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Rapid stabilization of general stochastic quantum systems is investigated based on the rapid stability of stochastic
differential equations. We introduce a Lyapunov–LaSalle-like theorem for a class of nonlinear stochastic systems first,
based on which a unified framework of rapidly stabilizing stochastic quantum systems is proposed. According to the
proposed unified framework, we design the switching state feedback controls to achieve the rapid stabilization of single-
qubit systems, two-qubit systems, and N-qubit systems. From the unified framework, the state space is divided into two
state subspaces, and the target state is located in one state subspace, while the other system equilibria are located in the other
state subspace. Under the designed state feedback controls, the system state can only transit through the boundary between
the two state subspaces no more than two times, and the target state is globally asymptotically stable in probability. In
particular, the system state can converge exponentially in (all or part of) the state subspace where the target state is located.
Moreover, the effectiveness and rapidity of the designed state feedback controls are shown in numerical simulations by
stabilizing GHZ states for a three-qubit system.
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1. Introduction
The Nobel Prize in Physics 2022 was awarded to Alain

Aspect, John Clauser, and Anton Zeilinger for their pathfind-
ing work in quantum mechanics and quantum information sci-
ence. At present, quantum information science has become a
hot research field, where the transfer of quantum systems from
any initial state to the target state, i.e., the preparation or global
stabilization of quantum states, is one of the basic tasks. In or-
der to prepare the target quantum state rapidly and accurately,
numerous classical control methods have been introduced into
control of quantum systems, e.g., optimal control[1–3] and Lya-
punov control.[4–7]

For the better robustness, feedback controls, which need
the system information through measurement, are recom-
mended to apply. Although measurement operations can
cause collapse of quantum states, quantum filter theory[8,9]

helps to overcome this obstacle by using measurement-based
feedback control, where quantum filter states described by
an Itô stochastic differential equation, instead of the actual
quantum states, are used. Based on quantum filter theory,
for the stabilization of stochastic quantum systems, switch-
ing control strategy, which was proposed in Ref. [10] first,
is one of the main control strategies and has been used to

achieve global stabilization of eigenstates for N-level quan-
tum systems,[10–12] Bell states for two-qubit systems[13,14]

and Greenberger–Horne–Zeilinger (GHZ) state for multi-qubit
systems.[15,16] The idea of the switching control strategy is
that the state space is divided into two state subspaces, then
to design two controls to form the switching control strategy
such that one control can make the system state converge to
and evolve permanently in the state subspace that contains the
target state, and the other control can make the system state
converge to the target state. Of course, the state trajectory
may travel back and forth between the two subspaces under
the switching control. To improve the convergence rate, Vu et
al. used the coupling Lyapunov functions to design a switch-
ing control to reduce the travel number of system trajectory
between two subspaces.[13] Recently, Liang et al. designed a
state feedback to achieve the local exponential stabilization of
both eigenstates for N-level quantum angular momentum sys-
tems and GHZ states for multi-qubit systems, whose robust-
ness analyses were presented in Ref. [17]. In addition, Car-
dona et al. proposed noise-assisted feedback strategy that can
also achieve the exponential stabilization of N-level quantum
systems.[18] Considering that state feedback has been applied
in the real physical experiment,[19] we mainly focus on the

†These authors contributed equally to this work.
‡Corresponding author. E-mail: wenjie015@gmail.com
§Corresponding author. E-mail: zengjianchao@263.net
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

070203-1

https://doi.org/10.1088/1674-1056/acb9f3
mailto:wenjie015@gmail.com
mailto:zengjianchao@263.net
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 070203 (2023)

state feedback control in this paper.
Due to the rapidity requirement in quantum manipula-

tions, the rapid convergence of quantum states is of great sig-
nificance. According to the review of related literature, state
feedback has been used to achieve the rapid stabilization of
stochastic quantum systems, even local exponential stabiliza-
tion. In order to improve the convergence rate of system states
further, we present a unified framework to combine the exist-
ing techniques of rapidly stabilizing stochastic quantum sys-
tems in this paper, i.e., the reduction of the travel number of
system trajectory between state subspaces and the local ex-
ponential stabilization of quantum states. For this goal, we
study the rapid stabilization of a class of nonlinear stochas-
tic systems and introduce a Lyapunov–LaSalle-like theorem
for the general stochastic differential equations by extending
the results in Ref. [13]. Based on the proposed Lyapunov–
LaSalle-like theorem, a unified framework with five steps for
the rapid stabilization of the general stochastic quantum sys-
tems is presented and is applied to the rapid stabilization of
single-qubit systems, two-qubit systems, and N-qubit systems,
which show the effectiveness and universality of the unified
framework. According to the proposed unified framework, the
state space should be divided into two state subspaces first,
and the switching state feedback controls designed based on
the constructed coupling Lyapunov functions can make the
system trajectory only transit the boundary between the two
state subspaces no more than two times, and the target state is
globally asymptotically stable in probability. In particular, the
system state can converge exponentially in (all or part of) the
state subspace where the target state is located. Thus, the main
contributions of this paper can be concluded as follows: (i)
A Lyapunov–LaSalle-like theorem is introduced for the rapid
stabilization of a class of nonlinear stochastic systems. (ii)
A unified framework is presented for the rapid stabilization of
stochastic quantum systems based on the proposed Lyapunov–
LaSalle-like theorem. (iii) The unified framework is applied to
the rapid stabilization of single-qubit systems, two-qubit sys-
tems, and N-qubit systems.

The rest of this paper is organized as follows. The
stochastic differential equation describing the quantum filter
state and the problem of rapid stabilization by state feedback
are described in Section 2. We introduce a Lyapunov–LaSalle-
like theorem for a class of nonlinear stochastic systems in Sec-
tion 3. In Section 4, the proposed Lyapunov–LaSalle-like the-
orem is applied to the rapid stabilization of single-qubit sys-
tems, two-qubit systems, and N-qubit systems. We take three-
qubit systems as an example to verify the effectiveness of the
proposed state feedback strategies in numerical simulations in
Section 5. Finally, we present conclusions and discuss the pos-
sible future directions in Section 6.

