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The (2+ 1)-dimensional elliptic Toda equation is a high-dimensional generalization of the Toda lattice and a semi-
discrete Kadomtsev–Petviashvili I equation. This paper focuses on investigating the resonant interactions between two
breathers, a breather/lump and line solitons as well as lump molecules for the (2+ 1)-dimensional elliptic Toda equation.
Based on the N-soliton solution, we obtain the hybrid solutions consisting of line solitons, breathers and lumps. Through
the asymptotic analysis of these hybrid solutions, we derive the phase shifts of the breather, lump and line solitons before
and after the interaction between a breather/lump and line solitons. By making the phase shifts infinite, we obtain the
resonant solution of two breathers and the resonant solutions of a breather/lump and line solitons. Through the asymptotic
analysis of these resonant solutions, we demonstrate that the resonant interactions exhibit the fusion, fission, time-localized
breather and rogue lump phenomena. Utilizing the velocity resonance method, we obtain lump–soliton, lump–breather,
lump–soliton–breather and lump–breather–breather molecules. The above works have not been reported in the (2+ 1)-
dimensional discrete nonlinear wave equations.
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1. Introduction
The Toda lattice originally describes the motion of a chain

of particles with exponential interactions between the near-
est neighbors of particles, which has important applications in
molecular dynamics,[1] statistical mechanics,[2,3] biology,[4,5]

optics,[6] string theory,[7] two-dimensional gravity[8,9] etc.
The (1+1)-dimensional Toda lattice equation has the follow-
ing form:[10]

vtt(n) = ev(n−1)−v(n)− ev(n)−v(n+1), (n ∈ Z), (1)

where we denote v(n, t) as v(n), and v(n) represents the mo-
tion of the n-th particle in the chain. The (2+1)-dimensional
elliptic Toda lattice is obtained by the natural dimensional gen-
eralization of Eq. (1) as follows:

∆v(n) = ev(n−1)−v(n)− ev(n)−v(n+1), (n ∈ Z), (2)

where ∆ = ∂xx + ∂yy is a two-dimensional Laplacian operator.
Here we denote v(n,x,y) as v(n) for simplicity. In 1983, the
exact Bessel-type solutions of the (2+ 1)-dimensional ellip-
tic Toda Eq. (2) were obtained by applying Hirota bilinear
method.[11] In Ref. [12], line solitons and instantons of the
(2+ 1)-dimensional elliptic Toda equation were obtained by
the inverse scattering transform method. Reference [13] estab-
lished a relation between the (2+1)-dimensional elliptic Toda
lattice and the Ablowitz–Ladik hierarchy. In Ref. [14], an im-
proved representation of N-soliton solution for the (2 + 1)-
dimensional elliptic Toda equation was obtained. Further-
more, rational and N-breather solutions were derived. Utiliz-

ing the symbolic computation, three classes of lump solutions
for the (2+ 1)-dimensional elliptic Toda equation were con-
structed in Ref. [15]. More recently, N-soliton, M-breather
and lump solutions of the (2 + 1)-dimensional elliptic Toda
equation have been investigated by the Bäcklund transforma-
tion and nonlinear superposition formula,[16] which provides
the possibility to obtain more hybrid solutions.

The nonlinear localized waves such as line solitons,[17,18]

breathers,[19] lumps[20,21] and rogue waves widely exist in
various nonlinear physical systems such as nonlinear op-
tics, oceanography, Bose–Einstein condensates, and plasma
physics. In the system with two spatial dimensions, the peak of
the line soliton maintains its peak transversely on a planar line,
so the line soliton is also called long crested wave in physics.
The lump has two-dimensional localized structures,[22] which
decays algebraically in all directions. The breather is partially
localized and periodic in space or time.[23] The interactions
among the two-dimensional localized waves exhibit diverse
and complicated nonlinear wave phenomena,[24] which have
important applications in physics and engineering.[25,26] Res-
onant interactions between solitary waves contribute to the
formation of various surface-wave patterns and instantons in
the quantum field theory. Miles initially investigated the res-
onant interaction between line solitons in KP-II equation and
showed the Y-shape waveforms are formed during the reso-
nant interaction between two line solitons.[27,28] Subsequently,
more general web-shaped waveforms were observed in a cou-
pled KP (cKP) system[29,30] and KP-II equation.[31] Although
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the multi-line solitons of the KP-I equation can not realize the
resonant interaction, the breathers of the KP-I equation can
form the web-shaped waveforms.[32] Johnson and Thompson
gave a resonant solution of a lump and a line soliton for KP-I
equation.[33] During the partial resonant interaction between
a lump and a line soliton, the lump exhibits two different dy-
namical behaviors.[34,35] One is the lump fuses into the line
soliton, which is called fusion. The other is the lump sepa-
rates from the line soliton and keeps its shape and velocity
unchanged, which is called fission. Rao et al. investigated
the complete resonant interactions among the lumps and line
solitons/breathers in KP-I equation.[36,37] In this case, lumps
separate from one line soliton/breather and fuse into the other
line soliton/breather. The dynamical behaviors of these lumps
are similar to the rogue waves in the ocean, so these lumps
are called rogue lumps. The resonant interaction between
the breathers and line solitons in Mel’nikov equation, KP-
I equations and (2+ 1)-dimensional asymmetrical Nizhnik–
Novikov–Veselov equation as well as the resonant interaction
between breathers in two-dimensional multi-component long-
wave–short-wave resonant interaction system were studied in
Refs. [38–41]. In this paper, we investigate the resonant in-
teraction among the line solitons, breathers and lumps for the
(2+1)-dimensional elliptic Toda equation.

The concept of soliton molecules is proposed in optical
system, which refers to the formation of bound states between
solitons.[42–44] Soliton molecules can improve the carrying ca-
pacity of optical fiber. Experimentally, the internal dynamics
of soliton molecules are intensely studied by means of real-
time ultrafast measurements.[45–48] The soliton molecules, the
breather molecules and breather–soliton molecules have been
observed in mode-locked fiber lasers.[49–51] Soliton molecules
are involved not only in optics, but also in physical fields such
as Bose–Einstein condensates,[52] oceanography,[53] etc. In
Ref. [54], Lou proposed a new mechanism to form soliton
molecules by introducing velocity resonance, which provides
an effective method for the study of soliton molecules. Besides
the line soliton molecules, other types of soliton molecules
such as dark soliton molecules, kink–kink molecules, dromion
molecules, breather molecules, breather–soliton molecules,
lump–breather–soliton molecules are also obtained by utiliz-
ing the velocity resonance method,[55–59] which enrich the
bound state phenomena of nonlinear localized waves. In
this paper, we investigate lump–soliton, lump–breather, lump–
soliton–breather, and lump–breather–breather molecules for
the (2+1)-dimensional elliptic Toda equation.

