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We theoretically analyze a hybrid system consisting of a levitated neutral atom and a nanoparticle coupled to a cavity.
The mechanical oscillator and the atom are effectively coupled to each other through the cavity photons as a bus. By
adjusting the driving lasers, we can conveniently switch the phonon—atom coupling between Jaynes—Cummings (JC) and
anti-JC forms, which can be used to manipulate the motional states of the mechanical oscillator. As an application, we
prepare a superposition state of the mechanical oscillator via the effective phonon—atom interaction and investigate the

effects of dissipation on the state generation.
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1. Introduction

Following the pioneering work by Ashkin and

Dziedzic,['-3! levitation of dielectric objects has become a

[4-61 and engineering.[’~"!

widely used technique in science
Owing to the high isolation from thermal and environmental
sources of noise possible in high-vacuum, optically levitated
objects can provide ultrahigh force and acceleration sensitiv-
ity, which are fueling both the precise measurement!!%-4! and

15-24

the study of fundamental physics.! 1 Recently, the precise

manipulation of motion of the nano/micro-scale objects is
attracting increasing attention. [>3-28!

By far, both optical cavity-based!*®! and active-
feedback 393! schemes have successfully cooled the motion
of a levitated dielectric nanoparticle into the quantum ground
state that indicates levitated optomechanics has entered into
the quantum regime. In the quantum regime, the quantum
states of the motion of the nanoparticle, for instance, the su-
perposition states and the squeezed states are the key resources
that are useful for precise measurement, quantum informa-
tion processing, and the research of fundamental quantum
physics.[3>33] Therefore, the generation and manipulation of
the quantum motional states of a levitated nanoparticle be-
come an important issue worth studying.

Hybrid optomechanical systems, which integrate the
advantages of several systems, have become a field of

t.1343% In this paper, we theoretically study a hybrid

interes
optomechanical system consisting of a neutral atom and a

nanoparticle levitated in an optical cavity (see Fig. 1). The
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atomic transition and the motion of the nanoparticle are si-
multaneously coupled to the same cavity mode. The cavity
photon connecting the atom and the nanoparticle leads to an
effective phonon—atom coupling which can be switched be-
tween Jaynes—Cummings (JC) and anti-JC forms by adjusting
the driving laser. This effective coupling can be used to gener-
ate and manipulate the motional states of the nanoparticle. As
an application, we generate a motional superposition state of
a nanoparticle and study the effects of dissipation. The rest of
the paper is organized as follows. In Section 2, we present the
physical model and the deviation of the effective Hamiltonian.
In Section 3, the numerical results and the discussion of the
effects of dissipation are presented. Finally, we conclude this
paper in Section 4.

2. The physical model and the effective Hamilto-
nians

The Hamiltonian We consider a hybrid optomechani-
cal system as displayed in Fig. 1, where a A-type three-level
atom and a nanoparticle are simultaneously trapped and lev-
itated in an optical cavity that is driven by a pumping laser.
The three-level atom has an excited state |s) and two ground
states |e) and |g). The two transitions |s) <> |e) and |s) <> |g)
are pumped by a classical field and coupled to a cavity mode,
respectively. Meanwhile, the nanoparticle is coupled to the

same cavity mode. The total Hamiltonian of the hybrid op-
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tomechanical system reads (& = 1)

H = od'da+onb'b+ Y i)l

i=s,e,.g

+ H 4+ Ho' + Hy, (1)

where @ and b stand for the annihilation operators of the cav-
ity mode and the mechanical oscillator, respectively. ®¢, @,
Wi—;, ¢, ¢ are respectively the frequencies of the cavity mode,
the mechanical oscillator, and the atomic energy levels. The
atom—cavity interaction Hamiltonian under the rotating wave
approximation (RWA) is given by

Hy' = g2 (als)(g|+1g) (sla")
+Q (|s)ele™™ 2" + |e)(sle®@), @)

where g¥ is the coupling strength between the atom and the
cavity mode. wg and Q are respectively the driving frequency
and strength of the classical field which drives the transition
|s) <+ |e). H™ denotes the oscillator—cavity interaction Hamil-
tonian that originates from their dipole—dipole interaction. In
the case the radius of the particle is much smaller than the
cavity mode wavelength, i.e., r < A, the dipole force po-
tential created by the cavity mode can be approximated as!*’]
Jdipole —gYatacos [2k(q° + §)], where k = 27t/ A. denotes
the wave number of cavity field, g°d is the equilibrium position
of the particle, and § = 4 / % (b +b) is the position operator

with the particle’s mass m. The single photon optomechanical
— 3V &1
4V, g+2
V. are the volumes of the particle and the cavity, respectively,

coupling strength is given by g% @, where Vi, and

and g the electric permittivity. Assuming the oscillation of
the particle around its equilibrium position is small, one can
expand the dipole force potential to the first order and obtain a
linear-coupling interaction Hamiltonian

