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In the engineering field, switching systems have been extensively studied, where sudden changes of parameter value
and structural form have a significant impact on the operational performance of the system. Therefore, it is important to
predict the behavior of the switching system, which includes the accurate detection of mutation points and rapid reidentifi-
cation of the model. However, few efforts have been contributed to accurately locating the mutation points. In this paper,
we propose a new measure of mutation detection — the threshold-based switching index by analogy with the Lyapunov ex-
ponent. We give the algorithm for selecting the optimal threshold, which greatly reduces the additional data collection and
the relative error of mutation detection. In the system identification part, considering the small data amount available and
noise in the data, the abrupt sparse Bayesian regression (abrupt-SBR) method is proposed. This method captures the model
changes by updating the previously identified model, which requires less data and is more robust to noise than identifying
the new model from scratch. With two representative dynamical systems, we illustrate the application and effectiveness
of the proposed methods. Our research contributes to the accurate prediction and possible control of switching system
behavior.
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1. Introduction
With the rapid development of computer, military, bi-

ology, and artificial intelligence, many systems in modern
industry are becoming more and more complex.[1–4] Some
systems have sudden changes in parameter values or struc-
tural forms.[4] For example, a variable-wing aircraft ac-
tively switches wing configurations to perform different flight
missions.[5] A machinery exposed to extreme environment
passively alters the damping and stiffness of the system. The
above systems whose parameter values and structural forms
change with time are called switching systems. In this paper,
we define the switching system as follows: a system in which
parameters and structural forms change abruptly caused by
external forcing or interactions between systems at any time
(e.g., the change of parameter values, addition and deletion of
an item of the system). The response, reliability, and stability
of switching systems vary greatly with time. Therefore, it is
crucial to master the real-time control equations of the system,
which helps predict the dynamics and operational performance
of the system.[6]

Due to the complexity of the system and the lack of scien-
tific understanding of the system, it is usually difficult to derive
the control equations of the system based on the first principles
such as conservation law and physical principle. Fortunately,
with the advancement of sensor technology, there are more
technical means to measure the data of the system. Therefore,
it is desirable to model the switching system from the data-
driven perspective. Traditional data-driven approaches are not

currently applicable for switching systems because they as-
sume that the data collected comes from the same set of equa-
tions. However, due to the changes of switching systems with
time, the data collected would come from different equations if
the exact location of the switching point is not known. Thus,
the accurate location of the switching points plays a crucial
role in identifying the switching systems.

With regard to the mutation detection in systems, the
current research mainly focuses on using some information-
theoretic measures to characterize the complexity of time se-
ries, so as to judge the mutation of the system. We know that
when the system switches, the probability density distribu-
tion of system variables will change greatly. The information-
theoretic measure is a function of the probability density dis-
tribution of the system variables, so when the parameter value
or structure of the system changes, the information-theoretic
measure will change considerably. Traditional detection meth-
ods such as sliding t-test, Cramer method, Yamamoto signal-
to-noise ratio and Mann-Kendall method have been widely
used in the early stage of mutation detection,[7–9] but there
are different degrees of mutation point drift in practical detec-
tion. In this situation, a series of new methods have been suc-
cessively developed. Based on the scaling theory, detrended
fluctuation analysis and sliding detrended fluctuation analy-
sis have been developed in succession,[10] which can detect
the dynamic structural mutation for actual observation data.
However, the prerequisite for applying these methods is that
the time series analyzed should satisfy the fractal characteris-
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tics, but not all time series have this property. Approximate
entropy and dynamic correlation factor index have the ability
to distinguish different structures of system,[11,12] while they
usually can not pinpoint the location of mutation points ac-
curately, only give a rough mutation region. All these stud-
ies have greatly enriched the mutation detection methods and
broadened the avenues of mutation detection. However, due to
the complexity of the problems studied, there cannot be a uni-
versal method to solve all problems once and for all. Thus,
how to accurately detect the mutation points of the system
needs to be further explored.

Due to the random variation of switching systems, only
a small amount of data is available, and the time used to
identify system is relatively short. A large number of tech-
niques have been used to characterize the system dynamics
from data.[13,14] Classical linear model identification algo-
rithms include the Kalman filter,[15–17] eigensystem realiza-
tion algorithm (ERA),[18] and dynamic mode decomposition
(DMD).[19–22] The resulting linear models from these meth-
ods are excellent for model predictive control, but could not
derive expressions describing the behavior of the system. Ma-
chine learning is also increasingly being used for the identi-
fication of nonlinear dynamical systems. Neural network has
been utilized for system identification for decade.[14,23–27] It
shows a good dynamic recovery ability, but the large amount
of training time and data is unrealistic, and the mechanism of
the system is not well revealed, thus, could not be used for
rapid identification of switching systems.

Recently, the sparse regression method has been widely
applied in the identification of various nonlinear dynamical
systems,[28–37] which can provide explicit formulas of the dif-
ferential equations, making further analysis on the systems
possible. This method has been extended to the fast recov-
ery of nonlinear dynamical systems with switching parame-
ters and structures.[36] A data-driven approach established un-
der the variational framework has also been generalized to the
identification and re-identification of switching systems.[38,39]

The aforementioned work on the identification of switch-
ing system adopt the threshold-based method to detect the
occurrence of switching and identify the dynamic equation
quickly and accurately after switching, but without discussing
the selection of threshold in detail. In Ref. [36], the muta-
tion of system is judged by the inconsistency of the time scale
given by the local Lyapunov exponent and the prediction hori-
zon. In this paper, analogizing with the definition of Lyapunov
exponent, we give the concept of the threshold-based switch-
ing index to detect system switching. The methods for detect-
ing mutations in the reference and the one that will be pre-
sented below all rely on the selection of thresholds. The dif-
ference is that the threshold in the literature is fixed, while in
this paper, we give an algorithm to select the optimal thresh-
old, which can reduce the unnecessary data acquisition and

relative error in switching detection. The results of numeri-
cal experiments show that the switching point detected with
the switching index is very close to the real switching point,
which is beneficial for realtime tracking of system changes.
For the identification of the system after switching, the sparse
Bayesian regression (SBR) is adopted[40] and combined with
the abrupt-SINDy framework to update existing models with
sparsity correction in this paper,[36] including the changes of
parameter values, deletions, and additions of terms. The re-
sults indicate that, compared with the traditional SBR method,
the abrupt-SBR method has the advantages of less required
data and more robust to noise, enabling a fast and accurate
update of the model after the sudden switching of the system.

