fig. 6. Evolution of the primary arm spacing λ and tip height difference ∆H between favorable and unfavorable dendrites for pure diffusion and
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The dendrite tip height at time step T is HT , the time
step interval is ∆T , and the growth rate of the dendrite tip

is S = (HT −HT−1)/(∆T ). Figures 8(a)–8(c) show the tip
growth rate of favorable and unfavorable dendrites in each
time step under pure diffusion and presence of convection for
ΘUO = −10◦, ΘUO = −15◦, and ΘUO = −20◦, respectively. It
can be seen that the highest dendrite tip growth rate is observed
at t/∆t = 70000 for all dendrites under pure diffusion condi-
tions and shows a decreasing trend until the rate levels off.
This is due to the low enrichment of solutes at the dendrite tips
during the initial stage of dendrite growth and the large growth
rate of dendrites. With further evolution, the solute gradually
accumulates at the dendrite tip, leading to a slowdown in the
growth rate of the dendrite tip until the tip growth rate tends to
level off when the solute is uniformly distributed throughout
the calculated region. In contrast, when convection is present
in the grain boundary, it can be seen that there is a transient in-
crease in the dendrite tip growth rate at the beginning, and the
tip rate is inversely proportional to the fetch angle of the unfa-
vorable dendrite, implying that the larger the fetch angle of the
unfavorable dendrite, the smaller the increase in the dendrite
tip rate. In contrast, when convection is present in the grain
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boundary, it can be seen that there is a transient increase in
the dendrite tip growth rate at the beginning, and the tip rate
is inversely proportional to the fetch angle of the unfavorable
dendrite, implying that the larger the fetch angle of the unfa-
vorable dendrite, the smaller the increase in the dendrite tip
rate. The average tip growth rate of dendrites in the presence
of convection is set to S̄c, the average tip growth rate of den-
drites in pure diffusion is S̄, and the difference between the
average tip growth rates of the two states is ∆S = S̄c− S̄.
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Fig. 8. Tip growth rates of favorable and unfavorable dendrites in con-
figuration 1 with pure diffusion and in the presence of convection: (a)
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Figure 9 shows the average tip growth rates of favor-
ably oriented dendrite FO1 and unfavorably oriented dendrite
UO1 for ΘUO =−10◦, ΘUO =−15◦, and ΘUO =−20◦, as well
as the difference in the average tip growth rates of FO1 and
UO1 under pure diffusion and convection conditions. When
ΘUO =−10◦, the average tip velocity differences between FO1
and UO1 under convection and pure diffusion conditions, re-
spectively: ∆SFO1 = 0.34 µm/s, ∆SUO1 = 0.59 µm/s. When
ΘUO = −15◦, the average tip velocity differences of dendrites

FO1 and UO1 under convection and pure diffusion conditions,
respectively: ∆SFO1 = 0.17 µm/s, ∆SUO1 = 0.51 µm/s. When
ΘUO = −20◦, the average tip velocity differences of dendrites
FO1 and UO1 under convection and pure diffusion conditions,
respectively: ∆SFO1 =−0.06 µm/s, ∆SUO1 = 0.46 µm/s. It can
be seen that the presence of convection in the grain boundary
has a significantly greater effect on the growth rate of unfa-
vorable dendrite tips than on the growth rate of favorable den-
drite tips. With the gradual increase of the orientation angle of
the unfavorable dendrites, the average tip velocity difference
between FO1 and UO1 in the convective and pure diffusion
conditions shows a gradient decrease, which means that the
influence of the presence of convection in the grain bound-
ary on the growth rate of both dendrites decreases with the
increase of ΘUO. Further analysis reveals that when the orien-
tation angle ΘUO of unfavorable dendrites is small, the overall
growth rate of dendrites with convection in the grain boundary
is larger than that of dendrites with pure diffusion, and when
ΘUO =−20◦, the tip growth rate of FO1 of favorable dendrites
under convection conditions will slightly lag behind that of
FO1 with pure diffusion. Under convective conditions, the tip
growth rate of unfavorable dendrite UO1 slows down with the
increase of the orientation angle of unfavorable dendrite but
is always greater than the tip growth rate in the pure diffusion
state, which is due to the continuous scouring of the solute in
the downstream (right) direction of the dendrite UO1 by the
flow and the thinning of the solute layer near the tip of UO1,
so that the tip growth rate of UO1 is always greater than the
pure diffusion state.
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Fig. 9. Average tip growth rates for ΘUO = −10◦, ΘUO = −15◦, and
ΘUO =−20◦ in configuration 1 for the favorably oriented dendrite FO1
and the unfavorably oriented dendrite UO1, and the average tip growth
rate difference between FO1 and UO1 in the two states.

