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A quantum steering ellipsoid (QSE) is a visual characterization for bipartite qubit systems, and it is also a novel
avenue for describing and detecting quantum correlations. Herein, by using a QSE, we visualize and witness the first-
order coherence (FOC), Bell nonlocality (BN) and purity under non-inertial frames. Also, the collective influences of the
depolarizing channel and the non-coherence-generating channel (NCGC) on the FOC, BN and purity are investigated in the
QSE formalism. The results reveal that the distance from the center of the QSE to the center of the Bloch sphere visualizes
the FOC of a bipartite system, the lengths of the QSE semiaxis visualize the BN, and the QSE’s shape and position dominate
the purity of the system. One can capture the FOC, BN and purity via the shape and position of the QSE in the non-inertial
frame. The depolarizing channel (the NCGC) gives rise to the shrinking and degradation (the periodical oscillation) of the
QSE. One can use these traits to visually characterize and detect the FOC, BN and purity under the influence of external
noise. Of particular note is that the condition for the QSE to achieve the center of the Bloch sphere cannot be influenced by
the depolarizing channel and the NCGC. The characterization shows that the conditions for the disappearance of the FOC
are invariant under the additional influences of the depolarizing channel and NCGC.

Keywords: quantum steering ellipsoid, first-order coherence, Bell-nonlocality, purity
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1. Introduction
As a basic concept in the physical world, coherence

arises from quantum superposition and is essential for the
quantum information sciences, including quantum interfer-
ence and multipartite entanglement.[1,2] It also plays a vital
part in the fields of quantum metrology,[3] low-temperature
thermodynamics,[4–6] solid-state physics[7] and so on. Mean-
while, coherence can also be used to depict the interference ca-
pability of interacting fields in quantum optics research.[8–12]

Beyond this, there have been various efforts to ascertain the
interrelations between coherence and correlations,[13–20] and
these relations are essential for predicting the coherent trans-
fer in researched quantum systems. Various coherence mea-
sures have been established to quantify coherence. Exam-
ples include first-order coherence (FOC)[13] (which is a basis-
independent measure) and the l1 norm of coherence (which is
a basis-dependent measure).[21] It should be emphasized that
there is a relationship between FOC and the l1 norm of coher-
ence. For a single-qubit state, the FOC of a state is equal to
the l1 norm of coherence quantified on the optimal basis. In
principle, quantum correlations include various forms, such
as quantum entanglement, Einstein–Podolsky–Rosen (EPR)
steering and Bell nonlocality (BN). Among these, BN (quan-
tum entanglement) is the strongest (weakest) quantum corre-

lation. Coherence is one of the important bases for generating
quantum correlations; even conceptually, coherence is more
fundamental than quantum correlations, including BN. One
can detect the BN of a system by violating some Bell-type
inequalities,[22–32] especially the Clauser–Horne–Shimony–
Holt (CHSH) inequality.[30–34] It deserves to be emphasized
that not all entangled states can possess BN.[35] Horodecki et
al. have derived the sufficient and necessary conditions for BN
for arbitrary bipartite states.[36]

In the field of quantum information science, the con-
struction of three-dimensional pictures of different quan-
tum states is an important avenue for investigating quantum
correlations.[37] A Bloch vector provides a simple and intu-
itive representation of any single-qubit state.[37] However, for
a two-qubit state, 15 parameters of the state need to be de-
scribed, introducing amazing complexity and difficulty for the
geometric description of a two-qubit state. Fortunately, Jevtic
et al.[38] proposed a scheme in which a quantum steering el-
lipsoid (QSE) is used to visualize any two-qubit state. To
clarify, there is a remarkable phenomenon in which measur-
ing the subsystem of an entangled state can remotely steer the
state of the other subsystem. This phenomenon is called EPR
steering.[39,40] If one performs all possible local operations on
one qubit, all Bloch vectors of the other qubit’s steered states
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form a QSE in the Bloch sphere.[38] Any bipartite state can
correspond to a QSE. In particular, not all QSEs can faith-
fully express a two-qubit state. The sufficient and necessary
condition for a QSE to denote a bipartite state was derived by
Milne et al.[41] It is worth mentioning that the QSE provides
an intuitive depiction and indication for quantum correlations.
Examples include steered coherence,[42–44] discord,[38,45–47]

entanglement[38,41,48] and EPR steering.[49–54] Zhang et al.[55]

experimentally verified the QSE of two-qubit states and also
demonstrated volume monogamy relations of the QSE.[56] Re-
cently, Du et al.[57] investigated quantum phase transitions in
the XXZ model through a QSE. However, these efforts are lim-
ited to inertial systems.[42–45,57]

