CHinese PuysicaL Sociery | IOP Publishing

CPB

Chinese Physics B

http://cpb.iphy.ac.cn https://iopscience.iop.org/journal/1674-1056

Rapid stabilization of stochastic quantum systems in a unified framework

Jie Wen(#&7%), Fangmin Wang(E£ 75 ), Yuanhao Shi( 32 JGii%), Jianfang Jia(P & 75), and Jianchao Zeng( ¥ %)
Citation:Chin. Phys. B, 2023, 32 (7): 070203. DOI: 10.1088/1674-1056/acb9f3
Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Comparison of differential evolution, particle swarm optimization, quantum-behaved
particle swarm optimization, and quantum evolutionary algorithm for preparation of

quantum states

Xin Cheng(F£2%), Xiu-Juan Lu(&754H), Ya-Nan Liu(X¥)3l4#), and Sen Kuang([E #%)
Chin. Phys. B, 2023, 32 (2): 020202. DOI: 10.1088/1674-1056/ac65ee

Robustness measurement of scale-free networks based on motif entropy

Yun-Yun Yang(# ), Biao Feng(i%%), Liao Zhang(7KiL), Shu-Hong Xue(E:&TF4L), Xin-Lin Xie(ii#1#k), and
Jian-Rong Wang(F &)
Chin. Phys. B, 2022, 31 (8): 080201. DOI: 10.1088/1674-1056/ac6942

Consensus of multiple autonomous underwater vehicles with double independent

Markovian switching topologies and timevarying delays

Zhe-Ping Yan(F#7°F), Yi-Bo Liu(X!]—1#), Jia-Jia Zhou(JE 1), Wei Zhang(5K 1), Lu Wang(FE %)
Chin. Phys. B, 2017, 26 (4): 040203. DOI: 10.1088/1674-1056/26/4/040203

Robust H.. control of uncertain systems with two additive time-varying delays

M. Syed Ali, R. Saravanakumar
Chin. Phys. B, 2015, 24 (9): 090202. DOI: 10.1088/1674-1056/24/9/090202

Optimal switching policy for performance enhancement of distributed parameter

systems based on event-driven control

Mu Wen-Ying (F23(3%), Cui Bao-Tong (4 E [A]), Lou Xu-Yang (F5/IEFH), Li Wen (Z24X)
Chin. Phys. B, 2014, 23 (7): 070204. DOI: 10.1088/1674-1056/23/7/070204


https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/acb9f3
https://doi.org/10.1088/1674-1056/acb9f3
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac65ee
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac65ee
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac65ee
https://doi.org/10.1088/1674-1056/ac65ee
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/ac6942
https://doi.org/10.1088/1674-1056/ac6942
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/4/040203
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/26/4/040203
https://doi.org/10.1088/1674-1056/26/4/040203
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/24/9/090202
https://doi.org/10.1088/1674-1056/24/9/090202
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/23/7/070204
https://cpb.iphy.ac.cn/EN/10.1088/1674-1056/23/7/070204
https://doi.org/10.1088/1674-1056/23/7/070204

Chin. Phys. B 32, 070203 (2023)

Rapid stabilization of stochastic quantum systems
in a unified framework

Jie Wen(i275)17#, Fangmin Wang(E£ 77 80)>", Yuanhao Shi(52Jtit)!,
Jianfang Jia(PX & 7%)", and Jianchao Zeng( %% &iw)3-

1School of Electrical and Control Engineering, North University of China, Taiyuan 030051, China

2Statc Key Laboratory of Precision Measurement Technology and Instruments, Department of Precision Instrument,
Tsinghua University, Beijing 100084, China

3 School of Computer Science and Technology, North University of China, Taiyuan 030051, China

(Received 9 November 2022; revised manuscript received 5 February 2023; accepted manuscript online 8 February 2023)

Rapid stabilization of general stochastic quantum systems is investigated based on the rapid stability of stochastic
differential equations. We introduce a Lyapunov-LaSalle-like theorem for a class of nonlinear stochastic systems first,
based on which a unified framework of rapidly stabilizing stochastic quantum systems is proposed. According to the
proposed unified framework, we design the switching state feedback controls to achieve the rapid stabilization of single-
qubit systems, two-qubit systems, and N-qubit systems. From the unified framework, the state space is divided into two
state subspaces, and the target state is located in one state subspace, while the other system equilibria are located in the other
state subspace. Under the designed state feedback controls, the system state can only transit through the boundary between
the two state subspaces no more than two times, and the target state is globally asymptotically stable in probability. In
particular, the system state can converge exponentially in (all or part of) the state subspace where the target state is located.
Moreover, the effectiveness and rapidity of the designed state feedback controls are shown in numerical simulations by

stabilizing GHZ states for a three-qubit system.

Keywords: rapid stabilization, state feedback, stochastic quantum systems, switching control

PACS: 02.30.Yy, 42.50.Lc

1. Introduction

The Nobel Prize in Physics 2022 was awarded to Alain
Aspect, John Clauser, and Anton Zeilinger for their pathfind-
ing work in quantum mechanics and quantum information sci-
ence. At present, quantum information science has become a
hot research field, where the transfer of quantum systems from
any initial state to the target state, i.e., the preparation or global
stabilization of quantum states, is one of the basic tasks. In or-
der to prepare the target quantum state rapidly and accurately,
numerous classical control methods have been introduced into
control of quantum systems, e.g., optimal control!! ! and Lya-
punov control. (47!

