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This article investigates the Hirota—Satsuma-Ito equation with variable coefficient using the Hirota bilinear method
and the long wave limit method. The equation is proved to be Painlevé integrable by Painlevé analysis. On the basis of the
bilinear form, the forms of two-soliton solutions, three-soliton solutions, and four-soliton solutions are studied specifically.
The appropriate parameter values are chosen and the corresponding figures are presented. The breather waves solutions,
lump solutions, periodic solutions and the interaction of breather waves solutions and soliton solutions, etc. are given. In
addition, we also analyze the different effects of the parameters on the figures. The figures of the same set of parameters
in different planes are presented to describe the dynamical behavior of solutions. These are important for describing water

waves in nature.

Keywords: (2+1)-dimensional variable coefficient Hirota—Satsuma-Ito equation, Hirota bilinear method, long

wave limit method, N-soliton solutions
PACS: 02.30.Jr, 02.30.1k, 04.20.Jb, 02.30.Tb

1. Introduction

Research of solutions to non-linear evolution equations
(NLEESs) plays an important role in the field of nonlinear-
ity. Therefore, search for efficient solution methods has
gained more and more attention. To date, there are several
effective methods that have been commonly used by math-
ematicians, such as Darboux transformation,!"? Bicklund
transformation,>! Lie group method,®°! inverse scatter-
ing method,!'%! Hirota bilinear method,!''='4] and hyperbolic
method.>! Among them, the Hirota bilinear method proposed
by Hirota is a straightforward method for finding exact solu-
tions of NLEEs. The general idea of the bilinear method is
to transform the equation into a bilinear form based on the
derivative operator defined by Hirota, and to solve the equa-
tion in the bilinear form by appropriately dependent variable
transformation. The key to the bilinear approach is to find
the appropriately dependent variable transformation. There
are many kinds of solutions that can be obtained by solving
NLEE:s in different ways, such as soliton solutions, breather
wave solutions, lump solutions, periodic solutions, trigono-
metric solutions, and interaction of different solutions.[!6-19]
Among them, soliton solutions are one of the most important
research topics. N-soliton solutions are exact multiple wave
solutions of the integrable equations and are important for de-
scribing nonlinearities in areas such as shallow water waves,
plasma, and nonlinear optics.?*2?! However, in recent years,
existence of interaction solutions of two different solutions of
the integrable equation has attracted much attention. This is
because many phenomena occurring in nature can be more
easily explained by interaction solutions.>>**! Thus, there are
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more and more researchers to study the interaction solutions
deeply. For example, Yuan et al. constructed various local-
ized interaction solutions including the general M-lumps, T-
breathers and hybrid wave solutions.[?>! These solutions play
important roles in solving practical problems.

The (2+1)-dimensional Hirota—Satsuma-Ito (HSI) equa-
tion is an integrable equation. It is obtained by the Hirota—
Satsuma (HS) equation with some transformations.[2°! The
form of the HS equation is

ey

Up = Uy + 3uty — 3, vy — Uy,
Ve = —U.

With the transformation u = 2(Inf) ., the form of the HSI

equation is

XX

O = Uy + 3ty — 3uV; + iy,
O = —uy, 2
Vy = —U,

where u, v, and w are the functions of x,y,z. Hence, we can
get the following form after some calculations:

Uny + Uyr + 3ttxltnr + 3uplhy + Upr = 0. 3

In Ref. [27], Liu et al. analyzed the HSI equation with
constant coefficient using the Hirota bilinear method and ob-
tained some interactions of different types of solutions. Ku-
mar et al.!*8] studied the HSI equation by Lie symmetry anal-
ysis and obtained multiple soliton solutions and interactions of
soliton solutions.

