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Explosive synchronization (ES) is a kind of first-order jump phenomenon that exists in physical and biological sys-
tems. In recent years, researchers have focused on ES between single-layer and multi-layer networks. Most research on
complex networks with delay has focused on single-layer or double-layer networks, multi-layer networks are seldom ex-
plored. In this paper, we propose a Kuramoto model of frequency weights in multi-layer complex networks with delay and
star connections between layers. Through theoretical analysis and numerical verification, the factors affecting the backward
critical coupling strength are analyzed. The results show that the interaction between layers and the average node degree
has a direct effect on the backward critical coupling strength of each layer network. The location of the delay, the size of the
delay, the number of network layers, the number of nodes, and the network topology are revealed to have no direct impact
on the backward critical coupling strength of the network. Delay is introduced to explore the influence of delay and other

related parameters on ES.

Keywords: multi-layer networks, Kuramoto model, explosive synchronization, delay

PACS: 05.45.Xt, 89.75.-k, 89.75.Fb

1. Introduction

The origin of complex networks can be traced back to
the Swiss mathematician Euler’s “Seven Bridges” problem.
Because of the common topological statistical properties of
networks in reality, the small-world network characteristics!!!
proposed in 1998 and the scale-free network characteristics?!
proposed in 1999 have made complex networks a hot research
topic. They have become the focus of many disciplines such
as graph theory, computer science, biological science, eco-
nomics, sociology, and nonlinear dynamics.*®! In complex
networks, the interaction between nodes results in nonlinear
synchronization, such as the flash of fireflies, the chirp of
crickets, the applause of music venues, and the synchronous
discharge of brain nerves, etc.!”"! Meanwhile, some engineer-
ing applications have synchronous behavior: the dumbbell net-

(28] the power grid and information

work of Wuhan University,
network, and so on.

The underlying mechanism behind nonlinear synchro-
nization has become the focus of complex dynamics. The

[10,11] phase

initial research based on the coupled Kuramoto
oscillator and the synchronization of the coupled chaotic os-
cillator shows that in most cases, the order parameter char-
acterizing the macroscopic cooperative motion of the system
continuously increases after passing through the phase tran-
sition point when the system changes from a noncoopera-

tive state to a cooperative state.['”) However, most existing
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research over the past decades only considered second-order
phase transition synchronization on single-layer and double-
layer networks.!!?~13] The first-order phase transition of com-
plex networks has not yet been discovered. After the discov-
ery of explosive seepage in random networks and scale-free
networks,[1%17] the first-order phase transition (explosive syn-
chronization, ES) in complex networks was found and has at-
tracted extensive attention. The early ES required highly het-
erogeneous network topology, which greatly limited research
of ES theory. Because of this heterogeneity, researchers pro-
posed the Kuramoto model based on frequency weight,!'8]
which makes ES independent of special topological structure,
and it was then widely used for ES of single-layer complex
networks. Hu er al. also provided an accurate solution for the
ES phase transition point of a single-layer network.!'”! In ad-
dition, Wu et al. studied the effect of the single-layer network
with delay on ES.[?%2!l In the initial stages, ES was mainly
considered a single-layer network; ES on multi-layer networks
was in its infancy.

Thereafter, research on ES has extended from single-layer

[22-25] Lju et al. simulated the framework of

23

to multi-layer.
mutual co-evolution of networks!?3!, but the synchronization
between network layers was not explained. Shu et al. dis-
cussed the synchronization optimization problem of a multi-
layer network structure composed of a star structure chain. [>4]
However, the adopted inter-layer connection mode was only

connected through the hub node of the star network, and did
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not fully consider the impact of other leaf nodes on the inter-
layer synchronization of the network. Jalan et al. concluded
in a study of multi-layer networks that adjusting the network
properties of one layer can change the dynamic characteris-
tics of other layer networks.>>! The influence of ES between
layers was also verified, but the exact phase transition point
was not given. Yao et al. studied the Kuramoto model on a
double-layer network,?! providing the exact solution of the
backward phase transition point of ES but the multi-layer net-
work and the connection mode between layers were not dis-
cussed. Guo et al. extended it to multi-layer networks based
on Yao,"”’! summarizing the Kuramoto model on multi-layer
networks, and taking the star connection model as the research
object. This model discusses the interaction between networks
in the ideal state, but it lacks consideration of the delay in the
real network interaction, That is, the influence between the
non-delay layer and the delay layer.

