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Label propagation is an essential semi-supervised learning method based on graphs, which has a broad spectrum of
applications in pattern recognition and data mining. This paper proposes a quantum semi-supervised classifier based on
label propagation. Considering the difficulty of graph construction, we develop a variational quantum label propagation
(VQLP) method. In this method, a locally parameterized quantum circuit is created to reduce the parameters required in
the optimization. Furthermore, we design a quantum semi-supervised binary classifier based on hybrid Bell and Z bases
measurement, which has a shallower circuit depth and is more suitable for implementation on near-term quantum devices.
We demonstrate the performance of the quantum semi-supervised classifier on the Iris data set, and the simulation results
show that the quantum semi-supervised classifier has higher classification accuracy than the swap test classifier. This work
opens a new path to quantum machine learning based on graphs.

Keywords: semi-supervised learning, variational quantum algorithm, parameterized quantum circuit
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1. Introduction

Classification, one of the most common problems in ma-
chine learning, is devoted to predicting the labels of new in-
put data based on labeled data. Classification algorithms have
been widely applied in image processing, speech recognition,
and other fields. With the development of artificial intelligence
and cloud computing, data in classification tasks are expand-
ing rapidly. Still, most of them are unlabeled and need to be la-
beled by experienced annotators in advance. As labeling data
is expensive and time-consuming work,[1] researchers began
to study how to add unlabeled data into the training set and uti-
lize labeled and unlabeled data to build semi-supervised clas-
sifiers. Label propagation, a crucial semi-supervised learning
method, predicts the labels of unlabeled data based on graphs.
Semi-supervised classifiers based on label propagation pay
more attention to the internal relevance of data and have good
effects on the classification of multiple correlation data. How-
ever, as the scale of data grows, creating a graph requires a
higher computational cost. Implementing the semi-supervised
classifier based on label propagation becomes a challenging
task for classical computers.

Quantum machine learning, the intersection of quantum
physics and machine learning, offers potential speed-ups over
classical machine learning algorithms. Variational quantum
algorithms (VQAs) are the dominant strategy in the noisy
intermediate-scale quantum (NISQ) era. It is devoted to build-

ing hybrid quantum-classical models, where parameterized
quantum circuits construct the cost function of issues, and
classical computers train the parameters of quantum circuits
by minimizing cost functions. In VQAs, quantum devices fo-
cus on classically intractable problems and transfer the prob-
lems difficult to implement on quantum devices to classical
computers. Therefore, VQAs have lower requirements for
quantum resources and have become important methods for
implementing quantum machine learning tasks. At present,
VQAs have been applied in classification,[2–5] clustering,[6,7]

generative models,[8–10] dimensionality reduction,[11–13] etc.
Quantum systems represent data in the Hilbert space of

exponential dimension. Inspired by the advantages of quan-
tum systems in processing high-dimensional data, researchers
proposed a series of quantum classification algorithms.[14–17]

Considering the high computational complexity of kernel
computation, Rebentrostt[18] offered a quantum support vector
machine (QSVM) algorithm. This algorithm adopted quan-
tum matrix inversion[19] and a density matrix exponentiation
method[20] to implement binary classifier tasks, and achieved
exponential speed-ups over corresponding classical classifiers
under certain conditions. Schuld[21] proposed a quantum
distance-based classifier, which only used Hadamard gates and
two single-qubit measurements to implement binary classifi-
cation tasks. Blank[22] designed a quantum kernel classifier
based on quantum swap test operation, which is called a swap
test classifier. This classifier achieves good classification ac-
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curacies in non-linear classification tasks.
The label propagation method predicts labels of unlabeled

data by minimizing energy function, which is similar to cost
function optimization of VQAs. Inspired by the similarity be-
tween VQAs and label propagation, we adopt VQAs to design
a quantum label propagation method, and further implement
a quantum semi-supervised classifier based on predicted la-
bels. Our work has two main contributions. (i) A variable label
propagation method based on locally parameterized quantum
circuit is designed for the first time. The locally parameter-
ized quantum circuit can be used to implement VQAs with
only some unknown parameters. (ii) A classifier based on hy-
brid Bell and Z bases measurement is designed, and this mea-
surement method reduces circuit depth and is more suitable
implemented on NISQ devices. We organize the paper as fol-
lows. Section 2 gives a review of classical label propagation.
Section 3 outlines the variational quantum label propagation
method. Section 4 designs a quantum semi-supervised clas-
sifier based on hybrid Bell and Z bases measurement. Sec-
tion 5 verifies the accuracies of label propagation and the semi-
supervised classifier. Finally, we get a conclusion and discuss
future research directions.

2. Review of label propagation
Label propagation begins with mapping a data set into

an undirected weight graph, where nodes represent data and
edges reflect the similarities between data. If two data have a
great similarity, the edge between them has a higher weight;
otherwise, the edge has a lower weight. Labeled data prop-
agates their labels to the neighboring unlabeled data based
on undirected weight graphs. Since a graph corresponds to
a matrix, matrix operations can be used to implement semi-
supervised learning. Let D = {Dl ,Du} denote a training data
set, including labeled data Dl = {(x1,y1),(x2,y2), . . . ,(xl ,yl)}
and unlabeled data Du = {xl+1,xl+2, . . . ,xl+u}, where xi ∈ Rm

is the ith data described by m real-valued attributes and yi ∈
{+1,−1} represents the corresponding label. k nearest neigh-
bors method is a common method for constructing undirected
weight graphs G=(V,E), where V = {xi}i∈n represents nodes,
E = {ei j}i, j∈n denotes the edges between the nodes xi and x j,
and n = l +u. If x j is one of k nearest neighbors of xi, there is
an edge between the nodes xi and x j; otherwise, there are no
edges.

