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The problem of fixed-time group consensus for second-order multi-agent systems with disturbances is investigated.
For cooperative-competitive network, two different control protocols, fixed-time group consensus and fixed-time event-
triggered group consensus, are designed. It is demonstrated that there is no Zeno behavior under the designed event-
triggered control. Meanwhile, it is proved that for an arbitrary initial state of the system, group consensus within the
settling time could be obtained under the proposed control protocols by using matrix analysis and graph theory. Finally, a
series of numerical examples are propounded to illustrate the performance of the proposed control protocol.
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1. Introduction
The cooperative control of multi-agent systems (MASs)

has attracted many concerns in recent decades, and it has
solved many important problems. The cooperative control
of MASs has been widely used in traffic vehicle control,[1]

formation,[2] sensor networks,[3] and other fields.[4] Among
them, the consensus, which is the basic issue in the coopera-
tive control of MASs, requires all agents in a system to finally
reach the same state under a certain control protocol.

It is worth mentioning that one type of the consensus is
the group consensus,[5] which means that various subgroup of
a system converges to different states and the agents in the
same subgroup achieve together. The group consensus theory
could be applied to systems with multiple tasks.

In recent years, much attention was paid to the consen-
sus problem for the first-order multi-agent system (MAS).[6–8]

Compared with the first-order MAS, problems considered in
second-order MASs[9–13] are more complex. In Ref. [6], the
leader-following consensus for the first-order MAS was stud-
ied. A method of the dynamic hybrid quantizer was proposed,
which overcomes the shortcomings of the static quantizer and
improves the performance of the system. In Ref. [7], aver-
age consensus tracking for the first-order MAS was investi-
gated. In Ref. [10], the second-order discrete-time MAS con-
sensus with nonlinear terms was discussed via impulsive con-
trol. In Ref. [12], the leader-following consensus for nonlinear
second-order MASs with intermittent control was studied.

It is worth noting that most of the above-mentioned works
are concerned with asymptotic consensus, i.e., the consensus
of MASs could be realized only in infinite time. In order

to solve the convergence rate problem of a system, scholars
proposed the finite-time consensus,[14,15] which has features
such as stronger robustness against uncertain influences and
faster convergence rate compared with asymptotic consensus.
In Ref. [14], for second-order MASs, the finite-time consensus
was investigated. A finite-time distributed observer was used
to calculate each agent’s mismatched disturbance. For finite-
time output consensus and tracking consensus, two alterna-
tive control techniques have been developed. In Ref. [15], the
finite-time consensus of MASs with input saturation and dis-
turbances was investigated. A sliding mode control approach
was introduced to deal with bounded disturbances. Different
control protocols were designed for both leader-following and
leaderless scenarios.

Noticeably, for the finite-time consensus, the conver-
gence time is related to initial conditions of a system. How-
ever, the fixed-time consensus overcomes this constraint. For
fixed-time consensus, a system could achieve consensus in a
bounded time, and the settling time is independent of initial
states.[16–20] In Refs. [17,18], the fixed-time consensus of non-
linear heterogeneous MASs was studied. In Ref. [19], for
high-order non-global limited chain systems with unknown
parameters and nonlinear uncertainties, the robust fixed-time
tracking consensus was explored. An upgraded power integra-
tion technique was proposed to make the fixed-time consensus
in MASs with uncertain parameters.

Compared with biological populations in nature, there
are not only cooperative but also competitive relationships be-
tween species, for example, the relationship between pouncing
and being pounced between sheep and wolves. Groups of the
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same species cooperate with each other, while the relationship
between different species is competitive. Therefore, consid-
ering both the cooperative and competitive relationships in a
system is very important for practical applications.[21–24] The
consensus achieved under the cooperative-competitive system
is called bipartite consensus, which is a unique case of group
consensus. In Ref. [21], the group consensus of heteroge-
neous MASs in weakly connected topology with cooperative-
competitive relationships was investigated. In the design of
control protocols, adaptive and hybrid pinning control meth-
ods are adopted. In Ref. [24], the cooperative-competitive
group consensus for discrete-time MASs without the veloc-
ity of second-order agents was investigated by considering the
input delay, communication delay, and packet loss.

