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First-order quantum phase transition and entanglement in the
Jaynes—Cummings model with a squeezed light
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We study the quantum phase transition and entanglement in the Jaynes—Cummings model with squeezed light, utilize
a special transformation method to obtain the analytical ground state of the model within the near-resonance regime, and
numerically verify the validity of the analytical ground state. It is found that the ground state exhibits a first-order quantum
phase transition at the critical point linearly induced by squeezed light, and the ground state entanglement reaches its
maximum when the qubit-field coupling strength is large enough at the critical point.
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1. Introduction

Quantum phase transition is a fundamental research
object in physics. Either in quantum optics or in con-
densed matter physics, quantum phase transition has been

[1-5 [6-9

widely used, such as heavy fermions, ! magnetism, I'and

10-12] Different from the classical phase

superconductivity.!
transition occurring in a finite temperature, the quantum phase
transition occurs between two stable phases as the temperature
tends to absolute zero degree due to the enhanced quantum

[13-16

fluctuations. I Quantum phase transition is generally di-

vided into the first-order phase transition and the second-order

U7-191 For the first-order phase transition, it

phase transition.
is a cross-boundary jump caused by two robust phases due to
quantum fluctuations, and the two phases can coexist when
they are at the critical point. At present, the study of non-
equilibrium dynamics of quantum phase transition is still in a
state of uncertainty because the physical information behind it
is not completely clear.

Traditionally, the experimental study of quantum phase
transition mainly focuses on the thermodynamic limit, and the
number of components of the system is infinite, such as the

1.120-26] The Dicke model consists of a quantized

Dicke mode
single-mode field that couples to infinite qubits simultane-
ously. A recently noteworthy work shows that the thermody-
namic limit may be no longer a limit.”?”! When the system only
consists of a qubit and a single-mode field, namely the Rabi
model, 28311 based on the trapped ion Yb™, it is found that the
quantum phase transition of the Rabi model may still be ob-
served without following the thermodynamic limit. However,
this experiment still needs to be carried out under the condi-
tion of infinite frequency ratio between the qubit and field, 3!
which restricts the perfect implementation and application of

quantum phase transition.
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In a recent theoretical study,’**! it was found that in a
high-quality cavity driven by a squeezed light, a quantum
phase transition occurs in the qubit collective system, and the
process does not require ultrastrong coupling between each
qubit and the field. By controlling the intensity of squeezed
light, the system can realize the transition from the normal
phase to superradiative phase. However, this study uses the
standard mean field theory method, so it is difficult to extend
and to determine the specific form and entanglement of the
ground state. A very recent work3*! shows that the Jaynes—
Cummings model induced by squeezed optical nonlinearity
will exhibit a second-order quantum phase transition at a crit-
ical boundary. However, this work still needs to satisfy the
condition that the qubit frequency is far larger than the field
frequency. Whether there is a quantum phase transition in the
squeezed Jaynes—Cummings model under the near-resonance
condition remains unknown. In order to study the quan-
tum phase transition and ground-state entanglement of the
squeezed Jaynes—Cummings model under the near-resonance
condition, we propose a diagonalization method,3>3¢! which
first uses the squeezing transformation and then uses the dis-
placing transformation, to map the original Hamiltonian into
a Hamiltonian with the form of an asymmetric Rabi model.
The analytical ground state is in good agreement with the nu-
merical solution. We show that the ground state undergoes a
first-order quantum phase transition at a critical point linearly
induced by squeezing strength. The ground state has the max-
imum qubit-field entanglement when the qubit-field coupling
strength is large enough. The study of the squeezed Jaynes—
Cummings model is interesting because it adds the deeper un-
derstanding of the Jaynes—Cummings model with squeezed
light under near-resonance condition, reveals a new critical
point, explains the role of squeezing strength in the first-order

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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quantum phase transition, and provides a basis for related ex-
periments.