The rest of the paper is organized as follows. In Section 2,
the process of sparse Bayesian regression for identifying dy-
namical systems and abrupt-SBR framework are introduced.
In Section 3, the concept of the threshold-based switching in-
dex is introduced, and the algorithm for selecting the optimal
threshold is presented. In Section 4, two representative switch-
ing systems, i.e., the switching Van der Pol system and Duffing
oscillator with parameter changes, are investigated to verify
the effectiveness of the threshold-based switching index and
abrupt-SBR. Finally, the conclusions are summarized in Sec-
tion 5.

2. Sparse Bayesian regression and abrupt-SBR
framework for identifying switching systems

2.1. Sparse Bayesian regression method

Most physical systems have only a few important terms
governing the dynamics. The governing equations are sparse
in the high-dimensional nonlinear function space. Recently,
sparse regression in the candidate nonlinear function library
has been widely used in the sparse identification of nonlinear
dynamics (SINDy) to effectively identify the governing equa-
tions of the system from the data. Consider the dynamical
system form

𝑥̇(t) =
d𝑥(t)

dt
= f (𝑥(t)), (1)

where x(t) ∈ Rn denotes the state of system at time t, f (𝑥(t))
represents the dynamic constraints that consists of only a few
terms. According to SINDy, the system can be represented by
the data matrixes as[28]

𝑋̇ =𝛩(𝑋)𝛯, (2)

where 𝛩(𝑋) is the candidate function library on the right-
hand side of Eq. (1), 𝛯 = [ξ1ξ2 · · ·ξn] is the sparse vectors of
coefficients. Each column ξk of 𝛯 determines which terms on
the right-hand side of the k-th row 𝑥̇k = fk(𝑥) (k = 1,2, . . . ,n)
of Eq. (1) are active. In this paper, the sparse Bayesian regres-
sion method is taken to get the sparse matrix 𝛯.
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In the Bayesian approach, it is recognized that the time
series data matrix should be written explicitly as[40]

𝑋̇ =𝛩(𝑋)𝛯+ ε, (3)

instead of Eq. (2), where ε is a noise or error term, represent-
ing the uncertainty in data and models.

We consider the k-th row 𝑥̇k = fk(𝑥) (k = 1,2, . . . ,n) of
Eq. (1), then the unknown coefficient ξk can be obtained by
solving the following equation:

𝑋̇k =𝛩(𝑋)ξk + εk, (4)

where 𝑋̇k represents the k-th column of 𝑋̇ . The Bayesian
framework assumes the error εk obeys a Gaussian distribution
with mean zero and variance σ2. Meanwhile, they are inde-
pendent and identically distributed for each k.

The Bayesian model gives the multivariate Gaussian like-
lihood function for the vector ξk

p(𝑋̇k|ξk,σ
2) = (2πσ

2)−N/2 exp

{
−
∥∥𝑋̇k−𝛩(𝑋)ξk

∥∥
2σ2

}
, (5)

where N is the number of data in the sample. Suppose the prior
distribution of the unknown vector ξk is as follows:

p(ξk|α) =
M

∏
j=1

𝑁(ξk j|0,α−1
j ), (6)

where α = [α1, . . . ,αM]T. Each α j controls each ξk j indi-
vidually. This form of prior distribution promotes model
sparsity.[41]

The goal of the sparse Bayesian method is to obtain the
posterior probability of ξk based on the assumption of ξk

prior distribution at the given observational data of 𝑋̇k, that
is p(ξk|𝑋̇k).

According to the multiplicative probability formula, the
posterior probability of all unknown parameters given the data
𝑋̇k can be decomposed into the following form:

p(ξk,α,σ2|𝑋̇k) = p(ξk|𝑋̇k,α,σ2)p(α,σ2|𝑋̇k). (7)

We use Dirac function at (α̂ML, σ̂
2
ML) to approximate

p(α,σ2|𝑋̇k), then,

p(ξk,α,σ2|𝑋̇k)≈ p(ξk|𝑋̇k,α,σ2)δ (α̂ML, σ̂
2
ML), (8)

where α̂ML and σ̂2
ML are the maximum likelihood estimators

of α and σ2, respectively. We do so on the basis that the
likelihood function p(α,σ2|𝑋̇k) takes the largest value at the
maximum likelihood estimate α̂ML,σ̂2

ML and the smaller value
at other parameter values. We assume that the value of the
likelihood function p(α,σ2|𝑋̇k) is concentrated at α̂ML,σ̂2

ML,
which is similar to the definition of the Dirac function

δ (α,σ2) = δ (α− α̂ML,σ
2− σ̂

2
ML) = 0,

(α 6= α̂ML, σ
2 6= σ̂

2
ML). (9)

Also,

p(α,σ2|𝑋̇k) =
p(𝑋̇k|α,σ2)p(α,σ2)

p(𝑋̇k)

=
p(𝑋̇k|α,σ2)p(α)p(σ2)

p(𝑋̇k)
, (10)

where p(𝑋̇k), p(α), and p(σ2) are constants. Therefore,
p(α,σ2|𝑋̇k) ∝ p(𝑋̇k|α,σ2). Then the derivation of the max-
imum likelihood estimate α̂ML and σ̂2