In summary, convection can effectively increase the
growth rate of unfavorable dendrites at grain boundaries dur-
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ing the evolution of converging bi-crystals of configuration
1, and this effect decreases with the increase of the orienta-
tion angle of unfavorable dendrites. As for the favorable den-
drites, when ΘUO is small, the tip growth rate of favorable den-
drites under convection conditions is larger, and when ΘUO is
large, convection has no significant effect on increasing the tip
growth rate of favorable dendrites.

3.3. ΘFO ×ΘUO < 0 configuration converging bi-crystal
competition growth

Figure 10 shows the competitive growth process of con-
verging bi-crystals of ΘFO×ΘUO < 0 configuration under pure
diffusion conditions and in the presence of convection, respec-
tively. The right side is the dendrites of the favorable grains
(red) and the angle taken by the favorable grains is ΘFO = 5◦.
The left side is the dendrites of the unfavorable grains (blue),

and the unfavorable grains take the angles ΘUO =−10◦, ΘUO =

−15◦, and ΘUO = −20◦, respectively. At this point, the two
grains of convergent growth are tilted in opposite directions.
Under the pure diffusion condition, the elimination mecha-
nism of converging bi-crystals with three different angle com-
binations in configuration 2 remains the same as that in config-
uration 1, which are all normal elimination behaviors of favor-
able grains eliminating unfavorable grains. As the orientation
angle of the unfavorable grains increases, the more favorable
dendrites eliminate the unfavorable dendrites. When convec-
tion conditions exist in the grain boundary, ΘUO = −10◦, the
unfavorable dendrites block out the favorable dendrites in the
process of approaching the favorable dendrites, and anoma-
lous elimination occurs. When ΘUO =−15◦ and ΘUO =−20◦,
both the favorable dendrites eliminate the unfavorable den-
drites.
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Fig. 10. Evolution results of converging bi-crystals in configuration 2 for pure diffusion condition and the presence of convection: (a) pure
diffusion condition ΘUO = −10◦, (b) pure diffusion condition ΘUO = −15◦, (c) pure diffusion condition ΘUO = −20◦, (d) in the presence
of convection condition ΘUO = −10◦, (e) in the presence of convection condition ΘUO = −15◦, (f) in the presence of convection condition
ΘUO =−20◦.

Figure 11 shows the evolution pattern of the statistical tip
height difference ∆H and primary dendrite arm spacing λ be-
tween the favorable and unfavorable grains with the calculated
time step for configuration 2, ΘUO = −10◦, ΘUO = −15◦, and
ΘUO =−20◦. When ΘUO =−10◦, the elimination mechanism
of dendrites under pure diffusion conditions maintains the con-
ventional elimination behavior of favorable grains eliminating
unfavorable grains. Compared with configuration 1, the dif-
ference between the tip heights of FO1 and UO1 in configu-
ration 2 in the starting state is smaller, thus the solute inter-
action between the tips of FO1 and UO1 is stronger, and the
elimination time of UO1 is slightly lagged compared to that