Notation R and C denote the set of real numbers and

complex numbers, respectively; tr(·) is the trace of matrices;
A† is the conjugate transpose of matrix A; [A,B] = AB−BA
is the commutator of matrices A and B; P{·} represents the
probability of event. E [·] denotes the expected value of ran-

dom variables; σ x =

[
0 1
1 0

]
, σ y =

[
0 −i
i 0

]
, σ z =

[
1 0
0 −1

]
are

the Pauli operators along x, y and z axes, respectively, with
i =

√
−1; diag[λ1, . . . ,λn] represents the n×n diagonal matrix

with diagonal elements λ1, . . . ,λn; ⊗ represents the Kronecker
product of matrices. In = diag[1, . . . ,1] is the n×n identity ma-
trix.

2. Preliminaries
In this paper, we consider the rapid stabilization of

stochastic quantum systems via measurement-based feedback
control, where the quantum filter state, instead of the state
of the actual quantum system, is used in the feedback con-
trol. According to the quantum filter theory,[8,9] the evolution
of quantum filter state can be described by the Itô stochastic
differential equation, i.e., stochastic master equation (SME),
which can be written as[20]

dρt =

(
− i [H0,ρt ]−

q

∑
k=1

i [Hk,ρt ]uk,t +
m

∑
j=1

ΓL j𝒟 (L j,ρt)

)
dt

+
m

∑
j=1

√
ηL jΓL jℋ (L j,ρt) dωL j ,t ,

dy j,t =
√

ηL jΓL j tr
(

L jρt +ρtL
†
j

)
dt + dωL j ,t , j = 1, . . . ,m,

(1)

where ρt is the density matrix describing quantum state, and
ρt ∈ 𝒮 =

{
ρt ∈ Cn×n : ρt = ρt

† ≥ 0, tr(ρt) = 1
}

in which 𝒮
represents the state space; H0 and Hk are free Hamiltonian
and control Hamiltonian, respectively; L j is the measurement
operator; ΓL j and ηL j are the measurement strengths and ef-
ficiencies, respectively; ωL j ,t is the standard Wiener process,
while dωL j ,t is the independent Wiener increment that satis-
fies dωLi,t dωL j ,t = δi j dt, in which δi j is the Kronecker delta;
uk,t ∈ R is the control input; y j,t is the measurement record of
the output; superoperators 𝒟 (L j,ρt) and ℋ (L j,ρt) are defined
as

𝒟 (L j,ρt) = L jρtL
†
j −

1
2

L†
jL jρt −

1
2

ρtL
†
jL j,

ℋ (L j,ρt) = L jρt +ρtL
†
j − tr

(
L jρt +ρtL

†
j

)
ρt . (2)

For SME (1), the existence and uniqueness of solutions can
be guaranteed by constructing the appropriate control Hamil-
tonian Hk and the control input uk,t .[10] It should be noticed
that SME (1) can be used to describe many physical experi-
ment systems, for example, an ensemble of laser-cooled Ce-
sium atoms confined to a cavity mirror,[10,21,22] and a two-
qubit system consisting of a couple of two-level atoms placed
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in two distant cavities and interacting through a radiation field

in a dispersive way.[23] In particular, the theoretical study car-

ried out in Ref. [10] was extended to discrete-time quantum

systems,[24,25] and has been applied to the first physical ex-

periment of achieving real-time quantum measurement-based

feedback control in the photon box of the Kastler Brossel

Laboratory,[19] from which the study of continuous-time quan-

tum systems considered in this paper is the first step towards

the practical quantum manipulation and has an important po-

tential practical value.

Measurement-based feedback has been used to achieve

the stabilization of stochastic quantum systems, where the

feedback architectures of designing the control input uk,t in-

clude static output feedback,[26,27] state feedback,[10,12,17,21,28]

and noise-assisted feedback.[18,29] Considering the practica-

bility, we focus on the state feedback architecture here. For

state feedback, the control input uk,t in Eq. (1) can be writ-

ten as uk (ρt). Therefore, the goal of this paper is to achieve

the rapid stabilization of stochastic quantum systems by using

state feedback control uk (ρt), which is described in the fol-

lowing.

Rapid stabilization by state feedback For the quantum

filter (1), design the state feedback control uk (ρt) to glob-

ally rapidly asymptotically render the system state ρt from

any initial state ρ0 to the target state ρf almost surely, i.e.,

P{limt→∞ ρt = ρf}= 1,∀ρ0 ∈ 𝒮.

In fact, several state feedback strategies have been pro-

posed for the rapid stabilization of stochastic quantum sys-

tems, e.g., Refs. [13,16,20,30,31]. However, the state feed-

back controls designed in Refs. [3,16,20,30,31] are either for

a certain class of quantum systems or for a certain class of tar-

get quantum states. In this paper, we aim to propose a unified

architecture of designing state feedback controls that can be

applied to the rapid stabilization of multiple types of stochas-

tic quantum systems and different types of quantum states.

The SME (1) describing quantum filter state is a nonlin-

ear stochastic differential equation. In order to design the state

feedback control of rapidly stabilizing stochastic quantum sys-

tems, we introduce a Lyapunov–LaSalle-like theorem for the

rapid stability in probability of a class of nonlinear stochastic

systems in the next section, and then present the unified frame-

work of rapidly stabilizing stochastic quantum systems pro-

posed in this paper and apply the unified framework to Eq. (1)

in Section 4, where we take single-qubit systems (eigenstate

as the target state), two-qubit systems (Bell state as the target

state), and multi-qubit systems (GHZ state as the target state)

as examples.

3. Rapid stability of stochastic differential equa-
tions
Consider the nonlinear stochastic systems described by

the stochastic differential equation

dxt = f (xt) dt +g(xt) dωt , (3)

where xt is the system state; f : Rn ×Rn → Rn and g : Rn ×
Rn → Rn×r are Borel-measurable, locally bounded, and lo-
cally Lipschitz continuous functions; f (0,0) = 0, g(0,0) = 0;
ωt is an r-dimensional standard Wiener process.