Considering the disturbance in a real network, there is a
delay in the information exchange between the networks. In
the ES of complex networks, the synchronization between ac-
tual networks is not as ideal as the theory, there is a delay ef-
fect. To understand the stability of ES of multi-layer complex
networks more deeply and realize control of synchronization,
it is of practical and academic significance to study the ES
of multi-layer networks with delay. For example, it is of im-
portance to synchronization generation and control of multi-
layer complex systems with a time delay in real life, such as
in the synchronization of double-layer dumbbell networks. (8]
This paper develops a delay parameter based on this model,
and a coupling model with delay is derived which gives the
backward phase transition point theoretically. Additionally,
we study the influence of parameters on multi-layer ES with
delay.

The main contributions of this paper are as follows: (i)
The delay parameter is introduced into the multi-layer network
coupling synchronization, and a multi-layer star ES model
with delay is deduced. The influence of delay on ES is also
explored. (ii) Numerical results reveal the influence of dif-
ferent parameters on ES with delay, including average node
degree, inter-layer coupling strength, and network topology.

The structure of the rest of this paper is organized as fol-
lows: Section 2 introduces the Kuramoto model of a multi-
layer network with delay and analyzes the average field theory
of the model. Section 3 introduces the experimental results of
ES with different parameters using this model. Section 4 gives

the conclusion.

2. Model
2.1. Kuramoto model of a multilayer network

Compared with the Kuramoto model of a single-layer net-
work, the Kuramoto model of a multi-layer network is rela-

tively more complex. The topological structure of the multi-

layer star network is shown in Fig. 1.
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Fig. 1. Topological structure of multi-layer star network. A represents
the coupling strength in the layer (blue solid line), and h;; represents the
coupling strength between layer i-th and layer j-th (black dotted line).
(a) 2-layer network. (b) 3-layer network. (c) m-layer network. The red
dot represents the center layer, and the blue dots represent the leaf layer.

The ES of multi-layer complex networks needs to be di-
vided into the central layer and the leaf layer by the coupling
strength. The central layer acts on all leaf layers, such as layer
1 in Fig. 1. Assuming that each layer of the network contains
N coupled oscillators, Guo et al.’?’l gave the Kuramoto for-

mula of the multi-layer star network:

6 = o+ @_&Z:t}lla { ;V:lAij sin(6; — 6)
+ Yo hasin(8] - 6)] (1
6 = w;+ M { ]Y: A;jsin(0; — 6;)
(k) +hg L=
+higsin(8] - 6)|. )

Equation (1) is the equation of the center layer model, and
equation (2) is the leaf layer model, where i = 1,...,N and
a=2,...,m,irepresents the i-th oscillator in the center layer,
and a represents the a-th layer of the leaf layer. (k) represents
the average node degree of each network layer. A; represents
the intra-layer coupling strength of the a-th layer, &, repre-
sents the coupling strength between the central layer and the
a-th layer, 6; and 0; stand for the phase of the i-th and j-th
oscillators of the central layer, respectively, 9} represents the
phase of the node connected to the node i on the network of an-
other layer, and @; represents the absolute value of the natural

frequency of the i-th node. A;; represents the adjacency matrix
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M between multi-layer star networks, where the elements are

Ay hI - hI
hl Ay -+ 0

M= N ©)
hI 0 0 A,

where A; represents the adjacency matrix of the star network
of each layer, I,0 represent the identity matrix and the zero
matrices, respectively, and represent whether the layers are
connected.