in configuration 1. In the convective state, FO1 is eliminated
faster in configuration 2 compared with configuration 1. In the
process of elimination, the tip height difference curves of FO2
and UO1 show a flattening, and FO2 is also eliminated suc-
cessively at t/∆t = 150000. It is worth noting that the unfa-
vorable dendrite UO1 eliminates both the favorable dendrites
FO1 and FO2 for t/∆t = 170000 in configuration 2, while only
FO1 is eliminated for t/∆t = 180000 in configuration 1. At
ΘUO = −15◦, unlike in configuration 1, the number of unfa-
vorable dendrites is eliminated more during the evolution of
the pure diffusion condition. In the presence of convection,
the unfavorable dendrites are eliminated with a more delayed
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time compared to configuration 1. During the elimination of
dendrite UO1, the tip height difference curve between UO2
and FO1 decreases, and ∆H tends to 0 at t/∆t = 180000, but
∆H keeps a positive value, implying that the tip height of the
favorable dendrite FO1 is slightly higher than that of the unfa-
vorable dendrite UO1, and the elimination mechanism is still
normal elimination. However, at t/∆t = 180000, the differ-
ence in tip height between FO1 and UO3 was measured in the
presence of convective conditions in the dendrite, and ∆H was
negative, implying that the tip height of UO3 is higher than
that of FO1. It can be inferred that the unfavorable dendrite

UO3 may eliminate the dendrite FO1 in the subsequent evo-

lution, which is consistent with the pattern in configuration

1. When ΘUO = −20◦, the number of unfavorable dendrites

eliminated is higher in both the convective and pure diffusion

states for configuration 2 compared to configuration 1. It is

worth noting that in the initial state (t/∆t = 160000), the tip

height of the unfavorable dendrite in configuration 2 is essen-

tially the same as that of the favorable dendrite, and even the

tip height of the unfavorable dendrite is higher than that of the

favorable dendrite under pure diffusion conditions.
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Fig. 11. Primary arm spacing λ and tip height difference ∆H between favorable and unfavorable dendrites for pure diffusion and presence
of convection in configuration 2: (a) pure diffusion condition ΘUO = −10◦, (b) in the presence of convection condition ΘUO = −10◦, (c) pure
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To further analyze the evolution pattern of dendrites in
configuration 2, consistent with the setup in the above section,
Figure 12 shows the tip growth rates of favorable and unfavor-
able dendrites for ΘUO =−10◦, ΘUO =−15◦, and ΘUO =−20◦

in the presence of convection and pure diffusion conditions. It

can be seen that under pure diffusion conditions, the tip growth
rate of all dendrites shows a decreasing trend until it levels off
when the solute distribution in the grain boundaries is uniform.
When convection is present in the grain boundary, all dendrite
tip rates show a decreasing trend after a short increase. With
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the increase of the orientation angle of the unfavorable den-
drite, the increase of the dendrite tip growth rate in the ini-
tial stage becomes smaller, and the above evolution pattern is
consistent with that of configuration 1. Unlike in configura-
tion 1, the tip growth rate of the dendrite in configuration 2
under convection conditions is essentially the same as the tip
growth rate in the presence of pure diffusion in the initial stage
(t/∆t = 70000). Even at ΘUO = −15◦, the tip growth rate of
FO1 under pure diffusion conditions is larger than that in the
presence of convection in the initial stage.
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Fig. 12. Tip growth rates of favorable and unfavorable dendrites in
configuration 2 with pure diffusion and the presence of convection: (a)
ΘUO =−10◦, (b) ΘUO =−15◦, (c) ΘUO =−20◦.