Based on the concept of stability in probability as shown
in Ref. [32], we have the following theorem, which is an ex-
tension of Theorem 1 in Ref. [13].

Theorem 1 For the nonlinear stochastic systems (3), if
there exists a partition of Rn, which is denoted as {φ1,φ2}, and
there exists the coupling Lyapunov functions V1 (x) ,V2 (x) :
Rn → R+, which are defined in φ1 and φ2, respectively, and
both nonnegative differential and continuously twice differen-
tial satisfy the following conditions:

C.I: V1 (x) is constant on the boundary of the sets
{φ1,φ2}.

C.II: α1(|x|)≤V1(x)≤ α2(|x|),∀x ∈ Rn.
C.III: ℒV1 (x)≤−λV1 (x) ,∀x ∈ φ1.
C.IV: ℒV2 (x)≤−M,∀x ∈ φ2.

Here, α1 (·) and α2 (·) are 𝒦∞-class functions; λ and M are
positive constants; ℒ is the infinitesimal operator associated
with Eq. (3) and defined as

ℒV (x) :=
∂V (x)

∂x
f (x)+

1
2

tr
(

gT (x)
∂ 2V (x)

∂x2 g(x)
)
. (4)

Then, the equilibrium x = 0 of the system (3) is globally
asymptotically stable in probability, and the system trajecto-
ries xt will only transit through the boundary between φ1 and
φ2 no more than two times for any initial state x0 ∈Rn. In par-
ticular, E [V1 (xt)] ≤ V1 (xT ) e−λ (t−T ) when t ≥ T , where T is
the time after that xt evolves in φ1 permanently.

Proof According to Theorem 1 in Ref. [13], if we let

W (x) = λV1 (x) , (5)

it is easy to verify that W (x) is a continuous positive function
defined in φ1 due to the fact that V1 (x) is a continuous posi-
tive function as well as λ > 0, then the conditions C.1–C.3 of
Theorem 1 in Ref. [13] hold true, such that x = 0 is globally
asymptotically stable in probability and xt transits the bound-
ary between φ1 and φ2 no more than two times.

On the other hand, according to Theorem 3 in Ref. [18], if
V1 (x), T , and φ1 are regarded as V (x), t0, and S, respectively,
we can directly conclude that E [V1 (xt)] ≤ V1 (xT ) e−λ (t−T ).
The proof is completed.
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Remark 1 In Theorem 1, it is necessary that V1 (x) is con-
stant on the boundary between φ1 and φ2, regarded as an in-
dependent condition, which is denoted as condition C.I. From
the proof of Theorem 1 in Ref. [13], the condition C.I is used
to guarantee that there is no sliding motion of the system tra-
jectory on the boundary and help to prove the conclusion that
xt will evolve in φ1 permanently after a finite time for any ini-
tial state x0. Therefore, when applying Theorem 1, we need to
deliberately check the condition C.I to avoid misusing Theo-
rem 1 to obtain wrong conclusions.

4. Rapid stabilization of stochastic quantum sys-
tems
In this section, we present the unified framework of

rapidly stabilizing stochastic quantum systems based on Theo-

rem 1 and Ref. [13] first, and then apply the unified framework
to the rapid stabilization of single-qubit systems, two-qubit
systems, and N-qubit systems, to demonstrate the effective-
ness and universality of the proposed unified framework.

4.1. The unified framework of rapidly stabilizing stochas-
tic quantum systems

Comparing SME (1) and the stochastic differential equa-
tion (3), SME (1) is a special class of stochastic differ-
ential equation with f (ρt) = −i [H0,ρt ]− ∑

q
k i [Hk,ρt ]uk,t +

∑
m
j ΓL j𝒟 (L j,ρt) and g(ρt) = ∑

m
j
√

ηL jΓL jℋ (L j,ρt), thus
Theorem 1 is suitable for SME (1). According to Theorem
1 in this paper and Theorem 1 in Ref. [13], we proposed a uni-
fied framework for the rapid stabilization of stochastic quan-
tum systems, which is shown in Fig. 1.

Φ

Φ

ΦΦ

Φ

ΦΦ

ΦΦ

f

Fig. 1. The diagram of the unified framework proposed in this paper for the rapid stabilization of stochastic quantum systems, where the
blue blocks represent the operations, the pink blocks represent the results of stabilization control, while the lines with arrow describe the
relationships between different blocks.

From Fig. 1, it is necessary to perform five steps for the
design of state feedback controls to rapidly stabilize stochas-
tic quantum systems. The specific details of each step are de-
scribed as follows.

Step 1 Construct or determine Hamiltonians and mea-
surement operators. For the stabilization of stochastic quan-
tum systems, the solvability is the first problem to be solved.
The system Hamiltonians (including free Hamiltonian H0 and

070203-4



Chin. Phys. B 32, 070203 (2023)

control Hamiltonians Hk) and measurement operators L j need
to be constructed reasonably to guarantee the solvability of
the stabilization problem of quantum systems. For example,
in Ref. [11], under the setting of Hamiltonians and measure-
ment operator presented in Assumptions 2–3 of Ref. [11] the
target state belongs to system equilibria, and the controlled
quantum system has a finite number of equilibrium states due
to the fact that the measurement operator in Ref. [11] is non-
degenerate. However, if the measurement operator is degen-
erate, the number of the system equilibria may be infinite, as
shown in Refs. [16,30,31]. On the other hand, if the controlled
quantum system is the actual physical system, the first step is
also to determine Hamiltonians and measurement operators.
No matter what is the case, Hamiltonians and measurement
operators should be constructed or determined to ensure that
the target state belongs to the system equilibria, such that the
solvability of the stabilization problem of quantum systems is
guaranteed.

Step 2 Divide the state space 𝒮 into two state subspaces,
which are denoted as Φ1 and Φ2. The state space 𝒮 can be
divided artificially and directly, or can also be divided based
on the Lyapunov function V1 (ρt) constructed in Step 3. No
matter what is the division method, the partition of 𝒮 should
satisfy the following conditions:

If the number of system equilibria is finite, the target state
is located in Φ1 while the other equilibria are located in Φ2.

