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The U(1) symmetry of the XXZ central spin model with an arbitrary central magnetic field B is broken, since its
total spin in the z-direction is not conserved. We obtain the exact solutions of the system by using the off-diagonal Bethe
ansatz method. The thermodynamic limit is investigated based on the solutions. We find that the contribution of the
inhomogeneous term in the associated T—( relation to the ground state energy satisfies an N~ ! scaling law, where N is the
total number of spins. This result makes it possible to investigate the properties of the system in the thermodynamic limit.
By assuming the structural form of the Bethe roots in the thermodynamic limit, we obtain the contribution of the direction
of B to the ground state energy. It is shown that the contribution of the direction of the central magnetic field is a finite
value in the thermodynamic limit. This is the phenomenon caused by the U (1) symmetry breaking of the system.

Keywords: integrable spin chain, Bethe ansatz, T—Q relation, central spin model, thermodynamic limit
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1. Introduction

The central spin or Gaudin model!!! describes a single
spin coupled to a bath of spins (see Fig. 1), and has played
an essential role in condensed matter physics,>?! ultracold
atoms, ¥ quantum optics and quantum information.>=! The
Hamiltonian of the XXZ central spin model with an arbitrary
central magnetic field B reads

N
H =B'c{ +B'0) + B‘o{ + ) Ai(0] 0} + 0] 0} ) + Acoi o,
(=2

ey

where B® = rsin(0)cos(¢) , B* = rsin(0)sin(¢), B* =
rcos(0), 6 € [0,x], ¢ € [0,2x] and r > 0; o = {0*,07,0%}
are the Pauli matrices, and o+ = %(0')‘ +i0”); the number of
spins in the bath is N — 1; Ay, is the coupling amplitude, and Ay,
is the longitudinal interaction. The model is integrable for the
coupling constant A; and A with a constraint.[19-15]

For the 0 = 0 case, the eigenvalues and eigenstates of the
Hamiltonian (1) can be exactly solved by the algebraic Bethe

16,17 Baged on the exact solutions, on the one

ansatz method.!
hand, an efficient technique has been devised for the numeri-
cal solution of the Bethe ansatz equations (BAEs);!'3! on the
other hand, the thermodynamic limit of the models is a sub-
ject of intense research.!'®3 For the 6 # 0 case, the inte-

grability and solutions of the model have been studied when
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Fig. 1. The XXZ central spin model with an arbitrary central magnetic
field B.

In this paper, we consider the coupling constant A; =
2

%, and A, = ;—‘gz In this case, the model is integrable.

Bly uksing the off—di;ggnal Bethe ansatz (ODBA) method, 262!
we derive the energies, eigenstates and Bethe ansatz equations
of the model. In addition, we give numerical evidence that the
whole spectrum and eigenstates are obtained by the ODBA
method. Using the energies and Bethe ansatz equations, we
study the thermodynamic limit of the XXZ central spin model
with an arbitrary central magnetic field. It is found that the
contribution of the inhomogeneous term in the associated 7—

Q relation to the ground state energy satisfies an N~! scaling
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090307-1


https://doi.org/10.1088/1674-1056/acb426
mailto:haoke72@163.com
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn

Chin. Phys. B 32, 090307 (2023)

law, where N is the number of spin particles. This fact enables
us to investigate the properties of the system when N tends to
infinity. By assuming the structural form of the Bethe roots
for N — oo, we calculate the contribution of the direction of B
to the ground state energy, i.e., Eg = r(1 —|cos(0)|). For the
r#0, 0 #0, and 8 # 7 case, the contribution of the direc-
tion of the central magnetic field does not reduce to zero when
N — oo,

The paper is organized as follows. We derive the Bethe
ansatz solutions of the XXZ central spin model with an arbi-
trary central magnetic field in Section 2. In Section 3, we focus
on the contribution of the inhomogeneous terms to the ground
state energy. In Section 4, based on the finite-size effects of
the system, we study the thermodynamic limit of the model.
We summarize and discuss our results in Section 5.