Based on the coupling dynamic behavior formula be-
tween multi-layer star networks, the Kuramoto model of multi-
layer star networks is designed. Because the multi-layer star
network is composed of the center layer and the leaf layer, the
design is divided into two parts:

(i) Central layer with delay When the delay layer is the
central layer, as shown in Fig. 2, all networks in the leaf layer
will be directly affected by the delay. The purpose is to study
the synchronization of each layer of the network.
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Fig. 2. Central layer with delay.

At this, the dynamic formula is

(1) = o Ai|o] N o n(0:(— 1) — 6

(1) = 0+ v 2hla{ Y Ayjsin[6;(t — )~ 6,(1)]
+ Y hiasin [07(1) — 6,(1)] }, 4)

A la i .

010) = o+ 5T { T Aysinfo ) - 010)
+hiasin [0)(1) — 6:(1)] } )

Equation (4) is the Kuramoto model of the central layer and
equation (5) is the Kuramoto model of the leaf layer.

(ii) Leaf layer with delay When the leaf layer with de-
lay, the central layer connected to it is directly affected by the
delay layer, while all the remaining leaf layers are not directly
affected by the delay layer, but are indirectly affected by the
delay layer, as shown in Fig. 3. The purpose is to study the
synchronization of each layer of the network when the delay
layer directly acts on one layer of the network or indirectly
acts on other network layers.
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Fig. 3. Leaf layer with delay.

Compared with the first one, the leaf layer at this needs
to be divided into a delay layer and a non-delay layer, so the
dynamic formula is

) Ai |y .

6(1) = o + m{ Y Aysin[6;(0) — 6,(1)]
+ Y hiasin[01() — 6,(1)] } ©6)

A Aa (3 -

6:(1) = o + <k>|+“’h|1{ Y Aijsin[6;(t — ) — 6,(1)]
+higsin [01(1) — 6,(1)] } )

Equation (6) is the Kuramoto model of the central layer, equa-
tion (7) is the Kuramoto model of the leaf layer with a delay
layer, and the Kuramoto model of the leaf layer without delay
is the same as Eq. (4).

2.2. Theoretical analysis

To facilitate the research, this paper uses the same topol-
ogy and natural frequency of the nonfully connected star net-
work to form a multi-layer network model. Based on the case
that delay is introduced into different layers, it is necessary
to analyze the dynamic evolution of Kuramoto oscillators with
delay introduced into the center layer and the leaf layer respec-
tively.

2.2.1. Backward phase transition with delay in the cen-
tral layer

When the average node degree is large enough, ignoring
the fluctuation under the thermodynamic limit conditions, tak-
ing the Kuramoto model, equation (4), of the central layer as
an example, equation (4) can be rewritten as

6(r) = a),»+’1<|k“>”| +Zfzh1ak/dk’/d9’k?k(;€)
xp(K';0',1)sin [6] (t — T) — 6;(1)]
ll' |(D,"
(k) + Xan h1a

where P(k’) denotes the degree distribution function and

Y hiasin[6](e) — 6:(1)],  (®)

p(k';0’,r) denotes the probability density function of the os-
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cillator with node K and phase at time ¢. Based on the defini-
tion of order parameter,'?°! 6/ represents the phase of the i-th
node with delay, and 6/ represents the phase corresponding
to the i-th node in the leaf layer network. The formula of the
corresponding order parameter is defined as

. 1 .
iy _ / l / Y i6
Re —<k>k/dk /de P(K)p(K;0' 1)e'?, 9)

where y represents the average phase of the network, R C
[0,1]. When R = 0, this means non-complete homomorphism;
when R = 1, this denotes complete homomorphism, i.e., com-
plete synchronization.