Let W = {wi j}i, j∈n denote the weight matrix of edges,

wi j =

{
1, if x j ∈ Nk(xi) or xi ∈ Nk(x j),

0, otherwise
(1)

represents the weight of the edge ei j, where Nk(xi) means the
set of k nearest neighbors of xi. Let f (xi) represent the pre-
dicted label of xi. Similar samples should have similar labels,

the more similar the samples, the smaller the difference be-
tween the labels, then the energy function of all training data[1]

is

E( f ) =
1
2

n

∑
i=1

n

∑
j=1

wi j( f (xi)− f (x j))
2

=
1
2

n

∑
i=1

di f 2(xi)+
1
2

n

∑
j=1

d j f 2(x j)

−
n

∑
i=1

n

∑
j=1

wi j f (xi) f (x j)

=
n

∑
i=1

di f 2(xi)−
n

∑
i=1

n

∑
j=1

wi j f (xi) f (x j), (2)

where di = ∑
n
j=1 wi j represents the sum of the ith row of W

and D = diag(d1,d2, . . . ,dn) denotes the degree matrix. Equa-
tion (2) can be rewritten in the matrix form as

E( f ) = f T(D−W ) f , (3)

where f = ( f T
l ; f T

u ) represents the predicted label vector
of all training data. fl = ( f (x1), . . . , f (xl)) and fu =

( f (xl+1), . . . , f (xl+u)) correspond to the label vectors of la-
beled and unlabeled data, respectively. Once E( f ) obtains the
minimum value, f (xi) for labeled data will be equal to the cor-
rect label yi, and f (xi) for unlabeled data will be closest to the
correct label. Thus, predicting the labels of unlabeled data can
be implemented by solving the optimization problem

min f (E( f )) = min f f TL f , (4)

where L = D−W is the Laplacian matrix. Figure 1 shows a
simple example of label propagation.

(a) Before label propagation (b) After label propagation

Fig. 1. Label propagation. Red nodes represent labeled data belonging to
the +1 class. Blue nodes mean labeled data belonging to the −1 class.
White nodes indicate unlabeled data. Panel (a) shows the graph before la-
bel propagation. Panel (b) gives the graph after label propagation. After
label propagation, labeled data propagate their labels to their neighboring
unlabeled data according to the k nearest-neighbors principal.

3. Variational quantum label propagation
method

In this section, we reformulate the original label prop-
agation and design a variational quantum label propagation
(VQLP) method according to the similarity between the en-
ergy function E( f ) and cost functions of VQAs.
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3.1. Reformulation of label propagation

Let B= {bi,(p,q)}∈Rn× n(n−1)
2 (p< q) denote the incidence

matrix of the graph G , where each element

bi,(p,q) =


wpq, if i = p,
−wpq, if i = q,
0, if i 6∈ {p,q}

(5)

denotes the relationship between the ith node and the (p,q)th

edge.[23] Let B̃ = {b̃i,(p,q)} ∈ Rn× n(n−1)
2 (p < q) mean the nor-

malized incidence matrix, where b̃i,(p,q) = bi,(p,q)/|bi| is the
normalized element and |bi| is the l2-norm of the ith row of B.
The normalized Laplacian matrix L̃ = D−

1
2 LD−

1
2 is equal to

B̃B̃T, then the energy function E( f ) can be further written as

E( f ) = f T(B̃B̃T) f , (6)

where B̃T denotes the transpose of B̃.
Many encoding methods can be used to prepare the

states for classical vectors and matrices. Amplitude encod-
ing is an efficient encoding that encodes n-dimensional data
into log(n) qubits states. Researchers proposed some effi-
cient methods[24,25] to implement amplitude encoding. Us-
ing these amplitude methods, n-qubit states can be prepared
with O(n) hardware resources and O(log2(n)) operations.[26]

In the quantum semi-supervised classifier, amplitude encoding
is adopted to prepare the states for matrices and vectors. Based
on amplitude encoding, the normalized incidence matrix B̃ is
encoded into |ψ〉= ∑

n
i=1 ∑

n(n−1)/2
j=1 bi j|i〉1| j〉2,3, where the sub-

scripts 1, 2 and 3 represent three registers. Let ρ = |ψ〉〈ψ| be
the density matrix of |ψ〉, then E( f ) can be written as

E( f (θ)) = 〈ϕ f (θ)|tr2,3(ρ)|ϕ f (θ)〉= 〈ϕ f (θ)|ρ1|ϕ f (θ)〉, (7)

where the reduced density matrix ρ1 = tr2,3(ρ) is got by trac-
ing registers 2 and 3, proportional to the matrix L̃ = B̃B̃T.
|ϕ f (θ)〉 is the state of the label vector f built by the parame-
terized quantum circuit, where θ is the trainable parameter set.

According to the properties of energy function,[1] the optimal
label vector |ϕ f (θ)〉 is obtained when E( f (θ)) gets the min-
imum value. E( f (θ)) satisfies the basic requirements of the
cost function and can be estimated by unitary operations and
measurements in quantum systems.[27] Thus, the cost function
of label propagation is defined as C(θ) = E( f (θ)).

3.2. The overall structure of the VQLP algorithm

The VQLP algorithm adopts an iterative optimization
method to predict the optimal label vector. In each iteration,
the work includes evaluation cost function, learning parame-
ters, and predicting label vectors. Figure 2 shows the over-
all structure of the VQLP algorithm. In the first stage, the
state |ψ〉 for the incidence matrix B̃ is prepared by condition-
ally accessing the state of weight matrix W . The label vector
|ϕ f (θ)〉 represents labels of labeled data and unlabeled data.
As only the labels of unlabeled data are unknown, we design a
locally parameterized quantum circuit V (θ) to build the label
vector |ϕ f (θ)〉. After preparing |ψ〉 and |ϕ f (θ)〉, a hybrid Bell
and Z bases measurement, called as U2, is applied on |ψ〉 and
|ϕ f (θ)〉 to construct the cost function C(θ). The label vec-
tor |ϕ f (θ)〉 based on initial parameters may not correspond to
the correct labels of training data. Thus, the second work is
to search for the optimal label vector. The cost function value
C(θ) is transmitted to a classical optimizer and minimized by
tuning the parameters θ . Once C(θ) reaches the maximum it-
eration number τ or is less than the specified error threshold
ετ , the optimal parameters θ ∗ are gotten. V (θ) consists of pa-
rameterized quantum circuit for building labels of unlabeled
data and unparameterized quantum circuit for building labels
of labeled data. In the third stage, parameterized quantum cir-
cuit V ′(θ ∗) (partial circuit of V (θ)) acts on the initial state
|0〉 to construct the label vector |ϕu(θ

∗)〉 for unlabeled data.
Algorithm 1 shows the outline of the VQLP algorithm.