This paper is organized as follows. In Section 2, we in-
vestigate the resonant interaction between two y-breathers for
the (2+1)-dimensional elliptic Toda equation, and show that
the resonant interaction between two y-breathers exhibits the
fusion and fission phenomena by analyzing the asymptotic
forms of the resonant solution. In Section 3, we study the
resonant interaction between a y-breather and line solitons ar-
ranged in the y direction for the (2+ 1)-dimensional elliptic

Toda equation. We demonstrate the resonant interactions be-
tween a y-breather and a line soliton/two line solitons arranged
in the y direction exhibit the fusion, fission and time-localized
breather phenomena by analyzing the asymptotic forms of
the resonant solutions. In Section 4, we investigate the res-
onant interaction between a lump and line solitons arranged
in the y direction for the (2 + 1)-dimensional elliptic Toda
equation. We demonstrate the resonant interactions between
a lump and line solitons arranged in the y direction exhibit
the fusion, fission and rogue lump phenomena by analyzing
the asymptotic forms of the resonant solutions. In Section 5,
we obtain lump–soliton molecule, lump–breather molecule,
lump–soliton–breather molecule and lump–breather–breather
molecule for the (2 + 1)-dimensional elliptic Toda equation
by applying the velocity resonance method. A summary and
discussion is given in Section 6.

2. Resonant interactions between two yyy-
breathers
In this section, we construct the resonant solution consist-

ing of two y-breathers. Through the asymptotic analysis of the
resonant solution, we show the resonant interaction between
two y-breathers exhibits the fusion and fission phenomena.

By introducing u(n) = ev(n−1)−v(n), Eq. (2) can be rewrit-
ten as follows:(

∂ 2

∂x2 +
∂ 2

∂y2

)
lnu(n) = u(n+1)−2u(n)+u(n−1), (3)

where we denote u(n,x,y) as u(n). Through the transforma-
tion

u(n) =
f (n+1) f (n−1)

f (n)2 , (4)

Eq. (3) can be transformed into the bilinear form

(D2
x +D2

y) f (n) · f (n) = (2eDn−2) f (n) · f (n),

where we denote f (n,x,y) as f (n).
The N-soliton solution of the (2+1)-dimensional elliptic

Toda equation has been derived by the Bäcklund transforma-
tion and nonlinear superposition formula[16]

u(n) =
f (n+1) f (n−1)

f (n)2 , (5)

where

f (n) = ∑
µ=0,1

exp

(
N

∑
i< j

µiµ jAi j +
N

∑
i=1

µiηi

)
,

η j = 2sinh(k j)cos(l j)x+2sinh(k j)sin(l j)y+2k jn+β
0
j ,

( j = 1,2, . . . ,N), exp(Ai j) =
cos(li− l j)− cosh(ki− k j)

cos(li− l j)− cosh(ki + k j)
,

where the notation ∑µ=0,1 implies the summation over all pos-
sible combinations of µ1 = 0,1, . . . ,µN = 0,1 and ∑

N
i< j indi-

cates the summation over all possible pairs chosen from N el-
ements.
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When we take N = 4, k1 = α1, k2 = α2, k3 = α1, k4 = α2,

l1 = δ1 i, l2 = δ2 i, l3 = −δ1 i, l4 = −δ2 i, β 0
1 = β 0

3
∗, and

β 0
2 = β 0

4
∗ (αi 6= 0, δi 6= 0 for i = 1,2 and ∗ denotes the com-

plex conjugate) in N-soliton solution (5), we obtain a hybrid

solution composed of two y-breathers

u(n) =
f (n+1) f (n−1)

f (n)2 , (6)

with

f (n) = 1+
K1

4α4
1

exp(2ξ1)+
K2

4α4
2

exp(2ξ2)

+
K1K2L2

1L2
2

16α4
1 α4

2
exp[2(ξ1 +ξ2)]

− 1
α2

1
exp(ξ1)

[
1+

K2L1L2

4α4
2

exp(2ξ2)

]
cos(ψ1)

− 1
α2

2
exp(ξ2)

[
1+

K1L1L2

4α4
1

exp(2ξ1)

]
cos(ψ2)

+
1

2α2
1 α2

2
exp(ξ1 +ξ2)

[
L1 cos(ψ1 +ψ2)

+L2 cos(ψ1−ψ2)
]
,

in which

Ki =
cosh(2δi)−1

cosh(2δi)− cosh(2αi)
, (i = 1,2),

L1 =
cosh(δ1−δ2)− cosh(α1−α2)

cosh(δ1−δ2)− cosh(α1 +α2)
,

L2 =
cosh(δ1 +δ2)− cosh(α1−α2)

cosh(δ1 +δ2)− cosh(α1 +α2)
,

ξi = 2sinh(αi)cosh(δi)x+2αin+σi, (i = 1,2),

ψi = 2sinh(αi)sinh(δi)y+θi, (i = 1,2),

where σ1, σ2, θ1, θ2 are real constants and satisfy

exp(Re(β 0
1 )−σ1) =

1
2α2

1
,

exp(Re(β 0
2 )−σ2) =

1
2α2

2
, (7)

θ1 = Im(β 0
1 )−π, θ2 = Im(β 0

2 )−π. (8)

From hybrid solution (6), we obtain the breather named
as breather 1 moves along ξ1 ≈ 0 and the breather named as
breather 2 moves along ξ2≈ 0. The breather 1 and the breather
2 can be expressed as follows:

ui =
Ki cosh(2ξi +2εi)+Ki cosh(4αi)−4

√
Ki cosh(2αi)cosh(ξi + εi)cos(ψi)+2cos2(ψi)

2(
√

Ki cosh(ξi + εi)− cos(ψi))2 ,

with

exp(εi) =

√
Ki

2α2
i
,

where subscript i denotes the breather i (i = 1,2). The non-
singular conditions of the breather 1 and the breather 2 are
|δ1|> |α1| and |δ2|> |α2|. Reference [16] gives that the phase
shifts of two breathers before and after the interaction between
two breathers are both Γ , where Γ = ln |L1L2|. When Γ → ∞,
the interaction between two breathers becomes resonant inter-
action. Because the resonant solutions are similar in form as
Γ →±∞, we only consider Γ →−∞, which is equivalent to
L1 = 0. From L1 = 0, we obtain a resonant condition

α1−α2 = δ1−δ2. (9)

By introducing the resonant condition (9) into the hybrid solu-
tion (6), we derive the resonant solution as follows:

u(n) =
f (n+1) f (n−1)

f (n)2 , (10)

with

f (n) = 1+
K1

4α4
1

exp(2ξ1)+
K2

4α4
2

exp(2ξ2)

− 1
α2

1
exp(ξ1)cos(ψ1)−

1
α2

2
exp(ξ2)cos(ψ2)

+
L2

2α2
1 α2

2
exp(ξ1 +ξ2)cos(ψ1−ψ2), (11)

where

K1 =
cosh(2δ2 +2α1−2α2)−1

cosh(2δ2 +2α1−2α2)− cosh(2α1)
,

K2 =
cosh(2δ2)−1

cosh(2δ2)− cosh(2α2)
,

L2 =
cosh(α1−α2 +2δ2)− cosh(α1−α2)

cosh(α1−α2 +2δ2)− cosh(α1 +α2)
,

ξ1 = 2sinh(α1)cosh(α1−α2 +δ2)x+2α1n+σ1,

ξ2 = 2sinh(α2)cosh(δ2)x+2α2n+σ2,

ψ1 = 2sinh(α1)sinh(α1−α2 +δ2)y+θ1,

ψ2 = 2sinh(α2)sinh(δ2)y+θ2.