2. Bethe ansatz solutions
2.1. Integrability of the model

The integrability of the Hamiltonian (1) is associated with
the rational R-matrix

R; j(u) =u+nk;, ()

where u is the spectral parameter, 1 is the crossing (quasi-
classical) parameter, and P is the permutation operator

1000

0010
P=1lo100| @)

0001

Here and below, we adopt the standard notation: for any oper-
ator O € End(V'), O, is an embedding operator in the tensor
space VRV®-- -,
an identity on the other factor spaces; R; ;(u) is an embedding

which acts as O on the j-th space and as

operator of the R-matrix in the tensor space, which acts as an
identity on the factor spaces except for the i-th and j-th ones.

The R-matrix satisfies the Yang—Baxter equation?%2°]
Rio(u—=v)Ri3(u)R23(v) = Ry3(v)R13(u)R12(u—v), (4)

and possesses the following properties:

Initial condition : R;2(0) = NP 2, )
Unitarity relation : Ry »(u)Ro,1(—u) = —p(u)id, (6)
Crossing relation : Ri»(u) = VlRtﬁz(—u -mVi, (7
Quasi-classical property : R(u)|p—0 = u x id, (8)
Antisymmetry : Rj2(—1n)=-n(1—Pi2) = —271Pl 2 )
Here p(u) = (u+n)(u—m), V = —ic”, Ryi(u) =

P1_’2R172(M)P112. Pl(:'ZZ) = (1/2){1 :FP1_’2} is the antisymmetric
(symmetric) projection operator in the tensor product space

V ® V. The subscript #; denotes the transpose in the 2nd
quantum space.
In this paper, we consider the reflection matrix K~ (u),

K™ (u) = (8 _Ou)7 (10)

which satisfies the reflection equation (RE)
Ri2(u—v)K; (w)R2 1 (u+v)K, (v)
= K, (V)Ri2(u+v)K; (u)Ra,1 (u—v), (11
and the general non-diagonal matrix K™ (u),
K*(u) =&+ u+nhy-o, h3=1, (12)
which satisfies the dual RE
Ri2(u—v)K] (v)Ro 1 (—u—v—21)K; (u)
= K ()R 2(—u—v—20)K{ (V)R (u—v). (13)

The parameters E and h; can depend on the crossing param-
eter 1. Expanding E and h, with respect to 1, we have the
following expressions:

E=cUn+om?), (14)
() héz)" 2 3
I =hy "+ =S+ 0, (15)
(Z)y
Wy =150+ 2+ 0m’), (16)
h(z)z
h§=1f+5%fn2+CXn3) 17)

To describe the system, we introduce the one-row mon-
odromy matrices

To(u) =Ron(u—en)Ron—1(u—&en—1)---Ro1(u—&), (18)
To(u) =Rio(u+€)--Ry_10(u+ev_1)Ryo(u+ey), (19)

and the double-row monodromy matrix
Uo(u) =

Here, {¢;,j=1,...
The transfer matrix is given by

t(u) = tro{Ky (u)Uo(u)}, (21)

where trg denotes the partial trace in auxiliary space. Follow-

A

To(u)Kyy (u)To (u)- (20)

,N} are the inhomogeneous parameters.

ing the same procedure as in Ref. [10], one can obtain the
commutativity of the transfer matrices with different spectral
parameters

[1(u),2(v)] = 0. (22)

This ensures the integrability of the model described by the
Hamiltonian (1). The Hamiltonian (1) can be obtained by

1 due/m)

H =
No(e—&)TY (e1+&) €dn In=0
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—Z( il ) 23)

& — & 81+8k

The central magnetic field B in the Hamiltonian is described
by the parameters in the K-matrices (10) and (12)

B =—ig/h\'”, B’ =ighl =eM. (4

2.2. Energy spectrum and Bethe ansatz equations

In our current model, the K-matrices K () (10) and
K" (u) (12) do not commute. This leads to the fact that they
cannot be diagonalized simultaneously (corresponding to the
arbitrary central magnetic field). Therefore there is no obvious
reference state of the system. The standard algebraic Bethe
ansatz cannot be performed on this model. With the help of
the ODBA method, 2! we construct the inhomogeneous T-Q
relation

) G et m s

where the function Q(u) is parameterized by N parameters

(glj=1,...,N}

; (25)

N
O(u) = Ju—M)(u+2+n) =

1

Q(—u—mn), (20)

Il
-

and the functions a(u), d(u), F
by

(u) and the constant ¢ are given

N
Zutan, OTJw+ea+n)(w—e+n), @7

alu
(1) = Sy vl ]

Table 1. Solutions of BAEs (32) for the case of N =4, {g =exp(l — (k—1)/N),k=1,2,..