ML is as follows:

(α̂ML, σ̂
2
ML) = argmax

α,σ2
{p(α,σ2|𝑋̇k)}⇔ argmax

α,σ2
{p(𝑋̇k|α,σ2)}= argmax

α,σ2

∫
p(𝑋̇k,ξk|α,σ2)dξk

= argmax
α,σ2

∫
p(𝑋̇k|ξk,α,σ2)p(ξk|α,σ2)dξk = argmax

α,σ2

∫
p(𝑋̇k|ξk,σ

2)p(ξk|α)dξk

= argmax
α,σ2

{
(2π)−N/2|σ2𝐼+𝛩(𝑋)𝐴−1(𝛩(𝑋))T|−1/2 exp

{
−1

2
ξ

T
k (σ

2𝐼+𝛩(𝑋)𝐴−1(𝛩(𝑋))T)−1
ξk

}}
, (11)

where 𝐴 = diag(α1, . . . ,αM). This maximization is called the type-2 maximum-likelihood. There is currently no analytical
solution to this maximization. In this paper, we adopt the fast sequence sparse Bayesian learning algorithm for numerical
solutions.[42]

After obtaining the above formulas, we can integrate α and σ2 to get the posterior probability of the vector ξk under the
given data 𝑋̇k condition:

p(ξk|𝑋̇k) =
∫∫

p(ξk,α,σ2|𝑋̇k)dα dσ
2 =

∫∫
p(ξk|𝑋̇k,α,σ2)δ (α̂ML, σ̂

2
ML)dα dσ

2 = p(ξk|𝑋̇k, α̂ML, σ̂
2
ML)

=
p
(
𝑋̇k,ξk|α̂ML, σ̂

2
ML
)

p(𝑋̇k|α̂ML, σ̂2
ML)

=
p
(
𝑋̇k|ξk, α̂ML, σ̂

2
ML
)

p
(
ξk|α̂ML, σ̂

2
ML
)

p(𝑋̇k|α̂ML, σ̂2
ML)

=
p
(
𝑋̇k|ξk, σ̂

2
ML
)

p(ξk|α̂ML)

p(𝑋̇k|α̂ML, σ̂2
ML)

= (2π)−M/2|𝛴̂|−1/2 exp
{
−1

2
(ξk− µ̂)T𝛴̂−1(ξk− µ̂)

}
, (12)
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where the posterior variance and mean are as follows: 𝛴̂ =
[
σ̂
−2
ml (𝛩(𝑋))T𝛩(𝑋)+diag(α̂ml)

]−1
,

µ̂ = σ̂
−2
ml 𝛴̂ (𝛩(𝑋))T𝑋̇k.

(13)

The posterior distribution of each component of the coefficient
vector ξk is

p(ξk j|𝑋̇k) = N(ξk j|µ̂ j,𝛴̂ j j), (14)

where µ̂ j is the j-th element of vector µ̂ and 𝛴̂ j j is the j-th
element on the diagonal of matrix 𝛴̂. Same as the sequence
threshold least squares method,[28] a threshold γ is introduced
to improve accuracy and sparsity. Set to zero for any coef-
ficient ξk j less than the threshold. Then the sparse Bayesian
regression process is iterated repeatedly on the non-zero term
of ξk until the algorithm converges. Algorithm 1 shows the
specific iterative steps.

Algorithm 1 Iterative process of sparse Bayesian regression

1 Input: 𝑋̇k, 𝛩(𝑋), threshold γ .
2 Calculate p(ξk|𝑋̇k), where the mean is µ̂ . Set the compo-
nent of µ̂ whose absolute value is less than γ to zero.

while µ̂ 6= 0 do
Delete the columns with the corresponding weight zero

of 𝛩(𝑋), denoting 𝛩′(𝑋);
Calculate p(ξ ′k|𝑋̇k) in 𝑋̇k =𝛩′(𝑋)ξ ′k, where the mean

is µ̂ ′, the posterior covariance is 𝛴̂;
µ̂ = µ̂ ′;
Set the component of µ̂ whose absolute value is less

than γ to zero.
if µ̂ is the same as the previous loop, then

break;
end

end
𝛴̂ is the posterior covariance obtained from the last loop.

3 Output: µ̂ , 𝛴̂.

2.2. Abrupt-SBR framework

We have defined that mutation of the switching sys-
tem involves only changes of parameter values, additions or
deletions of terms. It indicates that we can perform sparse
Bayesian regression on the existing sparse structure 𝛩0 to
identify the certain kind of change. The existing sparse struc-
ture here refers to the basis function composition of the sys-
tem before switching. This process uses less data and enables
faster and more accurate identification of governing equations
than identifying new models from scratch, which is undoubt-
edly beneficial for the identification of the system. We call the
process of sparse correction of existing models using sparse
Bayesian regression as abrupt-SBR, which mainly handles the
following three basic types of model changes.

(i) Changes of parameter value and deletion of terms
We perform the sparse Bayesian regression process on the

existing sparse structure 𝛩0, and if the error between the ob-

servation response and prediction response is within the allow-
able range, it means that the system has a change in terms or
a reduction in terms. In this way, we get new parameter val-
ues or identify which terms have dropped out, which is fast in
computation and requires a small amount of data. If there is a
large residual error, exploring the addition of terms is neces-
sary.

(ii) Addition of terms
If the mutation of the switching system involves only the

addition of terms, then based on the residual error, we perform
the sparse Bayesian identification process on the remaining in-
active terms to find the minimum number of terms that can
account for the error. The remaining inactive terms here refer
to the removal of elements of the existing sparse structure 𝛩0

from the basis function library 𝛩.