Evaluate cost function value Predict label vector

Classical
calculation

Learn parameters

Classical
optimizer

......

...

...

H

H

...

...

U2

U1|ψ0>

|0>

|0>

|ψ>

|ψf>
|ψf↼θ↽>0 V↼θ↽

C↼θ↽

|ψu>1

|ψu>r

θ

θ*

Fig. 2. The overall structure of the VQLP algorithm. U1 acts on the initial state |ψ0〉 to construct the state |ψ〉 of the incidence matrix B̃. The
parameterized quantum circuit V (θ) acts on the initial state |ϕ0

f 〉 to produce the state |ϕ f (θ)〉 of the label vector f . Cost function C(θ) is gotten
by performing the unitary operation U2 followed by classical post-processing, where U2 is responsible for computing the Hibert–Schmidt inner
product between |ψ〉 and |ϕ f (θ)〉. In each iteration, the classical computer minimizes C(θ) to get the optimized parameters θ . Once the
optimal parameter θ ∗ is obtained, the ansatz V ′(θ ∗) acts on the state |0 · · ·0〉r to build the label vector |ϕu(θ

∗)〉= |ϕr
u · · ·ϕ1

u 〉 for unlabeled data,
where |ϕ i

u〉 represents the ith qubit of |ϕu(θ
∗)〉.
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Algorithm 1 Variational quantum label propagation (VQLP) algorithm
Input: input states |ψ0〉 and |ϕ0

f 〉, maximum number of iterations τ ,
initial parameters θ

Output: label vector |ϕu(θ
∗)〉 of unlabeled data

1. Initialize iteration number t = 1.
2. Prepare the state |ψ〉 for the incidence matrix B̃.
3. while t < τ

4. Construct the state |ϕ f (θ)〉 for the label vector f .
5. Build the cost function C(θ) by computing |〈ψ|ϕ f (θ)〉|2.
6. Pass the cost function value to the classical optimizer.
7. Optimize the cost function C(θ) by tuning the parameters θ .
8. Update iteration number t = t +1.
9. Compute the label vector |ϕu(θ

∗)〉 of unlabeled data.
Return The label vector |ϕu(θ

∗)〉

3.3. Construct normalized incidence matrix

In this subsection, our primary work is to construct the
state |ψ〉 for the normalized incidence matrix B̃. To com-
pensate for scaling effects, we firstly standardize all training
data to zero mean and unit variance, then normalize them
into unit vectors. Let |φxp〉 = 1

|xp| ∑
m
j=1 xp j| j〉 represent the

amplitude encoding of the training data xp, where | · | repre-
sents l2-norm and xp j means the jth element of xp. Refer-
ence [28] proposed a quantum algorithm for estimating Eu-
clidean distances between quantum states, and this algorithm
corresponds to a mapping |p〉|q〉|0〉 7→ |p〉|q〉|d2(φxp ,φxq)〉,
where d2(φxp ,φxq) = |φxp − φxq |2 represents the square of
the Euclidean distance between |φxp〉 and |φxq〉. The first
work of constructing incidence matrix is to prepare the
weight matrix W by the k nearest-neighbor method. To
implement this work, we prepare the superposition state

1√
n ∑

n
q=1 |p〉|q〉|d2(φxp ,φxq)〉 of Euclidean distances between

|φxp〉 and |φxq〉, and search k minimum of |d2(xp,xq)〉 by the
minimum search method. After searching k minimum values
of all training data, the state

|ψW 〉=
1√
nk

n

∑
p=1

n

∑
q=1

wpq|p〉|q〉 (8)

for weight matrix W is constructed, where wpq describes the
neighbor relationship between xp and xq. If xq is one of k near-
est neighbors of xq or xp is one of k nearest neighbors of xq,
wpq = 1; otherwise, wpq = 0.

According to Eq. (15), the elements of incidence matrix
B̃ come from W . The second work is to build the state |ψ〉 for
the incidence matrix B̃ based on |ψW 〉. We prepare the state

|ψ1〉 =
(

1√
n

n

∑
i=1
|i〉1
)

⊗
( n

∑
p=1

n

∑
q=1

wpq√
nk
|p〉2|q〉3

)
⊗|0〉4|0〉5|0〉6 (9)

as input, where register 1 stores the indexes of nodes, and reg-
isters 2 and 3 store the indexes of wpq. Registers 4, 5, and 6
with initial value |0〉|0〉|0〉 will store comparison results. The
specific steps of building the incidence matrix B̃ are as follows.

(1) Do comparison operation (UC)[28] on registers 2 and
3, where the comparison result is stored in registers 4 and 6,

and yield the state

|ψ2〉 =
n

∑
i=1

w̃pq|i〉1 ∑
p<q
|p〉2|q〉3|0〉4|0〉5|0〉6

+
n

∑
i=1

w̃pq|i〉1 ∑
p≥q
|p〉2|q〉3|1〉4|0〉5|1〉6, (10)

where w̃pq = wpq/
√

n2k represents the normalized element of
W . UC obeys

UC|p〉2|q〉3|0〉4|0〉6 =

{
|p〉2|q〉3|0〉4|0〉6, p < q,

|p〉2|q〉3|1〉4|1〉6, p≥ q.
(11)

Measure register 6 with Z basis, if the measurement result is
0, then get the state

|ψ3〉= ∑
n
i=1 w̃pq|i〉1 ∑p<q |p〉2|q〉3|0〉4|0〉5. (12)