Equations with variable coefficients can explain more
natural phenomena than equations with constant coefficients.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

070201-1


https://doi.org/10.1088/1674-1056/acb9f2
xinxiangpeng@lcu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 32, 070201 (2023)

Therefore, in this article we study the HSI equation with vari-
able coefficient (vcHSI). Without loss of generality, the vcHSI
can be assumed as follows:

a(t)uxx + c(t)uy +3d (1 )uxing +3d (1) usuee +e(t) g =0, (4)

where a(t), ¢(t), d(r), and e(z) are free functions about time
t. It is obvious that Eq. (4) reduces to Eq. (3) when a(r) =
c(t) =d(t) = e(t) = 1. However, the integrability of Eq. (4)
is uncertain. The Painlevé analysis method is an effective
way of judging the integrability of nonlinear differential equa-

29,301 We now perform the

tions and finding exact solutions.!
Painlevé analysis on Eq. (4) to find integrability conditions.

The solution of Eq. (4) can be assumed as follows:
u= Y ujp’~% (5)
=0

where u; and ¢ are functions about x, y, t.

Substituting u = ugp~* into Eq. (4) yields & = 1 by ho-
mogeneous balance. Hence, u = ug/¢@ when j = 0. After some
calculations, we can reach

2e(t) Py
= . 6
= — 0 (6)
Substituting o = 1 into Eq. (5) yields
26([ )‘Px j—1
u= +ujpl . @)
dit)e
The resonance points can be determined at j = —1,1,4,6

after substituting Eq. (6) into Eq. (4) and extracting the coeffi-
cient of ¢ >, Here, uy, u3, and us can be expressed by letting
the coefficients of ¢ 3, @2, and ¢° appear.

Because uy, u4, and ug are free functions when a(t) =
c(t) =d(t) =e(t) or c(t) =d(t) = e(t), the integrability con-
ditions are a(t) = c(t) =d(t) = e(t) or c(t) = d(t) = e(1).

Here, we investigate the following vcHSI equation:

a(t) sy + Uy + 3ttty + Susity + Uy = 0. )

It is not difficult to find that Eq. (8) is equal to Eq. (4) when
c(t)y=d(t)=e(t)=1.

This article is arranged as follows: In Section 2, the de-
pendent variable transformation and the bilinear operators are
introduced, and the bilinear form of the vcHSI equation is ob-
tained with the Hirota bilinear method. In Section 3, the ex-
pressions of two-soliton solutions, three-soliton solutions, and
four-soliton solutions are studied on the basis of bilinear form.
We choose the appropriate parameter values and draw the cor-
responding figures. In addition, the dynamical behavior of so-
lutions in different planes is analyzed. In Section 4, the long
wave limit method is introduced. This method is used to ob-
tain other solutions including lump solution, the interaction
of one linear wave and multi-soliton, and the interaction of
second-lump solution and kink solution, etc. The correspond-
ing figures are presented to describe the evolution of solutions.
In Section 5, the conclusions of this paper can be found.

2. The bilinear form of the vcHSI equation

First of all,
26]

we introduce the dependent variable
transformation!

u=2(Inf), = % )

Substituting Eq. (9) into Eq. (8), we can obtain the bilinear
form with bilinear operators as follows:

(a(t)D2 +DyD, +D3D,) (f - f) =0, (10)

where f is the function of x, y, t; DyD, sz, and Dx3 D, are
bilinear operators as follows: 112}

D,"D,"D (g-h) = (dx— )" (dy—9y)" (9 — yr)*
xg(xy ) h(x,y1)

gyt (11)

We now describe the process of assuming f, using N = 1
as an example. Firstly, we assume

u=exp [k (x+pry+wi(t)+ 1], (12)

where kq, pi, and 7/? are free constants, wi(¢) is the function
of ¢, after substituting Eq. (12) into linear terms in Eq. (8) we

can reach3!
—alt
wi(t) = 2“() dr (13)
ki~ +p1
Based on the Hirota bilinear method we can assume
f=1+exp(n), (14)

where 1 = ki (x+ p1y+wi(t)) + V. Hence, if f is the solu-
tion to Eq. (10), the u we obtained by transformation (9) is the
single soliton solution to Eq. (8).