The non-inertial frame provides nontrivial tools for un-
derstanding relativistic quantum information and black holes,
and is a rapidly developing field.[58] Relevant explorations
in the non-inertial frame have been widely carried out.[59–74]

There has been a lot of effort made to investigate nonlocality
under non-inertial frames.[75–78] Friis et al.[75] explored en-
tanglement of accelerated fermions. Smith et al.[76] analyzed
tripartite nonlocality of non-inertial observers. Subsequently,
Tian et al.[77,78] investigated nonlocality, entanglement and
measurement-induced nonlocality under the Unruh effect. Of
particular note is that each actual system is inevitably coupled
with the surrounding environment. This coupling can accel-
erate the degeneration of quantum nonlocalities and set obsta-
cles for achieving various quantum information tasks. For this
reason, explorations of quantum nonlocalities in non-inertial
frames suffering from different noise channels have been ex-
tensively performed.[79–86] Nevertheless, use of a QSE to vi-
sualize nonlocality under non-inertial frames is still lacking,
especially when considering the collective influences of non-
inertial frames and noise channels in the QSE formalism. Such
an investigation may provide a more visual tool to ascertain the
influences of relativistic motion and external noise on different
quantum correlations.

Encouraged by this, we visualize the FOC, BN and purity
in a non-inertial frame by utilizing a QSE, and also explore
them when the particle suffers from a depolarizing channel or
a non-coherence-generating channel (NCGC). Our results re-
veal that FOC, BN and purity can be visualized and detected
by the parameters of the QSE. Particle acceleration induces
shrinking and movement of the QSE. These peculiarities are
responsible for the results that the BN and purity are reduced
with increase in the acceleration. Note that FOC can be re-
vived by higher acceleration due to the trait that the QSE can
puncture the center of the Bloch sphere under a higher acceler-
ation. The condition of FOC disappearance (or recovery) can
be attained through the QSE. The depolarizing channel results
in monotonic shrinking of the QSE, and it finally degenerates
into a point at the center of the Bloch sphere. The results im-

ply that the coherence, BN and purity monotonously decrease
as noise strength increases. Under the influence of the NCGC,
the periodic oscillation of the QSE visualizes the periodic os-
cillations of the BN and purity with growing noise parame-
ters θ and φ . The FOC is invariant with different values of θ

since the center of the QSE cannot move with the change of θ .
Moreover, the BN is more fragile after considering the addi-
tional effects of a depolarizing channel and NCGC because the
depolarizing channel and the NCGC can reduce the size of the
QSE. Under the additional influences of a depolarizing chan-
nel and NCGC, the conditions for FOC disappearance are in-
variant because the condition for the QSE to achieve the center
of the Bloch sphere cannot be influenced by the depolarizing
channel and the NCGC.

Section 2 of this paper briefly describes QSE theory. In
Subsection 3.1, we characterize and capture the FOC, BN and
purity of a system in the QSE formalism. The collective influ-
ences of the depolarizing channel and the NCGC on the FOC,
BN and purity are explored in Subsections 3.2 and 3.3, respec-
tively. Finally, conclusions are drawn.

2. The QSE

Alice and Bob collectively possess bipartite states ρ ,

ρ =
1
4

(
I⊗ I +𝑎 ·𝜎⊗ I + I⊗𝑏 ·𝜎

+
3

∑
m,n=1

Mnmσn⊗σm

)
, (1)

where I is the identity operator, 𝜎 = (σ1,σ2,σ3) denotes the
vector of the Pauli matrix. Mnm = Tr(ρσn⊗σm) (m,n =

1,2,3), 𝑎 = Tr(ρ𝜎⊗ I) ,𝑏 = Tr(ρ · I⊗𝜎). According to
Ref. [38], if we perform all possible local measurements on
Bob, the QSE of Alice (i.e., ℑA) can be constructed by all the
vectors of Alice’s steered states. One can use center ℘A and
ellipsoid matrix ℜA to characterize ℑA:

℘A =
(𝑎−M𝑏)