Figure 13 shows the average tip growth rates of the favor-
ably oriented dendrite FO1 and the unfavorably oriented den-
drite UO1 for the unfavorably oriented dendrite taking angles
of ΘUO = −10◦, ΘUO = −15◦, and ΘUO = −20◦ in configu-
ration 2, and the average tip growth rate difference between
FO1 and UO1 in the two states. When ΘUO =−10◦, the aver-
age tip velocity differences between FO1 and UO1 under con-
vection and pure diffusion conditions are ∆SFO1 = 0.32 µm/s,
∆SUO1 = 0.54 µm/s. When ΘUO = −15◦, the average tip ve-

locity differences of dendrites FO1 and UO1 under convec-
tion and pure diffusion conditions are ∆SFO1 = 0.05 µm/s,
∆SUO1 = 0.48 µm/s. When ΘUO = −20◦, the average tip ve-
locity differences of dendrites FO1 and UO1 under convec-
tion and pure diffusion conditions are ∆SFO1 = 0.07 µm/s,
∆SUO1 = 0.18 µm/s. It can be seen that, in agreement with
configuration 1, the presence of convection in the grain bound-
ary also has a significantly greater effect on the growth rate of
unfavorable dendrite tips than that on the growth rate of fa-
vorable dendrite tips. Unlike configuration 1, ∆SFO1 and ∆SUO1

in configuration 2 always maintain positive values. It can be
seen that for any value of ΘUO, the tip growth rate of the den-
drite in the presence of convection is larger than that of the
dendrite under the pure diffusion condition, and the average
tip velocity difference between the unfavorable dendrite UO1
in the convection and pure diffusion conditions decreases in
a gradient manner, while the tip velocity difference of the fa-
vorable dendrite FO1 does not decrease at ΘUO = −15◦ and
ΘUO = −20◦. It is worth noting that (1) the growth rates of
dendrite tips in FO1 and UO1 in configuration 2 are greater
than the tip growth rates of dendrites in configuration 1 in the
presence of both convection and pure diffusion. (2) The av-
erage tip velocity differences ∆SFO1 and ∆SUO1 for FO1 and
UO1 in configuration 2 under convective and pure diffusion
conditions, respectively, are smaller overall than those of con-
figuration 1. It is known that convection in the grain boundary
has less influence on the convergent bi-crystal growth in con-
figuration 2 than in configuration 1.
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3.4. ΘFO ×ΘUO > 0 configuration converging bi-crystal
competition growth

Figure 14 shows the competitive growth process of con-
verging bi-crystals of ΘFO×ΘUO > 0 configuration under pure
diffusion conditions and in the presence of convection, re-
spectively. The right side is the dendrites of the favorable
grains (red) and the angle taken by the unfavorable grains
is ΘFO = −5◦. The left side is the dendrites of the unfavor-
able grains (blue), and the unfavorable grains take the angles
ΘUO =−10◦, ΘUO =−15◦, and ΘUO =−20◦. At this time, the
tilt direction of the two grains growing together is the same.
It can be seen that, under pure diffusion conditions, the nor-
mal elimination phenomenon of favorable dendrites eliminat-
ing unfavorable dendrites at convergent grain boundaries is
evident for both ΘUO of −15◦ and −20◦ in configuration 3.

However, for ΘUO =−10◦, there is already a clear trend of nor-

mal elimination, but the unfavorable dendrites have not been

completely eliminated during the evolution time, and the grain

boundaries are along the growth direction of the favorable den-

drites. Similar to the above two configurations, configuration

3 also under pure diffusion conditions, as the orientation an-

gle of the unfavorable grains increases, the more the favorable

dendrites eliminate the unfavorable dendrites. When convec-

tion is present in the grain boundary, the unfavorable dendrite

UO1 with ΘUO = −10◦ shows a tendency to eliminate the fa-

vorable dendrite FO1. In the other two angles, the elimination

is normal, but the elimination time lags and the number of

eliminated dendrites is smaller compared to the pure diffusion

condition.
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Fig. 14. Evolution results of converging bi-crystals in configuration 3 under pure diffusion condition and in the presence of convection: (a)
under pure diffusion condition ΘUO =−10◦, (b) under pure diffusion condition ΘUO =−15◦, (c) under pure diffusion condition ΘUO =−20◦,
(d) in the presence of convection condition ΘUO = −10◦, (e) in the presence of convection condition ΘUO = −15◦, (f) in the presence of
convection condition ΘUO =−20◦.