For the better robustness, feedback controls, which need
the system information through measurement, are recom-
mended to apply. Although measurement operations can
cause collapse of quantum states, quantum filter theory!®]
helps to overcome this obstacle by using measurement-based
feedback control, where quantum filter states described by
an Itd stochastic differential equation, instead of the actual
quantum states, are used. Based on quantum filter theory,
for the stabilization of stochastic quantum systems, switch-
ing control strategy, which was proposed in Ref. [10] first,

is one of the main control strategies and has been used to
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achieve global stabilization of eigenstates for N-level quan-

g [10-12 [13,14]

tum system I Bell states for two-qubit systems

and Greenberger—Horne—Zeilinger (GHZ) state for multi-qubit

5.[13:16] The idea of the switching control strategy is

system
that the state space is divided into two state subspaces, then
to design two controls to form the switching control strategy
such that one control can make the system state converge to
and evolve permanently in the state subspace that contains the
target state, and the other control can make the system state
converge to the target state. Of course, the state trajectory
may travel back and forth between the two subspaces under
the switching control. To improve the convergence rate, Vu et
al. used the coupling Lyapunov functions to design a switch-
ing control to reduce the travel number of system trajectory
between two subspaces.[!3] Recently, Liang er al. designed a
state feedback to achieve the local exponential stabilization of
both eigenstates for N-level quantum angular momentum sys-
tems and GHZ states for multi-qubit systems, whose robust-
ness analyses were presented in Ref. [17]. In addition, Car-
dona et al. proposed noise-assisted feedback strategy that can
also achieve the exponential stabilization of N-level quantum
systems. [!8] Considering that state feedback has been applied
in the real physical experiment,!'’! we mainly focus on the

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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state feedback control in this paper.

Due to the rapidity requirement in quantum manipula-
tions, the rapid convergence of quantum states is of great sig-
nificance. According to the review of related literature, state
feedback has been used to achieve the rapid stabilization of
stochastic quantum systems, even local exponential stabiliza-
tion. In order to improve the convergence rate of system states
further, we present a unified framework to combine the exist-
ing techniques of rapidly stabilizing stochastic quantum sys-
tems in this paper, i.e., the reduction of the travel number of
system trajectory between state subspaces and the local ex-
ponential stabilization of quantum states. For this goal, we
study the rapid stabilization of a class of nonlinear stochas-
tic systems and introduce a Lyapunov-LaSalle-like theorem
for the general stochastic differential equations by extending
the results in Ref. [13]. Based on the proposed Lyapunov—
LaSalle-like theorem, a unified framework with five steps for
the rapid stabilization of the general stochastic quantum sys-
tems is presented and is applied to the rapid stabilization of
single-qubit systems, two-qubit systems, and N-qubit systems,
which show the effectiveness and universality of the unified
framework. According to the proposed unified framework, the
state space should be divided into two state subspaces first,
and the switching state feedback controls designed based on
the constructed coupling Lyapunov functions can make the
system trajectory only transit the boundary between the two
state subspaces no more than two times, and the target state is
globally asymptotically stable in probability. In particular, the
system state can converge exponentially in (all or part of) the
state subspace where the target state is located. Thus, the main
contributions of this paper can be concluded as follows: (i)
A Lyapunov—LaSalle-like theorem is introduced for the rapid
stabilization of a class of nonlinear stochastic systems. (ii)
A unified framework is presented for the rapid stabilization of
stochastic quantum systems based on the proposed Lyapunov—
LaSalle-like theorem. (iii) The unified framework is applied to
the rapid stabilization of single-qubit systems, two-qubit sys-
tems, and N-qubit systems.

The rest of this paper is organized as follows. The
stochastic differential equation describing the quantum filter
state and the problem of rapid stabilization by state feedback
are described in Section 2. We introduce a Lyapunov-LaSalle-
like theorem for a class of nonlinear stochastic systems in Sec-
tion 3. In Section 4, the proposed Lyapunov—LaSalle-like the-
orem is applied to the rapid stabilization of single-qubit sys-
tems, two-qubit systems, and N-qubit systems. We take three-
qubit systems as an example to verify the effectiveness of the
proposed state feedback strategies in numerical simulations in
Section 5. Finally, we present conclusions and discuss the pos-
sible future directions in Section 6.

Notation R and C denote the set of real numbers and

complex numbers, respectively; tr(-) is the trace of matrices;
AT is the conjugate transpose of matrix A; [A,B] = AB — BA
is the commutator of matrices A and B; P{-} represents the
probability of event. E[] denotes the expected value of ran-

01 0 —i 1 0
. . X — -y — < =
dom variables; ¢ [1 0], o) L 0 } o [0 _1] are

the Pauli operators along x, y and z axes, respectively, with
i=+/—1;diag[A1,...,A,] represents the n x n diagonal matrix

with diagonal elements A1, ...,A,; ® represents the Kronecker
product of matrices. I, = diag|[1, ..., 1] is the n X n identity ma-
trix.

2. Preliminaries

In this paper, we consider the rapid stabilization of
stochastic quantum systems via measurement-based feedback
control, where the quantum filter state, instead of the state
of the actual quantum system, is used in the feedback con-
trol. According to the quantum filter theory,[®°! the evolution
of quantum filter state can be described by the It stochastic
differential equation, i.e., stochastic master equation (SME),
which can be written as[?"]

q
dp; = <_i[HovPr] = ) ilHi s +
k=1 J

13,2 (Lswp) )
=1

+Z nL,ll/H(L]7pt) dej-”
=1

dyj,t = A/ nle—i,j tr (L]pt+ptL1/-) dr+ dej,tv Jj= 17"'7m7
()

where p; is the density matrix describing quantum state, and
pr €S ={peC™:p=pT>0,tr(p)=1} in which S
represents the state space; Hy and Hj are free Hamiltonian
and control Hamiltonian, respectively; L; is the measurement
operator; I, and 1y, are the measurement strengths and ef-
ficiencies, respectively; o is the standard Wiener process,
while dej7t is the independent Wiener increment that satis-
fies day, day; = 6;jdt, in which &;; is the Kronecker delta;
ur, € R is the control input; y;; is the measurement record of
the output; superoperators D (L;,p;) and H (L, p;) are defined
as