1−b2 , (2)

ℜA =
(M−𝑎𝑏T)

1−b2

(
I +

𝑏𝑏T

1−b2

)
(MT−𝑏𝑎T). (3)

The orientations and lengths of the semiaxes of ℑA are re-
flected by the eigenvectors of ℜA and the arithmetic square
root of eigenvalues of ℜA, respectively. One can also obtain
the QSE of Bob (ℑB), namely,

℘B =
(𝑏−MT𝑎)

1−a2 , (4)

ℜB =
(MT−𝑏𝑎T)

1−a2

(
I +

𝑎𝑎T

1−a2

)
(M−𝑎𝑏T). (5)
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3. Visualizing and detecting the FOC, BN and
purity via the QSE

3.1. Under the influence of a non-inertial frame

Of particular note is that the ellipsoid ℑB cannot punc-
ture the Bloch sphere. The maximally obese states ρmax

Ξ
[48]

correspond to the state with the largest ellipsoid volume at the
center 𝑐= (0,0,Ξ). ρmax

Ξ
can be expressed by

ρ
max
Ξ =

(
1− Ξ

2

)
|φ〉〈φ |+ Ξ

2
|00〉〈00| , (6)

|φ〉= 1√
2−Ξ

(
|10〉+

√
1−Ξ |01〉

)
. (7)

Its matrix form is

ρ
max
Ξ =

1
2


Ξ 0 0 0
0 1−Ξ

√
1−Ξ 0

0
√

1−Ξ 1 0
0 0 0 0

 . (8)

The maximally obese state is very useful and can bind many
quantum nonlocalities for two-qubit states, such as the entan-
glement and BN.[48] The largest volume ellipsoid of Bob for
the center 𝑐= (0,0,Ξ) can be represented as

ℑ
max
B =


 0

0
Ξ

+

ℵmax
1 x1

ℵmax
2 x2

ℵmax
3 x3

 |x≤ 1

 . (9)

𝑥 = (x1,x2,x3)
T is a Bloch vector with (x1,x2,x3 ≤ 1), and

Eq. (9) indicates the region in which ℑmax
B fills all spaces.

ℵmax
1 = ℵmax

2 =
√

1−Ξ and ℵmax
3 = 1−Ξ are the semiaxis

lengths of ℑmax
B x, y and z, respectively.

Now, let us consider that Alice and Bob (as two ob-
servers) collectively possess ρmax

Ξ
in Minkowski space–time.

Alice remains stationary and Bob moves with uniform acceler-
ation. As a consequence, the Unruh effect will appear. Mean-
while, we assume that Alice possesses a detector which is sen-
sitive only to mode |n〉A (the mode of Minkowski space–time
that corresponds to Alice) and Bob possesses another detector
which is sensitive only to mode |n〉B (the mode of Minkowski
space–time that corresponds to Bob). We then let Alice remain
stationary while Bob moves with a uniform acceleration. Con-
sidering a fermionic field system, from the accelerated per-
spective of Bob the Minkowski vacuum state is found to be a
two-mode squeezed state[87]

|0〉M = cosγ|0〉I|0〉II + sinγ|1〉I|1〉II (10)

with acceleration parameter γ = (e−2πωc′/a +1)−1/2. Here, a
is the acceleration of Bob, ω is the frequency of the Dirac par-
ticle and c′ is the speed of light in a vacuum. 0 < γ < π/4 cor-
responding to 0 < a < ∞. {|0〉I} and {|0〉II} indicate Rindler
modes in regions I and II, respectively. The only excited state
is given by[87]

|1〉M = |1〉I|0〉II. (11)

Using Eqs. (10) and (11), the state of Eq. (8) is transformed
into

ρA,I,II =
1
2



Ξcos2γ 0 0 Ξ cosγ sinγ 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1−Ξ 0

√
1−Ξ cosγ 0 0

√
1−Ξ sinγ

Ξ cosγ sinγ 0 0 Ξsin2
γ 0 0 0 0

0 0
√

1−Ξ cosγ 0 cos2γ 0 0 sin2γ

2
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0

0 0
√

1−Ξ sinγ 0 sin2γ

2 0 0 sin2
γ


. (12)

Due to the fact that Bob is causally disconnected from region II, the physically accessible information is encoded in mode A
(described by Alice) and mode I (described by Bob). Tracing over the mode in region II, we obtain

