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Quantum coherence is a fundamental feature of quantum physics and plays a significant role in quantum information
processing. By generalizing the resource theory of coherence from von Neumann measurements to positive operator-
valued measures (POVMs), POVM-based coherence measures have been proposed with respect to the relative entropy of
coherence, the /; norm of coherence, the robustness of coherence and the Tsallis relative entropy of coherence. We derive
analytically the lower and upper bounds on these POVM-based coherence of an arbitrary given superposed pure state in
terms of the POVM-based coherence of the states in superposition. Our results can be used to estimate range of quantum
coherence of superposed states. Detailed examples are presented to verify our analytical bounds.
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1. Introduction

Originated from the superposition principle of quantum
mechanics, quantum coherence and entanglement are impor-
tant quantum resources in quantum information processing
and quantum computation.!!=3l However, in general the en-
tanglement of a superposed pure state cannot be simply ex-
pressed as a linear summation of the entanglement of the in-
dividual states in the superposition. Linden et al. first in-
vestigated the relations between the entanglement of a su-
perposed pure state and the entanglement of the states in the
superposition'¥ and Gour et al. provided the upper and lower
bounds on superposed entanglement based on the Von Neu-
mann entropy of the reduced states’® and the entanglement
measure concurrence. 7]

Baumgratz, Cramer, and Plenio®! first proposed the re-
source theory of coherence, established a rigorous coherence
quantification framework (BCP framework), and identified
computable measures of coherence. Based on the BCP frame-
work, coherence has witnessed theoretically and experimen-

9-151 For a quantum system associated

tally fruitful progress.!
with a d-dimensional Hilbert space H, the BCP framework
takes into account the coherence defined by an orthogonal

basis {|j) le, which we call standard coherence. A stan-

dard orthogonal basis {|j) ?:1 corresponds to a rank-1 pro-
jective measurement {| ) j|}?:]. Recently, Bischof, Kamper-
mann and BruB!'®!7] generalized the conventional framework

of coherence to the case of general positive operator-valued
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measures (POVMs), by replacing the projective measurements
with POVMs. Recently, several POVM-based coherence mea-
sures have been proposed,!'®~18] such as relative entropy of
POVM-based coherence C.(p,E), /j-norm of POVM-based
coherence Cj, (p,E), robustness of POVM-based coherence
Ciob(p,E), and POVM-based coherent based on Tsallis rel-
ative entropy Cr, (p,E). Moreover, maximum relative en-
tropy of coherence for quantum channels has been introduced
in Ref. [20].

Similar to the case of quantum entanglement, the super-
position of two incoherent states may give rise to a maxi-
Q1) = (1/v2)([0) +]1))

While the superposition

mally coherent state, for instance,

in the computational basis |0),]|1).
of two maximally coherent states may produce an incoher-
ent state, for example, |Q) = (1/v2)(|4+) +|-)), where
|+) = (1/+v/2)(|0) £|1)). In Refs. [21-24] the coherence for
superposition states of two mutual orthogonal states has been
discussed.

In this work, we investigate the POVM-based coherence
of superposition states. More specifically, given a superposi-
tion state

n
Q) =) algx), e
k=1
we explore the relationship between the POVM-based coher-

ence of the superposition state |Q2) and the POVM-based co-
herence of the states |¢) in the superposition. We focus on
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four POVM-based coherence measures Ci(p,E), Cj, (p,E),
CGiob(p,E), and Cr 5 (p,E) and present the upper and lower
bounds of the inequalities satisfied by these coherence mea-
sures. We illustrate our results by detailed single and two-qubit

examples.

2. POVM-based coherence of
states

superposition

In order to quantitatively describe the coherence re-
sources contained in a given quantum state, a variety of co-
herence measures has been introduced from different perspec-
tives. Before giving our main results, we first recall the defi-
nitions of C;(p,E), C, (p,E), Ciob(p,E), and Cr 5 (p, E) with
respect to a positive operator-valued measure given by d mea-

surement operators E = {E; > 0}¢_,, ¥\, E; = I with I the

=P
identity operator.