The tip height difference ∆H and the primary dendrite
arm spacing λ , between the favorable and unfavorable grains
of the three angles in configuration 3, were accounted for the
evolution with time. As shown in Fig. 15, when ΘUO =−10◦,
the tip height difference between the favorable and unfavor-
able dendrites under the pure diffusion condition keeps in-
creasing trend and is positive after the evolution time t/∆t =
90000, which shows that the elimination mechanism is still
the elimination of unfavorable dendrites by the favorable den-
drites. When convective conditions exist, the overall evolu-
tion pattern is just the opposite of the pure diffusion state, and
the tip height difference between the favorable and unfavor-
able dendrites tends to increase during the evolution time, and

the elimination mechanism is changed and anomalous elimi-
nation occurs. When ΘUO = −15◦, the tip height difference
between the favorable and unfavorable dendrites in the pure
diffusion state remains positive from the beginning and shows
an increasing trend, in agreement with the other two config-
urations. During the elimination of UO1, the growth rate of
dendrite FO1 is affected, thus the tip height difference curve
with UO1 tends to level off until it starts to increase after
t/∆t = 170000. In contrast, the influence of flow on the growth
rate of unfavorable dendrites in the convective state leads to a
negative tip height difference between the favorable and un-
favorable dendrites in the beginning stage, and the elimina-
tion time of unfavorable dendrites is relatively lagged. After
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t/∆t = 120000, the tip height difference curves of dendrites
UO2 and FO1 show a decreasing trend, and ∆H is negative
when t/∆t = 180000. It can be predicted that the favorable
dendrite FO1 may be eliminated in the subsequent evolution,
and the elimination mechanism may switch from normal elim-
ination to anomalous elimination. It is worth noting that when
ΘUO = −15◦, the tip height difference between the unfavor-
able dendrites and FO1 is negative at the final evolution time
for the three configurations counted in the paper. Conforma-
tions 1 and 2 are the ones where the tip height difference be-
tween UO3 and FO1 is negative after the elimination of UO1
and UO2, while conformation 3 is the one where the tip height
difference between UO2 and FO1 is negative after the elimi-
nation of UO1.

It can be seen that the elimination mechanism may change
from normal to anomalous elimination under the continuous

influence of convection for the three configurations at ΘUO =

−15◦. When ΘUO = −20◦, consistent with the other two con-
figurations, convection has a limited effect on the competitive
growth of dendrites and does not affect the original elimina-
tion mechanism, except for a slowdown in the elimination time
of unfavorable dendrites. However, compared with the other
two conformations, the number of unfavorable dendrites elim-
inated in the evolution time of conformation 3 is smaller than
that of the other two conformations. In summary, under arbi-
trary state conditions, the number of eliminated dendrites in
configuration 3 is less than the other two configurations due to
the smaller differentiation of the two dendrite pickup angles in
configuration 3 compared to configurations 1 and 2, regardless
of whether the elimination mechanism in the grain boundary
is normal or anomalous elimination.
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Fig. 15. Primary arm spacing λ and tip height difference ∆H between favorable and unfavorable dendrites for pure diffusion and in presence of
convection in configuration 3: (a) under the pure diffusion condition ΘUO =−10◦, (b) in the presence of convection condition ΘUO =−10◦, (c)
under the pure diffusion condition ΘUO =−15◦, (d) in the presence of convection condition ΘUO =−15◦, (e) under the pure diffusion condition
ΘUO =−20◦, (f) in the presence of convection condition ΘUO =−20◦.
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Fig. 16. Tip growth rates of favorable and unfavorable dendrites in con-
figuration 3 with pure diffusion and in the presence of convection: (a)
ΘUO =−10◦, (b) ΘUO =−15◦, (c) ΘUO =−20◦.