ρAB =
1
2


Ξcos2γ 0 0 0

0 1−Ξ +Ξsin2
γ
√

1−Ξ cosγ 0
0

√
1−Ξ cosγ cos2γ 0

0 0 0 sin2
γ

 . (13)

We calculate the QSE of Bob in the form

ℑB =


 0

0
ΞB

+

ℵ1x1

ℵ2x2

ℵ3x3

 |x≤ 1

 . (14)

The central coordinate of the QSE on the z-axis is

ΞB =
1
2
[(1+Ξ)cos2γ−1+Ξ ]. (15)

The x, y and z semiaxis lengths of the QSE are ℵ1, ℵ2 and ℵ3,
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respectively. Namely,

ℵ1 = ℵ2 =
√

1−Ξcosγ ,ℵ3 = |Ξ −1|cos2
γ. (16)

For each subsystem (A and B) of a bipartite qubit system, the
FOC is DA,B =

√
2Tr[ρ2

A,B]−1.[13] When both subsystems are
considered independently, the FOC for the bipartite system is
D2 = (D2

A +D2
B)/2. For each subsystem (A and B) of the state

of Eq. (13), the FOC in the QSE formalism is denoted as

DA = 0,

DB = |ΞB|=
1
2
|(1+Ξ)cos2γ−1+Ξ | . (17)

The FOC for the bipartite system ρAB is

D2
AB =

D2
A +D2

B
2

=
1
2

Ξ
2
B. (18)

This result implies that the FOC of the whole bipartite sys-
tem can be directly visualized by the distance from the center
of the QSE ℑB to the center of the Bloch sphere. D2

AB disap-
pears only if ℑB reaches the center of the Bloch sphere, which
provides an avenue to witness the FOC. We also visualize the
maximal CHSH violation[30–33] of ρAB through ℑB, i.e.,

β (ρAB) = 2
√

2ℵ1 = 2
√

2
√

1−Ξcosγ. (19)

The BN of ρAB is BN(ρAB) = max{0,β (ρAB)− 2}. It is re-
vealed that the BN of ρAB can be intuitively characterized and
detected by ℵ1 or ℵ2. Using ℑB, one can visualize the purity
of ρAB, namely,

Tr[ρ2
AB] =

1
4
(1+Ξ

2
B+ℵ

2
1 +ℵ

2
2 +ℵ

2
3), (20)

which establishes the connection between purity and the QSE.
It is straightforward that the purity can reach 0.25 only if the
QSE degenerates into a point at the center of the Bloch sphere.
Equation (20) can also be rewritten as

Tr[ρ2
AB] =

1
4

(
2D2

AB +
β 2(ρAB)

4
+1+ℵ

2
3

)
. (21)

The results obtained above provide visual tools to investigate
and detect the FOC, BN and purity under a non-inertial frame.
For clarity, we herein use Fig. 1 to depict the geometric pa-
rameters of the QSE, FOC, BN and purity with respect to the
acceleration parameter γ . Under the Unruh effect, lengths of
ℵ1, ℵ2 and ℵ3 degenerate with increasing γ , as shown in
Fig. 1(a). According to the result of Eq. (19), one can re-
veal that the shrinkage of ℑB visually reflects the reduction
in BN in Fig. 1(b). The BN cannot be detected if the semi-
axis of ℑB satisfies ℵ1 = 1/

√
2. The critical case corresponds

to γ = arcsec(
√

2−2Ξ). In the critical case, the shape of ℑB

with Ξ = 0.4 is plotted in Fig. 2 (green ellipsoid).

a

BN

Purity

FOC

(b)

(a)

S
e
m
ia
x
is
/
C
e
n
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/
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N
/
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u
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-0.4

0
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0

0.2

0.4

0.6

0 0.2 0.4 0.6 0.8
γ

0 0.2 0.4 0.6 0.8
γ

ΞB

ℵ

ℵ

ℵ

Fig. 1. (a) The dependence of semiaxis length and ΞB on γ . (b) The
dependence of the FOC, BN and purity on γ . Ξ = 0.4.