- 2u N
d(u):2u+n(u+n)(u+n II;I1M+EI Yu—g)
=a(-u—n), (28)
N

F(u)= H(M+€1)(”—€z)(“+8z +n)(u—g+mn), (29
=1

=2(h5—1). (30)

Based on the construction of the Hamiltonian equa-
tion (23), the energy spectrum can be derived from Eq. (25),

N

2¢?
- ; (€2))]
Lo n

E = rcos(

e
0)+

2 2
i—2 & &

and the Bethe roots {44k =1,...
Bethe ansatz equations (BAEs)

,N'} need to satisfy a set of

1—rcos(8) X 1 1
S _,;(lm+£k+lm—sk)

*Z(m i Ai/y)

k#m
(At &) (A — &)

rsin(0)? [T
2¢? mnl;ém( —X)(Am + A1)

The numerical solutions of the BAEs (32) and the cor-
responding eigenvalues (energy spectrum) and eigenstates of
the Hamiltonian (1) for N = 4 are shown in Table 1. These
numerical simulation results show that the BAEs (32) give the

=0. 32)

complete spectrum and eigenstates of the XXZ central spin
model with an arbitrary central magnetic field B.

LN} r= V2, 0= /4, ¢ = /3. The symbol n

indicates the number of eigenvalues, and E, is the corresponding energy. The energy E, calculated from Eq. (31) is the same as that from the

exact diagonalization of the Hamiltonian (1).

A

A

A

2.5340 — 0.00001i
2.5378 —0.00001
0.0357 — 0.0000i
1.4347 —0.00001
0.0000+7.10441i
0.0459 +0.00001i
0.0779 +0.0000i
1.8758 —0.00001
0.0000+1.5783i
1.4116 —0.00001
1.9223 +0.0000i
0.0208 — 0.00001
1.4507 +0.0000i
0.0000+0.01641i
0.0159 — 0.00001
7.5242 —10.0807i

5.2448 +0.0000i
3.3617+0.0000i
2.4464 4 0.0000i
2.3655 —0.00001i
0.0000 —0.76551
1.8551+40.0000i
1.4048 +-0.00001i
4.5410 — 0.00001
0.0000+-0.0261i
4.8134 —0.00001i
5.1640 — 0.00001
5.4871+40.0000i
4.9474 —0.00001i
0.0000 +4.3452i
5.3534+4-0.0000i
7.5242410.0807i

3.2728 —4.3238i
0.0000+7.1505i
0.0000 4 7.0824i
0.0000+7.1202i
1.7426 — 0.15571
0.0000+-3.9170i
0.0000+4.3178i
0.0000+7.2122i
0.1361 —6.0292i
0.0000+7.2495i
3.0613 —3.78091
0.0000+-7.4128i
2.9169 —3.2725i
4.8658 —1.8970i1
3.3592 —3.46631
11.2114 —3.3813i

3. Finite-size effects

From now on, we consider the system with Ay > 0 and
Ar > 0. This corresponds to the parameter configuration

A4 E, n
3.2728 +4.3238i —8.5582 1
0.0000+-0.03911 —7.6410 2
0.0000 + 3.26661 —7.1886 3
0.0000 + 0.5340i —6.7823 4
1.7426 4-0.15571 —2.3488 5
0.0000 + 6.98571 —0.2465 6
0.0000 +6.9018i 0.8440 7
0.0000 4+ 0.04351 1.4610 8
0.1361 +6.02921 2.2401 9
0.0000 4 0.08621 2.3642 10
3.0613 4-3.78091 2.6470 11
0.0000 + 1.96441 3.5101 12
2.9169 +3.2725i 3.8581 13
4.8658 +1.8970i1 4.5956 14
3.3592 4 3.4663i 4.7109 15
11.2114 4+ 3.3813i 6.5345 16

{e1>¢€>0,i=2,...,N}or{eg <¢g<0,i=2,...,N}. From

Egs. (31) and (32), one can conclude that {& > & > 0,i =

2,...,N} is equivalent to {& < & < 0,i =2,...,N} for the

090307-3
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system. For the homogeneous cases, we have & =& =--- =
&y. For the inhomogeneous cases, without loss of generality,
we assume £ > & > & > --- > &y > 0.