2.1. The POVM-based coherence measures

The relative entropy coherence measure is a commonly
used and well-defined coherence measure, ! which is tightly
related to the optimal distillation rate in standard coherent
distillation!'!! and the minimum amount of noise for com-
plete decoherence.[®>’! Given a POVM E, the relative entropy

POVM-based coherence is defined by!!!17]

d
. E)= L S(v/EpV/E) ~5(p)

where S(X) = —Tr(XlogX) is the von Neumann entropy for
positive semi-definite matrix X. For a pure state |¢), C:(p,E)

can be expressed as

d
C:(9,E) :Z (VE;19)(¢|\/E)). ©))

The /;-norm POVM-based coherence C;, (p,E) of a den-

sity matrix p is defined by!!7-18]

Cll pE

Z IVEP/Ejl|ir,
i#j=1
with ||X || = TrvXTX the trace norm of matrix X. For a pure
state |@), the /;-norm POVM-based coherence is given by

C,(9.E) = Z Tr|VE:|9) (6] /Ej]. 3)

i#j=1
The robust coherence is closely related to coherence
sightings and can be used to quantify the advantages of quan-
tum states in phase discrimination tasks. The robust POVM-
based coherence Cyop (P, E) can be expressed as!!”!

Ciob(p,E) = mirll{s >0:57;=—VEp\/E;Vi# j}.
Tes

where
T=) 7 ®i){j
i,j
as

T—ZI(P: (9jl@1i) J|+Z — 19 {0:]) i) il.

Note that for pure states |@), the robust POVM-based coher-
ence Cyop(p,E) and the /;-norm POVM-based coherence sat-

isfy the following relation:

Crob(¢aE) :Cll (‘PaE)

The Tsallis relative entropy of POVM-based coherence
Cr(p,E) introduced in Ref. [18] is given by

{zTr[ (VER*VE)'] -

for A € (0,1)U(1,2].
For further use, we extend the above definition of the

Cra(p,E) @

POVM-based coherence of a pure state to the coherence of two
pure states, by analog to the case of quantum entanglement.”!
Let |¢) and |y) be two pure states. We define C;, (¢, y) and
Cr (¢, y) as the POVM coherence of |¢) and |y) by

C,(¢,v.E Z Tr|VEi|9) (w|/E|, ®)

i#j=1

1
Cra(@w.E)=~+—

{zTr [(VE (o) w)* VE) ]~ 1},

Notice that according to the above definitions,

C(¢a¢7E) :C((P’E)

2.2. The upper and lower bounds of POVM-based coher-
ence measures

we have

In the following, we use the relative entropy POVM-
based coherence to investigate the relationship between the
coherence of two arbitrary pure states and the POVM-based
coherence of their superposed state.

Before we present our two main results (Theorem 1), we
briefly review the properties of the von-Neumann entropy S(p)
in Refs. [4,19] and provide a slight improvement of it. The au-
thors in Ref. [4] have used two properties of S(p):

|01 [2S(p) +|02[*S(0) < S(lau’p +|*0),
S(laa*p +|oafPo) < |au*S(p) +|eal*S(0) +ha(lou ).
(6)
where

Iy (x) = —xlogx— (1 —x)log(1 —x), |ou|*+|onf* =1.
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Now, consider |Q) = a;|¢) + o |y), we obtain

S(VE[IQNQIVE;) <o PS(VEj0) (9| VE))
+loa*S(VEj W) (WIVE)) + ha(|ou ).

Using Eq. (2), we get
Ci(Q,E) < |1 ’Ci(9,E) + | G (y, E) + ha(lou ). (7)

Based on the above results, we have the following con-
clusion.

Theorem 1 Given two different pure states |¢) and |y),
denote |Q2) = a|¢) + B|y), where a and 8 are complex num-
bers. The relative entropy POVM-based coherence C;(Q',E)
of the state |Q') = [Q)/|2||, with |[2]| = [(2|2)] the nor-

malization constant, has an upper bound

p1{HCH(9,E) + (1 — W)Ci(y, E) + ha ()], ®)

and a lower bound L = max{L;,L,,0} with

1—v 1
Ly = p2Cr(9,E) = — — (Y, E) = L I (V),

1— 1
L = Gy E)~ 52 (0.8)~ LhE)
where hy(x) = —xlogx — (1 —x)log(1 —x),
o U=wlaP+ulpP  af
onewler T T cos?e’
(1-v)af
p2: 2 27
(1=v)l|Q[* +V|B|
v sin” 6| Q||?
~ sin?0]|Q|2 +|B|*cos2 6’
e (=B)pP
(1=8)l|Q[*+¢&lal*’
sin” 0]|Q||?
£ ||€2]|

 sin® 6]|Q|[2 + |t cos2 6
for0< p,v,&€ < 1and

o B
cos?6  sin?@

Proof We prove the theorem by introducing an auxiliary

system. First we prove the upper bound (8). Consider the fol-
lowing bipartite state in systems A and B:

0 = Vit9)*0)" + /1= ply)* )",

According to Eq. (7), the relative entropy POVM-based coher-
ence of |x) can be expressed as