It should be noted that the resonant interaction between
two breathers involves a resonant breather, so we analyze the
asymptotic properties of three breathers. The nonsingular con-
ditions of the breather 1 and the breather 2 are |δ2+α1−α2|>
|α1| and |δ2| > |α2|. From the resonant solution (10), we ob-
tain the breather named as breather 3 moves along ξ1−ξ2 ≈ 0.
By introducing

ς =

{
1, L2 > 0,

0, L2 < 0,

the breather 3 can be expressed as follows:
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u3 =
K3 cosh(2ξ3 +2σ ′+2ε3)+K3 cosh(4α3)−4

√
K3 cosh(2α3)cosh(ξ3 +σ ′+ ε3)cos(ψ3)+2cos2(ψ3)

2(
√

K3 cosh(ξ3 +σ ′+ ε3)− cos(ψ3))2 ,

with

α3 = α1−α2, ξ3 = ξ1−ξ2, ψ3 = ψ1−ψ2 + ςπ, K3 =
K1K2

L2
2

, σ
′ = ln(

2|L2|α2
2 α2

3

K2α2
1

), exp(ε3) =

√
K3

2α2
3
,

where subscript 3 denotes the breather 3. We derive K3 > 1 under the resonant condition (9) and the nonsingular conditions of the
breather 1 and the breather 2, so the breather 3 is nonsingular. We calculate the velocities of breather 1, breather 2 and breather
3 as follows:

V1 =

(
− α1

sinh(α1)cosh(α1−α2 +δ2)
,0
)T

, V2 =

(
− α2

sinh(α2)cosh(δ2)
,0
)T

,

V3 =

(
− α1−α2

sinh(α1)cosh(α1−α2 +δ2)− sinh(α2)cosh(δ2)
,0
)T

,

where subscripts 1, 2 and 3 denote the breather 1, the breather 2 and the breather 3. In Table 1, we summarize that the three
breathers admit six different types of the asymptotic behaviors in the resonant interaction under different parametric conditions.
Here we analyze the case 1 with the parametric condition α1 > α2 > 0, |V1|< |V2| in detail, and the asymptotic processes of other
cases are similar to the case 1.

Table 1. The asymptotic forms of three breathers under different parametric conditions.

Case Condition Before interaction (n→−∞) After interaction (n→+∞)

1 α1 > α2 > 0, |V1|< |V2| or α1 < α2 < 0, |V1|> |V2| u−b1 ' u1, u−b2 ' 1, u−b3 ' 1 u+b1 ' 1, u+b2 ' u2, u+b3 ' u3

2 α1 < α2 < 0, |V1|< |V2| or α1 > α2 > 0, |V1|> |V2| u−b1 ' 1, u−b2 ' u2, u−b3 ' u3 u+b1 ' u1, u+b2 ' 1, u+b3 ' 1

3 α2 < α1 < 0, |V1|> |V2| or α2 > α1 > 0, |V1|< |V2| u−b1 ' u1, u−b2 ' 1, u−b3 ' u3 u+b1 ' 1, u+b2 ' u2, u+b3 ' 1

4 α2 > α1 > 0, |V1|> |V2| or α2 < α1 < 0, |V1|< |V2| u−b1 ' 1, u−b2 ' u2, u−b3 ' 1 u+b1 ' u1, u+b2 ' 1, u+b3 ' u3

5 α1 > 0, α2 < 0, |V1|> |V2| or α1 < 0, α2 > 0, |V1|< |V2| u−b1 ' u1, u−b2 ' u2, u−b3 ' 1 u+b1 ' 1, u+b2 ' 1, u+b3 ' u3

6 α1 < 0, α2 > 0, |V1|> |V2| or α1 > 0, α2 < 0, |V1|< |V2| u−b1 ' 1, u−b2 ' 1, u−b3 ' u3 u+b1 ' u1, u+b2 ' u2, u+b3 ' 1

For the asymptotic analysis of the breather 1, we have

ξ1 ≈ 0 and ξ2 can be expressed as follows:

ξ2 = 2sinh(α2)cosh(δ2)(|V2|− |V1|)n+σ2

− σ1 sinh(α2)cosh(δ2)

sinh(α1)cosh(α1−α2 +δ2)
, (12)

thus ξ2→∓∞ as n→∓∞. We obtain the asymptotic form of

the tau function of the breather 1 denoted as fb1 from Eq. (11)

as follows:

f∓b1 '

{
1+ K1

4α4
1

exp(2ξ1)− 1
α2

1
exp(ξ1)cos(ψ1), n→−∞,

1, n→+∞,

(13)

where superscript − and + denote the asymptotic form as

n→−∞ and n→+∞, respectively.

For the asymptotic analysis of the breather 2, we have

ξ2 ≈ 0 and ξ1 can be expressed as follows:

ξ1 = 2sinh(α1)cosh(α1−α2 +δ2)(|V1|− |V2|)n+σ1

−σ2 sinh(α1)cosh(α1−α2 +δ2)

sinh(α2)cosh(δ2)
, (14)

thus ξ1→±∞ as n→∓∞. We obtain the asymptotic form of

the tau function of the breather 2 denoted as fb2 from Eq. (11)

as follows:

f∓b2 '

{
1, n→−∞,

1+ K2
4α4

2
exp(2ξ2)− 1

α2
2

exp(ξ2)cos(ψ2), n→+∞.

(15)

Under the parametric conditions α1 > α2 > 0, |V1|< |V2|,
we obtain the relation |V2| > |V1| > |V3|. For the asymptotic
analysis of the breather 3, we have ξ1−ξ2 ≈ 0, ξ1 can be ex-
pressed as follows:

ξ1 = 2sinh(α1)cosh(α1−α2 +δ2)(|V1|− |V3|)n+ρ1,

where

ρ1 = σ1−
sinh(α1)cosh(α1−α2 +δ2)(σ1−σ2)

sinh(α1)cosh(α1−α2 +δ2)− sinh(α2)cosh(δ2)
,

and ξ2 can be expressed as follows:

ξ2 = 2sinh(α2)cosh(δ2)(|V2|− |V3|)n+ρ2,

in which

ρ2 = σ2−
sinh(α2)cosh(δ2)(σ1−σ2)

sinh(α1)cosh(α1−α2 +δ2)− sinh(α2)cosh(δ2)
.

Therefore, we obtain ξ1, ξ2→∓∞ as n→∓∞ and the asymp-
totic form of the tau function of the breather 3 denoted as fb3

from Eq. (11) as follows:
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f∓b3 '


1, n→−∞,

K2

4α4
2

exp(2ξ2)

(
1+

K3

4α4
3

exp(2(ξ3 +σ
′))− 1

α2
3

exp(ξ3 +σ
′)cos(ψ3)

)
, n→+∞.