(2) Extract the elements of the incidence matrix B̃. Equal-
ity comparison is firstly applied on registers 1 and 2. If reg-
isters 1 and 2 have the same value, register 5 is set to |1〉. If
register 5 is still |0〉 after performing the equality comparison,
another equality comparison is performed on registers 1 and 3.
If registers 1 and 3 have the same value, register 4 is set to |1〉.
Through two equality comparisons, we get the state

|ψ4〉 =
n

∑
i=1

w̃pq|i〉1 ∑
p=i,p<q

|p〉2|q〉3|0〉4|1〉5

+
n

∑
i=1

w̃pq|i〉1 ∑
q=i,p<q

|p〉2|q〉3|1〉4|0〉5

+
n

∑
i=1

w̃pq|i〉1 ∑
p,q6=i;p<q

|p〉2|q〉3|0〉4|0〉5. (13)

(3) Perform CNOT operation on registers 5 and 4, where
register 4 serves as control register, then measure register 5
with Z basis. If the measurement result is 1, the state

|ψ5〉 =
n

∑
i=1

w̃pq|i〉1 ∑
p=i,p<q

|p〉2|q〉3|0〉4

+
n

∑
i=1

w̃pq|i〉1 ∑
q=i,p<q

|p〉2|q〉3|1〉4 (14)

is gotten. All elements of B̃ have been stored in the ampli-
tudes of |ψ5〉 by the above steps. If we want to get the state
for B̃ based on |ψ5〉, the second term of |ψ5〉 should take the
opposite number according to Eq. (15).

(4) Act Hadamard operation on register 4, then measure
it into |1〉. The system yields the state

|ψ〉 = 1√
2

n

∑
i=1

(w̃pq|i〉1 ∑
p=i,p<q

|p〉2|q〉3

− w̃pq|i〉1 ∑
q=i,p<q

|p〉2|q〉3), (15)

corresponding to the normalized incidence matrix B̃. Figure 3
shows the circuit implementation, and this circuit corresponds
to the module U1 in Fig. 1.
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...

...

...

H

UC

Reg.1

Reg.2

Reg.3

Reg.4

Reg.5

Reg.6

(a) (b) (c)

|ψ>

Fig. 3. Circuit of constructing the incidence matrix. Reg.1–Reg.6 represent registers 1–6. The circuit in the dotted box (a) represents the
comparison operation. The circuit in the dotted box (b) represents the equality comparison between Reg.1 and Reg.2, and the circuit in the
dotted box (c) denotes the equality comparison between Reg.1 and Reg.3. The output state |ψ〉 corresponds to the incidence matrix B̃.

3.4. Build label vector

In this subsection, our primary work is to build the state
|ϕ f (θ)〉 of the predicted label vector f = ( fl , fu). As the cor-
rect label vector (y1, . . . ,yl) of labeled data is known, the pre-
dicted label vector fl does not need to be updated in the op-
timization process. Let |ϕl〉 = 1√

l ∑
l
i=1 yi|i〉 be the amplitude

encoding of fl , where yi ∈ {+1,−1}. As the predicted label
vector fu is unknown, we adopt parameterized quantum circuit
(ansatz) to prepare the state

|ϕu(θ)〉=V ′(θ)|0〉= 1√
Nu

l+u

∑
i=l+1

ỹi|i〉 (16)

for fu, where ỹi ∈ [−1,1] denotes the predicted label of xi

and Nu = ∑
l+u
i=l+1(ỹi)

2. For the random initial parameters θ ,
|ϕu(θ)〉 is usually inconsistent with the correct label vector,
one needs to adjust the parameters so that |ϕu(θ)〉 is close to
the correct label vector. The construction of the label vector
|ϕ f (θ)〉 is as follows.

Given the state |ϕ0
f 〉 =

1√
2
|0〉7(|0〉+ |1〉)8 as the input,

where register 7 is the index register, and register 8 is the
flag register to distinguish |ϕl〉 and |ϕu(θ)〉. Firstly, |ϕl〉 and
|ϕu(θ)〉 are accessed conditional on register 8, and the state

|ϕ1
f (θ)〉=

1√
2l

l

∑
i=1

yi|i〉7|1〉8 +
1√
2Nu

l+u

∑
i=l+1

ỹi|i〉7|0〉8 (17)

is gotten. In general, the number of unlabeled data is not
less than the number of labeled data in semi-supervised learn-
ing. To make two terms of |ϕ1

f (θ)〉 meet a particular propor-
tion, the controlled rotation operation Ry(2α) is applied on
added register 9 conditional on register 8 being |1〉, where
α = arccos(

√
l/
√

u). This operation yields the state

|ϕ2
f (θ)〉 =

1√
2l

l

∑
i=1

yi|i〉7|1〉8
(√

l√
u
|0〉+

√
u− l√

u
|1〉
)

9

+
1√
2Nu

l+u

∑
i=l+1

ỹi|i〉7|0〉8|0〉9. (18)

Subsequently, measure register 9 with the Z basis, if the mea-

surement result is 0, get the state

|ϕ3
f (θ)〉 =

1√
l +u

l

∑
i=1

yi|i〉7|1〉8

+

√
u√

Nu(l +u)

l+u

∑
i=l+1

ỹi|i〉7|0〉8, (19)

where yi ∈ {+1,−1} and Nu = ∑
l+u
i=l+1(ỹi)

2. As register 8 is
redundant, apply Hadamard operation on register 8 followed
by measuring it with Z basis, if the measurement result is 0,
finally, get the state

|ϕ f (θ)〉=
1√

l +u

l

∑
i=1

yi|i〉7 +
√

u√
Nu(l +u)

l+u

∑
i=l+1

ỹi|i〉7, (20)

where the amplitude of |ϕ f (θ)〉 is proportional to the predicted
label vector f . Figure 4 shows the circuit of constructing
|ϕ f (θ)〉, where Ul and V ′(θ) are used to build the labels for
labeled and unlabeled data, respectively. As part of the circuit
is parameterized, the circuit is called as locally parameterized
quantum circuit, corresponding to the module V (θ) of Fig. 1.

. . .Reg.7

Reg.8

Reg.9

H

Ul

H

Ry

|ϕf(θ)>

V
 ′
(θ
)

Fig. 4. Circuit of constructing the label vector |ϕ f (θ)〉. Reg.7, Reg.8,
and Reg.9 represent registers 7, 8, and 9, respectively. Ul means quan-
tum access to labeled vector |ϕl〉, and V ′(θ) is the parameterized quan-
tum circuit for building |ϕu(θ)〉.