G(x,E) < HG(9,E) + (1 = WG (Y, E) +ha ().
Measuring the ancillary system B with Kraus operators

K; =0)(cos8e'® (0] +sinfei?(1]),

Ky = [1)(—sinBe (0| +cosBe 1?1 (1)),

one gets the collapsed state

20)]0) = (ﬁcoseeiwlww 1;“sineei“’2|w>) 0),

with probability

p=IVicos8e'|9) ++/T—usinOe (y) |, (9)

and the collapsed state

22)11)
- 1_I~L _iwl _ lJ‘ 1 in
= ( 1_pcosee [v) 1_psm@e l9) ] [1),

with probability 1 — p. As the measurement can be seen as an
incoherent operation, we obtain the following inequality:

pCr(XhE) + (1 _P)Cr(XLE)
< UCH(,E) + (1= n)C(W, E) + ha ().

Since C;(x2,E) > 0, we have
1
G(x1,E) < ;[#Cr(d%EH(l — WG (W,E) +ha(u)]. (10)

Now we set |x1) = | Q). We get

. 1— .
¢ EcosGe""l7 B = Hsingeion,
el Ve |1«]] p

It is straightforward to derive that

_llelPu—p)
(1— )| +p|BI

Substituting Eq. (11) into Eq. (10), we have the following in-

an

equality:
G(Q',E) < p1 [HC(9,E) + (1 — )Gy, E) + ha(1)]

with0 < p < 1,

|af? o= — ol +ulpP
p(1l -l

To prove the lower bound, we can consider the following bi-

‘U':cosze7

partite states:

) = VvIQ)A0)T + VT vy 1P,
") = V/EIQ)0)" + VT E|9)* 1),

Similar to the proof of the upper bound (8), one obtains easily
the lower bound L.
Concerning the /i-norm of the POVM-based coherence

measure, we have the following conclusion.
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Theorem 2 Given |Q)
numbers, the POVM-based coherence of the superposed sate
|Q") =|Q)/||€2|| has an upper bound

=Y}, o) with o complex

12172 (X loPCy(0uE)+M Y lowawl),  (12)

k=1 kK =1

and a lower bound

n n
12172 (X loxPCy (0uE) =M Y lowal),  (13)
k=1

Ktk =1

where

d
- 1| VEla e

Proof From the definition of the /;-norm POVM-based

coherence (3), we have

||!2H2ql<:z’ E)
—Z Tr’\/»z ok 0 | O ) (P |/ E ‘
i#j=1 kk'=1
< Ylal ¥ nlvEe)@lVE|
k=1 i#j=1
+ Z | oo | Z Tr‘\/>|¢k (Ow|VE ‘
k#£kK =1 i#j=1
= Z|05k\2C11(¢k7E)+ Z oo |Cry (x, i, E)
k=1 kAR =1
n n
< Y loulC(oE)+ Y, lowow|M,
=1 KAk =1

where the first inequality is due to |a 4 b| < |a| + ||, the sec-
ond inequality is based on the Theorem 2 in Ref. [26] with

d
M= (1) ¥ || VEloo) (o,
i=
Next, by using the inverse triangle inequality, |a + b| >
|la| = [bl] = |a| —
we can easily get Eq. (13).

The robustness of coherence!!7-27]

plays an important role
in the characterization of quantum states in phase discrimina-
tion. For pure states, the robustness of POVM-based coher-

ence is equivalent to the /;-norm of POVM-based coherence.

n
1Q|°L; = Z low|*Cr 2 (9x. E)

kA =1

Therefore, Theorem 2 also gives rise to the bounds for the ro-
bustness of POVM-based coherence.
Concerning the POVM-based coherence of Tsallis rela-
tive entropy Cr 5 (p, E), we present the following lemma.
Lemma 1 For 4 € (0,1)U(1,2], we have

1
[dYy_, Tr(\/E;p?\/E))|\/* ) ’

where Iny x = (x'* —1)/(1-1).
Proof Due to Eq. (4), for A € (0,1) U
Refs. [28,29], we obtain

A—1 l/?l_
[d Z 1Tr\fp \f 1. (14)

Cra(p,E) <—1nx<

(1,2] according to

CT,)L (va)

Applying the Jensen’s inequality, we have

2 Ty V) s
(5 m(fpzmw“] e

Combining Eqgs. (15) and (14), we complete the proof.

Based on the above results, we have the following con-
clusion.