(16)

By introducing the asymptotic forms fbi (i = 1,2,3) into
the transformation Eq. (4), we derive the asymptotic forms for
three breathers denoted as ubi (i = 1,2,3) as follows:

(i) Before the interaction (n→−∞)

u−b1 ' u1, (17)

u−b2 ' 1, (18)

u−b3 ' 1. (19)

(ii) After the interaction (n→+∞)

u+b1 ' 1, (20)

u+b2 ' u2, (21)

u+b3 ' u3. (22)

The specific process of the case 1 is shown in Fig. 1. Fig-

ure 1 illustrates fission of the breather 1 into the breather 2
and the breather 3. In case 2, the asymptotic expressions as
n→ −∞ in Eqs. (17)–(19) will interchange with the asymp-
totic expressions as n→ +∞ in Eqs. (20)–(22). The case 2
describes the breather 2 merges with the breather 3, and they
turn into the breather 1. We demonstrate the specific process
in Fig. 2. In all cases, there are two different physical phe-
nomena, which are fusion and fission. The case 4 and the
case 6 describe the fission phenomena as well as the case 3
and the case 5 describe the fusion phenomena. Interestingly,
the breathers that act as resonant breathers are different in dif-
ferent cases. The breather 1 acts as the resonant breather in
case 1 and case 2, the breather 2 acts as the resonant breather
in case 3 and case 4 as well as the breather 3 acts as the reso-
nant breather in case 5 and case 6.

u

x

y

u

x

y

(a) (b) (c)

u

x

y

Fig. 1. Fission of two y-breathers with the parameter α1 = 0.3, α2 = 0.2, δ1 = 0.6, δ2 = 0.5, σ1 = 0, σ2 = 0, θ1 = 0, and θ2 = 0.
(a) n =−145. (b) n =−56. (c) n = 25.

u

x

y

u

x

y

(a) (b) (c)

u

x

y

Fig. 2. Fusion of two y-breathers with the parameter α1 =−0.3, α2 =−0.2, δ1 =−0.6, δ2 =−0.5, σ1 = 0, σ2 = 0, θ1 = 0, and θ2 = 0.
(a) n =−25. (b) n = 56. (c) n = 145.

3. Resonant interactions between a breather and
line solitons
In this section, we construct the resonant solutions con-

sisting of a breather and a line soliton/two line solitons.
Through the asymptotic analysis of the resonant solutions, we
show that the resonant interactions between a breather and a
line soliton/two line solitons exhibit the fusion, fission and
time-localized breather phenomena.

3.1. Resonant interactions between a breather and a line
soliton

When we take N = 3, k1 = α1, k2 = α2, k3 = α1, l1 = δ i,
l2 = 0, l3 =−δ i and β 0

1 = β 0
3
∗ (αi 6= 0 for i= 1,2 and δ 6= 0) in

N-soliton solution (5), we obtain a hybrid solution consisting

of a line soliton arranged in the y direction and a y-breather

u(n) =
f (n+1) f (n−1)

f (n)2 , (23)

where

f (n) = 1+
K

4α4
1

exp(2ξ1)−
1

α2
1

exp(ξ1)cos(ψ1)

+exp(ξ2)

[
1+

KL2

4α4
1

exp(2ξ1)−
L

α2
1

exp(ξ1)cos(ψ1)

]
,

in which

K =
cosh(2δ )−1

cosh(2δ )− cosh(2α1)
, L =

cosh(δ )− cosh(α1−α2)

cosh(δ )− cosh(α1 +α2)
,

ξ1 = 2sinh(α1)cosh(δ )x+2α1n+σ1,
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ψ1 = 2sinh(α1)sinh(δ )y+θ ,

ξ2 = 2sinh(α2)x+2α2n+β
0
2 ,

where σ1, θ , β 0
2 are real constants and satisfy

exp(Re(β 0
1 )−σ1) =

1
2α2

1
, θ = Im(β 0

1 )−π. (24)

The hybrid solution (23) is nonsingular when |δ | > |α1| and
|δ | 6= |α1 +α2|.

From the hybrid solution (23), we obtain the breather
moves along ξ1 ≈ 0 and the line soliton named as line soli-
ton 1 moves along ξ2 ≈ 0. The breather can be expressed as
follows:

û1 =
K cosh(2ξ1 +2ε1)+K cosh(4α1)−4

√
K cosh(2α1)cosh(ξ1 + ε1)cos(ψ1)+2cos2(ψ1)

2(
√

K cosh(ξ1 + ε1)− cos(ψ1))2
, (25)

with

exp(ε1) =

√
K

2α2
1
,

where subscript 1 denotes the breather. The line soliton 1 can
be expressed as follows:

û2 =
cosh(ξ2)+ cosh(2α2)

cosh(ξ2)+1
, (26)

where subscript 2 denotes the line soliton 1. In order to de-
rive the phase shifts of breather and line soliton 1 before and
after the interaction, we analyze the asymptotic properties of
the breather and the line soliton 1. We assume α1 > 0, α2 > 0,
and α2/sinh(α2)> α1/sinh(α1)cosh(δ ). For the asymptotic
analysis of the breather, we have ξ1 ≈ 0 and ξ2 can be ex-
pressed as follows:

ξ2 = 2sinh(α2)

(
α2

sinh(α2)
− α1

sinh(α1)cosh(δ )

)
n

+β
0
2 −

σ1 sinh(α2)

sinh(α1)cosh(δ )
, (27)

thus ξ2→∓∞ as n→∓∞. We obtain the asymptotic form of
the breather denoted as ub from Eq. (23) as follows:

u∓b '

{
û1(ξ1,ψ1), n→−∞,

û1(ξ1 +Γ ,ψ1 + επ), n→+∞,
(28)

where û1(ξ1,ψ1) represents û1 in Eq. (25), Γ = ln |L| as well
as ε = 0 for L > 0 and ε = 1 for L < 0.

For the asymptotic analysis of the line soliton 1, we have
ξ2 ≈ 0 and ξ1 can be expressed as follows:

ξ1 = 2sinh(α1)cosh(δ )
(

α1

sinh(α1)cosh(δ )
− α2

sinh(α2)

)
n

+σ1−
β 0

2 sinh(α1)cosh(δ )
sinh(α2)

, (29)

thus ξ1→±∞ as n→∓∞. We obtain the asymptotic form of
the line soliton 1 denoted as ul1 from (23) as follows:

u∓l1 '

{
û2(ξ2 +2Γ ), n→−∞,

û2(ξ2), n→+∞,
(30)

where û2(ξ2) represents û2 in Eq. (26).
From the asymptotic expressions (28) and (30), we obtain

the phase shift of the breather is Γ and the phase shift of the
line soliton 1 is 2Γ . When Γ → ∞, the interaction between

the breather and the line soliton 1 becomes resonant interac-
tion. Because the resonant solutions are similar in form as
Γ →±∞, we only consider Γ →−∞, which is equivalent to
L = 0. From L = 0, we obtain a resonant condition

δ = α2−α1. (31)

By introducing the resonant condition (31) into the hybrid so-
lution (23), we derive the resonant solution as follows:

u(n) =
f (n+1) f (n−1)

f (n)2 , (32)

with

f (n) = 1+
K

4α4
1

exp(2ξ1)−
1

α2
1

exp(ξ1)cos(ψ1)+ exp(ξ2),

where

K =
cosh(2α2−2α1)−1

cosh(2α2−2α1)− cosh(2α1)
,

ξ1 = 2sinh(α1)cosh(α2−α1)x+2α1n+σ1,

ψ1 = 2sinh(α1)sinh(α2−α1)y+θ ,

ξ2 = 2sinh(α2)x+2α2n+β
0
2 .

The nonsingular condition of the resonant solution (32) is
|α2−α1|> |α1|.

