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One could tune a topological double-Weyl semimetal or a topological triple-Weyl semimetal to become a topologically
trivial insulator by opening a band gap. This kind of quantum phase transition is characterized by the change of certain
topological invariant. A new gapless semimetallic state emerges at each topological quantum critical point. Here we
perform a renormalization group analysis to investigate the stability of such critical points against perturbations induced
by random scalar potential and random vector potential. We find that the quantum critical point between double-Weyl
semimetal and band insulator is unstable and can be easily turned into a compressible diffusive metal by any type of weak
disorder. The quantum critical point between triple-Weyl semimetal and band insulator flows to a stable strong-coupling
fixed point if the system contains a random vector potential merely along the z-axis, but becomes a compressible diffusive
metal when other types of disorders exist.
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1. Introduction
Semimetal (SM) materials have attracted tremendous re-

search activities in the past two decades,[1–14] partly due to the
potential industrial applications and partly due to the unique
properties. There are two different ways to realize SM materi-
als. First, some SM materials are intrinsic and their stability is
protected by symmetries of the system.[2–8] Examples include
three-dimensional (3D) Dirac SMs (DSMs), such as Cd3As2,
Na3Bi, Weyl SMs (WSMs), such as TaAs, TaP, NbAs, NbP,
and nodal line SMs (NLSMs), such as ZrSiS and PbTaSe2. Al-
ternatively, SM state can be realized by tuning a system to un-
dergo a quantum phase transition between two quantum states
of matter that are characterized by two different topological
invariants.[15–25] Usually, a specific SM state emerges at the
topological quantum critical point (TQCP) of this transition.
For example, the TQCP between 3D topological insulator and
trivial band insulator (BI) is described by a 3D DSM state.
This type of 3D DSM has been observed in TiBiSe2−xSx

[26,27]

and Bi2−xInxSe3
[28,29] by fine tuning the doping level. Another

example is the TQCP between two-dimensional (2D) DSM
and BI, at which there exists a 2D semi-DSM phase.[16–20] The
low-energy fermions excited in such a 2D semi-DSM phase
exhibit a linear dispersion along one direction and a quadratic
dispersion along the other.

Besides the usual WSMs, multi-WSMs, including
double-WSM and triple-WSM, have also attracted extensive
interests.[30–39] For usual, double-, and triple-WSMs, the
monopole charges of a pair of Weyl points are equal to ±1,

±2, and ±3, respectively. In double-WSMs (triple-WSMs),
the fermion dispersion is always linear along one direction,
but quadratic (cubic) along the rest two directions. Recent in-
vestigations have revealed two candidate materials for double-
WSM, including HgCr2Se4

[31] and SrSi2.[40] Cubic-Dirac SM
(cubic-DSM), in which the fermion dispersion is cubic along
two directions and linear along the third one, is suggested to
emerge in Rb(MoTe)3 and Tl(MoTe)3, which belong to the
A(MoX)3 family.[41] Multi-Weyl fermions may also be real-
ized by manipulating photonic crystals.[42,43]

WSM materials provide a flexible platform to create new
types of gapless SM phases.[3,21–25] One can open a band gap
to a usual WSM by tuning some external parameters, which
turns usual WSM into an ordinary BI. The usual WSM and BI
are topologically distinct, hence the transition between these
two phases should be identified as a topological phase tran-
sition. At the TQCP of this transition, the system exhibits
a gapless SM state in which the fermionic excitations dis-
perse linearly along two directions and quadratically along
the third one.[21,22] One can manipulate double- and triple-
WSM materials analogously and drive them to become BIs.
Such a manipulation then leads to a double-TQCP and a triple-
TQCP, respectively. At the former TQCP, the gapless low-
energy fermions have a quadratic dispersion along all three
directions.[24,25] At the latter TQCP, the gapless low-energy
fermions have a dispersion that is cubic along two directions
and quadratic along the third one.[23]

In practice, it would be difficult to realize double- and
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triple-TQCPs if they are unstable against weak perturbations.
In particular, we need to examine the stability of these TQCPs
against disorder scattering, since disordered potentials are al-
ways present in realistic materials. According to how fermions
are coupled to randomly distributed potentials, disorders in
SM materials are usually classified into three types, namely,
random scalar potential (RSP), random vector potential (RVP),
and random mass (RM). Extensive previous studies[15,34,44–64]

revealed that the physical effects of disorders depend sen-
sitively on the fermion dispersion, the spatial dimensional-
ity, and the characters of the disordered potential. For in-
stance, renormalization group (RG) studies[44–47] found that
RSP, RVP, and RM in a 2D DSM are relevant, marginal, and
marginally irrelevant, respectively. In the clean limit, the non-
interacting Dirac fermions in a 2D DSM can propagate freely,
with an infinitely long lifetime, and have a vanishing den-
sity of states (DOS) at the Fermi level. These behaviors are
significantly changed once disorders are considered. It was
found[15,48–52] that an arbitrary weak RSP suffices to generate
a finite disorder scatting rate for Dirac fermions. As a conse-
quence, the Dirac fermions acquire a shortened lifetime and
a finite DOS at the Fermi level. Apparently, RSP drives the
2D DSM to undergo a transition into a distinct phase, which
is usually called a compressible diffusive metal (CDM) in the
literature. The finite disorder scattering rate can thus be re-
garded as the signature for the emergence of CDM. In con-
trast, RVP and RM do not drive any phase transition, but result
in power-law or logarithmic-like corrections to the energy- or
temperature-dependence of various observable quantities. For
a 3D DSM or a WSM, RSP is shown[34,52–54] to be irrelevant
in the weak disorder region. If the disorder strength exceeds
a threshold, RSP becomes relevant and drives the SM phase
into a CDM Phase. It appears that one single component of
RVP is always irrelevant in ordinal WSM. However, the coex-
istence of two components of RVP is capable of triggering a
SM-to-CDM transition in the strong disorder region.[56]