1 1
D(Lj,p;) = L./'PIL; - EL;Lth - EPzLij,
H(Lj,pr) = Lﬂ),—&—p,Lj-—tr (Ljpt'i_ptL;) pr. (2

For SME (1), the existence and uniqueness of solutions can
be guaranteed by constructing the appropriate control Hamil-
tonian H and the control input uk’,.“m It should be noticed
that SME (1) can be used to describe many physical experi-
ment systems, for example, an ensemble of laser-cooled Ce-

10,21,22

sium atoms confined to a cavity mirror,! I'and a two-

qubit system consisting of a couple of two-level atoms placed
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in two distant cavities and interacting through a radiation field
in a dispersive way.[?3! In particular, the theoretical study car-
ried out in Ref. [10] was extended to discrete-time quantum

24231 and has been applied to the first physical ex-

systems, !
periment of achieving real-time quantum measurement-based
feedback control in the photon box of the Kastler Brossel
Laboratory,[!” from which the study of continuous-time quan-
tum systems considered in this paper is the first step towards
the practical quantum manipulation and has an important po-
tential practical value.

Measurement-based feedback has been used to achieve
the stabilization of stochastic quantum systems, where the
feedback architectures of designing the control input u;; in-
clude static output feedback, 20271 gtate feedback,[10:12:17:21.28]
and noise-assisted feedback.!!®?° Considering the practica-
bility, we focus on the state feedback architecture here. For
state feedback, the control input u;, in Eq. (1) can be writ-
ten as uy (p;). Therefore, the goal of this paper is to achieve
the rapid stabilization of stochastic quantum systems by using
state feedback control u; (p;), which is described in the fol-
lowing.

Rapid stabilization by state feedback For the quantum
filter (1), design the state feedback control u (p;) to glob-
ally rapidly asymptotically render the system state p, from
any initial state po to the target state pr almost surely, i.e.,
P{lim/ 0 p, = pr} = 1,Vpo € S.

In fact, several state feedback strategies have been pro-
posed for the rapid stabilization of stochastic quantum sys-
tems, e.g., Refs. [13,16,20,30,31]. However, the state feed-
back controls designed in Refs. [3,16,20,30,31] are either for
a certain class of quantum systems or for a certain class of tar-
get quantum states. In this paper, we aim to propose a unified
architecture of designing state feedback controls that can be
applied to the rapid stabilization of multiple types of stochas-
tic quantum systems and different types of quantum states.

The SME (1) describing quantum filter state is a nonlin-
ear stochastic differential equation. In order to design the state
feedback control of rapidly stabilizing stochastic quantum sys-
tems, we introduce a Lyapunov-LaSalle-like theorem for the
rapid stability in probability of a class of nonlinear stochastic
systems in the next section, and then present the unified frame-
work of rapidly stabilizing stochastic quantum systems pro-
posed in this paper and apply the unified framework to Eq. (1)
in Section 4, where we take single-qubit systems (eigenstate
as the target state), two-qubit systems (Bell state as the target
state), and multi-qubit systems (GHZ state as the target state)

as examples.

3. Rapid stability of stochastic differential equa-
tions

Consider the nonlinear stochastic systems described by
the stochastic differential equation

dx, = f () di + g () dav, 3)

where x; is the system state; f: R" x R” — R" and g : R" x
R" — R"™" are Borel-measurable, locally bounded, and lo-
cally Lipschitz continuous functions; f(0,0) =0, g(0,0) = 0;
oy is an r-dimensional standard Wiener process.

Based on the concept of stability in probability as shown
in Ref. [32], we have the following theorem, which is an ex-
tension of Theorem 1 in Ref. [13].

Theorem 1 For the nonlinear stochastic systems (3), if
there exists a partition of R”, which is denoted as {¢;, ¢}, and
there exists the coupling Lyapunov functions Vj (x), Vs (x) :
R"” — R™, which are defined in ¢; and ¢,, respectively, and
both nonnegative differential and continuously twice differen-
tial satisfy the following conditions:

C.I:  V;(x) is constant on the boundary of the sets
{91,02}

CI: oy (|x]) <Vi(x) < aa(fx]), Vx € R".

CIL: LV (x) < —AV] (x),Vx € ¢.

CIV: LV, (x) < —M,Vx € ¢5.

Here, o (-) and o (+) are Kw-class functions; A and M are
positive constants; £ is the infinitesimal operator associated
with Eq. (3) and defined as

X 2 X
v = 0 pw+ e (60 5 ew). @

Then, the equilibrium x = 0 of the system (3) is globally
asymptotically stable in probability, and the system trajecto-
ries x; will only transit through the boundary between ¢; and
¢ no more than two times for any initial state xo € R". In par-
ticular, E [V} (x,)] < Vi (xr) e *=T) when r > T, where T is
the time after that x; evolves in ¢ permanently.

Proof According to Theorem 1 in Ref. [13], if we let

W (x) = AV (x), &)

it is easy to verify that W (x) is a continuous positive function
defined in ¢; due to the fact that V; (x) is a continuous posi-
tive function as well as A > 0, then the conditions C.1-C.3 of
Theorem 1 in Ref. [13] hold true, such that x = 0 is globally
asymptotically stable in probability and x; transits the bound-
ary between ¢; and ¢ no more than two times.

On the other hand, according to Theorem 3 in Ref. [18], if
Vi (x), T, and ¢, are regarded as V (x), to, and S, respectively,
we can directly conclude that E[V; (x,)] < Vi (xr) e *(-T),
The proof is completed.