HY = gma'a(b+b7), (3)

1
2mmm
whose value can be adjusted by shifting the equilibrium posi-

where g = —2g ksin[2kq®] is the coupling strength,

tion ¢°d. The driving Hamiltonian is
Hy=n (dei“’L’ +dTe’i“’L’> : (4)

where @y, and 7} are the frequency and strength of the pumping
laser, respectively.
Applying the unitary operator
U = exp (—ia)LaA%&t +io|g) (8]t +iwale)(elt)

to the total Hamiltonian in Eq. (1), we obtain a time-
independent Hamiltonian in the rotating frame

H' = Ad'a+ onb'b+ wyls)(s| + Acle) (e]
+Aglg) (gl +82 (a'lg) (s] +1s) (gla)

+Q (le)(s] +]s)(el) +gma'a (b+b")
+n(a’ +a), (5)

where the related detunings are defined as A, = @, — o,
Ay = 0, + o, and A, = @, + 0q. In the strong driving regime,
the operators of the cavity mode and the mechanical oscil-
lator can be rewritten as the sum of its classical steady-state
value and a small quantum fluctuation operator, i.e., d — &t +a
and b — B + b. By employing the standard linearization
procedure,[*142] we obtain the atom—oscillator—cavity (AOC)
Hamiltonian in terms of the quantum fluctuation operators as

Hpoc = Ala"a+ onb b+ wyls) (s| + Acle) (e]
+A|8) (8| +ga (a¥[g) (5| +s)(gla)
+Q ([e) (s| +s){el)
+Gnm (a7 +a) (b7 +D), (6)

where A/, g,, and Gy, are respectively the effective detuning
and the coupling strength that are determined by the classical
steady-state values o and 3. In experiments, both the coupling
between the atom and cavity g, and the coupling between the

nanoparticle and cavity G, have been achieved. 4344
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e
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Y 1
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Fig. 1. The simplified diagram of the hybrid optomechanical system: a
A-type three-level atom and a nanoparticle are simultaneously trapped
and levitated in a driven optical cavity. The three-level atom has an
excited state |s) and two ground states |e) and |g). The two atomic
transitions |s) <+ |e) and |s) <> |g) are respectively pumped by a classi-
cal field and coupled to a cavity mode. Meanwhile, the nanoparticle is
coupled to the same cavity mode.

The effective two-level configuration of the atom
When the atomic energy differences are very large, the atomic
excited state |s) can be adiabatically eliminated and the three-
level configuration reduces to an effective two-level configura-
tion. Employing the effective operator method,!*! we obtain
the effective Hamiltonian that describes a two-level atom in-
teracting with the cavity mode

Hjoc = A’ a+ onb'b+Alle)(e| + Aqlg) (g|
+Aga'alg) (gl + i (a"[g) (el +e) (gla)
+Gm (@' +a) (b"+0), ©)
where the effective detunings and coupling strength are given
by
QZ

T
0} e
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A = _ g2
8 o, —A,’

g/ _ _gaGm(ms _Ae + a)s _Ag)
‘ 2(w; — A, ) (@5 — Ay)

Here, we point out that the three-level configuration in our
scheme can be replaced by a two-level configuration. How-
ever, due to the virtual excitation of the excited state, the three-
level atom has a longer coherent time which is advantageous
for the generation and manipulation of the quantum state of
the mechanical oscillator. Therefore, we used the three-level
atom in our scheme.

The JC and anti-JC phonon-atom
In Eq. (7), the oscillator—cavity interaction term
Gm (@™ +a) (b* +b) contains both the rotating and counter-
rotating interactions.

interaction

When the cavity detuning is set to
Al =~ @y, only the rotating coupling term is retained and the
AOC Hamiltonian is simplified as

Hjoc ~ Ad'a+ onb'b+ Alle) (e| + Aglg) (]
+Agatalg) (gl + g, (a'[g)(e| + |e) (g]a)
+Gm (a'b+ab"). (®)

In the large detuning condition, we adiabatically eliminate the

cavity mode and obtain the effective atom—oscillator (AO) in-

teraction Hamiltonian [42+46]

HS; = b b+ Alle) (e + Aglg) (]
+Gc (b7|g)(e] +e)(g|b) . ©)

where the related parameters are defined as

g/2
A” _ Al o a
¢ ¢ Ac— (A’—Ag)7
G2
CO/ — _ m
= On =

GJC:g;Gm< 1 B 1 >
2 \A—(A,=4y) Ac—0n)