3. The N-soliton solutions of the vcHSI equation

In this section, we introduce the different expressions for

solutions to the NLEEs with different values of N on the basis

of bilinear form.?2!

When N = 2, using the same method on the basis of the

[31]

single soliton solution,'”*! we can obtain

wa(1) = / k;cfl)jz dr. (15)

With the help of hirota bilinear method, the expression for f is
assumed as follows:

f=1+exp(n)+exp(p)+bnexp(n+r), 16)

where ¥ = k; (x+ piy +wi(t)) + ¥, (i = 1,2), with ki, p;, ¥
and by, being free constants.

Substituting the solution that is obtained by taking
Eq. (16) together with Eq. (15) into Eq. (9) into Eq. (8), we
will get a system. After solving the system, we can know

070201-2
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pry = Kkt (k12 = 3kiko - 4ke” +2p1 + o)

—3ky (k> + p1+ p2)) +ko? (kz2 +p14+2p2) +(p1— )’

ki (ki (ki® +3kika +4k> +2p1 + p2) +3ko (ko* + p1 + p2)) + ka2 (k2? + p1 +2p2) + (p1 — p2)

Substituting Eq. (17) into the solution and taking the pa-
=—1, k=1, pp =-3I, pp =3I,
7? = yg = 0, we can get breather waves in the plane. Fig-

rameters as a(t) =t, ki

ure 1 shows the dynamical behavior of the breather waves in
(x,y) plane. It is clear that the position of the breather waves
changes along x-axis with time from Figs. 1(a)-1(c). However,
the amplitude and the waveform of the breather waves keep the
same. Figures 1(d)-1(f) are their corresponding density plots.

5. (17)

Without loss of generality, we have chosen another set
of parameters to draw the 3D-plots and show them in Fig. 2.
When py = 1-21, py = 1421, ! = ) = 0, the coefficient
function a(z) is coth(z). We can obtain a set of interactions of
soliton solutions and period solutions. Figures 2(a)-2(c) show
the change of u for different k| and k;. In Fig. 2(a), k&; = 1 and
k, = —1. In Fig. 2(b), k; =2 and k; = —2. In Fig. 2(c), k; =3
and kp = —3.

(c)
3.5

\AAAAAAAA S

Fig. 1. The breather waves in the (x,y) plane and their density plots.

“i0 0 10 20
Y

0
z 20
(d)

(c)

Fig. 2. The interaction of breather waves and soliton solutions in the (x,y) plane and their density plots.

When N = 3, we can employ the same method to obtain

f=1+exp(n)+exp(r)+exp(ys) +biexp(yi + %) +bizexp(ni +¥) +buexp(yr+¥) +biabizbuexp (i + 1 +713), (18)

where
a(r) )
Yi=ki(x+py+wi)+7,  wi(t)= 5 de, i=1,2,3,
ki®+ pi

b ki (ki (ki? = 3kiks +4ks> +2p1 + p3) — 3ks (ks* + p1 + p3) ) +k3* (ks> + p1 +2p3) + (p1 — p3)’
13 = )

ki (ki (ki® + 3kiks +4ks> +2py + p3) +3ks (ks + p1+ p3)) + ks> (ks® + p1 +2p3) + (p1 — p3)°
. ka (ka (ka® — 3koks +4ks +2ps + p3) — 3ks (ks> + pa+ p3)) +ks? (ks® + pa+2p3) + (p2 — p3)° 19)
23 — 3

ka (ka (ko + 3kaks +4ks® +2pa + p3) + 3k (ks> 4+ pa+ p3)) + ks (ks> + p2 +2p3) + (p2 — p3)*

070201-3
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where k;, p;, and %0 are free constants.