(a) (b)

Fig. 2. The shape of ℑB: (a) stereoscopic view, (b) front perspective. The
yellow ellipsoid represents the initial ℑB with γ = 0. The green QSE and
blue QSE are ℑB with γ = 0.4205 (corresponding to the case when the BN
suddenly disappears in Fig. 1(b)) and γ = 0.5639 (corresponding to the case
when the FOC suddenly disappears in Fig. 1(b)), respectively. The red ellip-
soid represents the final ℑB with γ = π/4. Ξ = 0.4.

As seen in Figs. 1(a) and 2, the Unruh effect induces the
result that the ℑB and its center move along the negative ori-
entation of the z-axis as γ increases. Note that the FOC is only
associated with the center ΞB of ℑB. Therefore, the move-
ment of the center of the QSE is responsible for the detection
of the FOC. Namely, FOC first degenerates and suddenly dis-
appears; subsequently, it revives under the strong Unruh ef-
fect. The revival of the FOC in Fig. 1(b) due to the center
of the ℑB, ΞB, can puncture the center of the Bloch sphere
in Fig. 1(a). The phenomenon is different from the peculiar-
ity of the BN. Using the QSE parameters in Eq. (14), one
can see and easily obtain that FOC will suddenly disappear if
γ = arccos[(1−Ξ)/(1+Ξ)]/2 and will revive in the interval
of arccos[(1−Ξ)/(1+Ξ)]/2 < γ ≤ π/4. The blue ellipsoid
in Fig. 2 is the shape of ℑB corresponding to the case of FOC
disappearance. We also provide the final ℑB (corresponding to
γ = π/4, as red ellipsoid plotted) under the non-inertial frames
in Fig. 2. These results indicate that the QSE cannot degener-
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ate into a point under the non-inertial frame as the acceleration
parameter γ increases, meaning that the purity of ρAB decays
with decreasing ℑB and cannot reach 0.25 in Fig. 1(b).

3.2. The collective effects of the non-inertial frames and
depolarizing channel

Exotic environments unavoidably influence the quantum
systems in a realistic scenario. Herein, we consider Bob in the
state of Eq. (13) coupled to a depolarizing channel, which can
be described by the Kraus operators

E0 =
√

1− p
(

1 0
0 1

)
, E1 =

√
p
3

(
0 1
1 0

)
,

E2 =

√
p
3

(
0 −i
i 0

)
, E3 =

√
p
4

(
1 0
0 −1

)
, (22)

and p = 1− e−γ0t . Hence, the non-zero matrix elements of the
output state ρ̃AB−D read as

ρ̃11−D =
Ξ(1− p)(1+ cos2γ)+ p

4
,

ρ̃22−D =
Ξ(p−1)(1+ cos2γ)− p+2

4
,

ρ̃33−D =
(1− p)cos2γ +1

4
, ρ̃44−D =

(p−1)cos2γ +1
4

,

ρ̃23−D = ρ̃32−D =

√
1−Ξ(1− p)cosγ

2
. (23)

The QSE of Bob has the form

ℑ̃B−D =


 0

0
ΞB−D

+

ℵ1−Dx1
ℵ2−Dx2
ℵ3−Dx3

 |x≤ 1

 , (24)

ΞB−D =
1
2
(1− p)[(1+Ξ)cos2γ−1+Ξ ], (25)

ℵ1−D = ℵ2−D = (1− p)
√

1−Ξcosγ,

ℵ3−D = (1− p) |Ξ −1|cos2
γ. (26)

For each subsystem, FOC is visualized by

DA−D = 0,

DB−D = |ΞB−D|=
1
2
(1− p) |(1+Ξ)cos2γ−1+Ξ | . (27)

The FOC for bipartite systems is

D2
AB−D =

D2
A−D +D2

B−D

2
=

1
2

Ξ
2
B−D. (28)

Similarly, the maximal CHSH violation and the purity of
ρ̃AB−D are visualized by ℑ̃B−D, i.e.,

β (ρ̃AB−D) = 2
√

2ℵ1−D, (29)

Tr[ρ̃2
AB−D] =

1
4
(1+Ξ

2
B−D+ℵ

2
1−D +ℵ

2
2−D +ℵ

2
3−D). (30)

The BN is BN(ρ̃AB−D) = max{0,β (ρ̃AB−D)− 2}. Hence, the
FOC, BN and purity under a depolarizing channel can be vi-
sualized and captured by ℑ̃B−D. Equation (30) can also be
rewritten as

Tr[ρ̃2
AB−D] =

1
4
(2D2

AB−D +
β 2(ρ̃AB−D)

4
+1+ℵ

2
3−D). (31)
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Fig. 3. (a) The dependence of semiaxis lengths and ΞB−D on the deco-
herence parameter p. (b) The dependence of the FOC, BN and purity
on p. Ξ = 0.4, γ = 0.2.