2. Ground state

The Hamiltonian of the Jaynes—Cummings model with a
squeezed light reads (7 = 1)B34

Q .
H=wda+ ?Gz—kl(aTO'_ +ac;)—G(d?+d*), (1)

where Q is the detuning of qubit and @ is the detuning of
the single-mode field, compared to the driving frequency of
the squeezed light; A is the coupling strength between the
qubit and field mode; G is the strength of squeezed light;
a' (a) is the creation (annihilation) operator of the field mode;
0. = [e) (gl o= = [g) (el, and o = |e} (| - |g) (g] are called
the Pauli spin operators with |g) and |e) being the ground and
excited states of the qubit, respectively. The eigenstates of o,
are |g) and |e), i.e., o;|e) = |e) and o;|g) = —|g). The eigen-
state of field mode is the Fock state |n) (n € N).

Our main goal is to obtain the analytical ground state |go)
and the ground-state energy E, of the Hamiltonian (1) of the
system. In order to eliminate the two-photon term a2 +a?, we
first use the method of squeezing transformation with s rep-
resenting a squeezing operator, i.e., § = %O(a‘L2 —a?), where

ro = %ln g;gg is the chosen squeezing parameter. Then, we
obtain
H, = ¢ He™
Q A
=50+ o'a’a+ ?l(aTO'_ +aoy)
24 -+ l
+72(ao,+a'c+)+§(w’—w), )

where @' = V0?2 —4G2, A1 = Agi,and b, = A g,

g1 =c¢e"+e

_ (0-2G 1/4+ »+2G6\"* 3
- \w+2G ®—-2G)

g =e 0—¢e
_ (o+26\"* [(w-2G\"* @
- \o-2G 0+2G)

Note that H, has a similar mathematical form with that of the
asymmetric Rabi model.?*! When G/ = 0.5, 4| = Ag| =
A-+ooand Ay = Agy = A - +oo. Therefore, A; ~ A, which
returns to the symmetric Rabi model and does not have a first-
order quantum phase transition at G/® = 0.5.

To remove the counterrotating-wave terms in H, we then
use a displacing transformation to Hj, i.e.,

H, = e"Hye ™, &)

with
u=~&(d —a)o, (6)

where £ is the displacement parameter to be determined.
Then, we can divide the Hamiltonian H,, into three parts

H,=H’+H) +H?, (7)
with
HY = 510 - Algi ~g2)EIno.
+[0 —A(g1 —g)néoila’a
FOE - At e) by o), ®

H = Mo+ 0) - 08| @ +ao,

“i| Ma g0 -0, ©

12 = 2 o fcosh(2é (a" )] 1)
~ 2 iy {sinh[2¢ (' —a)] -2 (a" ~a))
41061~ g2)la’ —a){sinn2E ' —a)

2@ @)}~ ok (g1 —2)(a’ ~a)
x {cosh[2&(a" —a)] —n} +0(a"?,a?), (10)

where 1 = (0| cosh[2& (a' — a)]|0) = e~28 is the average of
vacuum field, and O(a'?,a?) = %O'Z(gl —g)né(a? +ad?) is
the higher-order term of a and a’, which represents the double-
photon transition processes. When & and |A(g; + g2)| are
much smaller than the sum of qubit’s and field’s frequencies
Q + o, where Q ~ o, higher-order term O(a'?,a?) can be
neglected. Thus, H, ~ H? +H.
Let parameter & satisfy the following condition:

A A
Z81+8)-0'§= L(gl gz)+-(2§} n. (1D
Then, the coupling between qubit and oscillator becomes
1 .
H, = ;A (&1 +82) —40E] x (01a+0d). (12)

It is easy to find that |g)|0) is the ground-state eigenvec-
tor of the approximate transformed Hamiltonian H,. Thus, we
obtain the corresponding ground-state energy

By = 310~ Aa — )€ + @'

1 1
—5M @+ &)+ 5 (0 —w). (13)
The approximate ground state of the original Hamiltonian be-

comes

[g0) = e e "[2)[0)
1

= ¥l =& =ly-)ir, &), (%)

where |rg,—&) and |rg, &) are squeezed coherent states with
amplitudes —& and &, respectively, and they have the same

squeezing parameter ro; |Wyi) = %(\g) +le)) and |y_) =

%@(|e> —|g)) are the eigenstates of ©y.
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3. Quantum phase transition

In Fig. 1, we plot the variation of ground-state energy E
and its first derivative dE/dG with G/. We find that the
quantum phase transition of the system occurs at the critical
point G = 5= = 1. Only when @ > 2G, @' is a real num-
ber. When @ < 2G, @' is an imaginary number. E is contin-
uous at the phase transition boundary G, = 1, while dE/dG
is discontinuous, which reveals the first-order nature of this
quantum phase transition. This result is different from the pre-
vious work,?* where the squeezed Jaynes—Cummings model
underwent a second-order quantum phase transition under the
large-detuning condition.