The disorder effects on double- and triple-WSMs have
been investigated extensively. Similar to 2D DSM, the double-
WSM undergoes a transition into a CDM phase if there is
an arbitrary weak random potential.[34,37] However, a triple-
WSM that contains certain component of RVP could realize
a stable quantum critical state in which observable quantities
receive power-law corrections owing to the fermion-disorder
coupling.[37] Recently, Luo et al.[61,62] and Roy et al.[63] an-
alyzed the influence of disorders at the TQCP between usual
WSM and BI. According to their RG calculations, while weak
disorders are irrelevant, sufficiently strong disorders become
relevant and are capable of triggering a transition into CDM
phase. To the best of our knowledge, the effects of various
disorders at the TQCPs between multi-WSMs and BI have not
been studied previously.

In this paper, we consider the stability of double- and
triple-TQCPs against disorders by using the RG approach.
There are four types of disorders at such TQCPs, including
RSP and the three spatial components of RVP. After deriving
the self-consistent flow equations of all the model parameters,
we show that double- and triple-TQCPs behave differently in
response to disorders. For double-TQCP, the system is unsta-
ble against weak disorders and can be turned into CDM phase
by any type of random potential. In particular, coupling the
fermions to RSP alone or to any component of RVP suffices
to dynamically generate all the other disorders. The triple-
TQCP is also unstable towards a CDM transition if there is
only RSP, x-RVP, or y-RVP. Any of the three disorders of RSP,
x-RVP, and y-RVP is capable of generating the rest. However,
the z-RVP has a quite different impact on triple-TQCP. Due
to the peculiar fermion dispersion at triple-TQCP, z-RVP can-
not generate other disorders. Our RG analysis demonstrates
that triple-TQCP exhibits a stable quantum critical state if the
system contains merely z-RVP. In the lowest energy limit, this
quantum critical state is found to be at a strong-coupling fixed
point.

The rest of paper will be arranged as follows. In Sec-
tion 2 we define the effective models for double- and triple-
TQCPs. In Section 3 we obtain the coupled RG equations for
all the model parameters and analyze the physical effects of
various disorders in order to determine whether TQCPs are
stable against disorder-induced perturbations. In Section 4 we
summarize the results of this paper and discuss some further
research projects.

2. Models for topological quantum critical
points
The double-TQCP can be described by the

Hamiltonian[24,25]

Hd
f =

∫
d3𝑥ψ

†(𝑥)
[
−A⊥

(
∂

2
x −∂

2
y
)

σ1

−A⊥∂x∂yσ2−Az∂
2
z σ3
]
ψ(𝑥), (1)

where ψ is a two-component spinor field and σ1,2,3 are the
Pauli matrices. The energy dispersion of fermions is

Ed
±(𝑘) =±

√
A2
⊥k4
⊥+A2

z k4
z , (2)

where k⊥ is defined as k⊥ ≡
√

k2
x + k2

y , the model parameters
A⊥ and Az are material dependent. The fermion dispersion is
schematically plotted in Fig. 1.

The free fermion propagator has the form

Gd0(iω,𝑘)=
1

iω−A⊥
(
k2

x − k2
y
)

σ1−2A⊥kxkyσ2−Azk2
z σ3

. (3)
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Fig. 1. Dispersion of the low-energy fermions excited at double-TQCP.

For triple-TQCP, the Hamiltonian of fermions[23] is given
by

H t
f =

∫
d3𝑥ψ

†(𝑥)
[
iB
(
∂

3
x −3∂x∂

2
y
)

σ1

+ iB
(
∂

3
y −3∂y∂

2
x
)

σ2−A∂
2
z σ3
]
ψ(𝑥). (4)

The corresponding fermion dispersion is

E t
±(𝑘) =±

√
B2
⊥k6
⊥+A2k4

z , (5)

which is visualized in Fig. 2. Here we introduce two other
model parameters B and A.
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Fig. 2. Dispersion of the low-energy fermions excited at triple-TQCP.

The fermion propagator is

Gt0(iω,𝑘)

=
1

iω−B
(
k3

x −3kxk2
y
)

σ1−B
(
k3

y −3kyk2
x
)

σ2−Ak2
z σ3

. (6)

To describe the disorder scattering of fermions, it is
convenient to introduce a number of random potentials, de-
noted by V (𝑥), and couple these potentials to fermions as
follows:[65,66]

Hdis =
3

∑
j=0

∫
d3𝑥Vj(𝑥)ψ

†(𝑥)Γjψ(𝑥). (7)

The potentials Vj(𝑥) are static in time but randomly distributed
in 3D space. Such potentials are usually supposed to be Gaus-
sian white noise and satisfy the following relations:〈

Vj(𝑥)
〉
= 0,

〈
Vj(𝑥)Vj(𝑥

′)
〉
= ∆ jδ

3 (𝑥−𝑥′
)
. (8)

The random potentials need to be averaged. With the help
of the widely used replica trick,[47] we convert the fermion-
disorder coupling into a new term

H4 =
3

∑
j=0

∆ j

2

∫
dτ dτ

′d3𝑥
(
ψ

†
aΓjψa

)
τ

(
ψ

†
bΓjψb

)
τ ′
, (9)

where a,b = 1,2, . . . ,n are replica indexes. The limit n→ 0
should be taken at the end of calculations. At the TQCPs,
there might exist various forms of disorders. Each matrix Γj is
used to define a special type of disorder. RSP is defined via the
unit matrix Γ0 = 1. The three components of RVP are defined
by three matrices Γ1,2,3 = σ1,2,3. Throughout this paper, we
shall use x-RVP, y-RVP, and z-RVP to represent the x, y, and z
components of RVP, respectively.