(a) (b)

Fig. 4. The ℑ̃B−D corresponding to the case when the BN suddenly dis-
appears under the depolarizing channel: (a) stereoscopic view, (b) front
perspective. Ξ = 0.4, γ = 0.2.

To visualize and capture the FOC, BN and purity under a
depolarizing channel we plot the dependence of the QSE pa-
rameters, FOC, BN and purity on the depolarizing channel pa-
rameter p in Fig. 3. Figure 3(a) shows that the semiaxis lengths
linearly degrade with increasing p. This characteristic leads to
a linear decrease of the BN in Fig. 3(b). The semiaxis length
ℵ1−D rapidly shrinks to

√
2/2 at p = 1−1/

√
2(1−Ξ)cos2γ ,

which causes a sudden disappearance of the BN in this case,
and one can use the traits of the QSE to determine that detec-
tion of the BN cannot be realized. Figure 4 visually displays
the shape of ℑ̃B−D for the disappearance of the BN (Ξ = 0.4
and γ = 0.2). The center of ℑ̃B−D moves along the nega-
tive orientation of the z-axis as p strengthens, as displayed in
Fig. 3(a). It deserves to be emphasized that the center of ℑ̃B−D

cannot puncture the center of the Bloch sphere, and ℑ̃B−D fi-
nally degenerates into a point at the center of the Bloch sphere.
These traits are different from those in Fig. 1(a). According to
the characteristics of the QSE, one can conjecture that the pu-
rity of ρ̃AB−D degrades with decreasing ℑ̃B−D, finally reaching

100305-5



Chin. Phys. B 32, 100305 (2023)

0.25 in Fig. 3(b). Meanwhile, the system’s FOC monotonously
decreases with increasing p and reduces to zero at p = 1 in
Fig. 3(b). One can always witness existence of FOC via the
QSE (except at p = 1).

Next let us turn to visualize the influences of the Unruh
effect on the FOC, BN and purity when considering a depolar-
izing channel. We give the QSE parameters, FOC, BN and pu-
rity with respect to γ in Fig. 5. In comparison with the results
in Fig. 1 (without considering the influence of a depolarizing
channel), it can be found that the depolarizing channel cannot
affect the trends of the QSE, FOC, BN and purity in Fig. 5. Of
particular note is that the BN more easily disappears (the criti-
cal case corresponds to γ = arcsec[

√
2−2Ξ(1− p)]) if we ad-

ditionally consider the effect of the depolarizing channel. The
reason for this can be visually explained using the QSE. That
is, the size of the QSE is smaller when considering the effect
of a depolarizing channel (as revealed in Eqs. (16) and (26))
and the semiaxis of ℑ̃B−D more easily reaches

√
2/2 under the

Unruh effect. In particular, note that the depolarizing channel
cannot affect the condition of the disappearance of FOC (the
critical case corresponding to γ = arccos[(1−Ξ)/(1+Ξ)]/2)
if p 6= 1. This phenomenon can be visually interpreted by the
fact that the condition for the center of the QSE reaching the
center of the Bloch sphere is not affected by the depolarizing
channel.
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Fig. 5. (a) The dependence of semiaxis lengths and ΞB−D on γ . (b) The
dependence of the FOC, BN and purity on γ . Ξ = 0.4, p = 0.05.

3.3. The collective influences of the non-inertial frames
and the NCGC

The NCGC is defined as a completely positive trace-
preserving map which does not generate quantum coherence
from an incoherent state.[88] Incoherent operation is a strict
subset of the NCGC.[88] The Kraus operators of a rank-2

NCGC are[88]

Ẽ0 =

(
e iη cosθ cosφ 0
−sinθ sinφ e iξ cosφ

)
,

Ẽ1 =

(
sinθ cosφ e iξ sinφ

e−iη cosθ sinφ 0

)
. (32)

Here, θ , φ , η and ξ are all real numbers. For simplicity,
η and ξ are supposed to be zero in this paper. The chan-
nel with the form of Eq. (32) is not an incoherent channel
unless sinφ cosφ sinθ cosθ= 0.[88] Assuming Bob’s state of
ρAB coupled to the NCGC, the final two-qubit state is ρ̃AB−N ,
namely,