Theorem 3 Given a state [2) =Y}, ox|¢y) with oy the
The POVM-based coherence of the nor-
malized superposed state |Q') = “‘ Q>” has an upper bound

complex numbers.

n n
[relins ( Y |l Cra(o.E)— Y akak/|1nxx>
po

KAk =1

1
+W ( Y ol + Z ooy | — Q||2>

KAk =1

for A € (0,1)U(1,2], where

1/2
X=1/< ZTr E;(|¢x)(0p]) \Fj]) . an

and a lower bound L = max{L;,0} for A € (1,2], where

+N Z \Ofkak/|+( <Z|ak|2+ Z |05k06k/|—||9||2>

kAk'=1

{ZT[W 19) (00 (VE;) ] - 1}.

Proof Let {|i)7",} be a set basic vectors such that |¢) =

1RIPCra(2'.E

" b¥|i). We have |Q) =

{ZTr[ [kkzlz oubloybh i) (

Yo, Y oy b¥|i) and

1/A
- Qllz}

) VE
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{ Y loul? ZTY
Z oA ZTr

kA =1

= Z |0 |*Cr 5 (¢,

VE[ X w1 i) Ve

VE[ L 1] VE,

1/A

~lel?
l/l}

ii'=1

E) + Z |akak"CT,7L(¢ka ¢k’7E)
kAR =1

+T(Z|ak|2+ Y lomar| - @P).

KAk =1

Based on Lemma 1, we obtain the upper bound in theorem.

Next, by using the Araki—Lieb—Thirring Inequality, 3%l Tr(A”B"A”)? > Tr(ABA)" for r > 1 and ¢ > 0, we have

CT,A (¢ka ¢k/7

where A € (1,2]. Then, we obtain the lower bound in theorem.

3. Numerical results

In this section, we demonstrate numerically our results
by investigating different superposition states. We consider a
single-qubit case for the /; coherence measure and two-qubit
case for the relative entropy and the Tsallis relative entropy
coherence measures. In both cases, we plot the relations be-
tween exact value, upper bound, and lower bound. Crucially, a
POVM of n-qubit system is expressed as 4" linear independent
positive operators {E; = A; AT 0 » !, which can be obtained ac-
cording to the Naimark theorem.!3!3?] Specially, each mea-
surement operator A; embedded in a larger unitary can be
found via a projective measurement in the standard compu-
tational basis of a larger Hilbert space.

Consider a POVM with respect to a single-qubit sys-
tem {E; = A;A]}}_,, which can be realized by performing a
two-qubit unitary U = ¥} k= oult ;|ij) (k| on the qubit system
and an ancillary system. Implementing U on an initial state
Pa ®10)(0]p, one measures the two qubits system in the stan-
dard computational basis {|m)}> _,. Denote (¢4, ¢5) the mea-
surement outcome with ¢,,qp € {0,1}. The corresponding
probability of each outcome is given by

P(qa.,qb) = <Qa‘1b|U(pa & |0> <0|b)U+‘Qa4b>
3
Z uqaql kl| pa®|o><o‘b) Z( qaqb) |kl>
ki=0
3
= Z”qaqh (klPa Z qaqb) &)
:Tr[|Eqaqb>< qaqb‘Pa]a (18)
where |E(y.4.)) = Yio qaqb|k> Hence, the measure-

ment operators of each POVM is given by E; = E
‘E(l]a%)><E (9aqp) | for i = O, cen

qaqp) —
,3, where i has a binary repre-

{ZT[ EVP (o0 0 V] -1 }

{ZT[f‘“mm(f)‘“} 1},

sentation i = 2g, + g». In particular, let us we consider the

following two-qubit unitary U,

U(8) = CNOT - [Ry(el) ®Ry(92)}, (19)
parameterized by @ = (6y,6,), where R,(8;) = e 10i%/2,
2 = —1, and CNOT is the CNOT-gate. Setting 6 =
(0.301723,0.011681) we have a POVM given by
|Eo) = (g0, u00) ", [E1) = (ug),ugy)"
|E2) = (ui6,u10)", E3) = (uf,uif)".
Given two 1-qubit states |¢) = e ~10:0432/20) and |y) =

¢ —160.618/2 |0), we calculate the exact value, upper bound, and

lower bound of /; coherence of the superposition state

)

)= 1o
]

12) = al¢) +Bly), (20)

in which the coefficients a, 3 are random scalar drawn from
the uniform distribution in the interval (0,1). We run our
procedure 10 times by randomly choosing the coefficients
a,p. Figure 1(b) shows the upper and lower bounds of
G, (12')(Q'],E).