For each type of random field Vj, its effective strength
is measured by a specific strength parameter ∆ j. For a given
material, the value of ∆ j is regarded as a constant in the non-
interacting limit. The interaction between free fermions and
random potentials renormalizes all the model parameters. Un-
der proper conditions, this interaction could trigger an insta-
bility of the system towards a new phase. In the next section,
we carry out a RG analysis to obtain the flow equations of all
the model parameters and investigate the stability of double-
and triple-TQCPs.

3. Renormalization group analysis
In order to perform RG analysis,[67] one needs to first de-

fine the action of a TQCP at a high energy scale Λ , which
serves as an ultraviolet (UV) cutoff. The cutoff Λ can be
quantitatively determined by the lattice spacing. But the pre-
cise value of Λ is unimportant and does not affect the fi-
nal RG results. Now let us introduce a tuning parameter b
and use this parameter to define a momentum shell bΛ <√

A2
⊥k4
⊥+A2

z k4
z <Λ for double-TQCP and a momentum shell

bΛ <
√

B2k6
⊥+A2k4

z < Λ for triple-TQCP. Then we integrate
over all the modes inside the momentum shell by using the
functional integral formalism.[67] The action obtained after
such calculations is defined in the reduced range of [0,bΛ ].
Next, we re-scale all the field operators and all the model pa-
rameters, and obtain a new action defined in the range of [0,Λ ].
Comparing this new action to the original action, we would be
able to determine how the model parameters flow as the en-
ergy scale is changed.[67] We are especially interested in the
low-energy behavior of the model parameters. For this pur-
pose, we follow Ref. [67] and introduce a freely varying pa-
rameter ℓ to express b as b = e−ℓ. At the UV cutoff Λ , ℓ= 0.
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In the lowest-energy limit, ℓ→ +∞. The RG flow of a model
parameter can be well described by the ℓ-dependence of this
parameter.[67] The detailed RG calculations are presented in
Appendix A. Below we only provide the final RG equations.

For double-TQCP, we obtain the following flow equations
for the model parameters:

dA⊥
dℓ

= −9
2
(∆0 +∆1 +∆2 +∆3)A⊥, (10)

dAz

dℓ
= −9

2
(∆0 +∆1 +∆2 +∆3)Az, (11)

d∆0

dℓ
=

1
2

∆0 +
39
4

∆
2
0 +

103
4

∆0 (∆1 +∆2 +∆3) , (12)

d∆1

dℓ
=

1
2

∆1−
25
4

∆0∆1 +8∆
2
0 +

7
4

∆
2
1

+8∆
2
2 +8∆

2
3 +

71
4

∆1 (∆2 +∆3) , (13)

d∆2

dℓ
=

1
2

∆2−
25
4

∆0∆2 +8∆
2
0 +8∆

2
1

+
7
4

∆
2
2 +8∆

2
3 +

71
4

∆2 (∆1 +∆3) , (14)

d∆3

dℓ
=

1
2

∆3−
25
4

∆0∆3 +8∆
2
0 +8∆

2
1

+8∆
2
2 +

7
4

∆
2
1 +

71
4

∆3 (∆1 +∆2) . (15)

Here, we have re-scaled four parameters ∆ j with j = 0,1,2,3
as follows:

Γ (1/2)Γ (1/4)∆ j

72Γ (3/4)π2A⊥
√

AzΛ
→ ∆ j. (16)

These re-scaled parameters ∆ j now become dimensionless and
can be used to measure the effective strength of the disordered
potentials. From this expression, one can see that increasing
A⊥ and/or Az tends to reduce the values of the re-scaled ∆ j.

For triple-QCP, the flow equations for model parameters
are given by

dB
dℓ

= −6(∆0 +∆1 +∆2 +∆3)B, (17)

dA
dℓ

= −6(∆0 +∆1 +∆2 +∆3)A, (18)

d∆0

dℓ
=

5
6

∆0 +∆0 (∆0 +∆1 +∆2)

+
79
7

∆0∆3 +
144
21

(∆2∆3 +∆1∆3) , (19)

d∆1

dℓ
=

5
6

∆1−
53
7

∆1 (∆0 +∆1)−
17
7

∆1∆2

+
55
7

∆1∆3 +
144
21

∆0∆3, (20)

d∆2

dℓ
=

5
6

∆2−
53
7

∆2 (∆0 +∆2)−
17
7

∆2∆1

+
55
7

∆2∆3 +
144
21

∆0∆3, (21)

d∆3

dℓ
=

5
6

∆3−
41
7

∆3∆0−
29
7

∆3 (∆1 +∆2)

− 5
7

∆
2
3 +

36
7
(
∆

2
0 +∆

2
1 +∆

2
2
)
. (22)

Similar to the case of DQCP, we have re-scaled the parameters
∆ j as follows:

Γ (1/3)Γ (1/4)∆ j

72π2Γ (7/12)A1/2B2/3Λ 5/6 → ∆ j. (23)

After performing such re-scaling transformations, ∆ j become
dimensionless and serve as effective disorder strength param-
eters. Increasing A and/or B drives ∆ j to decrease.