Substituting Eq. (18) into Eq. (9) and taking the param-
etersast =1, ki =241, ky=2—-1, k3 =2+1, p = —I,
p2=1,p3=—1,and ) = ) = ¥} = 0, we obtain the results
as shown in Fig. 3. Figures 3(a), 3(b), and 3(c) show all the
interactions of breather waves, kink solutions, and excitation
solutions, and they show the 3D plots when a(¢) is taken as dif-
ferent functions. It is obvious that the amplitude of breathers
becomes smaller from Fig. 3(a) to Fig. 3(c).

Next, we choose parameters k; = 1 + 21, kp =1 —2I,
ks=1+2I,p1=1-Lpy=1+Lps=1-1, =4 = =0,

Fig. 4. The coefficient function a(r) is taken as cost. In the
(x,y) plane, r is taken as 0, the solution is the interaction of
kink solution and breather waves, as shown in Fig. 4(a). In the
(y,1) plane, x is taken as 0, the solution is the kink solution,
as shown in Fig. 4(b). In the (x,#) plane, y is taken as 0, the
solution is the interaction of kink solution and breather waves,
as shown in Fig. 4(c).
When N = 4, the expression for f is

4 4
f=Y exp (Zﬁi%’+ )y ﬁiﬁjlnbij>7 (20

B=0,1 i=1 1<i<j

and present the corresponding figures on different planes as‘ where
—a(t) ,
te=ki(xtpy+wi) +7, wilt) = [ 5 dr i=1,2,3,4,
ki + pi

ki (ki (ki2 = 3kik; +4k;? +2p;+ p;) —3k; (ki + pi+ p;)) + k2 (k> + pi+2p;) + (pi— p))*

ij =

with k;, p;, and 710 being free constants.

ki (ki (ki2 4 3kik; +4k;? +2pi+ p;) +3k; (ki + pi+ p;)) + k2 (ki +pi+2p;) + (pi— p)*

1<i<j<4, 2D

Substituting Eq. (20) into Eq. (9) and taking the parameters as k1 =1,k =2, k3 =3, ka =4, p1 =2, po =1, p3 = —1,
pa=110 =" =19 = =0, for the coefficient function a(t) taken as sinhz, we obtain the profiles at different times, as shown

in Fig. 5. It reflects the change in multiple solitons.

40 (a) 18 (b)

3 30 14
20 = 10
10 g
10 10

50 50
Yy =5 Y =5

—10 0
T

0 10
x

Fig. 3. The interaction of breather waves, kink solutions and excitation solutions in the (x,y) plane at (a) a(t) = cosht, (b) a(t) = cost, (¢) a(t) =t.

(z,y)

DR

(T

(2,t)

Fig. 5. The multi-soliton solutions in (x,y) plane.

070201-4



Chin. Phys. B 32, 070201 (2023)

4. The lump solutions of the vcHSI equation

In this section, the long wave limit method is used to solve
the solutions. The solutions obtained using this method is gen-
erally the lump solutions. The basic idea to this method is tak-
ing the limit of the soliton solutions.3>33! The long wave limit
method is now widely used to find multi-lump solutions. Next,
we describe the process of solving solutions.

When N = 2, we have known the expressions for f, w;(z),
and by, in the above section. Now, we take the parameters as
ki=¢ L, ky=¢€-h, Y =1-n ¥ =—I -, and substitute
them into the expressions for by, and w;(r). After expanding
them and using Taylor’s formula we can obtain

=006+ 6) 111, (22)

where 6; = x+ p;y — p; [a(t)dr withi=1,2, 6y = w.
Substituting Eq. (22) into Eq. (9), the solution is obtained.

We choose proper parameters as p;y = —4—1, pp =4—1,
take the coefficient function a(r) as In(¢), and put them into
the solution we obtained. Figure 6 shows the corresponding
results. There are two solitons with different amplitudes that
collide with each other. Figures 6(a)-6(c) show the results
taken at different times. In addition, the amplitude of the two
waves decreases with time.