If the number of system equilibria is infinite, the target
state is only the state that simultaneously located in the LaSalle
invariant set and Φ1.

Step 3 Construct the coupling Lyapunov functions
V1 (ρt) and V2 (ρt). V1 (ρt) is defined in Φ1, while V2 (ρt) is
defined in Φ2. Both V1 (ρt) and V2 (ρt) should be nonnegative
differentiable and twice continuous differentiable. In particu-
lar, V1 (ρt) must be constant on the boundary between the state
subspaces Φ1 and Φ2. Moreover, V1 (ρt) can be used to divide
the state space 𝒮 in Step 2.

Step 4 Design state feedback controls u1 (ρt) and u2 (ρt)

to make ℒV1 (ρt) ≤ −W (ρt) and ℒV2 (ρt) ≤ −M. In par-
ticular, W (ρt) can be set as λV1 (ρt). If the designed state
feedback control u1 (ρt) cannot make ℒV1 (ρt) ≤ −λV1 (ρt)

hold in all of Φ1, we can design another state feedback con-
trol denoted as û1 (ρt) to make ℒV1 (ρt) ≤ −W (ρt) hold in
the state subspace denoted as Φ̂1, where u1 (ρt) cannot make
ℒV1 (ρt)≤−λV1 (ρt) hold, and u1 (ρt) still works in Φ1∖Φ̂1.

Step 5 u1 (ρt) and u2 (ρt) form the state feedback strat-
egy: u1 (ρt) works in Φ1, while u2 (ρt) works in Φ2. If u1 (ρt)

cannot make ℒV1 (ρt) ≤ −λV1 (ρt) hold in all of Φ1, u1 (ρt),
û1 (ρt) and u2 (ρt) form the state feedback strategy: u1 (ρt)

works in Φ1∖Φ̂1, u2 (ρt) works in Φ2, while û1 (ρt) works in
Φ̂1.

Following the above design process, the state feedback
strategy can be applied to achieve:

Under u2 (ρt), the system state ρt only transits through the
boundary between Φ1 and Φ2 no more than two times from
any initial state, and evolves in Φ1 permanently after finite
time.

Under u1 (ρt) in Φ1, the system state ρt will converge to
the target state ρf. In particular, if W (ρt) = λV1 (ρt), the sys-
tem state ρt can converge to ρf exponentially in Φ1 with the
convergence rate that is not less than λ , which means that
the target state is stabilized globally and rapidly. In Subsec-
tions 4.2, 4.3, and 4.4, we apply the unified framework to
achieve the rapid stabilization of single-qubit systems, two-
qubit systems, and N-qubit systems, respectively.

4.2. Rapid stabilization of single-qubit systems

For single-qubit systems, the time evolution of n-
dimensional quantum filter state is described by the following
SME:[11,33]

dρt = (−i [H0,ρt ]− i [H1,ρt ]ut +𝒟 (Le,ρt)) dt

+
√

ηLeℋ (Le,ρt) dωLe,t ,

dyt =
√

ηLe tr
(
Leρt +ρtLe

†) dt + dωL,t , (6)

which corresponds to the case of q = 1, m = 1, L1 = Le, and
ΓLe = 1 in SME (1).

Similar to Ref. [11], the target state ρf is set as an eigen-
state of the measurement operator Le. For the rapid stabiliza-
tion of single-qubit systems (6), we follow the five steps in the
unified framework as shown in Subsection 4.1 to design the
state feedback control ut .

To guarantee the solvability, the measurement operator
Le is self-adjoint, non-degenerate, and commutative with H0,
while the control Hamiltonian H1 is connected, under which
the system equilibria are all the eigenstates of the measure-
ment operator Le and the target state belongs to the system
equilibria, such that the number of the system equilibria is fi-
nite, i.e., n.

Now, we should divide the state space 𝒮 into two sub-
spaces. Consider the following coupling Lyapunov functions

Ve (ρt) = 1− tr(ρtρf)+ ceU (ρt) ,

Vc (ρt) = a+ tr(Xρt) ,

where ce is nonnegative constant; U (ρt) = tr
(
L2

eρt
)
−

tr2 (Leρt); a ≥ max
ρ∈𝒮

|tr(Xρ)|. Then, Ve (ρt) and Vc (ρt) are re-

garded as V1 (ρt) and V2 (ρt), respectively, and the state space
𝒮 can be divided into {Φe,1,Φe,2} based on Ve (ρt), i.e.,

Φe,1 = {ρ ∈ 𝒮 : Ve (ρt)≤ ke} ,

Φe,2 = 𝒮∖Φe,1, (7)
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with 0 < ke ≤ 1, from which ρf ∈ Φe,1 and ρi ∈ Φe,2, where ρi

is the eigenstates except the target state ρf. It is obvious that
Ve (ρt) is constant on the boundary between Φe,1 and Φe,2.

Based on Ve (ρt) and Vc (ρt), the feedback controls
ue,1 (ρt) and ue,2 (ρt), which are regarded as u1 (ρt) and u2 (ρt),
can be designed. According to Itô’s product rule and Eq. (4),
the infinitesimal generator associated with Eq. (6) acting on
Ve (ρt) and Vc (ρt) are

ℒVe (ρt) = ge (ρt)ue,1 (ρt)−4ceηLeU
2 (ρt) , (8)

ℒVc (ρt) = tr(−i [X ,H0]ρt)+ tr(−i [X ,H1]ρt)ue,2 (ρt)

+ tr(X𝒟 (Le,ρt)) , (9)

respectively, with

ge (ρt) = tr
(
−i [H1,ρ]

(
ce
(
L2

e −2Le tr(Leρ)
)
−ρf

))
.