3.1. Double-TQCP

We first consider double-TQCP. Suppose that the system
contains only RSP at some high energy scale, at which the
disorder strength parameter ∆0 takes a small constant value.
Once the coupling between RSP and fermions is taken into ac-
count, ∆0 is renormalized and becomes a function of the vary-
ing parameter ℓ. To obtain the concrete ℓ-dependence of ∆0,
we solve the coupled RG equations given by Eqs. (10)–(15)
in a self-consistent manner and present the results in Fig. 3(a).
We observe that ∆0 initially takes certain small bare value at
ℓ= 0 and increases rapidly with growing ℓ as the consequence
of the interaction-induced renormalization. The ∆0 eventually
flows to infinity as ℓ grows to reach a finite value ℓc. These
results indicate that RSP is a relevant perturbation at low en-
ergies and can substantially affect the low-energy behavior of
the fermions excited at double-TQCP. The runaway behavior
of ∆0 could be interpreted as a signature of the occurrence of
a transition from double-TQCP into a CDM phase, which is
characterized by the generation of a finite disorder scattering
rate.
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Fig. 3. Flows of disorder strength parameters at double-TQCP with
pure RSP. Blue, red, green, black, magenta lines correspond to ∆0,0 =
0.001,0.005,0.01,0.05,0.1, respectively.

The RG flows of ∆1, ∆2, and ∆3 are shown in Figs. 3(b)–
3(c), respectively. As we just mentioned, there is only RSP at
some specific high energy scale, implying that ∆1 =∆2 =∆3 =

0 at ℓ = 0. As ℓ increases from zero, the coupling between
fermions and RSP drives ∆1, ∆2, and ∆3 to acquire nonzero
values. It appears that RSP is capable of generating RVP in the
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low-energy region, even though RVP does not exist at high en-
ergies. When ℓ→ ℓc, ∆1, ∆2, and ∆3 all flow to infinity. There-
fore, the dynamically generated RVP should also be identified
as a relevant perturbation at low energies. The RSP and the
generated RVP cooperate to turn the double-TQCP into a sta-
ble CDM phase.

Given that RSP can induce RVP, one might want to exam-
ine whether RVP could generate RSP. To address this issue, we
assume that there is only one component of RVP, say x-RVP,
at some high energy scale. We solve the RG equations and
show the ℓ-dependence of the parameters ∆0, ∆1, ∆2, and ∆3

in Fig. 4. One can see that ∆0 is always vanishing as ℓ grows
from zero. In contrast, ∆1 starts from a small finite value and
flows at a high speed to infinity as ℓ increases. ∆2 and ∆3

both vanish at ℓ= 0, but acquire nonzero values at finite ℓ. As
ℓ becomes sufficiently large, ∆1, ∆2, and ∆3 exhibit runaway
behavior simultaneously. We obtain the same results if x-RVP
is replaced with y-RVP or z-RVP. We thus draw two conclu-
sions. First, any single component of RVP can generate other
components of RVP, but can never generate RSP. Second, any
single component RVP alone suffices to turn the double-TQCP
to undergo a CDM transition.

∆
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Fig. 4. Flows of disorder strength parameters at double-TQCP with
pure x-RVP. Blue, red, green, black, magenta line represent ∆1,0 =
0.001,0.005,0.01,0.05,0.1, respectively.

What is the low-energy behavior of the double-TQCP if
there are two or three components of RVP at some high energy
scale? We have studied these two possibilities and find that in
both cases ∆0, ∆1, ∆2, and ∆3 flow to infinity. Therefore, while
RSP cannot be generated by one single component of RVP, it
can be generated by two or three components of RVP.

All of the above results lead us to the conclusion that the
double-TQCP is unstable against disorder and can be easily
turned into a CDM phase by any type of disorder.

3.2. Triple-TQCP

For triple-TQCP, we solve the RG equations of model pa-
rameters given by Eqs. (17)–(22). As in the case of double-
TQCP, we are particularly interested in the stability of the
triple-TQCP against disorder scattering.

Now consider the case in which only RSP exists at a cho-
sen high energy scale with ℓ = 0. All the model parameters
begin to flow as ℓ grows from zero. The RG flows of ∆0, ∆1,
∆2, and ∆3 are depicted in Figs. 5(a)–5(d). The RSP parameter
∆0 tends to diverge when ℓ approaches to a finite value ℓc. The
three RVP parameters ∆1, ∆2, and ∆3 develop nonzero values
once ℓ becomes finite and they all diverge in the limit ℓ→ ℓc.
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Fig. 5. Flows of disorder strength parameters at triple-TQCP with
pure RSP. Blue, red, green, black, magenta lines represent ∆0,0 =
0.001,0.005,0.01,0.05,0.1, respectively.

Next we assume that the system has only x-RVP at high
energies and examine what would happen as the energy scale
is lowered. According to the numerical results illustrated in
Fig. 6, ∆1 flows to infinity starting from some finite bare value
and the other three parameters ∆0, ∆2, ∆3 flow from zero to
infinity. Similar results are obtained if x-RVP is replaced with
y-RVP.
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Fig. 6. Flows of disorder strength parameters at triple-TQCP with
only x-RVP. Blue, red, green, black, magenta lines represent ∆1,0 =
0.001,0.005,0.01,0.05,0.1, respectively.