For two-qubit case, consider POVMs with 16 measure-
ment operators, {E; = A AT}I o» Which can be realized by per-

forming a unitary

3
1273744

Z V11121314

=0
on a four-qubit system, where the index ¢ has binary rep-
resentation ¢ = ijipizis. Similar to the single qubit case,
it is easily verified that each POVM has a form E; =
|E (qugpaca)) Egagpaean)| Where (qagpgeqa) denote the mea-
surement outcomes, i = 23g, +22q), +2q. + g4, and

J1J200 | -
dudyaea | J1T2)-

1
|E (qugpgeqa)) = Z v 21

J172=0

050302-5
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Let us consider

2
V()= [T CNOTy41- [Ry(1) @ Ry(12) @ Ry (1) Ry (1)
i,j=0
(22)
given by the parameter vector

Y=M.1"%)
= (0.30173,0.01168,0.53991,0.09537,0.14651).

Given two 2-qubit states

[91) = U(61)]00), [y1) = U(62)]00), |y2) = U(63)|00),

where parameters

6, = (0.4827,0.3760), 6, = (0.9394,0.2212),
65 = (0.1557,0.8190).

We calculate the exact values, upper bounds, and lower bounds
of relative entropy coherence of the superposition state

1) = aln) + Blw),
o |'Ql>
= Tar

(23)

and Tsallis relative entropy coherence of the superposition
state

1) = a|¢1) + Blya),
no_ |-Q2>
%)= oy

(24)

in which the coefficients @, are random scalar drawn from
the uniform distribution in the interval (0,1). We run our
procedure 10 times by randomly choosing the coefficients
o, . Figure 1(a) shows the bounds of the relative entropy of
POVM-based coherence. Only upper bound of the Tsallis rel-
ative entropy is shown in Fig. 2(a) when A = 0.3. Figure 2(b)
plots the upper and lower bounds of the Tsallis relative entropy
of POVM coherence when the parameter A = 1.5. Clearly, the
numerical results are good agree with our theoretical analysis.

3 - - - |
(@) 1 A
. - N s N P
Q28" Tl w7 \\Upperbond// N
= s . M _---=  Exactvalue
< Rt T -
> 1 //.\\\
S . - -
pho T e e
1 2 3 4 5 6 7 8 9 10
Index
2.0 1 .
(b) A
o 157 ,#~ "\ Upper bond
[} A // N ’/’/,.,_><1_;>ﬁ
210~ Sso, o -~"%7777"" Exact value
5 S DU P . L
05 \\ ,/‘\\ _¢--—"%""7"*~_ Lowerbond ___
N S - N %
0 o~ ST ! Al
1 2 3 4 5 6 7 8 9 10
Index

Fig. 1. (a) The relative entropy of POVM-based coherence. (b) The /; norm
of POVM-based coherence.

1.2
L1 7777‘____‘\\\ ,,a—/"J\\\\ 7>7/ty|\3pcrbond 1
10 ()2=0.3
08 Bt e
08 “***r—-——r/’/’ "‘*.‘;“.‘/,4c\\\\\'//// .
0.7 : e
12 3 4 5 6 7 8 9 10
Index
I L S
\\\ - 1 Upper bond
1.0 7»7_,7_3\.(:::2k;‘17_7_'_7_4__7};7”71’777_‘
byr=1.5 A xact value
0.5 AN 7
- AN Lowerbond
il SE—— N D RS SR ladiiss ol
0 : . I | ‘
I 2 3 4 5 6 7 8 9 10
Index

Fig. 2. The Tsallis relative entropy of POVM coherence.

4. Conclusion

The superposition principle of quantum states is funda-
mental in quantum mechanics. Generally, quantum objects
exhibit both the wave and particle nature. In particular, when
the POVM E is taken to be the von Neumann projective mea-
surement, the coherence Cj, (p,E) stands for the wave prop-
erty of quantum objects. In this case the coherence Cy, (p,E)
and the distinguishability of which-path information (a mea-
sure of particle-property) in multi-path interference satisfy a
trade-off relation, 33! which has been verified in a generalized
multi-path delayed-choice experiment on a large-scale quan-
tum nanophotonic chip. >4l

Based on the POVM-based coherence measures C;(p, E),
C,(p,E), Cob(p,E), and Cr 5 (p,E), we haver studied coher-
ence of superposition for arbitrary dimensional pure states. We
have explored the relationship between the POVM-based co-
herence of a superposed state and the POVM-based coherence
of the states in the superposition, and derived analytically the
lower and upper bounds. To illustrate our results, we have pre-
sented detailed examples related to the POVM-based /1 norm
coherence for the one-qubit case and the POVM-based rela-
tive entropy coherence for the two-qubit case. Our results can
be used to estimate the range of quantum coherence of super-
posed states, and may highlight investigations on superposi-

tion of coherence for quantum channels.>"!
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