070203-3
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Remark 1 In Theorem 1, it is necessary that V; (x) iscon-  rem 1 and Ref. [13] first, and then apply the unified framework
stant on the boundary between ¢; and ¢,, regarded as an in-  to the rapid stabilization of single-qubit systems, two-qubit
dependent condition, which is denoted as condition C.I. From  systems, and N-qubit systems, to demonstrate the effective-
the proof of Theorem 1 in Ref. [13], the condition C.I'is used  ness and universality of the proposed unified framework.
to guarantee that there is no sliding motion of the system tra-
jectory on the boundary and help to prove the conclusion that ~ 4.1. The unified framework of rapidly stabilizing stochas-
x; will evolve in ¢; permanently after a finite time for any ini- tic quantum systems

tial state xp. Therefore, when applying Theorem 1, we need to Comparing SME (1) and the stochastic differential equa-

tion (3), SME (1) is a special class of stochastic differ-
ential equation with f(p;) = —i[Ho,p:] — ZZi[Hk,pt]ukJ +
Z;nll],D(Lﬁpl) and g(pt) = Z’]n vV nLjI_in (Ljapt)’ thus
Theorem 1 is suitable for SME (1). According to Theorem
1 in this paper and Theorem 1 in Ref. [13], we proposed a uni-

deliberately check the condition C.I to avoid misusing Theo-
rem 1 to obtain wrong conclusions.

4. Rapid stabilization of stochastic quantum sys-
tems

In this section, we present the unified framework of  fied framework for the rapid stabilization of stochastic quan-
rapidly stabilizing stochastic quantum systems based on Theo-  tum systems, which is shown in Fig. 1.

Construct or determine the free

Hamiltonian, control Hamiltonian

and measurement operators.

|

Divide the state space S into two

state subspaces @1 and Ps.

'

Construct the coupling Lyapunov
functions V; (p;) and Va (py).

v

Design state feedback controls ug (p;) and uz (p;) to
make LV; (pt) < =W (pt) and LV (p) < —M. >
(In particular, W (p;) can be set as AV (p))

!

uy (pt) and us (p¢) form the state feedback strategy:

uy (pt) works in &1, while us (p;) works in @,.

I
v v

Under u; (pt) in @1, the system state p; will
converge to the target state p;. In particular, if
W (p:) = AV (pt), the system state p; can
converge to py exponentially in &; with the
convergence rate that is not less than A.

Under us (pt), the system state p; only transits
through the boundary between ®; and @,
no more than two times from any initial state,
and evolves in @, permanently after finite time.

Fig. 1. The diagram of the unified framework proposed in this paper for the rapid stabilization of stochastic quantum systems, where the
blue blocks represent the operations, the pink blocks represent the results of stabilization control, while the lines with arrow describe the
relationships between different blocks.

From Fig. 1, it is necessary to perform five steps for the Step 1 Construct or determine Hamiltonians and mea-
design of state feedback controls to rapidly stabilize stochas- surement operators. For the stabilization of stochastic quan-
tic quantum systems. The specific details of each step are de-  tum systems, the solvability is the first problem to be solved.
scribed as follows. The system Hamiltonians (including free Hamiltonian Hy and

070203-4



Chin. Phys. B 32, 070203 (2023)

control Hamiltonians Hy) and measurement operators L; need
to be constructed reasonably to guarantee the solvability of
the stabilization problem of quantum systems. For example,
in Ref. [11], under the setting of Hamiltonians and measure-
ment operator presented in Assumptions 2-3 of Ref. [11] the
target state belongs to system equilibria, and the controlled
quantum system has a finite number of equilibrium states due
to the fact that the measurement operator in Ref. [11] is non-
degenerate. However, if the measurement operator is degen-
erate, the number of the system equilibria may be infinite, as
shown in Refs. [16,30,31]. On the other hand, if the controlled
quantum system is the actual physical system, the first step is
also to determine Hamiltonians and measurement operators.
No matter what is the case, Hamiltonians and measurement
operators should be constructed or determined to ensure that
the target state belongs to the system equilibria, such that the
solvability of the stabilization problem of quantum systems is
guaranteed.

Step 2 Divide the state space S into two state subspaces,
which are denoted as @; and ®,. The state space S can be
divided artificially and directly, or can also be divided based
on the Lyapunov function V; (p;) constructed in Step 3. No
matter what is the division method, the partition of S should
satisfy the following conditions:

If the number of system equilibria is finite, the target state
is located in @1 while the other equilibria are located in &.

If the number of system equilibria is infinite, the target
state is only the state that simultaneously located in the LaSalle
invariant set and ;.

Step 3 Construct the coupling Lyapunov functions
Vi (p;) and Vo (p;). Vi(py) is defined in @y, while V, (p;) is
defined in @,. Both V; (p;) and V; (p;) should be nonnegative
differentiable and twice continuous differentiable. In particu-
lar, Vi (p,) must be constant on the boundary between the state
subspaces @; and &,. Moreover, V| (p;) can be used to divide
the state space S in Step 2.

Step 4 Design state feedback controls u; (p;) and us (p;)
to make LV (p;) < =W (p;) and LV, (p;) < —M. In par-
ticular, W (p) can be set as AV; (p;). If the designed state
feedback control u; (p;) cannot make LV; (p;) < —AVi(p;)
hold in all of &;, we can design another state feedback con-
trol denoted as i (p;) to make LV; (p;) < —W (p;) hold in
the state subspace denoted as <i>1 , where u) (p;) cannot make
LVi (p:) < —AVi (p;) hold, and u; (p;) still works in &;\®;.

Step 5 u; (p;) and uy (p;) form the state feedback strat-
egy: uj (p;) works in ®;, while u (p;) works in &;,. If u; (p;)
cannot make LV; (p;) < —AV; (p;) hold in all of &y, uy (pr),
i1 (p;) and uy (p;) form the state feedback strategy: u; (p;)
works in <I>1\Ci>1, up (py) works in @,, while #; (p,;) works in
CI>] .

Following the above design process, the state feedback
strategy can be applied to achieve:

Under u (p;), the system state p; only transits through the
boundary between ®; and €, no more than two times from
any initial state, and evolves in @; permanently after finite
time.