In addition, in order to reduce the energy consumption
of a system in control process, the event-triggered control
method was proposed.[25–28] In Ref. [25], the problem of
event-triggered consensus for nonlinear MASs was investi-
gated, in which the continuous communication between agents
in the system was not required. In Ref. [27], the event-
triggered consensus for the first-order MAS with input delay
and uncertain disturbances was investigated.

Contributions Inspired by the above discussion, the
fixed-time event-triggered group consensus for second-order
MASs with disturbances is proposed in this work. The primary
contributions of this work could be summarized as follows:

(i) Fixed-time group consensus of second-order MASs is
investigated, which ensures that the settling time of the system
is independent of initial conditions.

(ii) Unlike in traditional studies, cooperative-competitive
relations between agents is taken into account. A signed struc-
turally balanced communication topology is considered.

(iii) There is no Zeno behavior under the designed event-
triggered group consensus control protocol, and the system is
resistant to interference.

Organization Some of the necessary concepts, lemmas,
and problem formulation are given in Section 2. Sufficient
conditions for the fixed-time group consensus and fixed-time
event-triggered group consensus, and related proofs are pre-
sented in Section 3. Several numerical examples are presented
to check the accuracy of the obtained results in Section 4. The
conclusions and perspective on the future work are given in
Section 5.

2. Preliminaries

2.1. Notations

Symbols and meanings used in this article are listed in
Table 1.

The sign function is defined as follows:

sign(x) =

 1, if x > 0,
0, if x = 0,
−1, if x < 0.

Let softsign(x)= x
1+|x| . Note that sign(x)≈ softsign(σx) when

σ ≫ 1.

Table 1. Symbols and nomenclature.

Symbol Meaning

ℛ Set of all real numbers
(·)T Transpose of vector or matrice
λi(𝒜) The ith eigenvalue of matrix 𝒜
ℛn Set of n-dimensional real column vectors
|·| Absolute value of a real number
D+ (·) Right upper derivative

1
Column vector [1,1, . . . ,1]T with
appropriate dimension

ℛm×n Set of m×n-dimensional real matrices

inf(S)
Less than or equal to the
maximum of all elements in S

2.2. Graph theory

An undirected signed graph 𝒢 = {𝒱,ℰ ,𝒜} represents the
exchange of information among agents in a system, where
𝒱 = {ν1,ν2, . . . ,νK} is the vertex set, and ℰ ⊆ 𝒱 × 𝒱 the
edge set. If (ν j,νk) ∈ ℰ , it implies that agent j and agent
k can communicate with each other directly. 𝒜 =

(
a jk
)
∈

ℛK×K is the adjacency matrix, and 𝒜 is symmetric. Define
ℐ = {1,2, . . . ,K}. When (ν j,νk) ∈ ℰ , a jk ̸= 0, otherwise,
a jk = 0, j,k ∈ ℐ. Assuming that self-loops in the network
𝒢 are ignored, then a j j = 0, j ∈ ℐ. The neighborhood node
set of agent j is denoted as 𝒩 j = {νk ∈ 𝒱|(νk,ν j) ∈ ℰ}. Here

d j =
K
∑

k=1

∣∣a jk
∣∣ is the degree of node j, and the degree matrix

𝒟 = diag{d1,d2, . . . ,dK}. ℒ =
(
l jk
)
∈ ℛK×K is defined as

Laplacian matrix, and

l jk =

{
−a jk, if j ̸= k,
d j, if j = k, j,k ∈ ℐ.

2.3. Problem statement

Consider a second-order MAS consisting of K agents
with disturbances. The dynamics of each agent could be de-
scribed as{

ẋ j(t) = v j(t),
v̇ j(t) = u j(t)+µ (x j(t),v j(t), t) ,

j ∈ ℐ, (1)

where x j(t),v j(t),u j(t) ∈ ℛ denote the position state, ve-
locity state, and control input of the agent j, respectively,
µ (x j(t),v j(t), t) ∈ℛ is the bounded disturbance.