From Eqs. (8) and (9), the feedback controls ue,1 (ρt) and
ue,2 (ρt) can be designed as

ue,1 (ρt) =
−λ̄eVe (ρt)+4ceηLeU

2 (ρt)

ge (ρt)
, λ̄e > 0, (10)

ue,2(ρt)=
−M̄e+tr(i[X ,H0]ρt)−tr(X𝒟(Le,ρt))

tr(−i[X ,H1]ρt)
, M̄e>0, (11)

respectively, which make ℒVe (ρt) ≤ −λeVe (ρt) and
ℒVc (ρt)≤−Me hold, where 0 < λe ≤ λ̄e and 0 < Me ≤ M̄e. In
order to ensure that the feedback controls are implementable,
the denominators of ue,1 (ρt) and ue,2 (ρt) cannot be zero, i.e.,

ge (ρt) ̸= 0 (12)

and

tr(−i [X ,H1]ρt) ̸= 0. (13)

Fortunately, Eq. (13) can hold by constructing X based
on the algorithm proposed in Ref. [16], and Eq. (12)
holds in the state subspace Φe,1∖Φe,3, where Φe,3 =

{ρ ∈ Φe,1 : ge (ρ) ̸= 0} ⊂ Φ̂e,1 = {ρ ∈ Φe,1 : |ge (ρ) | ≤ εe}
with εe > 0. For the state subspace Φ̂e,1, we design another
state feedback control as

ûe,1 (ρt) =− sege (ρt)

|ge (ρt) |+ηe
, (14)

where se > 0 is the strength of the feedback control, and ηe > 0
is a parameter used to adjust the hardness of the control. The
state control (14) is called the approximate bang-bang control,
which was proposed in Ref. [5] first for closed quantum sys-
tems. Here, ûe,1 (ρt) can make ℒVe (ρt)≤−We (ρt) hold, with

We (ρt) =
seg2

e(ρt )
|ge(ρt )|+ηe

+4ceηLeU
2 (ρt) being a continuous posi-

tive definite function defined on 𝒮.
Finally, ue,1 (ρt), ue,2 (ρt), and ûe,1 (ρt) form the switch-

ing state feedback strategy, which can be expressed as

ue (ρt) =

 ue,1 (ρt) , if ρt ∈ Φe,1∖Φ̂e,1,
ue,2 (ρt) , if ρt ∈ Φe,2,

ûe,1 (ρt) , if ρt ∈ Φ̂e,1.
(15)

From Theorem 1, under ue,2 (ρt), the system state ρt only tran-
sits through the boundary between Φe,1 and Φe,2 no more than
two times from any initial state, and evolves in Φe,1 perma-
nently after finite time. In Φe,1, ue,1 (ρt) and ûe,1 (ρt) make
ℒVe (ρt) ≤ −λeVe (ρt) and ℒVe (ρt) ≤ −We (ρt) hold, which
means that the system trajectory will converge to the invari-
ant set ℐe = {ρ ∈ Φ1 : ℒVe (ρ) = 0} from LaSalle’s invariance
principle. Due to the fact that the target state ρf is only the
equilibrium in Φe,1, thus ℐe = {ρf} and the system state ρt will
converge to the target state ρf with probability 1, thus the target
state ρf is globally asymptotically stable in probability under
the switching control ue (ρt). In addition, the system state ρt

can converge exponentially in Φe,1∖Φ̂e,1 with the convergence
rate that is not less than λe due to ℒVe (ρt) ≤ −λeVe (ρt) and
λe ≤ λ̄e according to Theorem 1 in this paper and Theorem 3
in Ref. [18].

Remark 2 As shown in Eq. (15), we use different feed-
back controls in the corresponding different state subspaces.
However, under switching state feedback ue (ρt), there is no
sliding motion of the system trajectory on the boundary Λe

between Φe,1 and Φe,2 as well as the boundary Λ̂e of Φ̂e,1,
which are defined as Λe = {ρ ∈ 𝒮 : Ve (ρ) = ke} and Λ̂e =

{ρ ∈ Φe,1 : |ge (ρ) |= εe}, respectively. The conclusions can
be proved by contradiction as follows.

If there exists sliding motion of ρt on Λe, then ℒVe (ρt) =

0 for some ρt ∈ Λe. On the other hand, ℒVe (ρt)≤−λeVe (ρt)

or ℒVe (ρt) ≤ −We (ρt) holds in Φe,1. It is obvious that both
Ve (ρt) and We (ρt) are positive definite on Φe,1 and ρf is not on
Λe, such that Ve (ρt)> 0 and We (ρt)> 0 for ∀ρt ∈Λe, therefore
ℒVe (ρt)< 0, which contradicts with ℒVe (ρt) = 0. Thus, there
is no sliding motion of the system trajectory on the boundary
Λe.

Due to Λ̂e ∈ Φ̂e,1, ûe,1 (ρt) works in Λ̂e. If there is no slid-
ing motion of the system trajectory on the boundary Λ̂e, then
ℒVe (ρt) = 0 for some ρt ∈ Λ̂e, which means that some ρt ∈ Λ̂e

can make U (ρt) = 0 to ensure We (ρt) = 0. However, the states
that make U (ρt) = 0 hold are the all eigenstates of the mea-
surement operator Le. On the other hand, for the all eigenstates
of Le, only ρf is located in Φe,1 and ρf ̸∈ Λ̂e ⊂ Φe,1, thus there
does not exist any state ρt ∈ Λ̂e to make ℒVe (ρt) = 0 hold,
which means that there is no sliding motion of the system tra-
jectory on the boundary Λ̂e.

4.3. Rapid stabilization of two-qubit systems

For two-qubit systems, the time evolution of quantum fil-
ter state is described by the following SME:[13]

dρt =

(
− i [H1,ρt ]ut +

2

∑
j=1

ΓL j𝒟 (L j,ρt)

)
dt
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+
2

∑
j=1

√
ηL jΓL jℋ (L j,ρt) dωL j ,t ,

dy j,t =
√

ηL jΓL j tr
(

L jρt +ρtL
†
j

)
dt + dωL j ,t , j = 1,2,(16)

which corresponds to the case of H0 = 0, q = 1, m = 2 in
SME (1). Bell states are the maximally entangled states of
two-qubit quantum systems, which are written as

φ
± =

1
2


1 0 0 ±1
0 0 0 0
0 0 0 0
±1 0 0 1

 , ψ
± =

1
2


0 0 0 0
0 1 ±1 0
0 ±1 1 0
0 0 0 0

 ,
and the target state ρf is set as φ+ in this subsection.