Under u; (p;) in @, the system state p, will converge to
the target state pr. In particular, if W (p;) = AV; (p;), the sys-
tem state p; can converge to pr exponentially in @; with the
convergence rate that is not less than A, which means that
the target state is stabilized globally and rapidly. In Subsec-
tions 4.2, 4.3, and 4.4, we apply the unified framework to
achieve the rapid stabilization of single-qubit systems, two-
qubit systems, and N-qubit systems, respectively.

4.2. Rapid stabilization of single-qubit systems

For single-qubit systems, the time evolution of n-
dimensional quantum filter state is described by the following
SME: 11331

dpl = (71 [HOth] 7i[H1apl] ”tJFD(LeaPz)) dt
+\/EH(L€7pt)dee,ta
dyr = A tr (Leps +prLe’) dt + daoop s, (6)

which corresponds to the case of g =1, m =1, L; = L., and
I;. =1in SME (1).

Similar to Ref. [11], the target state py is set as an eigen-
state of the measurement operator L.. For the rapid stabiliza-
tion of single-qubit systems (6), we follow the five steps in the
unified framework as shown in Subsection 4.1 to design the
state feedback control u;.

To guarantee the solvability, the measurement operator
L. is self-adjoint, non-degenerate, and commutative with Hy,
while the control Hamiltonian H; is connected, under which
the system equilibria are all the eigenstates of the measure-
ment operator L. and the target state belongs to the system
equilibria, such that the number of the system equilibria is fi-
nite, i.e., n.

Now, we should divide the state space S into two sub-
spaces. Consider the following coupling Lyapunov functions

Ve (pr) =1—tr(pipr) +ceU (pr),
Ve(pr) =a+tr(Xpy),
where c¢. is nonnegative constant; U (p;) = tr(L2p,) —
tr? (Lep;); a > ma§(|tr (Xp)|. Then, V. (p;) and V, (p;) are re-
pe

garded as V; (p;) and V5 (p;), respectively, and the state space
S can be divided into { P, 1, Pe 2} based on V, (p;), i.e.,

¢e,] = {P cS:Ve (pt) < ke}7
Dep = S\Pe 1, @)

070203-5
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with 0 < k. < 1, from which p; € @ 1 and p; € P 2, where p;
is the eigenstates except the target state pr. It is obvious that
Ve (pr) is constant on the boundary between @ | and P 5.

Based on V. (p;) and V.(p;), the feedback controls
ue,1 (pr) and ue > (pr), which are regarded as u; (p;) and us (p;),
can be designed. According to Itd’s product rule and Eq. (4),
the infinitesimal generator associated with Eq. (6) acting on
Ve (p;) and V. (p;) are

LVe (p1) = ge (Pr) et (P1) —4cenr U (p1), (®)
LVe (py) = tr(—i[X,Ho]p,) +tr (—i[X,Hi]p;) e (Pr)
+tr (XD (Le, pr)), )

respectively, with

ge (p1) = tr (—i[H1,p] (ce (L —2Letr(Lep)) — p)) -

From Egs. (8) and (9), the feedback controls u; (p;) and
ue 2 (pr) can be designed as

—eVe (pr) +4eeni U? .
e 1 (Pz) _ A‘e (pt) C nLe (pt) , Zle > 07 (10)
ge (pr)
—Me+t(i[X, Holp,) —tr(XD(Le, p1))
e. = . , M. >0, (11
o2l w(-ilX Hilp) v
respectively, which make LV, (p;) < —2AVe(p;) and

LV, (p;) < —M_ hold, where 0 < A, < A, and 0 < M, < M,. In
order to ensure that the feedback controls are implementable,
the denominators of u 1 (p;) and ue 2 (p;) cannot be zero, i.e.,

8e(pr) #0 (12)
and

tr(_i[Xle]pt) 7£ 0.

Fortunately, Eq. (13) can hold by constructing X based

13)

on the algorithm proposed in Ref. [16], and Eq. (12)
holds in the state subspace @\ D3, where Pz =
{p€®@ei:ge(p)#0} C dey = {Fie Pe,1:ge(p)| < &}
with & > 0. For the state subspace & ;, we design another
state feedback control as

_ Se8e (pt)

|ge (pe) | +Me”
where s, > 0 is the strength of the feedback control, and 1. > 0
is a parameter used to adjust the hardness of the control. The

fe,1 (pr) = (14)

state control (14) is called the approximate bang-bang control,
which was proposed in Ref. [5] first for closed quantum sys-
tems. Here, e | (p;) can make LV. (p;) < —We (p;) hold, with
We (p:) = @?ﬁ% +4cen; U? (p,) being a continuous posi-
tive definite function defined on S.

Finally, ue 1 (pr), ue2 (p:), and de ;1 (p;) form the switch-

ing state feedback strategy, which can be expressed as
Ue ] (Pr), if p; € (pe,l\ée,lv

uep (pr), if pr € ({’8,27
de1 (Pr), if pr € De 1.

ue (pr) = 15)

From Theorem 1, under ue » (p;), the system state p; only tran-
sits through the boundary between @, ;| and P, > no more than
two times from any initial state, and evolves in @ ; perma-
nently after finite time. In @1, ue1(p;) and i (p;) make
LVe(pr) < —AVe(py) and LV (p;) < =W, (p;) hold, which
means that the system trajectory will converge to the invari-
antset Z. = {p € @, : LV (p) = 0} from LaSalle’s invariance
principle. Due to the fact that the target state ps is only the
equilibrium in @, 1, thus Z, = {p¢} and the system state p; will
converge to the target state pr with probability 1, thus the target
state pr is globally asymptotically stable in probability under
the switching control u. (p;). In addition, the system state p;
can converge exponentially in d’e,l\dﬁe.l with the convergence
rate that is not less than A. due to LV, (p;) < —AcVe(p;) and
Ae < A according to Theorem 1 in this paper and Theorem 3
in Ref. [18].