2.4. Some definitions, lemmas and assumptions

Definition 1 An undirected signed graph 𝒢 is stated to
connect if there exists a path between any two nodes ν j and
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νk. 𝒢 is said to be structurally balanced. If the vertex set 𝒱
could be divided into two parts 𝒱1 and 𝒱2, then we have the
following conditions:{

a jk > 0, if ∀ν j,νk ∈ 𝒱1, or ∀ν j,νk ∈ 𝒱2,
a jk < 0, if ∀ν j ∈ 𝒱1, ∀νk ∈ 𝒱2, or ∀ν j ∈ 𝒱2, ∀νk ∈ 𝒱1,

where 𝒱1 ∪𝒱2 = 𝒱 , 𝒱1 ∩𝒱2 = /0.
Let h j ∈ {−1,1}, j ∈ ℐ. For any j,k ∈ ℐ, if ν j, νk ∈ 𝒱1,

or ν j, νk ∈ 𝒱2, then h jhk = 1. If ν j ∈ 𝒱1, νk ∈ 𝒱2, or ν j ∈ 𝒱2,
νk ∈ 𝒱1, then h jhk =−1.

Definition 2 For MAS (1), if for any initial state, there
exists a settling time 0 < T ≤ Tmax, and Tmax is independent of
the initial state, such that lim

t→T

∣∣x j(t)−h jhkxk(t)
∣∣= 0, j,k ∈ ℐ,

and x j(t) = h jhkxk(t) when t ≥ T , then MAS (1) is said to
achieve group consensus within a fixed time T .

Lemma 1[29] For a structurally balanced graph, there ex-
ists a transformation H = diag{h1,h2, . . . ,hK}, such that all
elements of H𝒜H are non-negative. Define a new Laplacian
matrix ℒg whose elements are expressed as

lg, jk =


−h jhka jk, if j ̸= k,

K
∑

k=1,k ̸= j

∣∣a jk
∣∣, if j = k, j,k ∈ ℐ.

Then the eigenvalues of ℒ are the same as those of ℒg.
Lemma 2[30] For an unsigned undirected connected

graph 𝒢, the Laplacian matrix ℒ satisfies the following prop-
erties:

(i) ℒ is semi-positive definite and the eigenvalues of ℒ
can be sequenced as λK > · · ·> λ2 > λ1 = 0.

(ii) xTℒx = 1
2

K
∑
j=1

K
∑

k=1
a jk(x j − xk)

2,

where x = [x1,x2, . . . ,xK ]
T.

(iii) If 1Tx = 0, then xTℒx ≥ λ2xTx.
Lemma 3[31] If ℓ1, ℓ2, . . . , ℓK ≥ 0, then there is

(i)
K
∑
j=1

ℓm
j ≥

(
K
∑
j=1

ℓ j

)m

, 0 < m ≤ 1,

(ii)

(
K
∑
j=1

ℓ j

)n

≥
K
∑
j=1

ℓn
j ≥ K1−n

(
K
∑
j=1

ℓ j

)n

, 1 < n ≤ ∞.

Lemma 4[25] If there exists a continuous radially un-
bounded function V : ℛn → ℛ+ ∪ {0} satisfying V (x) = 0
when and only when x = 0, and V̇ (x(t)) ≤ −ρ1V m (x(t))−
ρ2V n (x(t)), where ρ1,ρ2 > 0, m ∈ (0,1) ,n ∈ (1,∞), then the
globally fixed-time stable could be derived and the settling
time T satisfies

T ≤ Tmax :=
1

ρ1(1−m)
+

1
ρ2(n−1)

.

Assumption 1 The topology of system (1) is undirected
signed, and structurally balanced.

Assumption 2 For the disturbance µ (x j(t),v j(t), t),
there is

∣∣µ (x j(t),v j(t), t)
∣∣ ≤ δ , j ∈ ℐ, where δ is a non-

negative constant. That is, the disturbance is bounded.

3. Main results
The problem of group consensus for second-order MASs

with disturbances is analyzed in this section. Fixed-time con-
trol protocols and fixed-time event-triggered control protocols
are designed, respectively.

3.1. Fixed-time group consensus

In the following, x j(t)− xk(t) and x j(t)+ xk(t) represent
the relationship between agent j and agent k, which are coop-
erative and competitive, respectively.

Define

χ j(t) = ∑
k∈S j

a jk (x j(t)− xk(t))

+ ∑
k∈D j

a jk (x j(t)+ xk(t)),

h̄ j(t) = ∑
k∈S j

a jk (v j(t)− vk(t))

+ ∑
k∈D j

a jk (v j(t)+ vk(t)) ,

j,k ∈ ℐ,

where S j and D j represent the set of neighbors that are in the
same subgroup and different subgroup of agent j, respectively.