To guarantee the solvability, the measurement operators
are set as L1 =σ

z
1⊗I2−I2⊗σ

z
2 and L2 =σ x

1 ⊗σ x
2 , under which

the system state ρt will converge to one of the two Bell states
{φ+,φ−} almost surely, i.e., the system equilibria are φ+ and
φ−, and the target state ρf is one of the system equilibria.

In order to divide the state space 𝒮 into two subspaces,
we use the following Lyapunov function:

VB (ρt) = 1− tr(ρtρf)+ cB (U1 (ρt)+U2 (ρt)) ,

where cB is nonnegative constant and U j (ρt) = tr
(

L2
jρt

)
−

tr2 (L jρt), j = 1,2. Based on VB (ρt), the state space 𝒮 is di-
vided into {ΦB,1,ΦB,2}, i.e.,

ΦB,1 = {ρ ∈ 𝒮 : VB (ρt)≤ kB} ,

ΦB,2 = 𝒮∖ΦB,1, (17)

with 0< kB < 1 and 1−kB+cB maxρ∈𝒮 (U1 (ρ)+U2 (ρ))<
1
4 .

Therefrom, ρf ∈ ΦB,1 and all other Bell states are in ΦB,2.
Then, VB (ρt) and Vc (ρt) form the coupling Lyapunov

functions, based on which we can design the feedback con-
trols uB,1 (ρt) and uB,2 (ρt) for the rapid stabilization of Bell
states. The infinitesimal generator associated with Eq. (16)
acting on VB (ρt) and Vc (ρt) are

ℒVB (ρt) = gB (ρt)uB,1 (ρt)−4cB

( 2

∑
j=1

ηL jΓL jU
2
j (ρt)

+
2

∑
j=1

ηL jΓL jU
2
12 (ρt)

)
, (18)

ℒVc (ρt) = tr(−i [X ,H1]ρt)uB,2 (ρt)

+
2

∑
j=1

tr
(
XΓL j𝒟 (L j,ρt)

)
, (19)

where

gB (ρt) = tr(iρf [H1,ρt ])+2c
2

∑
j=1

tr(L jρt) tr(−iL j [H j,ρt ])

and U12 (ρt) = ∏
2
j=1 tr(L jρt). From Eqs. (18) and (19), the

control laws uB,1 (ρt) and uB,2 (ρt) can be designed as

uB,1 (ρt) =
−λ̄BVB (ρt)+4cB

(
∑

2
j=1 ηL jΓL jU

2
j (ρt)+∑

2
j=1 ηL jΓL jU

2
12 (ρt)

)
gB (ρt)

, λ̄B > 0, (20)

uB,2 (ρt) =
−M̄B −∑

2
j=1 tr

(
XΓL j𝒟 (L j,ρt)

)
tr(−i [X ,H1]ρt)

, M̄B > 0, (21)

which make ℒVB (ρt)≤−λBVB (ρt) and ℒVc (ρt)≤−MB hold,
where 0 < λB ≤ λ̄B and 0 < MB ≤ M̄B. In order to ensure that
the denominator of uB,2 (ρt) is not zero, i.e., tr(−i [X ,H1]ρt) ̸=
0, we can construct X and H1 by making −i [X ,H1] = I4 −4ρf

such that tr(−i [X ,H1]ρ) > 0 for ∀ρ ∈ ΦB,2. We can use the
similar skill in Subsection 4.2 to make the denominator gB (ρt)

of uB,1 (ρt) notzero, i.e., design another feedback control as
ûB,1 (ρt) =− sBgB(ρt )

|gB(ρt )|+ηB
with sB > 0 and gB > 0, which works

in the state subspace Φ̂B,1 = {ρ ∈ ΦB,1 : |gB (ρ) | ≤ εB} with
εB > 0.

Therefore, uB,1 (ρt), uB,2 (ρt), and ûB,1 (ρt) form the state
feedback strategy of rapidly stabilizing Bell states, which can
be expressed as

uB (ρt) =

 uB,1 (ρt) , if ρt ∈ ΦB,1∖Φ̂B,1,
uB,2 (ρt) , if ρt ∈ ΦB,2,

ûB,1 (ρt) , if ρt ∈ Φ̂B,1.
(22)

Through a discussion similar to that in Subsection 4.2, we
can conclude that the target state ρf is globally asymptotically
stable in probability under the switching state feedback con-
trol uB (ρt) and the system state ρt can converge exponentially
in ΦB,1∖Φ̂B,1 with the convergence rate that is no less than λB.

4.4. Rapid stabilization of N-qubit systems

In this subsection, we consider the rapid stabilization of
N-qubit systems, where N ≥ 3. Without loss of generality, the
target state is set as the GHZ state, i.e.,

ρf = |φf⟩⟨φf|=
1
2


1 0 . . . 0 1
0 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 0
1 0 . . . 0 1


n×n

, (23)

where |φf⟩ = 1√
2
(|00 · · ·0⟩+ |11 · · ·1⟩) and n = 2N . Simi-

lar to Ref. [31], a diagonal measurement operator is chosen
as LG = diag

[
l1, l2, . . . , ln/2, ln/2, . . . , l2, l1

]
, where li ̸= l j for
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i, j ∈ {1,2, . . . ,n/2} and i ̸= j, which makes the target state
ρf be one of the eigenstates of LG. Due to the fact that LG

is degenerate, two control Hamiltonians should be used, such
that the corresponding SME describing N-qubit systems is de-
scribed as

dρt =
(
− i [H0,ρt ]− i [H1,ρt ]− i [H2,ρt ]u2,t

+ΓLG𝒟 (LG,ρt)
)

dt

+
√

ηLGΓLGℋ (LG,ρt) dωLG,t

=
(
−i
[
Ĥ0,ρt

]
− i [H2,ρt ]u2,t +ΓLG𝒟 (LG,ρt)

)
dt

+
√

ηLGΓLGℋ (LG,ρt) dωLG,t ,

dyt =
√

ηLGΓLG tr
(

LGρt +ρtL
†
G

)
dt + dωLG,t , (24)

where Ĥ0 = H0 +H1 and H2 can be regarded as the virtual
free Hamiltonian and control Hamiltonian, respectively, and
u2,t represents the state feedback control that needs to be de-
signed. SME (24) corresponds to the case of q = 2, m = 1,
L1 = LG, and u1,t = 1 in SME (1).