Remark 2 As shown in Eq. (15), we use different feed-
back controls in the corresponding different state subspaces.
However, under switching state feedback u. (p;), there is no
sliding motion of the system trajectory on the boundary A,
between &, and P, as well as the boundary /ie of @eﬁl,
which are defined as Ac = {p € S:Ve(p) =k} and Ae =
{p € Pe:|ge(p)| =&}, respectively. The conclusions can
be proved by contradiction as follows.

If there exists sliding motion of p, on A, then LV, (p;) =
0 for some p; € Ae. On the other hand, LV, (p;) < —A.Ve (pr)
or LV, (p;) < —We(p;) holds in @ ;. It is obvious that both
Ve (pr) and W, (p;) are positive definite on @, ; and pr is not on
Ag, such that V. (p;) > 0 and W, (p;) > 0 for Vp, € A, therefore
LVe (p:) < 0, which contradicts with LV, (p;) = 0. Thus, there
is no sliding motion of the system trajectory on the boundary
Ae.

Due to A. € <f>e71, fie,1 (pr) works in Ae. If there is no slid-
ing motion of the system trajectory on the boundary Ae, then
LV, (p;) = 0 for some p; € Ae, which means that some p; € A,
can make U (p;) = 0 to ensure W, (p;) = 0. However, the states
that make U (p;) = 0 hold are the all eigenstates of the mea-
surement operator L.. On the other hand, for the all eigenstates
of L, only py is located in @, 1 and py & Ae C @ 1, thus there
does not exist any state p; € A to make LV, (p;) = 0 hold,
which means that there is no sliding motion of the system tra-
jectory on the boundary A..

4.3. Rapid stabilization of two-qubit systems

For two-qubit systems, the time evolution of quantum fil-
ter state is described by the following SME: [!3]

2
dp; = (_i[HhPt]ut + Z I—L.iD(Lj’pt)) dr
j=1
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2
+ Z nL_jI_in (Ljapt) dej:«[?
j=1

Ay = /02t (Lip+ L) ) de+ do, j=1,2,(16)

which corresponds to the case of Hy =0, g =1, m =2 in
SME (1). Bell states are the maximally entangled states of
two-qubit quantum systems, which are written as

1 00 =1 00 00
L, 110000 L 101 10
"=31000 0/ “210+1 1 0o’

+100 1 00 00

and the target state py is set as ¢ in this subsection.

To guarantee the solvability, the measurement operators
aresetas L| = of ® L — L ® 03 and L, = o ® 03, under which
the system state p; will converge to one of the two Bell states
{¢™, ¢~} almost surely, i.e., the system equilibria are ¢ and
¢, and the target state pr is one of the system equilibria.

In order to divide the state space S into two subspaces,
we use the following Lyapunov function:

Ve (pr) = 1=t (pipr) +cu (Ui (pr) + U2 (pr)) s

where cp is nonnegative constant and U; (p;) = tr (L?p,) —
tr? (Ljp;), j = 1,2. Based on V; (p;), the state space S is di-
vided into {®Pg 1, P2}, ic.,

P, = {P €S :Vi(pr) SkB}»
|

—AsVs (pr) +4cs (25:1 N IL,U7 (i) + 23:1 N, 11,U (Pt)) _

gy = S\Pp 1, (17

with 0 < kg < 1 and 1 — kg +cgmaxpes (U (p) + Uz (p)) < 1.
Therefrom, pr € @p 1 and all other Bell states are in ®Pp .
Then, Vs (p;) and V. (p;) form the coupling Lyapunov
functions, based on which we can design the feedback con-
trols up) (p;) and ug 2 (p;) for the rapid stabilization of Bell
states. The infinitesimal generator associated with Eq. (16)
acting on V; (p;) and V. (p;) are
2
£V (p0) = sn(pm (p) e . 1,03 p)
j=

2
+ Y n,1L,U (pz)>, (18)
j=1
LVe(pr) = tr(—i[X,Hi]p:)us2 (pr)
2
+) w(XIL,D(Lj,pr)), (19)
j=1

where

2
g5 () =t (ipe [Hi, p/]) +2¢ Y tw(Lip,)tw(—iL;[H;,pi)
=

and Up, (p;) = H?zltr(Ljpt). From Egs. (18) and (19), the

control laws up 1 (p;) and ug 2 (p;) can be designed as

up1(pr) =

—My —Y5_ tr (XIL,D(L;,p1))

w(ilmp) D

ug (pr) =

which make LV (p;) < —AsVi (p) and LV, (p;) < —M5 hold,
where 0 < A5 < ZB and 0 < My < My. In order to ensure that
the denominator of ug » (p;) is not zero, i.e., tr (—i[X,H1| p;) #
0, we can construct X and H; by making —i[X,H,] = I4 — 4ps¢
such that tr (—i[X,H;]p) > 0 for Vp € P . We can use the
similar skill in Subsection 4.2 to make the denominator gg (p;)
of ug1 (p;) notzero, i.e., design another feedback control as
ip1 (p) = 7% with s > 0 and g > 0, which works
in the state subspace Pp | = {p € Pg 1 :|gs (p)| < &} with
& > 0.

Therefore, ug 1 (p;), u2 (p:), and dig | (p;) form the state
feedback strategy of rapidly stabilizing Bell states, which can
be expressed as

Up.1 (pt)a if P: € %,l\éB.h
ug2 (pr), if pr € g 2, (22)
i1 (pe), if pr € Dy 1.

ug (pr) =

s (Pr)

. A >0, (20)

Through a discussion similar to that in Subsection 4.2, we
can conclude that the target state ps is globally asymptotically
stable in probability under the switching state feedback con-
trol ug (p;) and the system state p, can converge exponentially
in CDB,]\(ISB,] with the convergence rate that is no less than Ag.