For simplicity, rewrite χ j(t), h̄ j(t) as

χ j(t) =
K
∑

k=1
a jk
(
x j(t)− sign(a jk)xk(t)

)
,

h̄ j(t) =
K
∑

k=1
a jk
(
v j(t)− sign(a jk)vk(t)

)
,

j,k ∈ ℐ.

For MAS (1), the virtual velocity ṽ j(t) is introduced,

ṽ j(t) = −σ1χ
m
j (t)−σ2χ

n
j (t)

−σ3softsign(σ χ j(t))+d, j ∈ ℐ. (2)

Define the velocity error z j(t) between v j(t) and ṽ j(t) as

z j(t) = v j(t)− ṽ j(t). (3)

The control protocol u j(t) is designed to keep the actual
velocity following the virtual velocity. That is,

u j(t) = −σ1mχ
m−1
j (t)h̄ j(t)−σ2nχ

n−1
j (t)h̄ j(t)

−σ3σ
1(

1+
∣∣σ χ j(t)

∣∣)2 h̄ j(t)−σ4zr
j(t)

−σ5softsign(σz j(t)) , j ∈ ℐ, (4)

where σ1,σ2,σ3,σ4,σ5 > 0 are control parameters, m ∈ (0,1),
n,r ∈ (1,∞) are the ratio of positive odd numbers, d > 0,
σ ≫ 1.

Then, for derivative of z j(t), there is

ż j(t) = v̇ j(t)− ˙̃v j(t)

= u j(t)+µ j (x j(t),v j(t), t)+σ1mχ
m−1
j (t)h̄ j(t)
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+σ2nχ
n−1
j (t)h̄ j(t)+σ3σ

1

(1+ |σ χ j(t)|)2 h̄ j(t)

= µ j (x j(t),v j(t), t)−σ4zr
j(t)−σ5softsign(σz j(t)) . (5)

Theorem 1 Under the control protocol (4) with σ1, σ2,
σ3, σ4, σ5 > 0, 0< d < σ3, σ ≫ 1, and m∈ (0,1), n,r ∈ (1,∞)

are the ratio of positive odd numbers, if δ < σ5, and assump-
tions 1 and 2 hold, then MAS (1) reaches group consensus
within a fixed time T , and T satisfies

T ≤ Tmax = T1max +T2max,

where λ2 is the minimum nonzero eigenvalue of ℒg, and

T1max :=
2

1
2

σ5
+

1

σ4(r−1)K
1−r

2 2
r
2
,

T2max :=
1

σ1(1−m)K
1−m

2 2
m
2 λ2

m+1
2

+
1

σ2(n−1)2
n
2 λ2

n+1
2
.

Proof Choose the Lyapunov function as

V1(t) =
1
2

K

∑
j=1

z2
j(t).

The derivative of V1(t) along Eq. (5) is

V̇1 =
K

∑
j=1

z j(t)ż j(t)

≤ −σ4

K

∑
j=1

zr+1
j (t)− (σ5 −δ )

K

∑
j=1

∣∣z j(t)
∣∣

≤ −σ4K
1−r

2

(
K

∑
j=1

z2
j(t)

) r+1
2

− (σ5 −δ )

(
K

∑
j=1

z2
j(t)

) 1
2

≤ −σ4K
1−r

2 (2V1)
r+1

2 − (σ5 −δ )(2V1)
1
2

≤ −σ4K
1−r

2 2
r+1

2 V1
r+1

2 − (σ5 −δ )2
1
2 V1

1
2 . (6)

Due to r+1
2 ∈ (1,∞), according to Lemma 4, there exists a set-

tling time T1 satisfying

T1 ≤ T1max :=
2

1
2

σ5
+

1

σ4(r−1)K
1−r

2 2
r
2
.