It should be noted that the resonant interaction between
a breather and a line soliton involves a resonant line soliton
which is different from the original line soliton, so we analyze
the asymptotic properties of a breather and two line solitons.
From the resonant solution (32), we obtain the line soliton
named as line soliton 2 moves along 2ξ1− ξ2 ≈ 0. The line
soliton 2 can be expressed as follows:

û3 =
cosh(ξ3 +ζ )+ cosh(2α3)

cosh(ξ3 +ζ )+1
,

with

ξ3 = 2ξ1−ξ2, α3 = 2α1−α2, exp(ζ ) =
K

4α4
1
,

where subscript 3 denotes the line soliton 2. Furthermore we
calculate the velocities of breather, line soliton 1 and line soli-
ton 2 as follows:

Vb =

(
− α1

sinh(α1)cosh(α2−α1)
,0
)T

,
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Vl1 =

(
− α2

sinh(α2)
,0
)T

,

Vl2 =

(
− 2α1−α2

2sinh(α1)cosh(α2−α1)− sinh(α2)
,0
)T

,

where subscripts b, l1, and l2 denote the breather, the line
soliton 1 and line soliton 2. In Table 2, we conclude that the
breather and the line solitons admit four different types of the
asymptotic behaviors in the resonant interaction under differ-
ent parametric conditions. We obtain |Vl1| > |Vb| in all cases.
Here we analyze the case 1 in detail, and the analyses of other
cases are similar to the case 1.

For the asymptotic analysis of the breather, we have ξ1 ≈
0 and ξ2 can be expressed as follows:

ξ2 = 2sinh(α2)(|Vl1|− |Vb|)n+β
0
2

− σ1 sinh(α2)

sinh(α1)cosh(α2−α1)
, (33)

thus ξ2→∓∞ as n→∓∞. We obtain the asymptotic form of
the breather from Eq. (32) as follows:

u∓b '
{

û1, n→−∞,

1, n→+∞.
(34)

For the asymptotic analysis of the line soliton 1, we have
ξ2 ≈ 0 and ξ1 can be expressed as follows:

ξ1 = 2sinh(α1)cosh(α2−α1)(|Vb|− |Vl1|)n+σ1

−
β 0

2 sinh(α1)cosh(α2−α1)

sinh(α2)
, (35)

thus ξ1→±∞ as n→∓∞. We obtain the asymptotic form of
the line soliton 1 from Eq. (32) as follows:

u∓l1 '
{

1, n→−∞,

û2, n→+∞.
(36)

For the asymptotic analysis of the line soliton 2, we have

2ξ1−ξ2 ≈ 0, ξ1 can be expressed as follows:

ξ1 = 2sinh(α1)cosh(α2−α1)(|Vb|− |Vl2|)n+ γ1,

where

γ1 = σ1−
sinh(α1)cosh(α2−α1)(2σ1−β 0

2 )

2sinh(α1)cosh(α2−α1)− sinh(α2)
,

and ξ2 can be expressed as follows:

ξ2 = 2sinh(α2)(|Vl1|− |Vl2|)n+ γ2,

where

γ2 = β
0
2 −

sinh(α2)(2σ1−β 0
2 )

2sinh(α1)cosh(α2−α1)− sinh(α2)
.

We can calculate |Vl2| > |Vl1| > |Vb| in case 1, thus ξ1,ξ2 →
±∞ as n→ ∓∞. We obtain the asymptotic form of the line
soliton 2 denoted as ul2 from (32) as follows:

u∓l2 '
{

û3, n→−∞,

1, n→+∞.
(37)

We also calculate the peaks of the line soliton 1 and the
line soliton 2 are cosh2(α2) and cosh2(2α1−α2), respectively.
It should be noted that cosh2(α2) > cosh2(2α1 −α2) under
the condition of case 1. Figure 3 shows the breather merges
with the line soliton 2, and they turn into the line soliton 1. In
case 2, the asymptotic expressions as n→ −∞ in Eqs. (34),
(36), and (37) will interchange with the asymptotic expres-
sions as n→ +∞ in Eqs. (34), (36), and (37). Therefore, the
case 2 describes fission of the line soliton 1 into the line soliton
2 and breather. We demonstrate the specific process in Fig. 4.
In all cases, there are two different physical phenomena, which
are fusion and fission. The case 3 is fusion and the case 4 is
fission. Interestingly, the line solitons that act as resonant soli-
tons are different in different cases. The line soliton 1 acts as
the resonant soliton in case 1 and case 2, and the line soliton 2
acts as the resonant soliton in case 3 and case 4.

Table 2. The asymptotic forms of a breather and two line solitons under different parametric conditions.

Case Condition Before interaction (n→−∞) After interaction (n→+∞)

1 α2 > 2α1 > 0 u−b ' û1, u−l1 ' 1, u−l2 ' û3 u+b ' 1, u+l1 ' û2, u+l2 ' 1

2 α2 < 2α1 < 0 u−b ' 1, u−l1 ' û2, u−l2 ' 1 u+b ' û1, u+l1 ' 1, u+l2 ' û3

3 α1 < 0 α2 > 0 u−b ' û1, u−l1 ' û2, u−l2 ' 1 u+b ' 1, u+l1 ' 1, u+l2 ' û3

4 α1 > 0 α2 < 0 u−b ' 1, u−l1 ' 1, u−l2 ' û3 u+b ' û1, u+l1 ' û2, u+l2 ' 1

u

x

y

u
x

y

(a) (b) (c)

u
x

y

Fig. 3. Fusion of a y-breather and a line soliton arranged in the y direction with the parameter α1 = 0.1, α2 = 0.9, δ = 0.8, σ1 = 5,
θ = 10, and β 0

2 = 5. (a) n = 158. (b) n = 225. (c) n = 340.
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u
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y
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y

Fig. 4. Fission of a y-breather and a line soliton arranged in the y direction with the parameter α1 =−0.1, α2 =−0.9, δ =−0.8, σ1 = 5,
θ = 10 and β 0

2 = 5. (a) n =−340. (b) n =−225. (c) n =−158.

3.2. Resonant interactions between a breather and two line
solitons

When we take N = 4, k1 = α1, k2 = α2, k3 = α3, k4 = α1,
l1 = δ i, l2 = 0, l3 = 0, l4 = −δ i, and β 0

1 = β 0
4
∗ (αi 6= 0 for

i = 1,2,3 and δ 6= 0) in N-soliton solution (5), we obtain a
hybrid solution consisting of a y-breather and two line solitons
arranged in the y direction

u(n) =
f (n+1) f (n−1)

f (n)2 , (38)

with

f (n) = 1− 1
α2

1
exp(ξ1)cos(ψ)+

K1

4α4
1

exp(2ξ1)

+exp(ξ2)

[
1− L1

α2
1

exp(ξ1)cos(ψ)+
K1L2

1

4α4
1

exp(2ξ1)

]
+exp(ξ3)

[
1− L2

α2
1

exp(ξ1)cos(ψ)+
K1L2

2

4α4
1

exp(2ξ1)

]
+K2 exp(ξ2 +ξ3)

[
1− L1L2

α2
1

exp(ξ1)cos(ψ)

+
K1L2

1L2
2

4α4
1

exp(2ξ1)

]
,

in which

K1 =
cosh(2δ )−1

cosh(2δ )− cosh(2α1)
, K2 =

1− cosh(α2−α3)

1− cosh(α2 +α3)
,

L1 =
cosh(δ )− cosh(α1−α2)

cosh(δ )− cosh(α1 +α2)
,

L2 =
cosh(δ )− cosh(α1−α3)

cosh(δ )− cosh(α1 +α3)
,

ξ1 = 2sinh(α1)cosh(δ )x+2α1n+σ1,

ψ = 2sinh(α1)sinh(δ )y+θ ,

ξi = 2sinh(αi)x+2αin+β
0
i , (i = 2,3),

where σ1, θ , β 0
2 , β 0

3 are real constants and satisfy

exp(Re(β 0
1 )−σ1) =

1
2α2

1
, θ = Im(β 0

1 )−π. (39)

It should be noted that K2 ≥ 0 when α2 +α3 6= 0, so the non-
singular condition of the hybrid solution (38) is |δ | > |α1|,
α2 +α3 6= 0, |δ | 6= |α1 +α2|, and |δ | 6= |α1 +α3|.