Many ansatzes can be used to implement V ′(θ).
Hardware-efficient ansatz uses lower circuit depth and fewer
parameters to represent the solution space of problems,[29,30]

and we adopt this ansatz to build V ′(θ). Hardware-efficient
ansatz adopts a layered layout. Each layer consists of multi-
ple 2-qubit unitary modules V ′ik(θik) = ∏µ Wµ e−iθ µ

i Hµ , where

e−iθ µ

i Hµ represents 1-qubit parameterized gate, Hµ is Hermi-
tian operator, and Wµ represents unparameterized gate. Usu-
ally, the unitary module V ′ik(θik) includes multiple 1-qubit pa-
rameterized gates, then θik = {θ 1

i ,θ
2
i , . . . ,θ

µ

i , . . .}. In the pa-
rameters optimization process, the error of |ϕu(θ

∗)〉 decreases

070309-5



Chin. Phys. B 32, 070309 (2023)

exponentially with the layers of the ansatz V ′(θ ∗) increas-
ing. To get the exact number of layers, we first prepare the
ansatz with fewer layers and gradually increase the layers un-
til the ansatz satisfies the specified error tolerance.[31] With in-
creased data scale, Hardware-efficient ansatz shows an expo-
nentially vanishing gradient (barren plateau). The VQLP algo-
rithm adopts the alternating layered layout to solve the barren

plateau problem. In this layout, the entangled gates in each

layer only act on local qubits,[32] and the cost function is the

combination of local functions, so the ansatz uses shallower

circuit depth to solve the vanishing gradient problem. Figure 5

shows the circuit implementation, where e−iθ µ

i Hµ and Wµ are

implemented by by rotation Ry and CNOT, respectively.

q1

q2

q3

q4

q5

q6

. . .

Ry↼θ1↽
1

Ry↼θ2↽
1

Ry↼θ3↽
1

Ry↼θ4↽
1

Ry↼θ5↽
1

Ry↼θ6 ↽
1

Ry↼θ1↽
2

Ry↼θ2↽
2

Ry↼θ3↽
2

Ry↼θ4↽
2

Ry↼θ5↽
2

Ry↼θ6↽
2

Ry↼θ1   
 ↽l↩     

Ry↼θ2   
 ↽l↩     

Ry↼θ3   
 ↽l↩     

Ry↼θ4   
 ↽l↩     

Ry↼θ5   
 ↽l↩     

Ry↼θ6   
 ↽l↩      

Ry↼θ1↽l    

Ry↼θ2↽l    

Ry↼θ3↽l    

Ry↼θ4↽l    

Ry↼θ5↽l    

Ry↼θ6↽l    

↼l↽↼l↩↽↼↽ ↼↽

Fig. 5. Parameterized quantum circuit V ′(θ) (6-qubit input). This circuit includes l layers, where {q1, . . . . ,q6} represents the qubit sequence
of |ϕu(θ)〉. The ith dashed box indicates the unitary operation in the ith layer. Each layer is composed of multiple unitary modules V ′i j(θ

j
i ),

consisting of single qubit rotations Ry(θ
j

i ) and CNOT gates acting on neighboring qubit pairs. The circuit uses alternating layered layout, and
unitary modules of adjacent layers act on alternating qubit pairs.

3.5. Compute cost function

After getting the incidence matrix |ψ〉 and the label vec-
tor |ϕ f (θ)〉, the sequent work is to compute the cost function
C(θ). According to ρ1 = tr2,3(ρ), the cost function in Eq. (7)
can be rewritten as

C(θ) = tr2,3(|ϕ f (θ)〉〈ϕ f (θ)||ψ〉〈ψ|), (21)

which is the Hilbert–Schmidt inner product between |ϕ f (θ)〉
and |ψ〉. We adopt the Bell basis measurement method[33] to
compute the cost function C(θ). As |ϕ f (θ)〉 is stored in regis-
ter 7 and |ψ〉 is stored in registers 1, 2, and 3, Eq. (21) is equal
to

C(θ) = 〈CZ〉1,7 = tr2,3(H1|ϕ f (θ)〉〈ϕ f (θ)||ψ〉〈ψ|), (22)

where H1 = 1
g
⊗g

j=1 CZ j
1,7
⊗

I2,3 represents the operator for

|ϕ f (θ)〉 and |ψ〉, CZ j
1,7 denotes the controlled-Z operator act-

ing on the jth qubit pair of registers 1 and 7, and I2,3 means the
identity operator acting on registers 2 and 3.

Figure 6 shows the circuit for computing the cost func-
tion C(θ). First, CNOT operation is applied on qubit pairs
of registers 1 and 7, where register 1 serves as control reg-
ister. Second, Hadamard operation is performed on regis-
ter 1. Third, all qubit pairs of registers 1 and 7 are mea-
sured based on Bell basis. Finally, we get the cost function

C(θ) by classical post-processing. Let |aibi〉⊗g be the re-
ordered qubit sequence of registers 1 and 7, where ai and
bi represent the ith qubits of registers 1 and 7, respectively,
and g is the number of qubits in each register. We define
the output probability vector of qubit sequence |aibi〉⊗g as
−→p = (p1

00, p1
01, p1

10, p1
11)⊗ ·· · ⊗ (pg

00, pg
01, pg

10, pg
11), where pi

j

represents the probability that the ith qubit pair is j. Let

. . .

. . .

. . .

H

H

<CZ>

. . .

Reg.1

Reg.2

Reg.3

Reg.7

|ψ>

|ψf(θ)>

Fig. 6. The circuit of computing the cost function C(θ). Reg.1, Reg.2,
and Reg.3 store the incidence matrix |ψ〉, and Reg.6 stores the label vec-
tor |ϕ f (θ)〉. Perform CNOT operation on registers 1 and 7, followed by
Hadamard on register 7. After measuring the 2-qubit operator CZ on regis-
ters 1 and 7, the expectation value 〈CZ〉1,7, corresponding to the cost func-
tion value C(θ), can be obtained by further classical computation.
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−→c = (1,1,1,−1)⊗g denote the post-processing vector of Bell
basis measurement, and the cost function value can be com-
puted by C(θ) =−→p ·−→c .