Similarly, when the detuning is set to A ~ —®y,, we obtain
the effective AO Hamiltonian that only contains the counter-
rotating interaction

H5X = opb'b+Allle) (e +Aglg) (3|
+Gaic (B'le) (gl + |g){eld) (10)
where the related parameters are given by
_Gn
Al+ o’
Gare — 2.Gnm ( 1 1 >
NET T \A— (A=A Actom )’

The derivation above shows that the original AOC Hamilto-

"
0y, = WOy —

nian in Eq. (1) can be reduced to an effective AO Hamiltonian

in the JC- or anti-JC-form3*! by simply adjusting the detuning
of the driving laser.

The manipulation of the quantum states of the me-
chanical oscillator Both the JC- and anti-JC-form Hamil-
tonians can generate the Rabi oscillation and thus can be used
to prepare and manipulate the quantum states of the oscilla-
tor. For example, transforming the JC AO Hamiltonian in
Eq. (9) into the interaction picture in the resonance condition
o), = A — A,, we obtain

Hjc = Gic (b7|g)(e| + ) (g]b) . (11)

By solving the Schrédinger equation i|y/(¢)) = Hig|y(t)) with
the initial state |y;n;) = |e,n) in the subspace {|e,n), |g,n +
1)}, we obtain the wave function at time ¢ as

|w(t)) = cos (!;"t) le,n) —isin <£;"t> lg,n+1), (12)

where Q, = 2Gjcv/n+1 is the Rabi frequency. Correspond-
ingly, the populations of states |e,n) and |g,n+ 1) are given
by

14 cos (Q,t 1 —cos(Q,t
p&n:#7 # (13)

The equations above show that the JC OA Hamiltonian leads

Pg.,n+1 =

to a Rabi oscillation between the states |e,n) and |g,n+ 1) with
the period Trap; = 27/ €2, Similarly, the anti-JC AO Hamilto-
nian in Eq. (10) leads to a Rabi oscillation between the states
lg,n) and |e,n+1).

As an application, we prepare a motional superposition
state of the mechanical oscillator via the JC OA Hamilto-
nian. We first initialize the atom and the oscillator in the state
|Wini) = (cglg) + cele)) ® |n) with the complex coefficients c,
and ¢, satisfying |c,|* + |c,|*> = 1, then turn on JC OA Hamil-
tonian for a duration 1, = m/€Q,, and finally get a superposi-
tion state | W) = [g) ® (cg|n) —ice|n+1)).

3. The numerical results and the effects of dissi-
pation

We numerically simulate the dynamics of the whole
hybrid-optomechanical system by employing the standard
Markovian master equation

p = —i[Haoc, P] + KL (a,p)
F AL (85, p) + AL (65 )
+Y(nn+1) L(b,p)+ynnl(BT,p),  (14)

where P is the density operator of the whole system, Hxoc is
the system Hamiltonian in Eq. (6), 6,5 = |m)(s| (m = e,g)
is the atomic transition operator, and E(O,ﬁ) = 0pOt —
1070p — $pO' 0 is the Lindblad superoperator which phe-
nomenally describes the effects of dissipation. The parameters
K, A, and y denote the decay rates of the cavity field, the atom
(atom spontaneous emission), and the mechanical oscillator,
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respectively. Without loss of generality, we have assumed that
the two decay channels of atom spontaneous emission have
the same decay rate A. ny, is the mean phonon number of the
thermal reservoir. The equilibrium mean photon number of
thermal bath is 7i. = (exp {hw./kgT}—1)"" ~ 0 due to the
high optical frequency @ /kgT >> 1 with kg the Boltzmann
constant and 7 the environment temperature.

To verify the approximation in the derivation of the effec-
tive Hamiltonians, we plot the populations of the states |e,0),
lg,1), and |e,2) as a function of time respectively determined
by the original AOC Hamiltonian in Eq. (6) and the effective
(a) JC and (b) anti-JC AO Hamiltonians in Egs. (9) and (10)
in Fig. 2. The Rabi oscillations between |e,0) and |g, 1) and
between |g, 1) and |e,2) are seen. The time evolution of the
populations governed by the effective AO Hamiltonians agrees
well with that governed by the original AOC Hamiltonian.
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Fig. 2. The populations of the states |e,0), |g,1), and |e,2) as a func-
tion of time respectively determined by the original AOC Hamiltonian
in Eq. (6) and the effective (a) JC and (b) anti-JC AO Hamiltonians
in Eqgs. (9) and (10). The parameters are set as follows: (a) o, =1,
Al=1.1,0,=0,4, = —11.4688, A, = —12.5, g, = 0.2, 2 = 0.5981,

m = 0.01 and (b) @, = 1, AL = —0.9, @, =0, A, = —10.2748,
Ay =-93,8.=02,0Q2=0.4882, G, =0.01.
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Fig. 3. The fidelity of the superposition states |y ) = (|0) £|1))/+/2 as
a function of time. The parameters are set as follows: @, = 1, AC’ =1.1,
0y =0,A, = —11.4688, A, = —12.5, g, = 0.2, 2 =0.5981, G, =0.01.