Here, we choose the distance function as V1 (ρt), i.e.,

VG (ρt) = 1− tr(ρtρf) , (25)

which is used to form the coupling Lyapunov functions with
Vc (ρt) for design of the state feedback controls uG,1 (ρt) and
uG,2 (ρt) of rapidly stabilizing GHZ states and to divide the
state space 𝒮 into two state subspaces as

ΦG,1 = {ρ ∈ 𝒮 : VG (ρt)≤ kG} ,
ΦG,2 = 𝒮∖ΦG,1, (26)

where 0 < kG < 1. The infinitesimal generators associated
with Eq. (24) acting on VG (ρt) and Vc (ρt) are

ℒVG (ρt) = tr
(
i
[
Ĥ0,ρt

]
ρf
)
+ tr(i [H2,ρt ]ρf)uG,1 (ρt) , (27)

ℒVc (ρt) = − tr
(
iX
[
Ĥ0,ρt

])
− tr(i [X ,H2]ρt)uG,2 (ρt)

+ΓLG tr(X𝒟 (LG,ρt)) . (28)

Because LG is degenerate, the number of system equilib-
ria is infinite, so we construct the Hamiltonian H1 such that[
Ĥ0,ρf

]
= 0 holds to simplify the control design. Similar to

Subsections 4.2 and 4.3, the switching state feedback control
can be designed as

uG (ρt)=


uG,1 (ρt) =− λGVG(ρt )

tr(i[H2,ρt ]ρf)
, if ρt ∈ ΦG,1∖Φ̂G,1,

uG,2 (ρt)=
MG+ΓLG tr(X𝒟(LG,ρt ))

tr(i[X ,H2]ρt )
, if ρt ∈ ΦG,2,

ûG,1 (ρt) =− sG tr(i[H2,ρt ]ρf)
| tr(i[H2,ρt ]ρf)|+ηG

, if ρt ∈ Φ̂G,1,

(29)

where sG > 0, ηG > 0, and

Φ̂G,1 = {ρ ∈ ΦG,1 : | tr(i [H2,ρ]ρf) | ≤ εG}

with εG > 0, which makes ℒVG (ρt) ≤ −λGVG (ρt) or
ℒVG (ρt)≤−WG (ρt) and ℒVc (ρt)≤−MG hold with 0< λG ≤

λ̄G, 0 < MG ≤ M̄G and WG (ρt) =
sG tr2(i[H2,ρt ]ρf)

| tr(i[H2,ρt ]ρf)|+ηG
. For the

feedback control uG (ρt) in Eq. (29), ûG,1 (ρt) is used to avoid
the denominators of uG,1 (ρt) too small, while the denomina-
tors of uG,1 (ρt) cannot be zero by constructing X and H2 based
on the algorithm in Ref. [16].

From Theorem 1, under uG,2 (ρt), the system state ρt only
transits through the boundary between ΦG,1 and ΦG,2 no more
than two times from any initial state, and evolves in ΦG,1 per-
manently after finite time. In the state subspace ΦG,1, accord-
ing to LaSalle’s invariance principle, the system state ρt will
converge to the invariant sets ℐG = {ρ ∈ ΦG,1 : VG (ρ) = 0}
and ℐ̂G = {ρ ∈ ΦG,1 : tr(i [H2,ρ]ρf) = 0} under uG,1 (ρt) and
ûG,1 (ρt), respectively. It is obvious that ℐG = {ρf}. On the
other hand, ℐ̂G = {ρf,ρi}, where ρi represent the eigenstates
of LG except ρf from the analysis in Ref. [31]. The states
in ℐ̂G, which are denoted as ρℐ̂G

, satisfy 𝒟
(

LG,ρℐ̂G

)
= 0

and ℋ
(

LG,ρℐ̂G

)
= 0, such that SME (24) becomes dρt =

−i
[
Ĥ0,ρt

]
dt, from which one can construct H1 to make[

Ĥ0,ρi
]
̸= 0, thereby only ρf is the equilibrium state that lo-

cated in the invariant set ℐ̂G under the condition
[
Ĥ0,ρf

]
= 0.

Thus, the target state ρf is globally asymptotically stable in
probability under the feedback control uG (ρt) and the system
state ρt can converge exponentially in ΦG,1∖Φ̂G,1 with the con-
vergence rate that is not less than λG from Theorem 1 in this
paper and Theorem 3 in Ref. [18].

Remark 3 The stabilization of multi-qubit systems was
also studied in Ref. [31], where the proposed feedback control
is a special case of the feedback control uG (ρt) in Eq. (29)
with εG = +∞. The main difference between uG (ρt) and the
feedback control in Ref. [31] is that uG (ρt) can make the
system state ρt converge exponentially in ΦG,1∖Φ̂G,1, which
cannot be guaranteed in theory by the feedback control in
Ref. [31].

Remark 4 In Subsection 4.2 (4.3, 4.4), we only make
the system state ρt converge exponentially in Φe,1∖Φ̂e,1 (ΦB,1∖
Φ̂B,1, ΦG,1∖Φ̂G,1, respectively) rather than Φe,1 (ΦB,1, ΦG,1,
respectively), which can be avoided if the feedback con-
trol ue,1 (ρt) (uB,1 (ρt), uG,1 (ρt), respectively) is designed
more properly. For example, the state feedback controls in
Refs. [28,34] can achieve the GHZ states and local exponen-
tial stabilization of eigenstates for multi-qubit systems and N-
level quantum angular momentum systems, respectively. If
the feedback controls in Refs. [28,34] are applied instead of
uG,1 (ρt) and ue,1 (ρt), respectively, and the state subspaces
that the system state converge exponentially in Refs. [28,34]
are regarded as ΦG,1 and Φe,1, respectively, then the system
state can be converge more faster, which means that the results
of exponential stabilization for quantum systems and the uni-
fied framework proposed in this paper can be combined rea-
sonably to obtain better control performance.
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5. Numerical simulations

In this section, we take a three-qubit system with a degen-
erate measurement operator as an example to verify the effec-
tiveness and rapidity of the proposed state feedback controls
by stabilizing a target GHZ state.