Based on the mean-field theory and the self-consistent
theory,3%3!1 equation (9) is brought into Eq. (8), and then the
mean-field form is obtained as

Sy MOl
O = O T g LY — 610
Alwi| Yoo hia sin[0]" (1) — 6;(1)].  (10)

(k) +Laa ha
By defining the phase difference between the instanta-
neous phase of the network oscillator and the average phase
of the system as AB = 6 — y, equation (10) may be rewritten
as
A o] (k)
(k) + Xz hia
Aol Yr o h
|wz|):’¢:;2 la Sin[@i"(t) _
<k> + Za=2 hlﬂ

When the system tends to the synchronous state, the sys-

0(t) = w— Rsin(A6;)

6i(1)]. (11

tem is in the synchronous phase-locked state (¢) = 0, and
0/ (t) — 6;(t) ~ 0, from which the phase at phase locking can
be obtained:
. arcsin(<k>J;E#)7 w; >0,
AG; = . W4T (12)
arcsin (—W) , @ <O0.

It can be seen from Eq. (12) that A§; with coupling
strength A the increase will gradually approach zero, the or-
der parameter equation can be written as follows:

Lvv o iae 1 ine iA6_
R:NZj:Iel JZE(GI +—|—e1 ), (13)
where AO; and AB_ represent synchronous states when the
natural frequencies are positive and negative, respectively. If

Eq. (12) is brought into Eq. (13), the following is obtained:

k) + ol s hal”
g (R mdTy 14
+ (2R (14)

The linear stability analysis of the homomorphism shows
that when Eq. (14) has a non-zero solution A, the value range

Zg2h1a>
A>2(14+=—=—). 15
>2(1+ 5 (s

is as follows:

From this, it can be concluded that the critical coupling
strength of the backward phase transition of the central layer
network is expressed as

o Zglzzhla
Abi —2<1+<k> ) . (16)

Similarly, the expression of the critical coupling strength
value of the backward phase transition of the leaf layer net-
work when the central layer contains delay can be deduced by
Eq. (5) as

hla)
Ao =2(14+—= . 17
b2 < 7 a7

2.3. Backward phase transition with delay in the leaf layer

The formula derivation process of the backward phase
transition point with delay in the leaf layer is similar to the
process of delay in the central layer, so we will not repeat it
here, and the results will be directly given by

Zglzhla)
Ao =2 ( 14 Za=2a ) 18
bl ( ) (18)

hla
The Kuramoto model, equation (6), of the central layer allows
deduction of the critical coupling strength of the backward
phase transition to be given by Eq. (18). The critical coupling
strength of the backward phase transition derived from Ku-
ramoto Eq. (7) with delay and Kuramoto Eq. (4) without delay
in the leaf layer is the same, which is Eq. (19).

From the above formulas, it is found that the delay does
not affect the critical coupling of the backward phase transi-
tion of explosion synchronization. From Eqgs. (14)—(19), it can
be seen that the inter-layer coupling strength % and the average
node degree (k) are the direct factors affecting ES. Increasing
the coupling strength between layers will increase the back-
ward critical coupling strength and hinder the backward phase
transition; conversely, increasing the average node degree will
reduce the backward critical coupling strength and promote
the backward phase transition. In addition, there are other in-
direct factors, such as the number of network layers m and the
number of network nodes N. The network topology does not
affect synchronization. To verify the theoretical analysis re-
sults, this paper will introduce the delay into the network layer
and conduct numerical simulations and experimental analyses.

3. Experimental analysis

In this section, the ES of multi-layer complex networks
with delay layers will be simulated in detail. In the experi-
ment, based on the previous theoretical analysis, the effects

of delay, average node degree, network layers, network nodes,
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and network topology on ES are studied after introducing a
delay. During the numerical simulation, the parameters and

parameter values are shown in Table 1.

Table 1. Simulation parameters.