3. The detection of model mutation
In this section, we propose a concept of the threshold-

based switching index to detect system mutation. A series of
thresholds are generated by dichotomous successive approxi-
mation algorithm, and the effect of these thresholds on muta-
tion detection is analyzed to select an optimal threshold.

3.1. Definition of the threshold-based switching index

We know the Lyapunov exponent is an important indi-
cator of the system dynamics. It characterizes the average
exponential rate of convergence or divergence between adja-
cent orbits of the system in phase space. Whether the sys-
tem is chaotic can be intuitively judged by whether the maxi-
mum Lyapunov exponent is greater than zero. The maximum
Lyapunov exponent greater than zero indicates the system is
chaotic.

In this section, the system we consider is Eq. (1), whose
Lyapunov exponent is expressed as follows:[43]

λ (ξ (t)),ξ (0)) = lim
t→∞

lim
ξ (0)→0

log‖ξ (t)‖− log‖ξ (0)‖
t

, (15)

where ξ (0) represents the distance between the two orbits at
the initial moment, and ξ (t) represents the distance between
the two orbits at time t as time evolves.

Next, we give the concept of switching index analogiz-
ing with the Lyapunov exponent. We determine whether the
system switches or not according to whether the switching in-
dex is greater than zero. Below we give the expression of the
switching index

λ
′(t) = log(∆x(t))− log(∆x), (16)

where

∆x(t) =

N
∑
j=1

∑
i(ti∈[0,t])

|x̂ j(ti)− x j(ti)|

∑
i(ti∈[0,t])

1
, (17)
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N is the number of state variables in Eq. (1), x̂(t) is the
predicted response generated by sparse Bayesian regression
method, and x(t) is the observed response of Eq. (1). ∆x(t)
represents the deviation of the predicted response and ob-
served response at time t, which is regarded as the “distance
between the two orbits at time t”. ∆x is the pre-selected thresh-
old for judging the occurrence of switching, which is a refer-
ence value similar to ξ (0). The basis for judging the system
switching is given below:

i) When λ ′ < 0, it means the deviation between the pre-
dicted response and observed response does not exceed the set
threshold. The system is considered to have not switched.

ii) When λ ′ increases sharply, from less than zero to
greater than zero, we consider the system has switched.

iii) We refer to the moment corresponding to λ ′ = 0 as
the switching moment.

3.2. The selection of optimal threshold

The threshold for judging the occurrence of switching is
initialized at the beginning. If a small threshold is selected,
the system will be quickly judged to have switched. At the
same time, it is also possible to misjudge the occurrence of
switching. Conversely, if a larger threshold is selected, the
process will react slowly to the switching. Therefore, adjust-
ing the threshold automatically for judging the occurrence of
switching is important.

Algorithm 2 The pseudo code of fun switch( )
1 Input: the deviation of the predicted response and observed
response ∆x(t), threshold ∆x and time step ∆T .
2 Calculate the data length of ∆x(t), denoting l.
3 Calculate λ ′ = log(∆x(t)/∆x).
4 for j = 1:l do

if λ ′( j)> 0 then
tdetected = j ·∆T ;
break

end
end

5 Output: tdetected is the detected switching moment.

In this part, a series of thresholds are generated by di-
chotomous successive approximation algorithm. Calculate the
deviation ∆x(t), given an upper threshold ∆x upper, a lower
threshold ∆x lower, the real switching moment tswitch and pre-
cision ζ . We denote the function for calculating the detected
switching moment as fun switch( ), whose pseudo code can be
seen from Algorithm 2. The switching moments t upper and
t lower corresponding to the upper threshold and lower thresh-
old are calculated respectively by the function fun switch( ).
After the input parameter are given, a series of thresholds are
generated by successive approximation algorithm, as shown
in Algorithm 3. And in the numerical simulation part of Sec-
tion 4, by analyzing the effect of these thresholds on mutation

detection, an optimal threshold is determined. Here, the “opti-
mal” threshold refers to the threshold that minimizes the error
between the detected switching time tdetected and true switching
time tswitch while giving the input parameters of Algorithm 3
rather than optimizing a pre-specified cost function.

Algorithm 3 Dichotomous successive approximation algo-
rithm for generating thresholds
1 Input: upper threshold ∆x upper, lower threshold ∆x lower,
real switching moment tswitch, precision ζ , the deviation ∆x(t),
and time step ∆T .
2 Calculate the switching moment: t upper and t lower;
3 Initialize count = 0;
4 while not converged and (t lower < tswitch&&t upper >

tswitch) do
count = count+1;
∆x = 0.5× (∆x upper+∆x lower);
Calculate tdetected = fun switch(∆x,∆x(t),∆T );
if tdetected < tswitch then

∆x lower = ∆x
else

∆x upper = ∆x
end
if |∆x upper−∆x lower|< ζ then

break
end
thresh(count) = ∆x;
switching t(count) = tdetected;

end
5 Output: thresh is a series of thresholds generated by the
loop, switching t is the switching time corresponding to the
thresholds.

4. Numerical examples
In this section, two numerical examples, namely the Van

der Pol system and Duffing system with parameter switch-
ing, are worked out to verify the effectiveness of the pro-
posed switching index for mutation detection and abrupt-SBR
method. The random excitation described by Gaussian white
noise and periodic excitation are discussed in turn. The abrupt-
SBR framework is applied to identify the renewed system
equation, which is compared with the original sparse Bayesian
regression method in terms of the amount of data required and
the robustness against noise.

4.1. Switching Van der Pol system

4.1.1. Switching Van der Pol system without excita-
tion

As the first example, we consider the famous Van der
Pol oscillator which shows cubic nonlinearity. We change
parameter values at a certain time so that the system sud-
denly switches its structural form. In this way, we can explore
whether our method is able to accurately detect the transfor-
mation of structure and re-identify the equation of motion. The
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system equations we study take the form{
ẋ = y−αy2,

ẏ = µ(1− x2)y− x+αx2,
(18)

Table 1. System parameters at different time scales.