Based on the above results, we conclude that RSP, x-RVP,
and y-RVP affect the low-energy properties of triple-TQCP in
a very similar way. In particular, any of them can generate all
the rest types of disorders and drive the triple-TQCP to enter
into a CDM phase.

Remarkably, we find that z-RVP plays a completely dif-
ferent role. To demonstrate this, we assume that ∆3 takes a
small bare value and set ∆0 = ∆1 = ∆2 = 0 at ℓ = 0. As ℓ is
growing, ∆0, ∆1, and ∆2 do not flow at all, and remain zero for
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all values of ℓ. From Fig. 7, we see that ∆3 flows to the same
constant value in the limit of ℓ→ ∞, independent of the initial
values of ∆3(ℓ = 0). This result indicates that z-RVP cannot
generate the other types of disorders. Since ∆3 does not di-
verge in the lowest energy limit, the triple-TQCP is stable and
does not undergo any phase transition.

∆
3

l

0 10 15 20
10-4

10-3

10-2

10-1

100

101

102

5

Fig. 7. Flows of disorder strength parameters at triple-TQCP with
pure z-RVP. Blue, red, green, black, magenta lines represent ∆3,0 =
0.001,0.005,0.01,0.05,0.1, respectively.

It is interesting to understand why z-RVP is so different
from other disorders. We address this problem by analyzing
the flow equation of the strength parameter ∆3 for z-RVP. After
setting ∆0 = ∆1 = ∆2 = 0, the flow equation (22) is simplified
to

d∆3

dℓ
=

5
6

∆3−
5
7

∆
2
3 . (24)

To determine the fixed points of ∆3, we need to solve the equa-
tion d∆3/dℓ = 0. This equation has two solutions: ∆ ∗3 = 0
and ∆ ∗3 = 7/6. In the infrared region, the Gaussian fixed point
∆ ∗3 = 0 is unstable, whereas the other fixed point ∆ ∗3 = 7/6
is stable. Therefore, the triple-TQCP is stable in the clean
limit (∆3 = 0), but adding an arbitrary weak z-RVP to the sys-
tem drives ∆3 to flow to the constant value ∆ ∗3 = 7/6. At the
stable fixed point, the system should be identified as a disor-
dered quantum critical state characterized by strong fermion-
disorder interaction since ∆ ∗3 is large in magnitude.

The special role played by z-RVP should be attributed to
the peculiar dispersion of the fermions excited at triple-TQCP.
Recall the fermion dispersion at triple-TQCP has the following
two terms: (

k3
x −3kxk2

y
)

σ1,
(
k3

y −3kyk2
x
)

σ2. (25)

These two terms are odd in fermion momentum. Owing to this
property, the contribution of Fig. A1(c) and that of Fig. A1(d)
are equal in magnitude but opposite in sign. Thus their con-
tributions cancel each other, provided that z-RVP exists alone
at triple-TQCP. For this reason, z-RVP cannot generate other
disorders. The situation is distinct for double-TQCP, at which
the fermion dispersion has the following two terms:(

k2
x − k2

y
)

σ1, kxkyσ2. (26)

These two terms are even in fermion momentum. The contri-
butions from Figs. A1(c) and A1(d) have the same sign, and
thus do not cancel.

4. Summary and discussion

In summary, we have examined the stability of the TQCPs
between topologically trivial BI phase and topologically non-
trivial double- and triple-WSM phases against various disor-
ders, including RSP and the three components of RVP. We
carry out an extensive RG analysis and derive the coupled flow
equations of all the model parameters. After comparing the
impact of disorders, we show that these two TQCPs exhibit
different behaviors when disorders are introduced. For double-
TQCP, the system is unstable and can be readily turned into a
CDM phase by any type of disorder. For triple-TQCP, the sys-
tem is also unstable towards CDM phase due to RSP, x-RVP,
or y-RVP. However, the triple-TQCP is stable against z-RVP.

The disordered quantum critical state realized by the sta-
ble fixed point of z-RVP at triple-TQCP deserves a more in-
depth investigation. The strength parameter ∆ ∗3 exceeds unity,
thus the system already falls into the strong-coupling regime.
Two questions arise at this stage. Does this strong-coupling
fixed point really exist at all? If the answer is positive, then
is the value of ∆ ∗3 accurate? Our RG calculations are carried
out by taking disorder strength parameters as the series expan-
sion parameters. Once ∆ ∗3 > 1, the reliability of the RG results
needs to be examined more carefully. A possibility is that such
a strong-coupling fixed point does exist, but the precise value
of ∆ ∗3 should be computed with higher precision. It would be
interesting to go beyond perturbative RG and use suitable non-
perturbative techniques, such as exact diagonalization,[68,69]

kernel polynomial method,[70–72] and Lanczos method,[71–73]

to explore the putative strong-coupling fixed point driven by
z-RVP at triple-TQCP and determine the precise value of ∆ ∗3 .

Apart from disorder scattering, the gapless fermions
emergent at the double- and triple-TQCPs are also subjected to
the Coulomb interaction. Recent works have revealed that the
Coulomb interaction may lead to a series of interesting effects
at double-TQCP[24,25] and at triple-TQCP[23] in the absence
of disorders (i.e., clean limit). As a future project, we will
study the influence of the interplay of disorder scattering and
Coulomb interaction on the low-energy properties of double-
and triple-TQCPs.