4. Semi-supervised binary classifier
Quantum label propagation gets the labels of unlabeled

data in training data set. In this section, we design a quan-
tum semi-supervised binary classifier based on all training
data. Let |φxi〉 represent training data, where i ∈ {1, . . . ,n}
and n = l + u. If i ∈ {1, . . . , l}, |φxi〉 represents labeled data;
otherwise, |φxi〉 denotes unlabeled data. f ′ = { f ′1, f ′2, . . . , f ′n}
denotes the predicted label vector got by label propagation,
where f ′i = 0 means xi belonging to the +1 class and f ′i = 1
represents xi belonging to the −1 class. Let |φx∗〉 be test data,
and k∗i = |〈φx∗ |φxi〉|2 represents the overlap between |φx∗〉 and
|φxi〉. We adopt the weighted sum of overlaps between test and
training data to predict the label

f∗ = c1

l

∑
i=1

(−1) f ′i |〈φx∗ |φxi〉|
2

+c2

n

∑
i=l+1

(−1) f ′i |〈φx∗ |φxi〉|
2 (23)

for the test data |φx∗〉, where c1 and c2 are the weight coeffi-
cients determined by the importance of labeled and unlabeled
data. In semi-supervised learning, labeled data is more impor-
tant than unlabeled data, then c1 > c2.

Quantum swap test operation can be used to compute
|〈φx∗ |φxi〉|2, so it is also applied to predict the label f∗. How-
ever, this method needs multiple Toffoli gates, and the circuit
has a higher depth as input qubits increase. Thus, implement-
ing the classifier based on quantum swap test operation is not
easy for current quantum devices. The Bell basis measure-
ment method[33] is a novel method for computing the overlap
of quantum states, which has a shallower circuit depth and is
easy to implement on NISQ devices. Inspired by this method,
we design a hybrid Bell and Z bases measurement method to
build f∗.

Given the superposition state

|φX 〉BCD =
1√
NX

(
l

∑
i=1

c1|φxi〉B|i〉C| f
′
i 〉D

+
n

∑
i=l+1

c2|φxi〉B|i〉C| f
′
i 〉D) (24)

for all training data |xi〉, where NX = lc2
1 + (n− l)c2

2 is the
normalization coefficient, n = l + u, |i〉 means the index of
training data, | f ′i 〉 denotes the corresponding label, and sub-
scripts B, C, and D represent registers B–D. Firstly, we pre-
pare the state |ω0〉 = |φx∗〉A|φX 〉BCD as input, where |φx∗〉A is
the test data stored in register A. Let |φx∗〉A = (α∗|0〉+β∗|1〉)A

represent test data, where (α∗)
2 + (β∗)

2 = 1. Let |φxi〉B =

(αi|0〉+βi|1〉)B denote training data, where (αi)
2 +(βi)

2 = 1.
In order to facilitate the derivation of the following operations,
we express the coefficients c1 and c2 as the unified form di.
If i ∈ {1,2, . . . , l}, set di = c1; otherwise, di = c2, then |ω0〉
can be written as |ω0〉= 1√

NX
∑

n
i=1 di(α∗|0〉+β∗|1〉)A(αi|0〉+

βi|1〉)B|i〉C| f ′i 〉D. The quantum semi-supervised classifier
based on Bell and Z bases measurement can be implemented
by the following operations:

(1) Perform CNOT operation on registers A and B, where
register A serves as control register, then get the state

|ω1〉 = 1√
NX

n

∑
i=1

di(α∗αi|0〉|0〉+β∗αi|1〉|1〉

+α∗βi|0〉|1〉+β∗βi|1〉|0〉)AB|i〉C| f ′i 〉D. (25)

(2) Apply Hadamard operation on register A and get

|ω2〉 = 1√
2NX

n

∑
i=1

di((α∗αi +β∗βi)|0〉|0〉

+(β∗αi +α∗βi)|0〉|1〉)+(α∗αi−β∗βi)|1〉|0〉
+(α∗βi−β∗αi)|1〉|1〉)AB|i〉C| f ′i 〉D. (26)

Through the first two steps, quantum state overlaps have
been stored in the amplitudes of |ω2〉〈ω2|.

(3) Measure the expectation value of controlled-Z opera-
tor for registers A and B and σZ operator for register D, and this
operation can be written as 〈ω2|CZABσD

Z |ω2〉, where CZAB

denotes controlled-Z operator on registers A and B, and σD
Z

denotes σZ operator on register D. As CZAB = (|00〉〈00|+
|01〉〈01|+ |10〉〈10|−|11〉〈11|)AB and σD

Z =(|0〉〈0|−|1〉〈1|)D,
the expectation value is

〈CZAB
σ

D
Z 〉

=
1

2NX

n

∑
i=1

(di)
2(〈ω2|000〉〈000|ω2〉+ 〈ω2|010〉〈010|ω2〉

+〈ω2|100〉〈100|ω2〉−〈ω2|110〉〈110|ω2〉
−〈ω2|001〉〈001|ω2〉−〈ω2|011〉〈011|ω2〉
−〈ω2|101〉〈101|ω2〉+ 〈ω2|111〉〈111|ω2〉), (27)

where the superscripts ABD of operators are omitted for sim-
plicity. When f ′i = 0, register D is |0〉; when f ′i = 1, register D
is |1〉. According to the two values of register D, Eq. (27) can
be rewritten as

〈CZAB
σ

D
Z 〉

=
1

2NX

n

∑
i=1, f ′i =0

(di)
2((α∗αi +β∗βi)

2 +(β∗αi +α∗βi)
2

+(α∗αi−β∗βi)
2− (α∗βi−β∗αi)

2)

− 1
2NX

n

∑
i=1, f ′i =1

(di)
2((α∗αi +β∗βi)

2 +(β∗αi +α∗βi)
2

+(α∗αi−β∗βi)
2− (α∗βi−β∗αi)

2)

=
1

NX

n

∑
i=1

(di)
2(−1) f ′i (α∗αi +β∗βi)