ρ̃11−N =
1+ cos2φ(Ξ −1+ ccos2γ)

4
,

ρ̃22−N =
1− cos2φ(Ξ −1+ ccos2γ)

4
,

ρ̃33−N =
1+ cos2γ cos2φ

4
, ρ̃44−N =

1− cos2γ cos2φ

4
,

ρ̃14−N = ρ̃41−N =

√
1−Ξ cosγ cosθsin2

φ

2
,

ρ̃23−N = ρ̃32−N =

√
1−Ξ cosγ cosθcos2φ

2
,

ρ̃31−N = ρ̃13−N =

√
1−Ξ cosγ sinθ sin2φ

4
,

ρ̃24−N=ρ̃42−N =−
√

1−Ξ cosγ sinθ sin2φ

4
. (33)

The QSE of Bob is given by

ℑ̃B−N =


 0

0
ΞB−N

+

ℵ1−Nx1
ℵ2−Nx2
ℵ3−Nx3

 |x≤ 1

 , (34)

ΞB−N =
1
2

cos2φ [Ξ −1+(Ξ +1)cos2γ], (35)

ℵ1−N =
√

1−Ξ cosγ |cosθ | ,
ℵ2−N = |(Ξ −1)cos2φ |cos2

γ,

ℵ3−N =
√

1−Ξ cosγ |cosθ cos2φ | . (36)

For each subsystem, the FOC is

DA−N = 0,

DB−N = |ΞB−N |=
1
2
|cos2φ [Ξ −1+(Ξ +1)cos2γ]| . (37)

Based on this result, one can attain the FOC of ρ̃AB−N by using
the geometrical parameters of ℑ̃B−N , namely,

D2
AB−N =

D2
A−N +D2

B−N

2
=

1
2

Ξ
2
B−N . (38)

In the QSE formalism, the maximal CHSH violation of ρ̃AB−N

is

β (ρ̃AB−N) = 2
√

ℵ2
max +ℵ2

sec, (39)

where ℵmax and ℵsec are the longest and the second longest
semiaxes of ℑ̃B−N , respectly. The BN is BN(ρ̃AB−N) =

max{0,β (ρ̃AB−N)−2}. The purity of ρ̃AB−N is

Tr[ρ̃2
AB−N ] =

1
4
(1+Ξ

2
B−N +ℵ

2
1−N +ℵ

2
2−N +ℵ

2
3−N), (40)
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that is,

Tr[ρ̃2
AB−N ] =

1
4

(
2D2

AB−N +
β 2(ρ̃AB−N)

4
+1+ℵ

2
3−N

)
. (41)

To begin with, we visualize and capture the FOC, BN and
purity with different channel parameters θ in Fig. 6. From this
figure we can see that the semiaxis lengths ℵ1−N and ℵ3−N

periodically oscillate under the NCGC. The period of oscil-
lation is equal to π . However, the length of the y semiaxis
ℵ2−N is invariant with θ . Thereby, ℑ̃B−N periodically and al-
ternately changes between a three-dimensional ellipsoid and a
one-dimensional ellipse. We see that the BN first disappears,
then revives and reaches a maximum at θ = nπ (n = 0,1,2, ...)
(corresponding to the maximal lengths of the x and z semi-
axes). It is straightforward to show that the center ΞB−N of
ℑ̃B−N is invariant in this case, and one can always witness the
existence and invariance of FOC via the QSE, as described in
Fig. 6(b). The periodical oscillations of ℵ1−N and ℵ3−N visu-
alize a periodic oscillation in the purity of ρ̃AB−N .
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Fig. 6. The dependence of semiaxis length and ΞB−N on the channel
parameter θ . (b) The dependence of the FOC, BN and purity on θ .
Ξ = 0.4, γ = 0.2, and φ = π/20.