Appendix A: Derivation of RG equations

We fist derive the RG equations of model parameters for
double-TQCP. The Feynman diagrams to be used in our cal-
culations are collected in Fig. A1.
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Fig. A1. The Feynman diagrams used in RG calculations. Diagram
shown by (a) is the one-loop fermion self-energy correction. Diagrams
shown by (b)–(d) are the one-loop corrections to the effective quartic
coupling term given by Eq. (9).

The fermion self-energy function, represented by
Fig. A1(a), is calculated at one-loop level as follows:

Σd =
3

∑
j=0

∆ j

∫ ′ d3𝑘

(2π)3 σ jGd0(ω,𝑘)σ j, (A1)

where the prime appearing in
∫ ′ implies that the integration

is performed within the momentum shell defined at the begin-
ning of Section 3. Substituting Eq. (3) into Eq. (A1), we obtain

Σd =−iωΣdω , (A2)

where

Σdω = ∑
j

Γ
( 1

2

)
Γ
( 1

4

)
∆ j

16π2Γ
( 3

4

)
A⊥
√

AzΛ
ℓ. (A3)

The correction to the the effective quartic term due to the dia-
gram of Fig. A1(b) is

W (b)
d = ∑

i=0
W (b)

di , (A4)

where

W (b)
di = ∑

j
∆i∆ j

(
ψ

†
aΓiψa

)
×
∫ ′ d3𝑘

(2π)3

[
ψ

†
bΓjGd0(0,𝑘)ΓiGd0(0,𝑘)Γjψb

]
. (A5)

Substituting the expression of fermion propagator as shown in
Eq. (3) into Eq. (A5), we get

W (b)
d0 = ∆0 (∆0 +∆1 +∆2 +∆3)

×
Γ
( 1

2

)
Γ
( 1

4

)
ℓ

12π2Γ
( 3

4

)
A⊥
√

AzΛ

(
ψ

†
aΓ0ψa

)(
ψ

†
bΓ0ψb

)
, (27)

W (b)
d1 = ∆0 (−∆0−∆1 +∆2 +∆3)

×
Γ
( 1

2

)
Γ
( 1

4

)
ℓ

36π2Γ
( 3

4

)
A⊥
√

AzΛ

(
ψ

†
aΓ1ψa

)(
ψ

†
bΓ1ψb

)
, (A7)

W (b)
d2 = ∆0 (−∆0 +∆1−∆2 +∆3)

×
Γ
( 1

2

)
Γ
( 1

4

)
ℓ

36π2Γ
( 3

4

)
A⊥
√

AzΛ

(
ψ

†
aΓ2ψa

)(
ψ

†
bΓ2ψb

)
, (A8)

W (b)
d3 = ∆0 (−∆0 +∆1 +∆2−∆3)

×
Γ
( 1

2

)
Γ
( 1

4

)
ℓ

36π2Γ
( 3

4

)
A⊥
√

AzΛ

(
ψ

†
aΓ3ψa

)(
ψ

†
bΓ3ψb

)
. (A9)

The corrections from Figs. A1(c) and A1(d) are

W (c)+(d)
d =

3

∑
i=0

∑
i≤ j≤3

W (c)+(d)
di j , (A10)

where

W (c)+(d)
di j = 2∆i∆ j

∫ ′ d3𝑘

(2π)3

(
ψ

†
aΓiGd0Γjψa

)
×
{

ψ
†
b [ΓjGd0(0,𝑘)Γi +ΓiGd0(0,−𝑘)Γj]ψb

}
.

(A11)

Using the expression of the fermion propagator, we, after com-
pleting tedious calculations, arrive at

W (c)+(d)
d =

{
2∆0 (∆1 +∆2 +∆3)

(
ψ

†
aΓ0ψa

)
(ψ†

bΓ0ψb)

+
[
∆

2
0 +∆

2
1 +∆

2
2 +∆

2
3 +2∆1 (∆2 +∆3)

]
×
(
ψ

†
aΓ1ψa

)
(ψ†

bΓ1ψb)

+
[
∆

2
0 +∆

2
1 +∆

2
2 +∆

2
3 +2∆2 (∆1 +∆3)

]
×
(
ψ

†
aΓ2ψa

)
(ψ†

bΓ2ψb)

+
[
∆

2
0 +∆

2
1 +∆

2
2 +∆

2
3 +2∆3(∆1 +∆2)

]
×
(
ψ

†
aΓ3ψa

)
(ψ†

bΓ3ψb)
} Γ

( 1
2

)
Γ
( 1

4

)
ℓ

18π2Γ
( 3

4

)
A⊥
√

AzΛ
.