Parameter 0 s–100 s 100 s–200 s 200 s–300 s

α 0.3 0 −0.4
µ 8 0.7 6

0.6

0.4

0.2

0

-0.2

-0.4

-0.6

µ
0 1 2 3 4 5 6 7 8 9

α

Fig. 1. The bifurcation diagram of the system for parameter α and µ .
The white area indicates the system finally tends to the periodic orbit; the
cyan area indicates the system finally tends to a fixed point.
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(a)

(b)

(c)

Fig. 2. Van der Pol system with α = 0.3 and µ = 8 (blue), α = 0 and
µ = 0.7 (purple), α =−0.4, and µ = 6 (green). (a) The time series of x,
(b) the time series of y, (c) phase space trajectory.

where α and µ are variable parameters of the system. When
µ ∈ [0,9] and α ∈ [−0.6,0.6], the system exhibits two dynamic
behaviors. We adopt bifurcation analysis to explain the dy-
namic behavior of Eq. (18). Figure 1 shows the bifurcation
diagram of the system for parameter α and µ , when the val-
ues of α and µ are in the white area in the figure, the system
eventually tends to the periodic orbit; when it is in the cyan
area, the system eventually tends to a fixed point. The changes
of parameters α and µ are shown in Table 1. According to
Fig. 1, we set the parameter α = 0.3 and µ = 8 for t ∈ [0,100]
to make the system structure a focus point. At t = 100, the pa-
rameters are set to α = 0 and µ = 0.7 making structure become
a periodic orbit. Then, the parameters change to α =−0.4 and
µ = 6 at t = 200, which results in a focus point again. Figure 2
shows the curve of discrete data of the system under switching
parameters.

I Detection of the switching occurrence
First, we identify the system equation in the first stage

through sparse Bayesian regression to obtain the predicted
response, and calculate the deviation ∆x(t) between the ob-
served response and predicted response by Eq. (17). The
time step in the program is 0.001. We set upper threshold
∆x upper = 0.2, lower threshold ∆x lower = 0.01, and accu-
racy ζ = 10−5. Under this set of parameter settings, a se-
ries of thresholds are generated by Algorithm 3. The iterative
process of the program is shown in Fig. 3(a). Within the up-
per and lower limits of the threshold, the Algorithm 3 gradu-
ally approaches the optimal threshold from the left and right
sides, resulting in a large shock in Fig. 3(a). We arrange the
thresholds in ascending order, and redraw the change curve of
switching time with threshold, as shown in Fig. 3(b). It il-
lustrates that when the threshold is less than ∆x = 0.019161,
the occurrence of switching is misjudged; when the thresh-
old is greater than ∆x = 0.019161, the switching time gradu-
ally increases. Hence, under this set of parameter, the optimal
threshold is 0.019161, and the corresponding switching time
is only 100.83, which is very close to the real time of system
switching. We take tswitch = 100 as the standard value, and the
corresponding switching time tdetected at each threshold during
the execution of the Algorithm 3 as the measurements. Ac-
cording to Eq. (19), the relative errors of detection at different
thresholds are obtained, as shown in Figs. 3(c) and 3(d). It
can be seen from Fig. 3(d) that when the threshold is less than
∆x = 0.019161, the relative error keeps at a high level because
the occurrence of switching is misjudged at a very early time;
When the threshold is greater than ∆x = 0.019161, the time
delay of detection switching increases gradually, so the error
also increases slowly.

relative error =
|tdetected− tswitch|

tswitch
. (19)
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Table 2. Optimal threshold under different parameters.

∆x lower ∆x upper Optimal threshold

0.001 0.025 0.019164
0.001 0.25 0.019161
0.001 0.3 0.019167
0.01 0.025 0.019163
0.01 0.25 0.019163
0.01 0.3 0.019169
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Fig. 3. (a) The change of switching time with iterations, (b) the change
of switching time with threshold, (c) the change of relative error of de-
tection with iterations, (d) the change of relative error of detection with
threshold.

In order to test the robustness of the Algorithm 3, we set
ζ = 10−5 and take six different sets of upper and lower thresh-
olds to judge whether the difference between the obtained op-
timal threshold is within the range of precision ζ . Figure 4
depicts the curves of switching time and relative error with
threshold under different parameters. And Table 2 lists the nu-
merical results of the optimal threshold under the six sets of
parameter settings. It can be seen that only the last significant
digit of the optimal threshold is different, this is because the
precision ζ of the program is 10−5, which is within the allow-
able range of error. In addition, it can be seen from Fig. 4
that under different parameters, the position where the switch-
ing time and relative error have a sudden change are the same,
which also illustrates the robustness of Algorithm 3.

It should be noted that setting a smaller precision can
produce a smaller mutation detection error. As can be seen
from Fig. 5, the optimal thresholds obtained under different

precisions are different. The graphs in the figure depicts that
with the increase of precision, the optimal threshold becomes
smaller, the switching time is closer to the real switching time
and relative error become smaller, indicating that there is a
better detection effect.
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Fig. 4. Under different input parameters, the change of switching time
and relative error of switching detection with threshold: (a) switching
time, (b) relative error.
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At the second switching point, we set upper threshold
∆x upper = 0.001, lower threshold ∆x lower = 10−8, and
precision ζ = 10−5, obtaining the optimal threshold ∆x =

7.8224× 10−6. The curve of switching time and relative er-
ror versus threshold is depicted in Figs. 6(a) and 6(b).
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Fig. 6. The change of switching time and relative error of switching detec-
tion with threshold at the second switching point. (a) Switching time versus
threshold, (b) relative error of switching detection versus threshold.