In Subsection 3.1, we have derived the phase shifts of the
breather and the line soliton before and after the interaction
between a y-breather and a line soliton arranged in the y di-

rection. In the same way, we can obtain the phase shifts of
the breather and two line solitons before and after the interac-
tion among a y-breather and two line solitons arranged in the y
direction. They are ln |L1L2|, ln |K2L2

1|, and ln |K2L2
2|, respec-

tively.
When phase shifts of the breather and two line solitons

are both infinite, the interaction between the breather and two
line solitons becomes a resonant interaction. Because the res-
onant solutions are similar as the phase shifts approach pos-
itive and negative infinity, we only consider the phase shifts
approach negative infinity, in other words, L1 = L2 = 0. From
L1 = L2 = 0, we obtain a resonant condition

α1 =
α2 +α3

2
,

δ =
α2−α3

2
.

(40)

By introducing the resonant condition (40) into the hybrid so-
lution (38), we derive the resonant solution as follows:

u(n) =
f (n+1) f (n−1)

f (n)2 , (41)

with

f (n) = 1− 4
(α2 +α3)2 exp(ξ1)cos(ψ)+

4K1

(α2 +α3)4 exp(2ξ1)

+exp(ξ2)+ exp(ξ3)+K2 exp(ξ2 +ξ3),

where

K1 =
cosh(α2−α3)−1

cosh(α2−α3)− cosh(α2 +α3)
,

K2 =
1− cosh(α2−α3)

1− cosh(α2 +α3)
,

ξ1 = (sinh(α2)+ sinh(α3))x+(α2 +α3)n+σ1,

ψ = (cosh(α2)− cosh(α3))y+θ ,

ξ2 = 2sinh(α2)x+2α2n+β
0
2 ,

ξ3 = 2sinh(α3)x+2α3n+β
0
3 .

It should be noted that K2 > 0, so the nonsingular condition of
the resonant solution (41) is |α2−α3|> |α2 +α3|.

From the resonant solution (41), we obtain the breather
moves along ξ1 ≈ 0, the line soliton named as line soliton 1
moves along ξ2 ≈ 0, and the line soliton named as line soli-
ton 2 moves along ξ3 ≈ 0. The breather can be expressed as
follows:
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ũ1 =
K1 cosh(2ξ1 +2ε1)+K1 cosh(2(α2 +α3))−4

√
K1 cosh(α2 +α3)cosh(ξ1 + ε1)cos(ψ)+2cos2(ψ)

2(
√

K1 cosh(ξ1 + ε1)− cos(ψ))2 ,

with

exp(ε1) =
2
√

K1

(α2 +α3)2 ,

where subscript 1 denotes the breather. The line soliton 1 and

the line soliton 2 can be expressed as follows:

ũi =
cosh(ξi)+ cosh(2αi)

cosh(ξi)+1
, (i = 2,3) (42)

where subscripts 2 and 3 denote the line soliton 1 and the line

soliton 2, respectively. Furthermore we calculate the velocities

of breathers, line soliton 1 and line soliton 2 as follows:

Vb =

(
− α2 +α3

sinh(α2)+ sinh(α3)
,0
)T

,

Vl1 =

(
− α2

sinh(α2)
,0
)T

, Vl2 =

(
− α3

sinh(α3)
,0
)T

,

where subscripts b, l1, and l2 denote the breather, the line soli-
ton 1 and line soliton 2, respectively. We conclude that the
breather and two line solitons admit two different types of the
asymptotic behaviors in the resonant interaction under differ-
ent parametric conditions.
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Fig. 5. Resonant interaction between a breather and two line solitons with the parameter α1 = 0.1, α2 = 1.1, α3 = −0.9, δ = 1.0,
σ1 = 0, θ = 0, β 0

2 =−20, and β 0
3 =−20. (a) n =−199, (b) n = 14, (c) n = 60, (d) n = 114, (e) n = 363.

Case 1 We consider the case when α2 > 0, α3 < 0,
|α2| > |α3| or α2 < 0, α3 > 0, |α2| < |α3|. Here we inves-
tigate the case with α2 > 0, α3 < 0, |α2| > |α3|. Under this
parametric condition, we obtain |Vl2| > |Vl1| > |Vb|. For the
asymptotic analysis of the breather, we have ξ1 ≈ 0, ξ2 can be
expressed as follows:

ξ2 = 2sinh(α2)(|Vl1|− |Vb|)n+β
0
2 −

2σ1 sinh(α2)

sinh(α2)+ sinh(α3)
,

and ξ3 can be expressed as follows:

ξ3 = 2sinh(α3)(|Vl2|− |Vb|)n+β
0
3 −

2σ1 sinh(α3)

sinh(α2)+ sinh(α3)
,

thus ξ2 →∓∞, ξ3 →±∞ as n→∓∞. We obtain the asymp-
totic form of the breather denoted as ub from Eq. (41) as fol-
lows:

u∓b '
{

1, n→−∞,

1, n→+∞.
(43)

For the asymptotic analysis of the line soliton 1, we have
ξ2 ≈ 0, ξ1 can be expressed as follows:

ξ1 = (sinh(α2)+ sinh(α3))(|Vb|− |Vl1|)n

+σ1−
β 0

2 (sinh(α2)+ sinh(α3))

2sinh(α2)
,

and ξ3 can be expressed as follows:

ξ3 = 2sinh(α3)(|Vl2|− |Vl1|)n+β
0
3 −

β 0
2 sinh(α3)

sinh(α2)
,

thus ξ1→±∞, ξ3→±∞ as n→∓∞. By utilizing the relation

2ξ1−ξ3 = ξ2+2σ1−β 0
3 −β 0

2 , we obtain the asymptotic form

of the line soliton 1 denoted as ul1 from Eq. (41) as follows:

u∓l1 '

{
ũ2(ξ2 +ζ ), n→−∞,

ũ2(ξ2), n→+∞,
(44)

with

exp(ζ ) =
4K1 exp(2σ1−β 0

2 −β 0
3 )

(α2 +α3)4 +K2,

where ũ2(ξ2) represents ũ2 in Eq. (42).