After the settling time T1, the real velocity v j(t) could fol-
low the virtual velocity ṽ j(t), thus the velocity error z j(t) = 0
for t > T1. From Eqs. (2) and (3), the real velocity v j(t) is

v j(t) =−σ1χ
m
j (t)−σ2χ

n
j (t)−σ3softsign(σ χ j(t))+d. (7)

Define x(t) = [x1(t),x2(t), . . . ,xK(t)]
T. Select the Lya-

punov function as

V2(t) =
1
2

xT(t)ℒgx(t).

The derivative of V2(t) along Eqs. (1) and (7) is

V̇2 =
K

∑
j=1

χ j(t)v j(t)

≤ −σ1

K

∑
j=1

χ
m+1
j (t)−σ2

K

∑
j=1

χ
n+1
j (t)+(d −σ3)

K

∑
j=1

∣∣χ j(t)
∣∣

≤ −σ1

K

∑
j=1

(
χ

2
j (t)
)m+1

2 −σ2

K

∑
j=1

(
χ

2
j (t)
) n+1

2

≤ −σ1K
1−m

2

(
K

∑
j=1

χ
2
j (t)

)m+1
2

−σ2

(
K

∑
j=1

χ
2
j (t)

) n+1
2

. (8)

From Lemma 2, one gets

λ2xT(t)ℒgx(t)≤
K

∑
j=1

χ
2
j (t)≤ λKxT(t)ℒgx(t), (9)

where λ2 and λK are the minimum nonzero eigenvalue and the
maximum eigenvalue of ℒg, respectively.

Combining Eq. (8) with Eq. (9) yields

V̇2 ≤−σ1K
1−m

2 (2λ2)
m+1

2 V2
m+1

2 −σ2(2λ2)
n+1

2 V2
n+1

2 .

Due to m+1
2 ∈ (0,1), n+1

2 ∈ (1,∞), based on Lemma 4, after
zi(t) converges to 0, there exists a T2 > 0, such that the states
of all agents achieve consensus in T2, and T2 satisfies

T2 ≤ T2max : =
1

σ1(1−m)K
1−m

2 2
m
2 λ2

m+1
2

+
1

σ2(n−1)2
n
2 λ2

n+1
2
.

By now, when t ∈ [0,T1], from Eq. (6), it follows that
the errors z j(t) and ṽ j(t) are bounded. Combining Eqs. (1)
and (3), it yields ẋ j(t) = z j(t)+ ṽ j(t), hence both x and v are
bounded. When t ∈ [T1,T2], from Eq. (8), MAS (1) could
achieve fixed-time group consensus, and the settling time T
satisfies

T = T1 +T2 ≤ Tmax = T1max +T2max. (10)

Remark 1 MAS (1) could achieve fixed-time group con-
sensus under the control protocol (4). From Theorem 1, it
could be shown that the settling time T of the system (1) is
independent of the initial conditions.

3.2. Fixed-time event-triggered consensus

The event-triggered control strategy is introduced on the
basis of fixed-time group consensus. In comparison with gen-
eral fixed-time group consensus methods, fixed-time event-
triggered control could better reduce the communication bur-
den between agents. The study of an event-triggered technique
is increasingly important when dealing with resource-limited
microprocessors and bandwidth-limited networks.

Therefore, design the control inputs for system (1) as

u j(t) = −σ1mχ
m−1
j (t j

k )h̄ j(t
j
k )−σ2nχ

n−1
j (t j

k )h̄ j(t
j
k )

−σ3σ
1(

1+ |σ χ j(t
j
k )|
)2 h̄ j(t

j
k )−σ4zr

j(t
j
k )
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−σ5softsign
(

σz j(t
j
k )
)
, t ∈

[
t j
k , t

j
k+1

)
, j ∈ ℐ, (11)

and t j
k+1 = inf

{
t > t j

k

∣∣ϕ j(t)> 0
}

is the next trigger instant of
agent j, where ϕ j(t) represents the event trigger function to be
designed, t j

k is the kth trigger instant of agent j.
Firstly, the measurement error is defined as

e j(t) = σ1mχ
m−1
j (t j

k )h̄ j(t
j
k )+σ2nχ

n−1
j (t j

k )h̄ j(t
j
k )

+σ3σ
1(

1+ |σ χ j(t
j
k )|
)2 h̄ j(t

j
k )+σ4zr

j(t
j
k )

+σ5softsign
(

σzi(t
j
k )
)
−σ1mχ

m−1
j (t)h̄ j(t)

−σ2nχ
n−1
j (t)h̄ j(t)−σ3σ

1

(1+ |σ χ j(t)|)2 h̄ j(t)

−σ4zr
j(t)−σ5softsign(σz j(t)) , j ∈ ℐ. (12)

Then, define the trigger function as

ϕ j(t) =
∣∣e j(t)

∣∣−σ4ιzr
j(t)softsign

(
σzr

j(t)
)
−σ5ι , (13)

where ι ∈ (0,1). The performance of the system (1) could
be adjusted by selecting the value of ι . When ϕ j(t) > 0, the
controller is triggered and the state of agent i is updated.