2. (28)
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As di = c1 when i ∈ {1,2, . . . , l}, di = c2 when i ∈ {l + 1, l +
2, . . . ,n}, and α∗αi + β∗βi = |〈φx∗ |φxi〉|, Eq. (28) can be fur-
ther written as 〈CZAB

σD
Z 〉 = 1

NX
∑

l
i=1 c1

2(−1) f ′i |〈φx∗ |φxi〉|2 +
1

NX
∑

n
i=l+1 c2

2(−1) f ′i |〈φx∗ |φxi〉|2, proportional to the label f∗.
Quantum swap test can be used to compute the overlap

between two quantum states with n qubits, where the qubits
that form states can be entangled. According to the circuit
equivalence of the Bell basis measurement and quantum swap
test,[22] the Bell basis measurement in the quantum semi-
supervised classifier can be generalized to compute the over-
lap between |φx∗〉A and |φxi〉B with n qubits. Figure 7 shows
the circuit implementation.

The semi-supervised classifier involves the expectation
values of different operators, so the classical post-processing
is somewhat complicated. Let |aibi〉⊗l

AB|d〉D be the qubit se-
quence of registers A, B, and D, where ai and bi represent the
ith qubits of registers A and B sorted in descending order, and d
is the qubit of register D. Let p0

d denote the probability of d be-
ing |0〉, and −→g = (g1

00,g
1
01,g

1
10,g

1
11)⊗·· ·⊗ (gl

00,g
l
01,g

l
10,g

l
11)

represents the probability of |aibi〉⊗l
AB when d is |0〉, where

gi
j represents the probability of the ith qubit pair being j. In

the same way, let p1
d denote the probability of d being |1〉,

and −→q = (q1
00,q

1
01,q

1
10,q

1
11)⊗ ·· · ⊗ (ql

00,q
l
01,q

l
10,q

l
11) repre-

sents the probability of |aibi〉⊗l
AB when d is |1〉, where qi

j means

the probability of the ith qubit pair being j. Let
−→
d0 =

−→
d1 =

(1,1,1,−1)⊗l denote the post-processing vector of the Bell
basis measurement. Then the label f∗ can be computed based
on f∗ = p0

d · (
−→g ·
−→
d0)− p1

d · (
−→q ·
−→
d1).

Reg.A

Reg.B

Reg.C

Reg.D

...

H

H

...
...

<CZ>

|σZ>

Fig. 7. The circuit of the semi-supervised binary classifier. Reg.A stores
|φx∗ 〉. Reg.B, Reg.C, and Reg.D store |φxi 〉, the index |i〉, and the cor-
responding label | fi〉, respectively. CNOT is performed on registers A
and B, followed by Hadamard operation acts on register A. The label
vector f∗ is gotten by measuring the expectation value of controlled-Z
operator for registers A, B, and the expectation value of σZ operator for
register D.

The quantum semi-supervised classifier based on the hy-
brid Bell and Z bases measurement, shown in Fig. 7, con-
tains two layers. CNOT gates implement the first layer, and
Hadamard gates implement the second layer. As CNOT gates
act on different qubits, all CNOT gates can be executed in
parallel. Similarly, Hadamard gates act on different qubits
and can also be performed in parallel. No matter how many

qubits of training or test data contains, the quantum semi-
supervised classifier based on hybrid Bell and Z bases mea-
surement needs only two layers, independent of the size of the
classification problem. According to the method proposed in
Ref. [24], the quantum semi-supervised classifier can also be
implemented by swap test operation, shown in Fig. 8. This cir-
cuit requires multiple CNOT and Toffoli gates, which cannot
be implemented in parallel. One Toffoli gate requires mul-
tiple one-qubit and two-qubit gates to implement. Figure 9
shows Toffoli gate decomposition, where the Toffoli gate is
implemented with CNOT, Hadamard, T , and T † gates. The
quantum semi-supervised classifier based on the swap test op-
eration needs 14 layers when training data or test data contains
one qubit and 14m layers when training data or test data has m
qubits. The circuit depth is linear with the size of the classifi-
cation problem. Compared with the quantum semi-supervised
classifier based on swap test operation, our proposed quantum
semi-supervised classifier is more suitable for implementation
on near-term quantum devices.

|σZ>

|σZ>

...

...

...

...

...

...

...

...

...

...

...

...

Reg.A

Reg.B

Reg.C

Reg.D

> H H

Fig. 8. Semi-supervised classifier based on swap test operation.

H

/

T 
† T T 

† T

T

H

T

T 
†

Fig. 9. Toffoli gate decomposition into Hadamard, T , T †, and CNOT gates.

The quantum semi-supervised classifier based on hybrid
Bell and Z bases measurement requires more complex classi-
cal post-processing operations, which scale linearly with the
system size l. From the realization difficulty, the classical
post-processing with higher complexity is more easily imple-
mented than the quantum circuit whose depth scales linearly
with l. The speed-up of the quantum semi-supervised classifier
does not come from transmitting the exponential complexity
work to the classical computer but from parallel quantum oper-
ations. To reduce the complexity of classical post-processing,
we can convert the complex classical post-processing into
quantum operations. Figure 10 shows the circuit implemen-
tation. This circuit adds an ancilla register and Toffoli gates,
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and the expectation value of σZ operator for the ancilla register
replaces the expectation value of the controlled-Z operator for
registers A and B. Compared with the circuit in Fig. 7. This cir-
cuit has a higher depth but simpler classical post-processing.

|σZ>

|σZ>

Reg.A

Reg.B

Reg.C

Reg.D

>

H

H

...

...

...

Fig. 10. The quantum semi-supervised binary classifier with simplified clas-
sical post processing. Compared with circuit Fig. 7, this circuit converts
the complex classical post-processing of the semi-supervised binary classi-
fier into the quantum operation, where f∗ is obtained by measuring the ex-
pectation value of the σZ operator for the ancilla register (|0〉) and register D.
The circuit in the dashed box has the same function as that in Fig. 7.