Figure 16 shows the tip growth rates of the three angles
in configuration 3 under convective and pure diffusion con-
ditions for both favorable and unfavorable dendrites during
the evolution time. It can be seen that under pure diffusion
conditions, the growth rate of the dendrite tip evolves with
time in a pattern consistent with those of conformation 1 and
conformation 2, both growth rates for favorable and unfavor-
able dendrites decrease monotonically with the evolution of
the time step. When convection is present in the grain bound-
ary, it can be seen that the tip growth rate of all dendrites in-
creases and then decreases at the beginning, and then increases
again to a certain value and then decreases, showing an over-
all wavy curve, which is significantly different from the other
two configurations. It is worth noting that in the convective
state, ΘUO = −10◦, the tip rates of the favorable and unfavor-
able dendrites in the starting phase remain basically the same,
and when the orientation angle of the unfavorable dendrites in-
creases (ΘUO =−15◦, ΘUO =−20◦), the tip growth rate of the
favorable dendrites is significantly larger than that of the un-
favorable dendrites for some time starting from t/∆t = 70000.

After that, under the continuous influence of convection, the
tip growth rate of unfavorable dendrites gradually increases,
and the difference in tip growth rate between the two dendrites
then decreases. In analysis, it was found that the tilt direction
of the favorable and unfavorable grains is the same in configu-
ration 3, while the direction of the flow with forced convection
imposed in the grain boundaries is flowing from the bottom up.
Therefore, the flow scours the downstream (right) direction of
the tips of both dendrites, so that the solute layer near the tips
of both dendrites becomes thinner, and the growth direction of
the favorable dendrites is less different from the direction of
the temperature gradient, and their growth rate is larger than
the tip growth rate of the unfavorable dendrites for an initial
period. However, since the orientation angle of unfavorable
dendrites is larger than that of favorable dendrites, the effect
of convection on the growth of unfavorable dendrites is also
greater, so the difference in tip growth rate between unfavor-
able and favorable dendrites decreases under the continuous
influence of convection.

Figure 17 shows the average tip growth rates of the fa-
vorably oriented dendrite FO1 and the unfavorably oriented
dendrite UO1 for ΘUO =−10◦, ΘUO =−15◦, and ΘUO =−20◦

in configuration 3, as well as the average tip growth rate dif-
ference between FO1 and UO1 in the two states. It can be
seen from the figure that the average tip velocity difference
∆SUO1 of the unfavorable dendrites is greater than the average
tip velocity difference ∆SFO1 of the favorable dendrites when
ΘUO = −10◦ and ΘUO = −15◦. It indicates that the presence
of convection in the grain boundary has a significantly greater
effect on the growth rate of unfavorable dendrite tips than on
the growth rate of favorable dendrite tips, which is consistent
with the pattern presented by conformation 1 and conforma-
tion 2. When ΘUO = −20◦, the average tip velocity differ-
ence for unfavorable dendrites is ∆SUO1 = 0.17 µm/s and it
is ∆SFO1 = 0.12 µm/s for favorable dendrites. It can be seen
that the effect of convection on the growth rate of favorable
dendrite tips is more pronounced under this condition. This
is because the growth tilt direction of the favorable and unfa-
vorable grains in configuration 3 is the same, and under the
influence of convection, the tip growth rate of both dendrites
is promoted. When the orientation angle of unfavorable den-
drites is larger, the difference in tip height between the favor-
able and unfavorable dendrites is also larger, and convection
can act directly on the tips of the favorable dendrites. By com-
paring the above three configurations at different angles, there
exists a difference of the average tip growth rate between the
favorably oriented dendrite FO1 and the unfavorably oriented
dendrite UO1. It is found that when ΘUO = −10◦, the con-
vection has the greatest effect on the growth of favorable den-
drites for configuration 3 and the least effect for configuration
2, while the greatest effect on the growth of unfavorable den-
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drites for configuration 1 and the least effect for configuration
3. When ΘUO = −15◦, the convection has the greatest effect
on the growth of favorable dendrites for configuration 3 and
the least effect for configuration 2, while the greatest effect
on the growth of unfavorable dendrites for configuration 1 and
the least effect for configuration 2. When ΘUO = −20◦, the
convection has the greatest effect on the growth of favorable
dendrites for configuration 3 and the least effect for configura-
tion 1, while the greatest effect on the growth of unfavorable
dendrites for configuration 1 and the least effect for configura-
tion 3.
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Fig. 17. Average tip growth rates for ΘUO = −10◦, ΘUO = −15◦, and
ΘUO =−20◦ in configuration 3 for the favorably oriented dendrite FO1
and the unfavorably oriented dendrite UO1, and the average tip growth
rate difference between FO1 and UO1 in the two states.