After obtaining the optimal threshold, according to
Eq. (16) we can get the switching index, whose change curve
is depicted in Fig. 7. At t = 100, the switching index in-
creases rapidly. When the difference between the observed re-
sponse and predicted response exceeds the selected threshold,
the switching index begins to be greater than zero, at which
point the system is detected to have switched. In the OA sec-
tion, the motion equation of the next stage is predicted by the
observation data. At point A, due to the re-prediction of the
motion equation, the switching index rapidly decreases to a
negative value.
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Fig. 7. The curve of the switching index with time.

II Identification of the renewed system equation
The execution of the closed-loop process of the ini-

tial identification, detection of system switching, and re-
identification of the system equations enables us to track sud-
den changes in real time. Throughout the closed loop, abrupt
changes of system parameters and structure are detected ac-
cording to Eq. (16). Once the system switching is detected,
we capture new discrete data and perform abrupt-SBR process
to re-identify the renewed system equations:

(i) Based on the newly captured data, we perform sparse
Bayesian regression on the existing sparse structure Θ0 to get
new parameter values or identify which term is deleted.

(ii) If there is an error between the predicted response and
observed response, it means the term of the system increases.
We perform sparse Bayesian identification process on the re-
maining inactive terms of Θ to find the minimum number of
terms that can account for the error.

We use the abrupt-SBR framework to identify equations
before and after system (18) switching. Consider the follow-
ing sparse Bayesian model:{

𝑥̇=Θξ1,

𝑦̇ =Θξ2,
(20)

where Θ is the basis function library, ξ1 and ξ2 are the weight
vectors. In the identification of the first process, we build a
function library where the elements are polynomials of x and y
up to the third order, i.e., {1,x,y,x2,xy,y2,x3,x2y,xy2,y3}. Af-
ter system switching, the elements in the new function library
are the same as those in the equations identified in the pre-
vious stage. We set the sparse threshold γ = 0.1. According
to abrupt-SBR framework, the equations of each stage identi-
fied are shown in Table 3. It is obvious that the re-identified
differential equations are consistent with the real model. And
the predicted trajectory can accurately and quickly track the
observed trajectory, which is depicted in Fig. 8. After the
first switching is detected, only 0.35 seconds of data is used
to re-identify the updated system equation; After the second
switching, it takes only 1.05 seconds of data to renew system
equations.

The amount and noise intensity of the captured data will
greatly affect the accuracy and efficiency of the identification.
We investigate the effect of the amount of data on estimation
error under the abrupt-SBR and standard SBR, and the results
are shown in Fig. 9. |ξ − ξ̂ | is the norm of the model coeffi-
cient difference, which is a measure of the distance between
the coefficients of the predicted system and real system. ∆t
is the time corresponding to capturing new data, which can
also be understood as the amount of data used to identify the
model. Here we sample every 0.001 seconds. As shown in
Fig. 9, the abrupt-SBR can identify an accurate model with
a smaller amount of data than standard SBR. Meanwhile, the
abrupt-SBR and standard SBR have considerable errors when
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∆t is too small to provide a sufficient amount of data to iden-
tify the model. When ∆t = 1.6, the models identified by these
two methods have fairly small errors. However, for smaller ∆t,
the amount of data is too small to identify an accurate model
with the standard SBR.

Table 3. The actual switching time tswitch, detected switching moment
tdetected, renewed time trenewed, and identified model.

tswitch tdetected trenewed Identified models

0 0 1.1

{
ẋ = 0.999y−0.299y2

ẏ = 7.99y−7.99x2y−1.0x+0.299x2

100 100.83 101.18

{
ẋ = 0.999y

ẏ = 0.70y−0.699x2y−0.999x

200 200.02 201.07

{
ẋ = 0.999y+0.399y2

ẏ = 5.99y−5.99x2y−1.0x−0.399x2
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Fig. 8. Comparison of the predicted data and captured data: (a) time
series of x, (b) time series of y, (c) phase space trajectory.

Then we add different levels of noise to the derivative of
y to explore the effect of noise intensity on estimation error
under the abrupt-SBR and SBR respectively, as depicted in

Fig. 10. For the SBR algorithm, when ∆t = 1.5, with the in-
crease of noise intensity, the model error tends to increase.
When the noise intensity is in the range of [10−4,10−3], the
accurate model can be identified. However, for smaller data
volumes, the SBR fails to identify the model regardless of the
noise intensity. For the abrupt-SBR, it is more robust to noise
than SBR. When ∆t = 1.5, abrupt-SBR can handle about two
orders of magnitude of noise before failing to identify an ac-
curate model, while standard SBR only handle one order of
magnitude. In addition, increasing the amount of data can re-
duce the error of model identification.
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Fig. 9. Model error versus amount of data: the data are collected in the
range of [100.83,100.83+∆t] after the system switching is detected the
first time. The green dots represent identifying the model from scratch
with SBR, and the orange diamonds represent identifying the model from
the existing model with abrupt-SBR.
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Notably, we compare the abruptSBR method with the
abrupt ridge regression in Ref. [36] from the perspectives of
the requirement of data amount and the time to re-identify
systems. In the ridge regression algorithm, we take the value
of the ridge parameter as 0. First, we compare the amount
of data required to identify the system under the two meth-
ods, as shown in Fig. 11. It can be seen that our method
abrupt-SBR requires less data to identify an accurate model
than abrupt ridge regression in Ref. [36]. The abrupt-SBR
only requires ∆t = 0.5, but abrupt ridge regression requires ap-
proximately ∆t = 2.8. Moreover, compared with the ridge re-
gression method, the improved abrupt ridge regression method
does not greatly improve in the data volume. To illustrate the
efficiency of the abrupt-SBR method in terms of the time spent
on updating the system, after detecting the first switch of the
system, we execute the abrupt-SBR and abrupt ridge regres-
sion algorithms on computer 20 times respectively and record
the running time of the program each time. Figure 12 depicts
the change curve of the program running time for 20 times
under the two methods. It can be seen that the program exe-
cution time of the two methods is on an order of magnitude,
and the values are very small, which shows the efficiency of
abrupt-SBR in updating the system.
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Fig. 12. The change curve of the program running time for 20 times.