The derivative of z j(t) could be rewritten as

ż j(t) = −e j(t)−σ4zr
j(t)−σ5softsign(σz j(t))

+µ j (x j(t),v j(t), t) . (14)

Theorem 2 Under the control protocol (11) with σ1, σ2,
σ3, σ4, σ5 > 0, 0< d < σ3, σ ≫ 1, and m∈ (0,1), n,r ∈ (1,∞)

are the ratio of positive odd numbers, if 0 < δ < σ5(1− ι),
where ι ∈ (0,1), and assumptions 1 and 2 hold, then MAS (1)
achieves fixed-time event-triggered group consensus, and the
settling time T satisfies

T ≤ Tmax = T3max +T4max,

where λ2 is the minimum nonzero eigenvalue of ℒg, and

T3max :=
1

σ4(r−1)(1− ι)K
1−r

2 2
r
2
+

2
1
2

σ5(1− ι)−δ
,

T4max :=
1

σ1(1−m)K
1−m

2 2
m
2 λ2

m+1
2

+
1

σ2(n−1)2
n
2 λ2

n+1
2
.

Proof The Lyapunov function is chosen as

V3(t) =
1
2

K

∑
j=1

z2
j(t).

The derivative of V3(t) along Eq. (14) is

V̇3 =
K

∑
j=1

z j(t)ż j(t)≤
K

∑
j=1

∣∣z j(t)
∣∣ ∣∣e j(t)

∣∣−σ4

K

∑
j=1

∣∣z j(t)
∣∣r+1

−σ5

K

∑
j=1

∣∣z j(t)
∣∣+δ

K

∑
j=1

∣∣z j(t)
∣∣

≤ −σ4(1− ι)
K

∑
j=1

(
z2

j(t)
) r+1

2

− (σ5(1− ι)−δ )
K

∑
j=1

(
z2

j(t)
) 1

2

≤ −σ4(1− ι)K
1−r

2

(
K

∑
j=1

z2
j(t)

) r+1
2

− (σ5(1− ι)−δ )

(
K

∑
j=1

z2
j(t)

) 1
2

≤ −σ4(1− ι)K
1−r

2 2
r+1

2 V3
r+1

2

− (σ5(1− ι)−δ )2
1
2 V3

1
2 . (15)

Due to r+1
2 ∈ (1,∞), according to Lemma 4, there exists a set-

tling time T3 satisfying

T3 ≤ T3max :=
1

σ4(r−1)(1− ι)K
1−r

2 2
r
2
+

2
1
2

σ5(1− ι)−δ
.

After the settling time T3, the real velocity v j(t) could fol-
low the virtual velocity ṽ j(t), thus the velocity error z j(t) = 0
for t > T3. From Eqs. (2) and (3), the real velocity of agent j,
j ∈ ℐ, is

v j(t) =−σ1χ
m
j (t)−σ2χ

n
j (t)−σ3softsign(σ χ j(t))+d.

Select the Lyapunov function as

V4(t) =
1
2

xT(t)ℒgx(t),

where x(t) = [x1(t),x2(t), . . . ,xK(t)]
T.

Along Eqs. (1) and (7), similar to the derivative of V2(t)
in Eq. (8), one can get the following derivative of V4(t):

V̇4 = xT(t)ℒgẋ(t)

≤ −σ1K
1−m

2 (2λ2)
m+1

2 V4
m+1

2 −σ2(2λ2)
n+1

2 V4
n+1

2 . (16)

Due to m+1
2 ∈ (0,1), n+1

2 ∈ (1,∞), based on Lemma 4, there
exists a time T4, such that the states of all agents achieve con-
sensus and T4 satisfies

T4 ≤ T4max : =
1

σ1(1−m)K
1−m

2 2
m
2 λ2

m+1
2

+
1

σ2(n−1)2
n
2 λ2

n+1
2
.