5. Numerical simulations and performance
analysis

In this section, we adopt the Iris dataset to test the per-
formances of the quantum semi-supervised binary classifier
based on hybrid Bell and Z bases. The Iris dataset contains
150 samples, where samples 0–49 belong to class 1, sam-
ples 50–99 belong to class 2, and samples 100–149 belong
to class 3. Classifying samples of classes 2 and 3 is the most
difficult task for the Iris dataset, and we mainly analyze this
task. We first choose 8 samples {x0,x1,x2,x3,x4,x5,x6,x7} to
demonstrate label propagation, where samples {x0,x2, x4,x6}
belong to class 2 and samples {x1,x3,x5,x7} belong to class
3. Let samples {x0,x1,x2,x3} represent labeled data. Assume
the labels of samples {x4,x5,x6,x7} are unlabeled data, label
propagation is to predict the labels of samples {x4,x5,x6,x7}.
If the sample xi belongs to class 2, the label yi is 1, and if
the sample xi belongs to class 3, the label yi is −1. Fig-
ure 11 shows the predicted labels of samples {x4,x5,x6,x7}.
Simulation results show that the predicted label f (xi) is close
to the correct label yi. Let L = [ 1

2 ,−
1
2 ,

1
2 ,−

1
2 ] represent the

correct normalized label vector for samples {x4,x5,x6,x7},
L̃ = 1

2 [ f (x
4), f (x5), f (x6), f (x7)] represents the predicted la-

bel vector, and S = L · L̃T denotes the accuracy of the predicted
labels. Figure 12 exhibits the accuracy S under different initial
parameters. We can find that the accuracy S reaches 99.5%
after about 90 iterations regardless of the initial parameters.

1.0
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0 20 40 60 80

Iteration

f↼T↽
f↼T↽
f↼T↽
f↼T↽

L
a
b
e
l

Fig. 11. Predicted labels versus the number of iterations. The classi-
cal optimizer is the COBYLA method. Curves represent the estimated
labels of unlabeled data.
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Random 1
Random 1
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c
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Fig. 12. Accuracy versus the number of iterations. Curves represent the
accuracies under four different random initialized parameters.

Our second work is to demonstrate the accuracy of the
semi-supervised binary classifier. Figure 13 presents the result
for classifying samples of classes 1 and 2, where the predicted
label greater than 0 represents the sample belonging to class
1; otherwise, the sample belongs to class 2. The result shows
all samples of classes 1 and 2 can be correctly classified. Fig-
ure 14 shows the result for classifying samples of classes 1
and 3, where all samples can be correctly classified. Figure 15
shows the classification result of classifying samples of classes
2 and 3. As samples of classes 2 and 3 are not linearly separa-
ble, a few classification errors occurred in this task.
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Sample index i

P
re

d
ic

te
d
 l
a
b
e
l

Semi supervised classification (1 and 2)

0.10
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0

100

Fig. 13. Classification results of semi-supervised binary classifier
(classes 1 and 2). The horizontal axis represents the index i of samples,
and the vertical axis shows the predicted label f (xi). Stars represent
samples from class 1, and dots represent samples from class 2.
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Fig. 14. Classification results of semi-supervised binary classifier
(classes 1 and 3). Stars represent samples from class 1, and crosses
represent samples from class 3.
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Fig. 15. Classification results of semi-supervised binary classifier
(classes 2 and 3). Dots represent samples from class 2, and crosses
represent samples from class 3.

Table 1 shows mean accuracies and standard deviations
for the quantum semi-supervised binary classifier based on
Bell and Z bases (semi-supervised classifier) and the quantum
classifier based on swap test operation (swap test classifier)[22]

under 10 random initial parameters, where each sample only
contains two features. The cells of the format ± mean accu-
racy (standard deviation). For the semi-supervised classifier,
the mean accuracy of classifying classes 1 and 2 is 100%, and
the mean accuracy is also 100% for classifying classes 1 and
3. The mean accuracy of classifying classes 2 and 3 is 90.90%.
Still, this accuracy of the semi-supervised classifier is higher
than that of the swap test classifier.

Table 1. Classification accuracy and standard deviation (two features).

Classifier 1 and 2 2 and 3 1 and 3
Semi-supervised classifier 100.00±0.00 100.00±0.00 90.90±0.02
Swap test classifier 100.00±0.00 100.00±0.00 87.20±0.03

Table 2. Classification accuracy and standard deviation (four features) .

Classifier 1 and 2 2 and 3 1 and 3
Semi-supervised classifier 100.00±0.00 100.00±0.00 93.30±0.02
Swap test classifier 100.00±0.00 100.00±0.00 88.10±0.03

To improve the separability of classes 2 and 3, we extract
four features from the Iris dataset. Table 2 shows mean ac-
curacies and standard deviations for samples containing four

features. Compared with Tables 1 and 2, we can find that clas-
sifying the Iris dataset containing four features has higher ac-
curacy than classifying the Iris dataset containing two features.

6. Conclusions and future work
In this paper, we adopt a quantum method to implement

a quantum semi-supervised binary classifier. By converting
the incidence matrix and label vector into quantum states,
we design a variational quantum label propagation (VQLP)
method. This method utilizes locally parameterized quan-
tum circuits to reduce parameters required in the optimization
and is more suitable for implementation on quantum devices.
Based on the predicted labels, we further design a quantum
semi-supervised classifier based on hybrid Bell and Z bases
measurement, which has a shallower circuit depth compared
with the swap test classifier. Simulation results show that the
VQLP method can predict the labels of unlabeled data with
99.5% accuracy, and the quantum semi-supervised classifier
has higher classification accuracy than the swap test classifier.
This algorithm assumes quantum operations under noiseless
environments. However, hardware noise exists when the semi-
supervised learning algorithms are implemented on near-term
quantum devices. The quantum semi-supervised classifier un-
der noise environments needs to be researched in future work.
Besides, we can further investigate how to adopt multiple data
copies to build quantum semi-supervised classifiers based on
kernel functions. The design method of the k nearest neighbor
graph in VQLP provides a novel idea for creating quantum
machine learning models based on graphs. Simultaneously,
this research promotes the development of VQAs in quantum
semi-supervised learning fields.
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