(A12)

According to Eqs. (27)–(A9) and (A12), the corrections for
parameters ∆i are

δ∆0 = [3∆0 (∆0 +∆1 +∆2 +∆3)+4∆0 (∆1 +∆2 +∆3)]

×
Γ
( 1

2

)
Γ
( 1

4

)
ℓ

18π2Γ
( 3

4

)
A⊥
√

AzΛ
, (A13)

δ∆1 =
[
2∆

2
0 +∆

2
1 +2∆

2
2 +2∆

2
3 +∆1 (−∆0 +5∆2 +5∆3)

]
×

Γ
( 1

2

)
Γ
( 1

4

)
ℓ

18π2Γ
( 3

4

)
A⊥
√

AzΛ
, (A14)

δ∆2 =
[
2∆

2
0 +2∆

2
1 +∆

2
2 +2∆

2
3 +∆2 (−∆0 +5∆1 +5∆3)

]
×

Γ
( 1

2

)
Γ
( 1

4

)
ℓ

18π2Γ
( 3

4

)
A⊥
√

AzΛ
, (A15)

δ∆3 =
[
2∆

2
0 +2∆

2
1 +2∆

2
2 +∆

2
3 +∆3 (−∆0 +5∆1 +5∆2)

]
×

Γ
( 1

2

)
Γ
( 1

4

)
ℓ

18π2Γ
( 3

4

)
A⊥
√

AzΛ
. (A16)

The original action has the form

S =
∫ dω

2π

d3𝑘

(2π)3 ψ
†(ω,𝑘)[iω− (A⊥

(
k2

x − k2
y
)

σ1
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+2A⊥kxkyσ2 +Azk2
z σ3)]ψ(ω,𝑘)

+
3

∑
j=0

∆ j

2

∫ dω1dω2 d3𝑘1 d3𝑘2 d3𝑘3

(2π)11

× [ψa(ω1,𝑘1)Γjψa(ω1,𝑘1)]

× [ψb(ω2,𝑘3)Γjψb(ω2,−𝑘1−𝑘2−𝑘3)]. (A17)

Incorporating the fermion self-energy Σd and corrections to
the quartic fermion-fermion couplings, the action becomes

S =
∫ dω

2π

d3𝑘

2π
ψ

†(ω,𝑘)[iω (1+Σdω)− (A⊥
(
k2

x − k2
y
)

σ1

+2A⊥kxkyσ2 +Azk2
z σ3)]ψ(ω,𝑘)

+
3

∑
j=0

∆ j +δ∆ j

2

∫ dω1dω2 d3𝑘1 d3𝑘2 d3𝑘3

(2π)11

× [ψa(ω1,𝑘1)Γjψa(ω1,𝑘1)]

× [ψb(ω2,𝑘3)Γjψb(ω2,−𝑘1−𝑘2−𝑘3)] . (A18)

In order to compare the interaction-corrected action to the
original action, we make the following scaling transforma-
tions:

ω = bω
′, (A19)

kx = b1/2k′x, (A20)

ky = b1/2k′y, (A21)

kz = b1/2k′z, (A22)

ψ = Zψ ψ
′, (A23)

A′⊥ = ZA⊥A⊥, (A24)

A′z = ZAz Az, (A25)

∆
′
0 = Z0∆0, (A26)

∆
′
1 = Z1∆1, (A27)

∆
′
2 = Z2∆2, (A28)

∆
′
3 = Z3∆3. (A29)

Then we obtain

Zψ = b7/4 (1+Σdω)
1/2 , (A30)

ZA⊥ = (1−Σdω) , (A31)

ZAz = (1−Σdω) , (A32)

Z0 = (1−2Σdω)b−1/2
(

1+
δ∆0

∆0

)
, (A33)

Z1 = (1−2Σdω)b−1/2
(

1+
δ∆1

∆1

)
, (A34)

Z2 = (1−2Σdω)b−1/2
(

1+
δ∆2

∆2

)
, (A35)

Z3 = (1−2Σdω)b−1/2
(

1+
δ∆3

∆3

)
. (A36)

Based on all of these results, it is straightforward to derive the
RG equations given by Eqs. (10)–(12) of the main text.

Then we derive the RG equations of the model parame-
ters for triple-TQCP. The Feynman diagrams in need are also
collected in Fig. A1.

The fermion self-energy function, represented by
Fig. A1(a), at the one-loop level is calculated as

Σt =
3

∑
j=0

∆ j

∫ ′ d3𝑘

(2π)3 σ jGt0(ω,𝑘)σ j. (A37)

Here, the integration is also carried out within the momentum
shell defined in Section 3. Substituting Eq. (6) into Eq. (A36)
leads to

Σt =−iωΣtω , (A38)

where

Σtω = ∑
j

∆ j
ℓ

12π2Λ 5/6

B(1/3,1/4)
A1/2B2/3 . (A39)

The correction to the effective quartic coupling term due to the
diagram of Fig. A1(b) is

W (b)
t = ∑

i=0
W (b)

ti , (A40)

where

W (b)
ti = ∑

j
∆i∆ j

(
ψ

†
aΓiψa

)
×
∫ ′ d3𝑘

(2π)3

[
ψ

†
bΓjGt0(0,𝑘)ΓiGt0(0,𝑘)Γjψb

]
. (A41)

Substituting the fermion propagator Eq. (6) into Eq. (A41), we
get

W (b)
t0 = ∆0 (∆0 +∆1 +∆2 +∆3)

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

24π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

(
ψ

†
aΓ0ψa

)(
ψ

†
bΓ0ψb

)
,

(A42)

W (b)
t1 = ∆0 (−∆0−∆1 +∆2 +∆3)

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

56π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

(
ψ

†
aΓ1ψa

)(
ψ

†
bΓ1ψb

)
,

(A43)

W (b)
t2 = ∆0 (−∆0 +∆1−∆2 +∆3)

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

56π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

(
ψ

†
aΓ2ψa

)(
ψ

†
bΓ2ψb

)
,

(A44)

W (b)
t3 = ∆0 (−∆0 +∆1 +∆2−∆3)

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

168π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

(
ψ

†
aΓ3ψa

)(
ψ

†
bΓ3ψb

)
.