For the asymptotic analysis of the line soliton 2, we have

ξ3 ≈ 0, ξ1 can be expressed as follows:

ξ1 = (sinh(α2)+ sinh(α3))(|Vb|− |Vl2|)n

050205-9



Chin. Phys. B 32, 050205 (2023)

+σ1−
β 0

3 (sinh(α2)+ sinh(α3))

2sinh(α3)
,

and ξ2 can be expressed as follows:

ξ2 = 2sinh(α2)(|Vl1|− |Vl2|)n+β
0
2 −

β 0
3 sinh(α2)

sinh(α3)
,

thus ξ1→±∞, ξ2→±∞ as n→∓∞. By utilizing the relation
2ξ1−ξ2 = ξ3+2σ1−β 0

3 −β 0
2 , we obtain the asymptotic form

of the line soliton 2 denoted as ul2 from (41) as follows:

u∓l2 '

{
ũ3(ξ3 +ζ ), n→−∞,

ũ3(ξ3), n→+∞,
(45)

where ũ3(ξ3) represents ũ3 in Eq. (42).
In the same way, we obtain the asymptotic forms

Eqs. (43)–(45) in the case with α2 < 0, α3 > 0, |α2| < |α3|.
We calculate that the peaks of the line soliton 1 and the line
soliton 2 are cosh2(α2) and cosh2(α3), respectively. We have
cosh2(α2) > cosh2(α3) under the condition α2 > 0, α3 < 0,
|α2| > |α3|, and cosh2(α3) > cosh2(α2) under the condition
α2 < 0, α3 > 0, |α2|< |α3|.

The specific process of the resonant interaction between a
breather and two line solitons is shown in Fig. 5. The breather
detaches from the line soliton 1 with higher peak and fuses
into the line soliton 2 with lower peak. In the whole process,
the breather is localized in time, which exhibits time-localized
breather phenomenon.

Case 2 We consider the case when α2 > 0, α3 < 0,
|α2| < |α3| or α2 < 0, α3 > 0, |α2| > |α3|. Similar to the
Case 1, we derive the following asymptotic forms.

(i) Before the interaction (n→−∞)
Breather (ξ1 ≈ 0, ξ2→−∞, ξ3→+∞):

u−b ' 1.

Line soliton 1 (ξ2≈ 0, 2ξ1−ξ3≈ 0, ξ1→−∞, ξ3→−∞):

u−l1 ' ũ2(ξ2).

Line soliton 2 (ξ3≈ 0, 2ξ1−ξ2≈ 0, ξ1→−∞, ξ2→−∞):

u−l2 ' ũ3(ξ3).

After the interaction (n→+∞)
Breather (ξ1 ≈ 0, ξ2→+∞, ξ3→−∞):

u+b ' 1.

Line soliton 1 (ξ2≈ 0, 2ξ1−ξ3≈ 0, ξ1→+∞, ξ3→+∞):

u+l1 ' ũ2(ξ2 +ζ ).

Line soliton 2 (ξ3≈ 0, 2ξ1−ξ2≈ 0, ξ1→+∞, ξ2→+∞):

u+l2 ' ũ3(ξ3 +ζ ).

From above asymptotic analysis, we derive the case 2 with the
parametric conditions α2 > 0, α3 < 0, |α2|< |α3| describes the
breather detaches from the line soliton 2 with higher peak and
fuses into the line soliton 1 with lower peak, and the case 2

with the parametric conditions α2 < 0, α3 > 0, |α2| > |α3|
describes the breather detaches from the line soliton 1 with
higher peak and fuses into the line soliton 2 with lower peak.
After the resonant interaction, the original line soliton 2 be-
comes the line soliton 1 and the original line soliton 1 becomes
the line soliton 2.

4. Resonant interactions between a lump and
line solitons

In this section, we construct the resonant solutions con-
sisting of a lump and a line soliton/two line solitons. Through
the asymptotic analysis of the resonant solutions, we show
the resonant interactions between a lump and line solitons ar-
ranged in the y direction exhibit the fusion, fission and rogue
lump phenomena.

4.1. Resonant interactions between a lump and a line soli-
ton

If the N-soliton solution (5) with N = 3 satisfies the par-
tial long wave limit constraints

k1 = K1ε, k2 = K2ε, exp(β 0
1 ) = exp(β 0

2 ) =−1,

K1 = K∗2 , l1 = l∗2 , ε → 0,

where ∗ denotes the complex conjugate, we obtain the hybrid
solution consisting of a lump and a line soliton

u(n) =
f (n+1) f (n−1)

f (n)2 , (46)

in which

f (n) = θ1θ2 +a12

+exp(η3)(a13a23 +a13θ2 +a23θ1 +θ1θ2 +a12),

with

a12 =
2K1K2

cos(l1− l2)−1
,

ai3 =
2Ki sinh(k3)

cos(li− l3)− cosh(k3)
, (i = 1,2),

θi = 2Ki cos(li)x+2Ki sin(li)y+2Kin, (i = 1,2),

η3 = 2sinh(k3)cos(l3)x+2sinh(k3)sin(l3)y+2k3n+β
0
3 ,

where β 0
3 is a arbitrary real constant.

By taking K1 = a, K2 = a, k3 = α , l1 = bi, l2 =−bi, and
l3 = 0 (a 6= 0, α 6= 0, and b 6= 0) in the Eq. (46), we obtain
the hybrid solution consisting of a lump and a line soliton ar-
ranged in the y-direction

u(n) =
f (n+1) f (n−1)

f (n)2 , (47)

with

f (n) = |ξ1 + iψ1|2 +a12 + exp(η3)
(
|ξ1 + iψ1 +a13|2 +a12

)
,

050205-10



Chin. Phys. B 32, 050205 (2023)

in which

a12 =
2a2

cosh(2b)−1
, a13 =

2asinh(α)

cosh(b)− cosh(α)
,

ξ1 = 2acosh(b)x+2an, ψ1 = 2asinh(b)y,

η3 = 2sinh(α)x+2αn+β
0
3 ,

where ξ1, ψ1 are real part and imaginary part of θ1, respec-
tively. It should be noted that a12 > 0, so hybrid solution (47)
is nonsingular.

From the hybrid solution (47), we obtain the lump moves
along ξ1≈ 0 and ψ1≈ 0 as well as the line soliton moves along
η3 ≈ 0. The lump can be expressed as follows:

u1=
(ξ 2

1 −4a2)2+(ψ2
1 +a12)(ξ

2
1 +4a2)+2a12ψ2

1+ψ4
1+a2

12

(ξ 2
1 +ψ2

1 +a12)2 ,

(48)

where subscript 1 denotes the lump. The line soliton can be
expressed as follows:

u2 =
cosh(η3)+ cosh(2α)

cosh(η3)+1
, (49)

where subscript 2 denotes the line soliton. We assume a > 0,
α > 0 and α/sinh(α)> 1/cosh(b). For the asymptotic anal-
ysis of the lump, we have ξ1 ≈ 0 and η3 can be expressed as
follows:

η3 = 2sinh(α)

(
α

sinh(α)
− 1

cosh(b)

)
n+β

0
3 , (50)

thus η3→∓∞ as n→∓∞. We obtain the asymptotic form of
the lump denoted as ulump from Eq. (47) as follows:

u∓lump '

{
u1(ξ1), n→−∞,

u1(ξ1 +a13), n→+∞,
(51)

where u1(ξ1) represents u1 in Eq. (48).
For the asymptotic analysis of the line soliton, we have

η3 ≈ 0 and ξ1 can be expressed as follows:

ξ1 = 2acosh(b)
(

1
cosh(b)

− α

sinh(α)

)
n−

aβ 0
3 cosh(b)
sinh(α)

, (52)

thus ξ1→±∞ as n→∓∞. We obtain the asymptotic form of

the line soliton denoted as uline from (47) as follows:

u∓line '

{
u2(η3), n→−∞,

u2(η3), n→+∞,
(53)

where u2(η3) represents u2 in Eq. (49).
From the asymptotic expressions (51) and (53), we obtain

the line soliton remains unshifted during the process of the in-
teraction and the phase shift of the lump before and after the
interaction is a13. In order to derive the resonant solution, we
need to make the phase shift a13 infinite. To this end, we take
the phase parameter β 0

3 as β 0
3 = β 0

3 − ln(|a13|2), and then take
the limit α → b. We obtain the resonant solution as follows:

u(n) =
f (n+1) f (n−1)

f (n)2 , (54)

in which

f (n) = |ξ1 + iψ1|2 +a12 + exp(χ2),

where

a12 =
2a2

cosh(2b)−1
,

ξ1 = 2acosh(b)x+2an,

ψ1 = 2asinh(b)y,

χ2 = 2sinh(b)x+2bn+β 0
3 .