Next, we further visualize the FOC, BN and purity for
various values of φ . One can see from Fig. 7 that the length
of the x semiaxis is invariant. ℵ2−N and ℵ3−N periodically
oscillate and achieve a maximum if φ = nπ/2. Notably, the
center of ℑ̃B−N is not invariant with various values of φ , and
the center of ℑ̃B−N punctures the center of the Bloch sphere at
φ = nπ/2. One can use the trait of the QSE to visualize and
determine that the invariance of the FOC cannot occur, and
the FOC periodically oscillates and reaches zero at φ = nπ/2
in Fig. 7(b) (the results are remarkably different from those in
Fig. 6(b)). Also, the tendency of the purity in Fig. 7(b) is fully

correlated with the trait of FOC due to the periodic oscillations
of ℵ2−N , ℵ3−N and ΞB−N in Fig. 7(a).
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Fig. 7. (a) The dependence of semiaxis length and ΞB−N on the chan-
nel parameter φ . (b) The dependence of the FOC, BN and purity on φ .
Ξ = 0.4, γ = 0.2, and θ = π/20.
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Fig. 8. (a) The dependence of semiaxis length and ΞB−N on γ . (b) The
dependence of the FOC, BN and purity on γ . Ξ = 0.4, θ = π/20, and
φ = π/20.

Finally, we direct our attention to explore the influences
of the Unruh effect on the FOC, BN and purity under the
NCGC. The dependence of the QSE parameters, FOC, BN
and purity on γ are demonstrated in Fig. 8. Comparing Fig. 8
with Fig. 1, it can be concluded that the NCGC cannot influ-
ence the tendencies of the QSE, FOC, BN and purity. How-
ever, the NCGC can reduce the size of the QSE (as uncov-
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ered in Eqs. (16) and (36)), which means that the BN disap-
pears at a weaker γ under the additional effect of the NCGC,
as shown by the green curve in Fig. 8(b). Beyond this, one
can reveal from Eqs. (15) and (35) and Figs. 1 and 8 that
the condition of ΞB−N = 0 (when the QSE reaches the cen-
ter of the Bloch sphere) is not influenced by the NCGC if
cos2φ 6= 0. For this reason, the NCGC cannot affect the condi-
tion of the disappearance of FOC (the critical case correspond-
ing to γ = arccos[(1−Ξ)/(1+Ξ)]/2) in this scheme.

4. Conclusions
We obtain the form of the QSE under the non-inertial

frame, and also derive the QSE of the system coupled to the
depolarizing channel and the NCGC, respectively. The FOC,
BN and purity are visualized and detected via the QSE. To be
specific, the distance from the center of the QSE to the center
of the Bloch sphere visualizes the FOC of a bipartite system.
The lengths of the x and y semiaxes visualize the BN of the
system. The shape of the QSE and its position dominate the
purity of system. Beyond this, the conditions for the disap-
pearance of the FOC and BN can be directly obtained by the
characteristics of the QSE, and one can capture the FOC, BN
and purity by using the shape and position of the QSE. That
is, FOC will suddenly disappear if and only if the QSE moves
to the center of the Bloch sphere, no matter what shape the
QSE is. The BN will disappear if and only if the length of the
x or y semiaxis is equal to

√
2/2, no matter where the QSE

is in the Bloch sphere. The purity can reach 0.25 if and only
if the QSE degenerates into a point at the center of the Bloch
sphere. Under a non-inertial frame, the QSE moves along the
negative orientation of the z-axis and shrinks with enhancing
acceleration. This characteristic visualizes the decrease of the
BN and purity. Notably, due to the result that the center of the
QSE can puncture the center of the Bloch sphere if the acceler-
ation is strong, the vanished FOC can revive at high accelera-
tion. Considering the depolarizing channel, the QSE monoton-
ically shrinks and finally degenerates into a point at the center
of the Bloch sphere. This phenomenon is responsible for the
monotonous degeneration of the FOC, BN and purity. Under
the effect of the NCGC, the shape of the QSE periodically os-
cillates with increasing channel parameters θ and φ . These
traits visualize the periodical oscillations of the BN and purity
with increasing θ and φ . It deserves to be emphasized that the
center of the QSE is invariant with various θ , which reflects
the invariance of FOC. Moreover, our results reveal that the
depolarizing channel and NCGC can decrease the size of the
QSE, and cannot influence the condition for the QSE reaching
the center of the Bloch sphere (if p 6= 1 or cos2φ 6= 0). That
is to say, the BN is more fragile when considering the addi-
tional effects of a depolarizing channel and the NCGC. The

condition for the disappearance of FOC is invariant when con-
sidering the depolarizing channel and the NCGC as additional
influences.
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