From Egs. (31) and (32), we know that the parameter ¢
makes no contribution to the energy expression. Therefore, let
us set ¢ = 0, and the Hamiltonian becomes

N
H = rsin(8)o} +rcos(0)of + Y Ac(oio} + 67 6})
k=2
+AGi G (33)

For 6 € [0, 7/2], the Hamiltonian possesses the property

UHU™" = rsin(m— 0)o7 +rcos(w — 0)o7
N
+ Y Au(ofo} +0)c)) + Aoiof,  (34)
k=2
where U = Hﬁvzl c;. Thus, all we need to do is to research the
parameter 0 € [0,7/2]. Firstly, we study the case of 6 =0,
setting the stage for the 6 # 0 case.

3.1. The 6 = 0 case

For the 6 = 0 case, the total spin in the z-direction is con-
served. The energy spectrum is

N 2 M 2
_ € 2¢e
RS S g

2 2 VR
Se g [TiE

(35)

and the associated BAEs are as follows:

1—r

27—§: L
A k=1 2fm'f'gk 2fm_gk

2 2
=0. 36
*k;,(zmxﬁzmm) 0

The system is a single spin coupled to N — 1 bath spins

by inhomogeneous antiferromagnetic couplings (A; > 0 and
Ay > 0). The numerical solutions of BAEs (36) and the cor-
responding eigenvalues (full energy spectrum) of the Hamilto-
nian (1) for N = 3 are shown in Table 2. We also give the nu-
merical solutions of the ground state energy for larger system
sizes (N =4, 8, 12, 16, 20, 24), in Table 3. One can obtain
the lowest energy state in the subspace M = 1 and a certain

[30-32

range of Bethe root. 1 For the ground state of the system,

the BAE is

1-r ¥ 1 1
2— _k):l(MJrH). (37
The left hand side of BAE (37) has a finite value for a fi-
nite » and a nonzero A. This indicates that the right hand
side of BAE (37) also has a finite value when N is a finite
value or N — oo. Taking N — oo for Eq. (37), {A — &,k =
1,2,3,...,N — 1} should be the Bethe roots. Thus, in the ther-
modynamic limit, we can assume A = & — & and & > 0. It

is obvious that the system has the least energy when A — €.
Substituting A = € — & into Eq. (37), we obtain

S lor (1 1
81—5 281—6 )

_i( 1, _ 1 )—o (38)
S\e+e-6 e-g-6)

Noting that § — 0 when N — oo, one can obtain

1—r 11 N 1 1
A L =0.
£ <2£1 6) ,;2(81+8k+81—€k—5>

(39)

To keep the equality, € — & must be greater than 2.
Making the series expansion for #, we get

N +oo 1
(3—2r)6+1—2 0 +Z< 0 ) =0.
2e; € o\ata S\a—&

(40)
For [ = 1, one can obtain
1 1-r 1 Y 2g
—=— +—4+) ——. 41
5 e 2¢ k:ZZ el —¢? @b

Table 2. Solutions of BAEs (36) for the case of N = 3, {& = exp(l —
(k—1)/N),k=1,2,...,N}, r =+/2, 8 = 0. The symbol n indicates the
number of eigenvalues, and E, is the corresponding energy. The energy
E, calculated from Eq. (35) is the same as that from the exact diagonal-
ization of the Hamiltonian (1).

A A A3 E, n
2.4618 +0.0000i - - —6.2955 1
2.3486+-0.0000i 0.7367 +0.0000i - —5.2205 2
1.5781+0.2387i 1.5781 —0.2387i - —1.0020 3
0.5170—0.00001 0.0000+ 1.87111i - 1.3952 4
1.6850 — 0.0000i - - 1.5792 5
0.5513 —0.0000i 0.0000+2.2371i 6.3440—0.0000i 1.9989 6
0.6204 — 0.00001 - - 27174 7

- - - 4.8273 8

Table 3. Solutions of BAEs (36) for the case of {g = exp(1 — (k —
1)/N),k=1,2,...,N},r=+/2, 8 = 0. The symbol A indicates the Bethe
root of the ground state, and E is the corresponding energy. The ground
state energy E calculated from (35) is the same as that from the exact
diagonalization of the Hamiltonian (1).