4.1.2. Switching Van der Pol system with Gaussian
white noise excitation

In this subsection, we consider the mutation detection and
fast identification of switching Van der Pol equations excited
by white Gaussian noise. The model form is as follows:{

ẋ = y−αy2,

ẏ = µ(1− x2)y− x+αx2 +σξ (t),
(21)

where ξ (t) is Gaussian white noise, which satisfies 〈ξ (t)〉= 0,
〈ξ (t)ξ (t + τ)〉 = δ (τ), σ is noise intensity. The changes of
system parameters are the same as those in Table 1.

First, we take the noise intensity as σ = 0.05. The oc-
currence of system switching is detected by the switching in-
dex defined by Eq. (16) and the renewed system is identi-
fied by abrupt-SBR. Here, the established function library in-
cludes not only polynomials {1,x,y,x2,xy,y2,x3,x2y,xy2,y3},
but also the Gaussian white noise ξ (t).
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Fig. 13. The changes of switching time and relative error of switching
detection with threshold: (a) switching time versus threshold at the first
switching point, (b) relative error of switching detection versus thresh-
old at the first switching point, (c) switching time versus threshold at the
second switching point, (d) relative error of switching detection versus
threshold at the second switching point.

We set upper threshold ∆x upper = 0.35, lower threshold
∆x lower = 0.01, and precision ζ = 10−5. Under this set of
parameter settings, the changes of the switching time and rel-
ative error of mutation detection with threshold is shown in
Fig. 13. It can be seen from Figs. 13(a) and 13(b) that the
optimal threshold at the first switching point is ∆x = 0.21634,
where the relative error of switching detection is the smallest.
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At the second switching point, when approaching the optimal
threshold ∆x = 0.53381 from the left, the switching time does
not change significantly, which is different from the case at
the first switching point. Furthermore, the optimal threshold
for σ = 0.05 is larger than the optimal threshold for σ = 0 by
comparing with Figs. 3 and 6. Then, the switching index is
calculated by Eq. (16), and the curve with time is depicted in
Fig. 14, indicating that the system is detected to have switched
when t = 102.589 and t = 200.13.

The models predicted at each stage are shown in Table 4.

Figure 15 depicts the comparison of the phase diagram of the

predicted data and observed data. It can be seen the mutation

detection method based on the switching index can success-

fully capture the switching of the system, and the system equa-

tion identified by abrupt-SBR is accurate, which demonstrates

that our method is applicable to switching system excited by

Gaussian white noise.

Table 4. The actual switching time tswitch, detected switching moment tdetected, renewed time tswitch, and identified model under
the excitation of white Gaussian noise.

tactual tdetected trenewed Identified models

0 0 1.1

{
ẋ = 0.999y−0.299y2

ẏ = 7.99y−7.99x2y−1.0x+0.299x2 +0.0499ξ (t)

100 102.59 102.99

{
ẋ = 0.999y

ẏ = 0.699y−0.699x2y−0.999x+0.0499ξ (t)

200 200.13 201.63

{
ẋ = 0.999y+0.399y2

ẏ = 5.99y−5.99x2y−1.0x−0.399x2 +0.0499ξ (t)
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Fig. 14. The curve of the switching index with time under the excitation
of white Gaussian noise.
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Fig. 15. Comparison of the phase lines of the predicted data and captured
data under the excitation of white Gaussian noise.

Taking the first switching point as an example, in order
to illustrate the robustness of the proposed mutation detection
method to noise, we consider the optimal threshold under dif-
ferent noise intensities. Figure 16(a) depicts the change curves
of switching time with threshold under different noise intensi-
ties. It indicates that as the noise intensity increases, the sud-

den change position of switching time gradually shifts to the
right, and the ordinate value of the first point after the sudden
change becomes larger, which means that the optimal thresh-
old and switching time tend to increase monotonically, provid-
ing an inspiration for us to select an optimal threshold. That
is, if the system is subject to random disturbances, the optimal
threshold should be greater than the typical fluctuation range
of the noise. For a larger noise intensity, a larger threshold
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Fig. 16. (a) The curve of switching time versus threshold under different
noise intensities, (b) the curve of switching index with time under differ-
ent noise intensities.
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should be selected. Figure 16(b) shows the change curves of
switching index with threshold, which can be seen as the noise
intensity increases, the point where the curve of the switching
index first intersects with the horizontal axis gradually shifts
to the right, that is, the detected switching time of the sys-
tem becomes larger, which is the same as the conclusion in
Fig. 16(a). Meanwhile, it also reveals the mutation detection
method based on switching index has a certain degree of noise
immunity.

4.2. Switching Duffing system with periodic excitation

In this subsection, we consider the famous nonlinear
Duffing oscillator with periodic excitation, which shows cu-
bic nonlinearity behavior. The control equation of the system
is

ẍ+β ẋ+ρx+µx3 = F(t), (22)

which can be transformed into a first-order system of equa-
tions by setting ẋ = y, giving{

ẋ = y,
ẏ =−ρx−βy−µx3 +F(t),

(23)

where F(t) = 3cos(0.5t). The initial condition is set as
(x0,y0) = (0,0.05). The variation of parameter values is
shown in Table 5, under which the time series is depicted in
Fig. 17.

Table 5. The values of system parameters at different moments.