Then, one can get that MAS (1) achieves fixed-time
event-triggered control group consensus, and the settling time
T satisfies

T = T3 +T4 ≤ Tmax = T3max +T4max. (17)

Theorem 3 For MAS (1), if the condition in Theorem 2
holds, then no Zeno behavior occurs under the event-triggered
controller (11) with the event-triggered function (13).

Proof From Eq. (9), one obtains
K
∑
j=1

z2
j(t) ≤ 2λKV3(t) ≤

2λKV3(0), and
K
∑
j=1

χ2
j (t) ≤ 2λKV4(t) ≤ 2λKV4(0). Taking the

upper right differential of e j(t) in Eq. (12) along t yields

070701-5



Chin. Phys. B 32, 070701 (2023)

D+
∣∣e j(t)

∣∣ ≤ ∣∣ė j(t)
∣∣≤ ∣∣∣σ4ιrzr−1

j (t)
∣∣∣ ∣∣ż j(t)

∣∣
≤
(

σ4ιr(2λKV3(0))
r−1

2

)∣∣u j(t)+µ j (x j(t),v j(t), t)− ˙̃v(t)
∣∣

≤ ω1
∣∣u j(t)+δ

∣∣ ∣∣∣(σ1mχ
m−1
j (t)+σ2nχ

n−1
j (t)+σ3σ

)
h̄ j(t)

∣∣∣
≤ ω1

∣∣u j(t)+δ
∣∣ ∣∣∣(σ1m(2λKV4(0))

m−1
2 +σ2n(2λKV4(0))

n−1
2 +σ3σ

)
h̄ j(t)

∣∣∣
≤ ω1

∣∣∣u j(t
j
k )+δ

∣∣∣ ∣∣∣(σ1m(2λKV4(0))
m−1

2 +σ2n(2λKV4(0))
n−1

2 +σ3σ

)
h̄ j(t

j
k )
∣∣∣≤ ω1ω2(t

j
k )ω3(t

j
k ), (18)

where

ω1 = σ4ιr(2λKV3(0))
r−1

2 , ω2(t
j
k ) =

∣∣∣ui(t
j
k )+δ

∣∣∣ , ω3(t
j
k ) =

∣∣∣(σ1m(2λKV4(0))
m−1

2 +σ2n(2λKV4(0))
n−1

2 +σ3σ

)
h̄i(t

j
k )
∣∣∣ .

Suppose that ω is the maximum upper bound of
ω1ω2(t

j
k )ω3(t

j
k ). From Eq. (18), one gets

∣∣e j(t)
∣∣≤ ∫ t

t j
k

∣∣ė j(s)
∣∣ds ≤

∫ t

t j
k

ω1ω2(t
j
k )ω3(t

j
k )ds. (19)

Combined with the event-triggered condition ϕ j(t) ≥ 0, one
obtains∣∣∣e j(t

j
k+1)

∣∣∣ = σ4ι

∣∣∣zr
j(t

j
k+1)

∣∣∣+σ5ι

≤
∫ t j

k+1

t j
k

ω1ω2(t
j
k )ω3(t

j
k )ds ≤

∫ t j
k+1

t j
k

ω ds. (20)

There is t j
k+1 − t j

k ≥ σ5ι

ω
> 0. Hence, there is no Zeno behav-

ior under the event-triggered controller (11) with the event-
triggered function (13).

Remark 2 If design control protocols based on sign func-
tion as usual, when the state error of agents in the system tends
to 0, it will cause the control input to oscillate. Therefore,
softsign function is introduced to replace the sign function in
the control protocol, and it turns out that no Zeno behavior ex-
ists under the designed event-triggered controller (11) with the
event-triggered function (13), which will be further illustrated
in simulation examples.

4. Examples
Suppose that the second-order MAS (1) contains seven

agents, the communication topology is depicted in Fig. 1,
where the black solid lines represent a cooperative relation-
ship between agents, and a jk = 1, the red solid lines represent
a competitive relationship between agents, and a jk =−1.