4.4. Rapid stabilization of N-qubit systems

In this subsection, we consider the rapid stabilization of
N-qubit systems, where N > 3. Without loss of generality, the
target state is set as the GHZ state, i.e.,

1 0 ... 0 1
. 0O o0 ... 00
Pf=\¢f><¢f|=§ oot : (23)
0O o0 ... 00
1o ..o 1]

where |gr) = —5(|00---0) +[11---1)) and n = 2".  Simi-
lar to Ref. [31], a diagonal measurement operator is chosen
as Lg = diag [ll,lz,...,ln/z,ln/z,...,lz,ll}, where I; # I; for
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i,j€{1,2,...,n/2} and i # j, which makes the target state
pr be one of the eigenstates of Lg. Due to the fact that Lg
is degenerate, two control Hamiltonians should be used, such
that the corresponding SME describing N-qubit systems is de-
scribed as

dp, = (—i[Ho,p/] —i[H1,p:] —i[Hz, P/ uz,
+1—LGD (LG)pt)) dt

+\/ nLGI—LGH (Lvat) deQ,t
= (~i[Ho,p:] —i[Ho,piuzs + 11D (L, py)) dt
+ V nLgugH (LG7Pt) deG.h

dy = V/Mieligtr (Lap+piLl) dr+ dong,,  (24)

where Hy = Hy + H; and H, can be regarded as the virtual
free Hamiltonian and control Hamiltonian, respectively, and
up ; represents the state feedback control that needs to be de-
signed. SME (24) corresponds to the case of g =2, m =1,
Ly =Lg,and u;; = 1 in SME (1).

Here, we choose the distance function as V; (p;), i.e.,

VG (pr) = 1 —tr(pipr), (25)

which is used to form the coupling Lyapunov functions with
V. (p) for design of the state feedback controls ug ; (p;) and
ug (py) of rapidly stabilizing GHZ states and to divide the
state space S into two state subspaces as

&G ={p €S:Vs(p1) <ka},
PG =S\DG 1, (26)

where 0 < kg < 1. The infinitesimal generators associated
with Eq. (24) acting on Vg (p;) and V, (p;) are

LVG (pr) = tr (i [Ho, pi] pr) +tr (i [Ha, o] pr) g1 (i), (27)
LV, (pr) = —tr (iX [Ho,p,]) —tr (A[X, Ha] pr) uc.2 (pr)
+ It (XD (L, py). 28)

Because Lg is degenerate, the number of system equilib-
ria is infinite, so we construct the Hamiltonian H; such that
[ﬂo, pf} = 0 holds to simplify the control design. Similar to
Subsections 4.2 and 4.3, the switching state feedback control
can be designed as

ug,1 (pr) = —%7 if p; € &1\ DG 1,

Mg +FLG tr(XD(Lg.pr))

u (pr)=1 uc2(pr)= w0 P € Pap, (29)
ﬁG,l (Pz) = 7%7 if pr € (ﬁG,lv

where sg > 0, ng > 0, and
PG ={p € P, : |tr(i[Ha,p]pr)| < &6}

with & > 0, which makes LVg(p;) < —AgVs(pr) or

LVG (pr) < =Wg (pr) and LV, (p;) < —Mg hold with 0 < Ag <

A, 0 < Mg < Mg and Wg (p,) = m%. For the
feedback control ug (p;) in Eq. (29), dig,1 (p;) is used to avoid
the denominators of ug ; (p;) too small, while the denomina-
tors of ug, 1 (pr) cannot be zero by constructing X and H, based
on the algorithm in Ref. [16].

From Theorem 1, under ug 2 (p;), the system state p; only
transits through the boundary between @ ; and @G > no more
than two times from any initial state, and evolves in ®g | per-
manently after finite time. In the state subspace &g 1, accord-
ing to LaSalle’s invariance principle, the system state p; will
converge to the invariant sets Zg = {p € Pg1 : Vg (p) =0}
and Zg = {p € @g; : tr(i[H2,p] pr) = O} under ug ; (p;) and
i1 (pr), respectively. It is obvious that Zg = {ps}. On the
other hand, Zg = {pr, pi}, where p; represent the eigenstates
of Lg except pr from the analysis in Ref. [31]. The states
in Zg, which are denoted as Pig» satisfy D (Lg,pr) =0

and H (Lg,pr> — 0, such that SME (24) becomes dp, =

—i [ﬂo, p,] ds, from which one can construct H; to make
[Ho,p;] # 0, thereby only py is the equilibrium state that lo-
cated in the invariant set Z under the condition [Hy, pt] = 0.
Thus, the target state pr is globally asymptotically stable in
probability under the feedback control ug (p;) and the system
state p; can converge exponentially in 45071\43@, 1 with the con-
vergence rate that is not less than Ag from Theorem 1 in this
paper and Theorem 3 in Ref. [18].

Remark 3 The stabilization of multi-qubit systems was
also studied in Ref. [31], where the proposed feedback control
is a special case of the feedback control ug (p;) in Eq. (29)
with &g = +oo. The main difference between ug (p;) and the
feedback control in Ref. [31] is that ug (p;) can make the
system state p; converge exponentially in <PG71\<13G7], which
cannot be guaranteed in theory by the feedback control in
Ref. [31].

Remark 4 In Subsection 4.2 (4.3, 4.4), we only make
the system state p; converge exponentially in CDeJ\dAbe,l (P51\
(f>3_,1, <15G71\€f>G_,1, respectively) rather than @, | (P 1, Pg.1,
respectively), which can be avoided if the feedback con-
trol ue 1 (pr) (uB1(pr), uc,(p:), respectively) is designed
more properly. For example, the state feedback controls in
Refs. [28,34] can achieve the GHZ states and local exponen-
tial stabilization of eigenstates for multi-qubit systems and N-
level quantum angular momentum systems, respectively. If
the feedback controls in Refs. [28,34] are applied instead of
ug,1(pr) and ue (p;), respectively, and the state subspaces
that the system state converge exponentially in Refs. [28,34]
are regarded as P 1 and D, 1, respectively, then the system
state can be converge more faster, which means that the results
of exponential stabilization for quantum systems and the uni-
fied framework proposed in this paper can be combined rea-
sonably to obtain better control performance.
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5. Numerical simulations

In this section, we take a three-qubit system with a degen-
erate measurement operator as an example to verify the effec-
tiveness and rapidity of the proposed state feedback controls
by stabilizing a target GHZ state.