4. Conclusion
In summary, we have constructed a multi-phase-field-

lattice Boltzmann model to simulate the competitive growth
process of converging bi-crystals under forced convection con-
ditions. The growth patterns of convergent bi-crystal com-
petition for three configurations are studied separately, and
the anomalous elimination behavior of dendrite competition
at grain boundaries is analyzed. The results of the present
study further extend the elimination mechanism of converging
bi-crystals under convective conditions during the evolution
of competitive growth. All computational simulations in this
study are carried out using the GPU-CUDA parallel comput-
ing methods. The conclusions are as follows.

(i) Under pure diffusion conditions, the elimination mech-
anism of converging bi-crystal competition for all three con-
figurations follows the Walton–Chalmers theory (favorable
dendrites eliminate unfavorable dendrites). However, when
forced convection is introduced at the grain boundaries, the

elimination mechanism of dendrite competition changes un-
der some conditions (anomalous elimination in which unfa-
vorable dendrites eliminate favorable dendrites). This phe-
nomenon is stronger in the converging bi-crystals of confor-
mation 1 and conformation 2 and relatively weaker in con-
formation 3. Specifically, under the influence of convection,
when ΘUO = −10◦, conformation 1 and conformation 2 un-
dergo anomalous elimination during the competitive growth of
converging bi-crystals, while conformation 3, though showing
a tendency to undergo anomalous elimination, does not elimi-
nate the favorable dendrites during the evolutionary time.

(ii) When convection is introduced in the liquid phase,
the growth rates of all dendrites in the grain boundary are af-
fected, and the tip growth rates of favorable and unfavorable
dendrites in different configurations are affected to different
degrees. By further comprehensive comparison of the dendrite
tip growth rates of different configurations, it is found that
when ΘUO = −10◦, the forced convection has the greatest ef-
fect on the growth of the favorable dendrite for configuration 3
and the least effect for configuration 2, while the greatest effect
on the growth of the unfavorable dendrite is for configuration 1
and the least effect for configuration 3. When ΘUO =−15◦, the
convection has the greatest effect on the growth of favorable
dendrites for configuration 3 and the least effect for configura-
tion 2, while the greatest effect on the growth of unfavorable
dendrites for configuration 1 and the least effect for configu-
ration 2. When ΘUO = −20◦, the convection has the greatest
effect on the growth of favorable dendrites for configuration 3
and the least effect for configuration 1, while the greatest ef-
fect on the growth of unfavorable dendrites for configuration
1 and the least effect for configuration 3. The presence of con-
vection in the grain boundary certainly has a positive effect on
the growth rate of most converging bi-crystals.

(iii) The solution of the model is designed on the GPU
platform regarding the CUDA parallel technique, which re-
alizes the parallelization of computing the multi-phase-field-
lattice Boltzmann model in the two-dimensional case and ef-
fectively improves the computational efficiency. A compre-
hensive comparison of the speedup ratios obtained by serial
and parallel computing methods shows that GPU-based par-
allel computing of the model has an absolute advantage, and
the parallel speedup becomes more obvious as the computa-
tional area increases. At a computation area of 1500×1500,
the speedup ratio is approximately 22.5 times that of the serial
computation.
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