Variable Parameter Simulation value
Yo ,hi, inter-layer coupling strength of the central layer 1,5, 10, 15, 30
hig inter-layer coupling strength of leaf layer 1,5, 10, 15,30
m number of network layers 2,3
(k) average node degree of network 40, 80, 100, 200
T delay parameter 1,2,3
N number of nodes in each layer of the network 100, 200
Topology network topology fully, ER, SW

3.1. Simulation of structural parameter change
3.1.1. The influence of inter-layer coupling strength on
ES

In this section, a double-layer fully connected network is
selected, with N = 200 for each layer. The first layer is set as
the delay layer, where delay T = 1 and the coupling strength
between layers is h = hip = 1, 5, 15, and 30. The influence of
coupling strength change between delay layers on the ES will

be discussed below.

1.0 1.0
p xX21
0.8ty 0.7453f 0.8} Y 0.7896 7
0.6 : 0.6
& . «
0.4 o 0.4

Fig. 4. Synchronous phase transition of the order parameter is changed
with delay. (@) h=hi; =1. (b) h=h;p=5. (¢c) h=hj;p =15.
(d) h = hy1p =30.

In Fig. 4, R1F and R1B curves respectively represent the
forward phase transition and backward phase transition curves
of the central layer, and R2F and R2B respectively represent
the forward phase transition and frontback phase transition
curves of the leaf layer. It can be seen from Fig. 4. that the
backward phase transition points of the center layer and the
leaf layer increases with the increase of the interlayer coupling
strength when the delay is determined, which is in line with
the theoretical results. The forward phase transition point de-
creases with the increase of interlayer coupling strength. It is
concluded that with delay, the interlayer coupling strength pro-
motes the forward phase transition and hinders the backward

phase transition.

3.1.2. The influence of average node degree and net-
work node number on ES

In this section, the Erdds Rényi random network (ER) is
used with the number of nodes N = 100, 200, and the aver-
age degree of nodes (k) = 40, 80. The first layer is set as the
delay layer, where the delay 7 = 1, the coupling strength be-
tween layers h = hjp = 10, and the frequency distribution is
the Lorentz distribution. Next, we will discuss the impact of
the average node degree and node parameters of the network
on ES with delay.

In Fig. 5, (a)—(b) and (c)—(d) have the same number of
nodes and different average node degrees. It can be seen from
the figure that the backward phase transition point in (a) is
larger than the phase transition point in (b), and has no effect
on the forward phase transition point. The same conclusion
is reached for (c) and (d). Panels (a) and (c), and (b) and (d),
have the same average node degree and different node num-
bers. From the figure, it is found that the backward phase tran-
sition of (a) and (c) is the same, and the same conclusion can
be obtained for (b) and (d). It can be concluded that when the
delay and inter-layer coupling strength are the same, the av-
erage node degree of the network hinders the backward phase
transition of explosive synchronization of the network, and has
no effect on the forward phase transition point; the number of
nodes in the network has no direct influence on the phase tran-
sition point of ES, which conforms to the theoretical derivation
in Egs. (16) and (17).

1.0

0.8

0.6

A

Fig. 5. Synchronous phase transition diagram at different average node
degrees. (a) N =100, (k) =40. (b) N =100, (k) = 80. (c) N = 200,
(k) = 40. (d) N = 200, (k) = 80.

3.1.3. The influence of network topology on ES

This section selects three network topologies: small-
world network (SW), fully connected network, and ER to
study the impact of different topologies on ES with the same

delay and layer coupling strength. The first layer is set as the
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delay layer, where the delay 7 = 1, the coupling strength be-
tween layers & = hy; = 10, and the frequency distribution is the
Lorentz distribution. The results of the simulations are shown
in the following figure.

In Fig. 6, when the delay and the inter-layer coupling
strength are the same, and the network topology is different,
although the change of the order parameter is different in the
phase transition process, the phase transition point remains un-
changed, that is, the network topology has no direct impact on
the ES.

1.0
0.8
0.6

«
0.4

0.2

Ox,

6

Fig. 6. Synchronous phase transition diagrams under different topologies.
(a) Small-world network (SW): N = 200, (k) = 100. (b) Fully connected
network (fully): N =100, (k) = 100. (c) Erdds Rényi random network
(ER): N =200, (k) = 100.