Example 1 The initial positions of agents are selected
as x(0) = (1.3,−2.2,0.3,−3.5,−1.8,2.6,1.0)T and the initial
velocity as v(0) = (1,−3,5,−2,−6,2,−1)T.

Under control protocol (4), set σ1 = 1.5, σ2 = 2.0, σ3 =

5.5, σ4 = 3.0, σ5 = 3.5, σ = 20, m = 5/9, n = 23/9, r =

7/5, d = 1.6, δ = 1.3, and µ (x j(t),v j(t), t) = 0.8sin(x j(t))+
0.5cos(v j(t)). Taking the transformation matrix to be H =

diag{1,1,1,1,−1,−1,−1}, then it can be calculated that

λ2
(
ℒg1

)
= 1.382. Based on Theorem 1, one gets the settling

time T ≤ 1.21.

3

2

7

1

6

5

4

Fig. 1. The interaction topology 𝒢1.

 . . . . .
Time (s)

↩

↩

↩

↩













x
i↼
t↽

x1

x2
x3
x4
x5
x6
x7

Fig. 2. Trajectories of the position state.

 . . . . .
Time (s)

↩

↩











v
i↼
t↽

. . . .
↩.



.

v1

v2
v3
v4
v5
v6
v7

Fig. 3. Trajectories of the velocity state.

For MAS (1) over 𝒢1, Figs. 2 and 3 give the position and
velocity state trajectories of agents, which shows that agents
1, 2, 3, and 4 achieve to the same state, and agents 5, 6, and

070701-6
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7 tend to a different state. The system could achieve conver-
gence within the settling time Tmax = 2.5. Therefore, the de-
sired goal of fixed-time group consensus is achieved.

Example 2 The initial positions of agents are selected
as x(0) = (1,2.5,−3,1.5,−1,0.2,−0.6)T and initial velocities
are selected as v(0) = (2,−1.6,0.5,3.5,−3,2,−0.1)T. Un-
der control protocol (11), set σ1 = 0.5,σ2 = 2.0, σ3 = 2.5,
σ4 = 5.3, σ5 = 5.5, σ = 10, m = 5/7, n = 3, r = 9/7, d =

0.8, δ = 1.2, ι = 0.3, and the disturbance µ (x j(t),v j(t), t) =
0.3sin(x j(t)) + 0.9cos(v j(t)). The transformation matrix is
H = diag{1,1,1,1,−1,−1,−1}. It could be calculated that
λ2
(
ℒg1

)
= 1.382. Based on Theorem 2, one obtains the set-

tling time T ≤ 4.4.

x
i↼
t↽

x1
x2
x3
x4
x5
x6
x7

↩

↩

↩

↩







3

 . . . . .
Time (s)

Fig. 4. Trajectories of the position state.

v
i↼
t↽

↩

↩

↩

↩












v1 v2 v3 v4

v5 v6 v7

. . . . .

↩.

↩.



.

.

 . . . . .
↩

↩







 . . . . .

Time (s)

Fig. 5. Trajectories of the velocity state.

↩

↩
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t 
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5
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 . . . .
↩.

↩.



.

.
T6

 . . . . .

Time (s)

Fig. 6. Control inputs of agents.

0

1

2

3

4

5

6

7

8

 . . . . .

Time (s)

Fig. 7. The trigger instant of agents.

For MAS (1) over the 𝒢1, the state trajectories of agents
are given in Figs. 4 and 5, the control inputs of agents are
shown in Fig. 6, and the trigger instant of agents in Fig. 7.
Under event-triggered control (11), the system could achieve
convergence within the settling time Tmax = 0.9, which illus-
trates that the desired goal of fixed-time event-triggered group
consensus for second-order MAS (1) is achieved.

5. Conclusions
The group consensus problem of second-order MASs

with uncertain disturbances is explored in this paper. Sepa-
rately, the fixed-time consensus with event-triggered control
and without event-triggered control is investigated. Sufficient
conditions for MASs to achieve group consensus are obtained.
It is proved that no Zeno behavior is present under the de-
signed event-triggered controller. The presented numerical
simulations verify the potential correctness of the main results
and the effectiveness of methods. The adaptive event-triggered
group consensus for heterogeneous MASs will be studied in
the future.
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