As an application, the generation of the motional super-
position state |w.) = (|0) & |1))/+/2 is studied. We initial-
ize the hybrid-optomechanical system in the state |yiy) =
(le) —ilg)) ® [0p,04)/v/2 (where the subscripts a and b re-
spectively stand for the cavity mode and mechanical mode)

and set the detuning as A ~ @, so that the JC-form interac-
tion Hamiltonian works. We simulate the dynamical evolution
via the original AOC Hamiltonian without considering the dis-
sipation and plot the fidelity of the superposition states |y )
as a function of time in Fig. 3. As expected, the superposition
states |y ) are generated at the time t. = To/2 and t_ =379 /2,
respectively.

At last, we consider the effects of the dissipation on the
generation of the motional superposition state. Figure 4(a)
shows the Rabi oscillation between |e,0) and |g, 1) under the
JC OA Hamiltonian in the presence of the dissipation of the
cavity field, the atom, and the mechanical oscillator. The pop-
ulations show an oscillation decay due to the dissipation of the
environments. To study the effects of each decay channel on
the generation of the superposition state, we individually sim-
ulate the evolution of the system in the presence of merely one
decay channel.

1.0 1.0
(b)
0.8 0.8
0
5
g 0.6 Eo_ﬁ
z <
504 i 0.4
CE - A d
— Atomic deca;
0.2 y
0.2 Cavity decay
— Mechanical decay
0 0
0 5.0 10.0 10-5 10~% 103 102

Wit /To Decay rate

Fig. 4. (a) The Rabi oscillation between |e,0) and |g, 1) under the JC
OA Hamiltonian in the presence of the dissipation of the cavity field,
the atom, and the oscillator. (b) The fidelity of the state |y ) at the time
Wt = Tp/2 as a function of the decay rate. The parameters are set as
follows: (a) @, = 1, AL = 1.1, @, = 0, A, = —11.4688, A, = —12.5,
82=0.2,02=0.5981, Gy, =0.01, k =0.01, A = 0.01, y=0.00001 and
(®) @y =1, A =1.1, 0, = 0, A, = —11.4688, A, = —12.5, g, = 0.2,
Q =0.5981, G, = 0.01.

Figure 4(b) shows the fidelity of the state |y ) at the time
Ot = Tp/2 as a function of the decay rate. The results show
that the fidelity is insensitive to the atomic decay because the
atomic excited state |s) is only virtually excited in the large
detuning condition. Similarly, the fidelity is also insensitive to
the decay of the cavity field since the cavity mode is almost
always in the vacuum state during the whole generation pro-
cedure. On the contrary, the fidelity is very sensitive to the
mechanical decay, that is, the fidelity decreases rapidly with
increasing mechanical decay rate. The mechanical decay rate
scales with the pressure which is well kept at 108 mbar in
the current optomechanical experiments. The mechanical de-
cay rate at this pressure is about 10 order of magnitude smaller
than the frequency of the mechanical oscillator, i.e., y~ 10710,
Therefore, the mechanical decay almost has no effect on the

generation of the motional superposition state in experiments.

044213-4



Chin. Phys. B 32, 044213 (2023)

4. Conclusion

We theoretically analyze a hybrid optomechanical system
where a three-level neutral atom and a nanoparticle are simul-
taneously levitated in an optical cavity. The atomic transition
is coupled to a cavity mode, at the same time, the motion of
the mechanical oscillator is also coupled to the same cavity
mode. As a result, the mechanical oscillator and the atom are
effectively coupled to each other through the cavity photons as
a bus. By adjusting the detuning of the driving laser, we can
conveniently switch the phonon—atom interaction between JC
and anti-JC forms, both of which can produce the Rabi oscilla-
tions between the motional states of the mechanical oscillator.
As an application, we prepare the motional superposition state
of the mechanical oscillator via the effective phonon—atom in-
teraction and discuss the effects of the dissipation of the cavity
field, the atom, and the mechanical oscillator.
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