N A E

4 2.5375 —8.7321

8 2.6398 —19.2911
12 2.6699 —30.7267
16 2.6838 —42.7544
20 2.6918 —55.2302
24 2.6969 —68.0668

3.2. The 0 # 0 case

For the 6 # 0 case, the U(1l) symmetry of the sys-
tem is broken. The corresponding BAEs (32) obtained from
the ODBA method have a much more complicated struc-
ture, which makes it difficult to approach the thermodynamic
limit of the model. On this question, we have made some

090307-4
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progress.’%311 To study the contribution of the inhomoge-
neous term (the last term of Eq. (25)) to the ground state en-
ergy, we first consider the 7—Q relation without the inhomo-
geneous term, i.e.,

Q(u+n)
Ou)

The function Q(u) is parameterized by M parameters {A;|j =
l,...,N}

+d(u) (42)

M
Q) =JJu—A)(u+x+n)=0(-u—m).  43)

Using the same procedure, we obtain
M

0)+ Z X 2w
82 — 82 ~ e — A2

1—rcos(8) & ( 1 1 >
g LT FCOSY)
lm kgl A'm‘i’gk—i_km*gk

2
+ =0. 45)
](;n <A'm lk >

),m + A
We remark that, for a finite N and 6 # 0, E is different
from the exact eigenvalue E given by Eq. (31). To study the

—rcos

difference between E and E, we define
AE =F—E. (46)

The AE is the contribution of the inhomogeneous term in the
associated 7—Q relation to the energy spectrum.

(a) 6=m7/4 (b) 6=m/2

0.15

o Data 0.3 o Data
Curve fit Curve fit

0.10 0.2
S &
< <

0.1
0.05
0 10 15 20 25 00 10 15 20 25
N N
—1.5 —1.0
o Data o Data

~ —-2.0 Curve fit ~ —-1.5 Curve fit
B 25 B 20
i i
= —3.0 = —25
~ _35 ~ 3.0

—4.0 —3.5

1.5 2.0 2.5 3.0 3.5 1.5 2.0 2.5 3.0 3.5
In(N) In(N)

Fig. 2. The contribution of the inhomogeneous term to the ground state
energy AE versus the spin particles N. The data can be fitted as AE = yN/ p
[or In(|AE|) = pIn(N) +q]. Here r = /3, {gy = exp(1 — (k— 1) /N),k =
1,2,...,N}, ¢ =0, (a) 6 = /4, y=0.5955 and B = —0.9633; (b)
0 =m/2, y=12.0470 and B = —1.1350. Due to the fact that § < O [or
p < 0], when N tends to infinity, the contribution of the last term tends to
zero.

Similar to the 68 = 0 case, for the ground state of the sys-
tem, we have M = 1 and the BAE becomes

lfrcos 1
O Y () 0 @)

The values of AE versus the number of spins N are shown

in Fig. 2. It indicates a power law (N~! scaling law) (Based

[30-321 we know that the contribution of

on the previous works,
the inhomogeneous term to the energy can have power decay
or exponential decay, when N tends to infinity. In our cur-
rent work, the contribution of the inhomogeneous term to the
energy has power decay AE = yYNP, (B~ —1), N — co. We
call it the N1 scaling law.) relation between AE and N, i.e.,
AE = ')/Nﬁ . As B ~ —1, the value of AE tends to zero when
N — oo. Thus, we can study the properties of the system in the
thermodynamic limit via the BAE (47).