Parameter 0 s–50 s 50 s–100 s 100 s–150 s

ρ 2 3.2 1.5
β 2.5 3.5 2
µ 0.3 2 0.3





↩

x

   

t

Captured data1

Captured data2

Captured data3

Fig. 17. Time series of x for the switching Duffing system with ρ = 2,
β = 2.5, µ = 0.3 (blue); ρ = 3.2, β = 3.5, µ = 2 (orange); ρ = 1.5,
β = 2, µ = 0.3 (purple).

In the identification of this system, we build a function
library where the elements are polynomials of x, y, and F up
to the third order, i.e.,

{
1,x,y,F, . . . ,y3,F3

}
, where F = F(t).

First, the system equations are predicted based on the observed
data, and the deviation between the observed response and pre-
dicted response is calculated according to Eq. (17). At the
first switching point, we set upper threshold ∆x upper = 0.03,
lower threshold ∆x lower = 10−5, and precision ζ = 10−5.

Then, Algorithm 3 is performed to generate a series of thresh-
olds. Figures 18(a) and 18(b) depict the variation curves of the
switching time and relative error with threshold, respectively.
It can be seen that the optimal threshold is ∆x = 2.46×10−5.
In this case the detected switching time is only 50.028 s, and
relative error is only 0.054%. Likewise, at the second switch-
ing point, the optimal threshold is ∆x = 3.42× 10−4. Then
according to Eq. (16), we can get the switching index of the
system, which is depicted in Fig. 19. At t1 = 50.028 and
t2 = 100.022, the switching index starts to be greater than 0,
which indicates the system has switched.
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Fig. 18. (a) Switching time versus threshold at the first switching point.
(b) Relative error of switching detection versus threshold at the first
switching point.
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Fig. 19. The curve of the switching index with time.

When the system switching is detected, we continue to
capture new discrete data and perform the abrupt-SBR pro-
cess to identify the renewed system, as shown in Table 6. And
the predicted trajectory can accurately and quickly track the
observed trajectory, as depicted in Fig. 20.
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Table 6. The actual switching time tswitch, detected switching moment tdetected, renewed time trenewed, and identified model of
the switching Duffing system.

tswitch tdetected trenewed Identified models

0 0 1

{
ẋ = 0.999y

ẏ =−2x−2.499y−0.299x3 +0.999F(t)

5 50.028 50.908

{
ẋ = 0.999y

ẏ =−3.1998x−3.5y−2.0001x3 +0.99996F(t)

100 100.022 101.822

{
ẋ = 0.999y

ẏ =−1.500x−1.999y−0.2999x3 +1.000F(t)

1

0

-1

x

0 50 100 150
t

Captured data
Prediction 1
Prediction 2
Prediction 3

Fig. 20. Comparison of time series of x between the predicted data and
captured data.

Figure 21 explores the influence of data volume on es-
timation error under the abrupt-SBR and SBR algorithms.
Abrupt-SBR takes 0.6 seconds of data to identify an accurate
model, whereas the SBR takes at least 1 second, implying that
less data is required to identify the system equations based on
the existing model. Then, we add different levels of noise to
the derivative of y to investigate the effect of noise intensity on
estimation error under different data amounts for the abrupt-
SBR and standard SBR, which is depicted in Fig. 22. It is
obvious that the abrupt-SBR is more robust to noise and can
identify an accurate model with less data than the SBR, which
is consistent with the conclusion obtained when studying the
Van der Pol system.
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Fig. 21. Model error versus amount of data: the data are collected in the
range of [50.028,50.028+∆t] after the system switching detected the first
time. The green dots represent identifying the model from scratch with
SBR, and the orange diamonds represent identifying the model from the
existing model with abrupt-SBR.
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Fig. 22. Model error versus noise intensity at different data volumes:
(a) identifying the model from scratch with SBR. (b) identifying the
model from the existing model with abrupt-SBR.

5. Conclusion
To summarize, we have predicted the behavior of switch-

ing system by using the proposed new method of mutation de-
tection and quick identification, which can successfully track
the changes of the system and re-identify the system quickly.
Firstly, we propose a new measure — the threshold-based
switching index to detect the sudden changes of the model.
We give the dichotomous successive approximation algorithm
for selecting the optimal threshold, which can reduce the un-
necessary data acquisition and the relative error of switching
point detection. Furthermore, to demonstrate the robustness
of the dichotomous successive approximation algorithm, we
investigate the effect of the input parameters on the optimal
threshold. The results show that the difference between the
optimal thresholds is within the given precision range for dif-
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ferent upper and lower threshold limits. Moreover, for differ-
ent algorithm precisions, the optimal threshold generated by
smaller precision is more accurate, making the mutation detec-
tion more pinpoint. Although the algorithm itself is influenced
by the input parameters, the results are robust.

Secondly, after abrupt change is detected, we perform
the SBR progress based on the existing model to capture the
fewest changes that can account for the system, which requires
less data and has better noise robustness than identifying the
model from scratch, reflecting the advantages of the abrupt-
SBR algorithm over the traditional SBR algorithm. Finally,
two representative systems are investigated to illustrate the
effectiveness and application of the proposed methods. The
results show that the switching point detected is very close
to the real switching point. Even if the system is subject to
small random disturbance, this detection method is still effec-
tive. Meanwhile, the identified model is basically consistent
with the actual model, and the predicted trajectory can track
the observed trajectory quickly and accurately. Thus, the pro-
posed method is promising to realize the mutation detection
and rapid identification of switching system, which is benefi-
cial to the accurate prediction and possible control of switch-
ing system behavior.

Furthermore, due to the sensitivity of chaotic systems
to parameter values, the observed response and predicted re-
sponse may diverge before the system switches. Considering
the importance of mutation detection, this will be the focus
of future research work. In future, we will investigate the
time series of the system from the perspective of information-
theoretic measurement to detect mutations.
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