When N = 3, this method is used to determine the ex-
pression for f. After substituting the parameters as the same
as N = 2, we can reach

f=(616+an)hb
+ (a13a23 +a1362 + a30) + 0,62 +apn) [1he”, (23)

—6pi—6p;
pi? =2pipj+p;*

Gi:x+piy—pi/a(t)dt, i=1,2,

ajj = 1§i<j§2,

10
y —10-20 Y

10
y —10_99 0

—6ks (k3*+ pi+ p3)

aiz = ) = 1727
T ks? (k32+Pi+2p3)+(Pi—P3)2
a(t)
s =kj x+p3y—/dt> + 7%, (24)
g < k3* + p3 4

with /1 and /; being free constants.

We can draw the results as shown in Fig. 7, after substi-
tuting Eq. (23) into Eq. (9). The parameters are taken as t = 1,
p1=1-21,py=1+2I p3 =0, ¥ =0, and the coefficient
function a(t) is chosen as 1> /5. When k3 = 0, the solution is
second-order lump solution. It is clear that the amplitude of
one lump wave remains unchanged, and the amplitude of the
other lump wave increases with k3. Finally, when k3 = 1.3, the
solution is the interaction of kink solution and lump solutions
in different planes.

Now, we choose a set of parameters as k3 = —2, p; = —1,
p2=3,p3=0, yg = 0, and take the coefficient function as
sint. The corresponding results are presented in Fig. 8. Fig-
ures 8(a)-8(c) show the emergence of periodic waves at dif-
ferent x. Figures 8(d)-8(f) show the annihilation of periodic
waves at different x. When x = 0, the amplitude of the peri-
odic wave reaches its maximum.

When N = 4, we use this method to solve f. After some
calculations, we can determine the expression for f as follows:

f = (61626304 +0a1260364+0a136,64
+a1460,603 4+ a230104+ 240103+ 340,62

+anas + aizan +asaz) - hibhlie?, (25)

where 6; = x + pjy — p; [a(t)dt with i=1,2,3,4, a;; =
—6p;i—6p; . . . .

m with 1 <i< j<4;1;(i=1,2,3,4) are free con-

stants. For appropriate parameters, we show the results in

Figs. 9 and 10.

t=4

=W ot

—10

ky=0.3

T

Fig. 7. The dynamical behavior of second-order lump solutions with k3 in (x,y) plane.
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Fig. 9. The changes of position of second-order lump solution and their density plots.

e
Do oo

t=-0.4

Fig. 10. The interaction of one linear wave and multi-soliton solution in (x,y) plane.

In Fig. 9, we choose p; =1, po = —1, p3 =21, ps = —2I,
and take the coefficient function a(¢) as . We can find that
the position of the second-order lump solutions has changed
with time. The position of the solution at t = 5 is same as
the position of the solution at r = —5. In addition, the ampli-
tude of the second-order lump keeps the same. In Fig. 10, we
choose p1 =1, pp = —1I, p3 =51, ps = —5I, and take the co-
efficient function a(¢) as cot ¢. These solutions are interaction
of one linear wave and multi-soliton solutions. The amplitude
of multi-soliton changes with 7.

5. Conclusions

In summary, we have investigated the Hirota—Satsuma—
We use the WTC
method to prove the equation is integrable. We solve its bi-

Ito equation with variable coefficient.

linear form with the help of the Hirota bilinear method. The
N-soliton solutions are constructed on the basis of bilinear
form. We specifically study the form of the solutions for
N = 2,3,4. In addition, we introduce the long wave limit
method. The form of the solutions for N = 2,3,4 is studied
using this method. By selecting appropriate parameters we
obtain multiple types of solutions including breather waves so-
lutions, lump solutions, periodic solutions, and the interaction
of breathers and periodic solutions, etc. Their corresponding
figures are presented to describe the evolution of solutions.
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