It is obvious that {A — &k = 1,2,...,N} should be the
Bethe roots for N — co. From Eq. (44), the system has the least

energy when A — g;. Substituting A = £ — §’ into Eq. (47),

(3—2rcos(9)) & +1

2¢€; €1

N s +oo §' !
_ =0. 48
Z €+ & ;(&—&}) (48)

Considering the [ = 1 case, one can obtain

1 1 1—rcos(0) X 1 1
— ) . (49
P 2¢1 € + Z €+ & * € — & “9

k=2
4. Contribution of 0 to the ground state energy

we have

In order to study the contribution of the direction of the
central magnetic field to the ground state energy, we define

1 1

0 €[0,7m/2], (628

Eg =E, —Ey ~ rcos(6) —

Then we have
Eg =r(1—cos(0)),

in both the homogeneous and inhomogeneous cases. Consid-
ering the Hamiltonian possesses the property (34), one can ob-
tain

Eg=r(1—|cos(B)]), 6€]0,n]. (52)

For the » # 0, 6 # 0 and 6 # 7 case, the direction of the cen-
tral magnetic field contributes nonzero values to the ground
state energy in the thermodynamic limit. By using the rela-
tion (52), one can calculate the contribution of the direction
of the central magnetic field to the ground state energy. The
results are shown in Fig. 3, where the lines are the energy Ey
calculated by using the relation (52) and the green stars are
data obtained by employing the BST algorithms!**! to solve
the energy Eg of the Hamiltonian (1) in the thermodynamic
limit. Specifically, for one of the green stars, we first calculate
the ground state energy Eq(N) with N =4,...
ical diagonalization. Then, the large-N extrapolation of the

,24 by numer-
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energy Eq(N) was performed using BST algorithms from the
sequence Eq(4) — Eq(4), Eq(6) — Eg(6), ..., Eg(24) — Eq(24).
From Fig. 3, we can see that the analytical and numerical re-

sults agree with each other very well.

(a) Homogeneous case (b) Inhomogeneous case

—r=04
ik 72
rof "TV2/2 0.8 re
S Sos /N
0.5 VAN 0.4 / \
SN\ 0.2 //\\
P Zllin |z N\
0 1,2 3 0 e 3

Fig. 3. The energy spectrum Eg versus the parameter 6. The curves
are calculated from Eq. (52), while the green stars are obtained from the
Hamiltonian (1) with the BST algorithms. Here (a) & = 1.8, & = &y =
0.7; (b) & =exp(l — (k—1)/N), k=1,2,...,N.

The integrable models with U(1) symmetry breaking
caused by the direction of magnetic fields can be divided into
two categories: One is where the model has a special direction,
and the external magnetic field does not follow that direction
(see Fig. 1); the other is the model with unparallel boundary
magnetic fields (see Fig. 4). For the first category, the contri-
bution of the direction of the magnetic field to the ground state
energy is a finite value.3*-3%! For the second category, the con-
tribution of the relative angle between the boundary magnetic
fields to the ground state energy reduces to zero in the thermo-

dynamic limit.[3031]

z
A
hy

Fig. 4. The model with unparallel boundary fields.

From the point of view of the T—Q relation, when the
parameters reflecting U (1) symmetry breaking only appear in
the inhomogeneous terms, the U(1) symmetry breaking does
not affect the properties of the system in the thermodynamic
limit if the inhomogeneous terms can be ignored under the
limit. However, when the parameters reflecting U (1) symme-
try breaking appear in both the homogeneous and inhomoge-
neous terms, the effect of U(1) symmetry breaking still exists
in the thermodynamic limit even if the inhomogeneous terms
can be ignored in the limit.

5. Conclusion

In this paper, by using the off-diagonal Bethe ansatz
method, we have presented the energy spectrum (31) and
Bethe ansatz equations (32) of the model. In addition, we have

given numerical evidence that the whole spectrum and eigen-
states are obtained by the off-diagonal Bethe ansatz method.

Using the energies (31) and Bethe ansatz equations (32),
we have studied the thermodynamic limit of the XXZ central
spin model with an arbitrary central magnetic field. It is found
that the contribution of the inhomogeneous term in the associ-
ated T—Q relation to the ground state energy satisfies an N~
scaling law, where N is the number of spin particles. This fact
enables us to explore the properties of the system in the ther-
modynamic limit. By assuming the Bethe roots A = & — &,
the contribution of the direction of B to the ground state en-
ergy is given by Eg = r(1 —|cos(0)|). For the r £0, 8 #0
and 0 # 1 case, the contribution of the direction of the central
magnetic field is a nonzero value. Our work provides a sim-
ple and powerful tool to study the thermodynamic limit of the
integrable model without U (1) symmetry.
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