In the simulations, the target GHZ state is chosen as

1 0000O0GO0 1
0000O0O0O0O0
00000000

|

R R R
0000O0O0O0 O
0000O0O0O0 O
(1000000 1

|

[ 250 —0.87 0.61

~0.87 —3.50 —0.35

0.6 —035 -2.50

g, | 035 020 029

0 0 0

0 0 0

0 0 0

0 0 0
L1
G727

(a)

100

100

10-2f

104}

Vpt)

10*6 »

108

60 80 100
Time (arb. units)

Fig. 2. Simulation results of rapidly stabilizing GHZ state by using the
switching feedback control (29) and the feedback control proposed in
Ref. [16]. (a) The curves of V(p;). (b) The semi-lon version of (a). In
(a) and (b), the grey curves, blue curve and purple curve represent the sam-
ple trajectories, the mean value of 1000 arbitrary sample trajectories under
the feedback control (29), and the feedback control in Ref. [16], respec-
tively; the red curve and the cyan line represent the exponential reference
with exponent Ag and the boundary between @g ; and &g », respectively.

The control parameters in Eq. (29) are set as Ag = 0.15,
Mg =1, sg =0.5, and ng = 0.05. The state space S is divided
into Pg 1 = {p eS:Vi(p) < kG} and P = S\‘PGJ, where
kg = 0.95. The state subspace, where the control law g ; (p;)
works, is setas &g | = {p € @ ;1 : |tr ([Ha,p] pr) | < €6} with

where |¢f) = % (]000) + |111)), while the initial state is set
as po = diag[0,1,0,0,0,0,0,0]. The system parameter settings
are listed as!!°]

Hy = 0;00;,9h+0,98L®0;,+L®0,®0;
= diag[3, —1, -1, —1, —1, —1, —1, 3],
[0 1 o o o o0 -1 0
1 0 0 0 O 0 0 -1
0 0 O 1 -1 0 0 0
H = 0 0 1 0 0 -1 0 O
0o o0 -1 0 O 1 0 0 |’
o o0 o0 -1 1 o 0 O
-1 0 0 0 0 0 O 1
| 0 -1. 0 0 0 0 1 0 |
EG =1, Nig =1,
0 0 0 0 ]
0 0 0 0
0 0 0 0
0 0 0 0
1.50 035 020 -0.87 |’
035 250 029 —0.61
020 029 350 —0.35
—0.87 -0.61 -0.35 250 |

(o;®@0,@h+hL®o0,®0;) =diag[l,0, —1,0,0, —1, 0, 1].

&g = 0.05. The simulation results of 1000 sample trajectories
under the switching feedback control (29) are shown in Fig. 2.
One can see that V (p;) converges to zero, which means that
the stabilization of the target GHZ state is achieved and veri-
fies the effectiveness of the proposed switching state feedback
control. On the other hand, the convergence rate of quan-
tum states under the switching feedback control (29) is more
than Ag, which means the rapidity of stabilizing target state.

1.0 u

0.8
~ 0.6f
QL
= 0.4f

0.2f

0

(a)

0 20 40 60 80 100
Time (arb. units)
2 (b) ]
l 4
& 0
s —1
—2
—3 . . . . 4
0 20 40 60 80 100

Time (arb. units)

Fig. 3. Simulation results of arbitrary sample trajectory. (a) The curves
of V(py), (b) The curves of u(p;). In (a) and (b), the purple curves rep-
resent Vg (p;) and ug (p;), while the blue, pink and white background
present the time domain of p, € &g 1,Pc 2 and fIA>G>1 , respectively.
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Moreover, the feedback control proposed in Ref. [16], i.e.,
using i (pr) = —Kgtr (i[Ha, p¢] ps) instead of ug 1 (p;) and
i, (py) in Pg 1, is also applied to stabilize the target GHZ
state. The results with Kg = 0.02 are also shown in Fig. 2. One
can see from Fig. 2 that V (p,) converges to zero faster under
the switching feedback control (29) than that under the feed-
back control proposed in Ref. [16], which shows the advantage
of the designed feedback control in this paper. A sample tra-
jectory is presented in Fig. 3, from which one can see that the
state trajectory transits the boundary between @g; and Pg
no more than two times, which is consistent with the theoreti-
cal analysis.

6. Conclusions

In summary, we have studied the rapid stabilization of
stochastic quantum systems. In order to rapidly stabilize the
target state, we propose a unified framework for design of
state feedback controls based on the Lyapunov-LaSalle-like
theorem, which is suitable for the Itd stochastic differential
equation. The proposed unified framework is applied to the
rapid stabilization of single-qubit systems, two-qubit systems,
and N-qubit systems. Moreover, we take three-qubit systems
as an example to verify the effectiveness and rapidity of the
designed state feedback controls based on the proposed uni-
fied framework by stabilizing GHZ states in numerical simu-
lations.

In the near future, we will consider the further work as
follows: (i) design of state feedback controls for the global ex-
ponential stabilization of the general stochastic quantum sys-
tems instead of some special quantum systems;** (ii) robust-
ness analysis of the state feedback strategies proposed in this
paper when the physical parameters or the initial state are un-
certain, as the work in Ref. [17]; (iii) exponential stabiliza-
tion of stochastic delay quantum systems, specially the case of
time-delay control, i.e., u, = u (p;_;) with constant delay time
T or u; = u (py_q(;)) With time-varying delay time 7 (t).
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