3.2. Simulation of delay parameter change

In the simulation experiment of structural parameters, it
is concluded that the average node degree of the network and
the coupling strength between layers are the direct factors that
affect the ES of multi-layer complex networks. Next, we will
discuss the influence of delay factors on ES.

3.2.1. Synchronous simulation with delay in the central
layer

This section uses a double-layer fully connected network
as the research object. The first layer is set as the central layer
and the other layer as the leaf layer. The number of nodes in
each layer of the network is N = 200, the coupling strength
between the layers is hjp = 10, and the effect of different de-
lay values on the ES of the central layer and the leaf layer is
explored.

In Fig. 7, the results of the backward phase transition
point in (a)—(c) are the same through different delay param-
eters of the central layer. The instantaneous delay value does
not change the backward phase transition point of ES, which
is consistent with the backward phase transition point formula
derived in the paper. For the forward phase transition point,
it will change the forward phase transition point of the central
layer and the leaf layer, and also affect the order parameter

value of the forward phase transition of the direct-acting leaf

layer.
1.0 1.0
X 2.1 X2.1
0.8} Y 0.7568 0.8} v 0.7608/
0.6 0.6
=~ =
0.4 0.4
0.2 0.2
0 ol
0 2 0 2 4 6
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Fig. 7. Phase transition diagram under different delay parameters (m = 2).
@t=1.0b)1=2.(c)T=3.

3.2.2. Synchronous simulation with delay in the leaf
layer

This section takes the three-layer fully connected network
as the research object. The first layer is set as the leaf layer, the
second layer as the center layer, and the third layer as the other
leaf layer. The number of nodes in each layer of the network is
N =200, and the coupling strength between layers is i1, = 10.
We explore the impact of the introduction time delay of the
leaf layer on the ES of the center layer and other leaf layers.

In Fig. 8, by introducing a delay in the leaf layer, we get
the same conclusion as for two layers. That is, the change of
delay parameter will not affect the backward critical coupling
strength, but will change the forward critical coupling value of
the interacting network, and affect the order parameter value
of the directly interacting network.

1.0

1.0

X2.2 e
0.8 Y 0.8051F ¢

0.6
S

0.4

0.2

o prre—

Fig. 8. Phase transition diagram with different delay parameters (m = 3).
@t=1(0b)t=2.(c)T=3.

4. Conclusion

In this paper, we study ES under a frequency-weighted,
coupled Kuramoto model for multi-layer networks with inter-
layer star network connections with delay. This paper mainly
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focuses on the influence of parameters on the backward critical
coupling strength after the introduction of delay. Through the-
oretical and experimental data analysis using this model, the
coupling strength between layers and the average node degree
of the network has a direct impact on the backward critical
coupling strength of ES. Increasing the coupling strength be-
tween layers will hinder the backward phase transition, and in-
creasing the average node degree of the network will promote
the backward phase transition. Then we explore the impact of
other parameters on ES in multi-layer networks and find that
the number of network layers, nodes, delay parameters, and
network topology make no difference in the backward phase
transition of the network, but the delay parameters have an
impact on the forward phase transition. The critical coupling
value of the backward phase transition is obtained by a mean-
field analysis, which proves the correctness of the experimen-
tal results.

To ensure the security of synchronization, Liu er al.3?!
studied the synchronization encryption scheme of two-layer
complex dynamic networks, and then optimized the synchro-
nization of multi-layer networks based on the graph compar-
ison method. 33! Li et al.’®* made more economic and more
research on the synchronization control of multi-layer com-
plex networks. This is of great significance to the generation
and control of multi-layer complex systems with time delays
in real life. The model proposed in this paper has a one-to-one
correspondence between nodes in the network layer. In real
life, a node may act as multiple nodes of the network in an-
other layer at the same time. Therefore, in the future it will
be worth studying the synchronization phenomenon of one-to-
many connected multilayer networks.
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