(A45)

The corrections from Figs. A1(c) and A1(d) are

W (c)+(d)
t =

3

∑
i=0

∑
i≤ j≤3

W (c)+(d)
ti j , (A46)
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where

W (c)+(d)
ti j = 2∆i∆ j

∫ ′ d3𝑘

(2π)3

(
ψ

†
aΓiGt0Γjψa

)
×
{

ψ
†
b [ΓjGt0(0,𝑘)Γi +ΓiGt0(0,−𝑘)Γj]ψb

}
.

(A47)

Straightforward computations of this integral give rise to

W (c)+(d)
t =

{
4
(

1
84

∆2∆3 +
1
84

∆1∆3 +
1

56
∆0∆3

)
×
(
ψ

†
aΓ0ψa

)(
ψ

†
bΓ0ψb

)
+4
(

1
84

∆0∆3 +
1
56

∆1∆3

)(
ψ

†
aΓ1ψa

)(
ψ

†
bΓ1ψb

)
+4
(

1
84

∆0∆3 +
1
56

∆2∆3

)(
ψ

†
aΓ2ψa

)(
ψ

†
bΓ2ψb

)
+

[
4
(

1
84

∆0∆2 +
1

84
∆0∆1

)
+2

× 1
56
(
∆

2
0 +∆

2
1 +∆

2
2 +∆

2
3
)](

ψ
†
aΓ3ψa

)(
ψ

†
bΓ3ψb

)}
×

Γ
( 1

3

)
Γ
( 1

4

)
ℓ

π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

. (A48)

According to Eqs. (A42)–(A45) and (A48), the corrections for
∆i satisfy

δ∆0 =
(
7∆0(∆0 +∆1 +∆2 +∆3)

+16∆2∆3 +16∆1∆3 +24∆0∆3
)

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

168π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

, (A49)

δ∆1 = (3∆0(−∆0−∆1 +∆2 +∆3)+16∆0∆3 +24∆1∆3)

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

168π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

, (A50)

δ∆2 = (3∆0(−∆0 +∆1−∆2 +∆3)+16∆0∆3 +24∆2∆3)

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

168π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

, (A51)

δ∆3 =
[
∆0(−∆0 +∆1 +∆2−∆3)+16(∆0∆2 +∆0∆1)

+12
(
∆

2
0 +∆

2
1 +∆

2
2 +∆

2
3
)]

×
Γ
( 1

3

)
Γ
( 1

4

)
ℓ

168π2Γ
( 7

12

)
A1/2B2/3Λ 5/6

. (A52)

The original action is of the form

S =
∫ dω

2π

d3𝑘

(2π)3 ψ
†(ω,𝑘)

(
iω−B[(k3

x −3kxk2
y)σx

+(k3
y −3kyk2

x)σy]−Ak2
z σz
)
ψ(ω,𝑘)

+
3

∑
j=0

∆ j

2

∫ dω1 dω2 d3𝑘1 d3𝑘2 d3𝑘3

(2π)11

× [ψa(ω1,𝑘1)Γjψa(ω1,𝑘1)]

× [ψb(ω2,𝑘3)Γjψb(ω2,−𝑘1−𝑘2−𝑘3)] . (A53)

Incorporating the fermion self-energy Σt and the corrections to
the quartic coupling changes the action to

S =
∫ dω

2π

d3𝑘

(2π)3 ψ
†(ω,𝑘)(iω(1+Σtω)−B[(k3

x −3kxk2
y)σx

+(k3
y −3kyk2

x)σy]−Ak2
z σz)ψ(ω,𝑘)

+
3

∑
j=0

∆ j +δ∆ j

2

∫ dω1dω2 d3𝑘1 d3𝑘2 d3𝑘3

(2π)11

× (ψa(ω1,𝑘1)Γjψa(ω1,𝑘1))
(
ψb(ω2,𝑘3)

×Γjψb(ω2,−𝑘1−𝑘2−𝑘3)
)
. (A54)

Then make the following re-scaling transformations:

ω = bω
′, (A55)

kx = b1/3k′x, (A56)

ky = b1/3k′y, (A57)

kz = b1/2k′z, (A58)

ψ = Zψ ψ
′, (A59)

B′ = ZBB, (A60)

A′ = ZAA, (A61)

∆
′
0 = Z0∆0, (A62)

∆
′
1 = Z1∆1, (A63)

∆
′
2 = Z2∆2, (A64)

∆
′
3 = Z3∆3. (A65)

The model parameters are renormalized by the fermion-
disorder interaction as follows:

Zψ = b19/12 (1+Σtω)
1/2 , (A66)

ZB = (1−Σtω) , (A67)

ZA = (1−Σtω) , (A68)

Z0 = (1−2Σtω)b−5/6
(

1+
δ∆0

∆0

)
, (A69)

Z1 = (1−2Σtω)b−5/6
(

1+
δ∆1

∆1

)
, (A70)

Z2 = (1−2Σtω)b−5/6
(

1+
δ∆2

∆2

)
, (A71)

Z3 = (1−2Σtω)b−5/6
(

1+
δ∆3

∆3

)
. (A72)

From the transformations Eqs. (A60)–(A65), the relations
Eq. (A67)–(A72), the expressions (A39) and (A49)–(A49), we
eventually obtain the RG equations shown in Eqs. (17)–(22) in
the main text.
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[16] Dietl P, Piéchon F and Montambaux G 2008 Phys. Rev. Lett. 100

236405
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