In the simulations, the target GHZ state is chosen as

ρf = |φf⟩⟨φf|=
1
2



1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1


,

where |φf⟩ = 1√
2
(|000⟩+ |111⟩), while the initial state is set

as ρ0 = diag[0,1,0,0,0,0,0,0]. The system parameter settings
are listed as[16]

H0 = σz ⊗σz ⊗ I2 +σz ⊗ I2 ⊗σz + I2 ⊗σz ⊗σz

= diag[3, −1, −1, −1, −1, −1, −1, 3],

H1 =



0 1 0 0 0 0 −1 0
1 0 0 0 0 0 0 −1
0 0 0 1 −1 0 0 0
0 0 1 0 0 −1 0 0
0 0 −1 0 0 1 0 0
0 0 0 −1 1 0 0 0
−1 0 0 0 0 0 0 1
0 −1 0 0 0 0 1 0


,

ΓLG = 1, ηLG = 1,

H2 =



−2.50 −0.87 0.61 −0.35 0 0 0 0
−0.87 −3.50 −0.35 0.20 0 0 0 0
0.61 −0.35 −2.50 −0.29 0 0 0 0
−0.35 0.20 −0.29 −1.50 0 0 0 0

0 0 0 0 1.50 0.35 0.20 −0.87
0 0 0 0 0.35 2.50 0.29 −0.61
0 0 0 0 0.20 0.29 3.50 −0.35
0 0 0 0 −0.87 −0.61 −0.35 2.50


,

LG =
1
2
(σz ⊗σz ⊗ I2 + I2 ⊗σz ⊗σz) = diag[1, 0, −1, 0, 0, −1, 0, 1].
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Fig. 2. Simulation results of rapidly stabilizing GHZ state by using the
switching feedback control (29) and the feedback control proposed in
Ref. [16]. (a) The curves of V (ρt). (b) The semi-lon version of (a). In
(a) and (b), the grey curves, blue curve and purple curve represent the sam-
ple trajectories, the mean value of 1000 arbitrary sample trajectories under
the feedback control (29), and the feedback control in Ref. [16], respec-
tively; the red curve and the cyan line represent the exponential reference
with exponent λG and the boundary between ΦG,1 and ΦG,2, respectively.

The control parameters in Eq. (29) are set as λG = 0.15,
MG = 1, sG = 0.5, and ηG = 0.05. The state space 𝒮 is divided
into ΦG,1 = {ρ ∈ 𝒮 : V1 (ρ)≤ kG} and ΦG,2 = 𝒮∖ΦG,1, where
kG = 0.95. The state subspace, where the control law ûG,1 (ρt)

works, is set as Φ̂G,1 = {ρ ∈ ΦG,1 : | tr([H2,ρ]ρf) | ≤ εG} with

εG = 0.05. The simulation results of 1000 sample trajectories
under the switching feedback control (29) are shown in Fig. 2.
One can see that V (ρt) converges to zero, which means that
the stabilization of the target GHZ state is achieved and veri-
fies the effectiveness of the proposed switching state feedback
control. On the other hand, the convergence rate of quan-
tum states under the switching feedback control (29) is more
than λG, which means the rapidity of stabilizing target state.

u
↼ρ

t↽
V
↼ρ

t↽

0

0.2

0.4

0.6

0.8

1.0

-3

-2

-1

0

1

2

0 20 40 60 80 100

Time (arb. units)

(a)

(b)

0 20 40 60 80 100
Time (arb. units)

Fig. 3. Simulation results of arbitrary sample trajectory. (a) The curves
of V (ρt), (b) The curves of u(ρt). In (a) and (b), the purple curves rep-
resent VG (ρt) and uG (ρt), while the blue, pink and white background
present the time domain of ρt ∈ ΦG,1,ΦG,2 and Φ̂G,1, respectively.
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Moreover, the feedback control proposed in Ref. [16], i.e.,
using ũG (ρt) = −KG tr(i [H2,ρt ]ρf) instead of uG,1 (ρt) and
ûG,1 (ρt) in ΦG,1, is also applied to stabilize the target GHZ
state. The results with KG = 0.02 are also shown in Fig. 2. One
can see from Fig. 2 that V (ρt) converges to zero faster under
the switching feedback control (29) than that under the feed-
back control proposed in Ref. [16], which shows the advantage
of the designed feedback control in this paper. A sample tra-
jectory is presented in Fig. 3, from which one can see that the
state trajectory transits the boundary between ΦG,1 and ΦG,2

no more than two times, which is consistent with the theoreti-
cal analysis.

6. Conclusions

In summary, we have studied the rapid stabilization of
stochastic quantum systems. In order to rapidly stabilize the
target state, we propose a unified framework for design of
state feedback controls based on the Lyapunov–LaSalle-like
theorem, which is suitable for the Itô stochastic differential
equation. The proposed unified framework is applied to the
rapid stabilization of single-qubit systems, two-qubit systems,
and N-qubit systems. Moreover, we take three-qubit systems
as an example to verify the effectiveness and rapidity of the
designed state feedback controls based on the proposed uni-
fied framework by stabilizing GHZ states in numerical simu-
lations.

In the near future, we will consider the further work as
follows: (i) design of state feedback controls for the global ex-
ponential stabilization of the general stochastic quantum sys-
tems instead of some special quantum systems;[34] (ii) robust-
ness analysis of the state feedback strategies proposed in this
paper when the physical parameters or the initial state are un-
certain, as the work in Ref. [17]; (iii) exponential stabiliza-
tion of stochastic delay quantum systems, specially the case of
time-delay control, i.e., ut = u(ρt−τ) with constant delay time
τ or ut = u

(
ρt−τ(t)

)
with time-varying delay time τ (t).
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