When the qubit is weakly coupled to the field, n ~ 1.
Then, we can approximately obtain the analytical solution of
& as follows:

~ Aga

S ) (15)

S
In Fig. 2, we compare the numerical and analytical solutions of
&. The analytical solution of £ is in good agreement with the
numerical solution under the near-resonance condition. When
G =0.4w and A = 0.3, the relative error between the numer-
ical solution and the analytical solution of & is only 2.7% at
£ = ®. Based on Eq. (15), E,; approximates to —%(Q + %),
which indicates that the ground-state energy E¢ has a quadratic
dependence on the squeezing strength G, and the main reason
for this result is the two-photon excitation in the squeezing

drive. When the limit G. = 5& — 1 and ®+2G — 20, ® —2G

can be considered as a small quantity, so £ is approximated as

(DB o

. . dE; —-2G . .
and the first derivative = = N — —oo, which explains

the first-order nature in this quantum phase transition. The av-

A

~~1a

erage photon number of the field is

il = (gola'algo)

A% 0+2G
T 4o +Q2V w-2G
0-2G \/a)+2G
+

1
- -2).
+4(\/w+2G 0—2G )

For G. — 1, 1 — oo. This result is consistent with the numeri-

a7

cal solution of 77 shown in Fig. 3(a), where 7 is divergent.
We determine the entropy of a qubit subsystem by tracing
out the freedom degree of field,

Sg = —Tr(pglog, py), (18)

where p is the reduced density matrix of the system. The nu-
merical solution of S, is plotted in Fig. 3(b). When G, — 1, the
entropy S, of the system increases to its maximum when the
ratio of 1/ increases to 0.3. This indicates that the entangle-
ment between the qubit and the field can reach its maximum in
the ground state when the qubit-field coupling strength is large
enough at the critical point.

—0.5 —0.4 0 0
—0.6} —1 -2
0.6
—0.8} —af —4
—0.7 —1.0f -3t —6
S S S S
o8 —1.2} —4f -8
—1.4f -5t —10
0.9
—1.6} -6} —12
(a) (b) (c) (d)
1 -18 — —14
1.9 0.5 0 0.5 i 0.5 0 0.5
G/w G/w G/w G/w
0 0 — = 0 0
ool —01 02
—0.2
—0.2
) —0.02} 0 ) o —0.4
o z . o =
< ~ —0.3 < 04 T
& 3 S 2
= _0.03 © © -0.6
0.4
. —0.6
—0.04} o5 —0.8
(e) 06 (f) () Lo (h)
—0-05 05 0 0s 28 05 0 0.5
G/w G/w G/w G/w

Fig. 1. Numerical solution of ground-state energy E versus G/® under different A /@ values: (a) 0.01, (b) 0.1, (c) 0.5, (d) 1. The first derivative dE/dG
versus G/ under different A /@ values: (e) 0.01, (f) 0.1, (g) 0.5, (h) 1. These numerical solutions are given under resonance condition Q = ®.

070303-3



Chin. Phys. B 32, 070303 (2023)

(b)

w 0.05

wr

0.05

0
0.3
0.2
AJw 0.1

0.4
0.2
00 G/w

Fig. 2. Numerical solution of & in Eq. (11) versus G/ and A /@ under different 2 /@ values: (a) 0.8, (b) 1.0, (c) 1.2. Analytical solution of &
in Eq. (15) versus G/ and A /o under different 2/ values: (d) 0.8, (e) 1.0, (f) 1.2.

and the standard deviation of momentum quadrature P =

(a) 150
i(a" —a)is
100 s
‘ _ N _[0-2G
0 AP = (P) (P> = <—w+2G> . (20)

0 For (AX)? - (AP)? < 1/4, the field mode is squeezed. AX and
AP versus G/ and A/ are plotted in Fig. 4. The analyt-
ical solutions of AX and AP coincide with their correspond-

ing numerical solutions under the resonance condition. When

G. — 1, AX increases sharply while AP is slightly squeezed.
(b) 0.98 When A/ is small, the condition of AX - AP ~ 1 is satisfied,
‘ indicating that the ground state becomes a minimum uncer-

tainty state.

0.5
N
3]
(®)
1.0
0 1.0
0.5 i
0.3 05
0.2 0.5
0.1

Mw 77070 Glw
Fig. 3. (a) Numerical solution of 7. (b) The entropy S, obtained by the nu-
merical simulation versus the coupling strength A and the squeezing strength
G. Both (a) and (b) are under the resonance condition of 2 = ®.

The standard deviation of position quadrature X = a+a'
for the field is

0.
0
0.2

5
3
/

1.0
i045
: . 0.1
AX = <X2> _ <X>2 Mw 01 00 Glw A 070 Glw

Fig. 4. AX versus A/® and G/ o at Q = o: (a) numerical solution, (c)

0+2G 1/2 lzg% 1 19 analytical solution in Eq. (19). AP versus A /@ and G/ at 2 = @: (b)
w—2G ’ ( o + Q)z + ’ (19) numerical solution, (d) analytical solution in Eq. (20).
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4. Validity

In Fig. 5, we compare the uniformity between analyti-
cal and numerical solutions of ground-state energy E, within
the near-resonance regime 2 ~ ® under different squeezing
strengths G/®. When the squeezing strength is G = 0.2,
even in the ultrastrong-coupling regime A = 0.8, the analyt-
ical solution of the ground-state energy Eg is in good agree-

ment with the numerical solution under the near-resonance

G/w = 0.01

condition. When A = 0.8®w and G = 0.2, the relative er-
rors between the analytical solution and numerical solution at
Q=08w, Q2=w,and 2 =1.2w are 2.2%, 1.4%, and 0.9%,
respectively. We plot the fidelity F = (go|g,) versus G and
A under the near-resonance condition in Fig. 6, where |g,) is
the ground state obtained by numerical solution. The result
shows that when A = 0.1® and G = 0.2, a high fidelity with
F > 99% can be obtained. This means that with small A and G
values, |go) can be perfectly approximated as a ground state.

G/w=0.01 G/w=0.01

—0.5

—0.6

—-0.7

—-0.8

—-0.9

—-1.0

- —-0.6

(b) (c)

—1.1
1.0 0

—1.1

0 0.5
Aw

Aw

1 71'2 1
0.5 1.0 0 0.5 1.0

A w

Fig. 5. Ground-state energy by the transformation method E, (black dotted line) and by numerical solution (red solid line) versus A /@ and

G/ under the different Q2 /@ values: (a) 0.8, (b) 1.0, (c) 1.2.

(a) (b)

(c)

1.000
1.000 1.000
0.996 0.996 0.996
e I, &,
0.992 0.992 0.992
0.988 0.988 0.988
OMO OMO 0 o 0.10
' 0.05 : 0.05 : 0.05
G/w 0.2 0 Gjw 9270 X Glw 020

A w

Fig. 6. The fidelity F of the ground state versus A /@ and G/ with different 2/ values: (a) 0.8, (b) 1.0, (c) 1.2. These numerical solutions

have a cutoff photon number of 200.

5. Conclusion

In summary, we have found the first-order quantum phase
transition in the squeezed Jaynes—Cummings model within
the near-resonance regime. We eliminate the non-integrable
squeezing interaction by the special transformation method,
and transform the original Hamiltonian into an asymmet-
ric Rabi Hamiltonian. Our analytical ground state is in
good agreement with the numerical solution under the near-

resonance condition. When the qubit-field coupling strength is

large enough at the critical point, the maximum entanglement
in the ground state is obtained. In the future, we will extend
this method to the multi-qubit Jaynes—Cummings model with a
squeezed light to understand the effects of the increasing num-
ber of qubits on the first-order quantum phase transitions.
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