It should be noted that a12 > 0, so the resonant solution (54) is
nonsingular.

We calculate the maximum amplitude point and two min-
ima amplitude points of the lump as follows:

(x1(n),y1(n)) =
(
− 1

cosh(b)
n,0
)
,

(x2(n),y2(n)) =

(
− 1

cosh(b)
n−

√
4a2 +3a12

2acosh(b)
,0

)
,

(x3(n),y3(n)) =

(
− 1

cosh(b)
n+

√
4a2 +3a12

2acosh(b)
,0

)
.

By introducing these points into the resonant solution (54), we
obtain the maximum amplitude of the lump is

u1 =
(4a2 +a12)

2 +(4a2 +a12)exp(λ3t +λ3 +β 0
3 )+(4a2 +a12)exp(λ3t−λ3 +β 0

3 )+ exp(2λ3t +2β 0
3 )

(a12 + exp(λ3t +β 0
3 ))

2

and two minima amplitudes of the lump are

u2 =
ζ1 +ζ2 exp(λ3t +λ3 +ϕ)+ζ3 exp(λ3t−λ3 +ϕ)+ exp(2λ3t +2ϕ)

(4a2 +4a12 + exp(λ3t +ϕ))2 ,

u3 =
ζ1 +ζ3 exp(λ3t +λ3 +ϕ ′)+ζ2 exp((λ3t−λ3 +ϕ ′)+ exp(2λ3t +2ϕ ′)

(4a2 +4a12 + exp(λ3t +ϕ ′))2 ,

where

ζ1 = 16a2
12 +16a2a12, ζ2 = 8a2 +3a12 +4a

√
4a2 +3a12, ζ3 = 8a2 +3a12−4a

√
4a2 +3a12,

λ3 = 2b−2tanh(b), ϕ =−
√

4a2 +3a12 tanh(b)
a

+β 0
3 , ϕ

′ =

√
4a2 +3a12 tanh(b)

a
+β 0

3 .
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According to the sign of λ3, the resonant interaction can
be classified into two distinct cases.

(i) Fusion When λ3 > 0, (b > 0), we obtain

u1→


(

4a2 +a12

a12

)2

, n→−∞,

1, n→+∞,

(55)

u2→


16a2

12 +16a2a12

(4a2 +4a12)2 , n→−∞,

1, n→+∞,

(56)

u3→


16a2

12 +16a2a12

(4a2 +4a12)2 , n→−∞,

1, n→+∞.

(57)

From Eqs. (55)–(57), we derive that the lump only exists be-
fore the resonant interaction. Figure 6 shows that the lump

fuses into the line soliton.
(ii) Fission When λ3 < 0, (b < 0), we obtain

u1→


1, n→−∞,(

4a2 +a12

a12

)2

, n→+∞,
(58)

u2→


1, n→−∞,

16a2
12 +16a2a12

(4a2 +4a12)2 , n→+∞,
(59)

u3→


1, n→−∞,

16a2
12 +16a2a12

(4a2 +4a12)2 , n→+∞.
(60)

From Eqs. (58)–(60), we derive that the lump only exists after
the resonant interaction. Figure 7 shows that the lump detaches
from the line soliton.

u

x

y

u
x

y

(a) (b) (c)

u
x

y

Fig. 6. Fusion of a lump and a line soliton with the parameter a = 2.5, b = 0.6, β 0
3 = 28. (a) n =−280, (b) n =−200, and (c) n = 110.
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Fig. 7. Fission of a lump and a line soliton with the parameter a = 2.5, b =−0.6, β 0
3 = 28. (a) n =−110, (b) n = 200, and (c) n = 280.

4.2. Resonant interaction between a lump and two line
solitons

If the N-soliton solution (5) with N = 4 satisfies the par-
tial long wave limit constraints

k1 = K1ε, k2 = K2ε, exp(β 0
1 ) = exp(β 0

2 ) =−1,

K1 = K∗2 , l1 = l∗2 , ε → 0,

we obtain the hybrid solution consisting of a lump and two line
solitons

u(n) =
f (n+1) f (n−1)

f (n)2 , (61)

with

f (n) = exp(A34 +η3 +η4)(a13a23 +a13a24 +a14a23

+a14a24 +a13θ2 +a14θ2 +a23θ1 +a24θ1 +θ1θ2

+a12)+(a13a23 +a13θ2 +a23θ1 +θ1θ2 +a12)exp(η3)

+(a14a24 +a14θ2 +a24θ1 +θ1θ2 +a12)exp(η4)

+θ1θ2 +a12,

in which

a12 =
2K1K2

cos(l1− l2)−1
, ai j =

2Ki sinh(k j)

cos(li− l j)− cosh(k j)
,

(i = 1,2, j = 3,4), exp(A34) =
cos(l3− l4)− cosh(k3− k4)

cos(l3− l4)− cosh(k3 + k4)
,

θi = 2Ki cos(li)x+2Ki sin(li)y+2Kin, (i = 1,2),

η j = 2sinh(k j)cos(l j)x+2sinh(k j)sin(l j)y+2k jn+β
0
j ,

( j = 3,4),

where β 0
j is an arbitrary real constant.

By taking K1 = 1, K2 = 1, k3 = α1, k4 = α2, l1 = bi,
l2 =−bi, l3 = 0, and l4 = 0 (α1 6= 0, α2 6= 0, and b 6= 0) in the
Eq. (61), we obtain a hybrid solution consisting of a lump and
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two line solitons arranged in the y-direction

u(n) =
f (n+1) f (n−1)

f (n)2 , (62)

with

f (n) = |ξ1 + iψ1|2 +a12 + exp(η3)
(
|ξ1 + iψ1 +a13|2 +a12

)
+exp(η4)

(
|ξ1 + iψ1 +a14|2 +a12

)
+exp(η3 +η4 +A34)

(
|ξ1 + iψ1 +a13 +a14|2 +a12

)
,

in which

a12 =
1

sinh2(b)
, a13 =

2sinh(α1)

cosh(b)− cosh(α1)
,

a14 =
2sinh(α2)

cosh(b)− cosh(α2)
, exp(A34) =

1− cosh(α1−α2)

1− cosh(α1 +α2)
,

ξ1 = 2cosh(b)x+2n, ψ1 = 2sinh(b)y,

η3 = 2sinh(α1)x+2α1n+β
0
3 ,

η4 = 2sinh(α2)x+2α2n+β
0
4 ,

where ξ1 and ψ1 are real part and imaginary part of θ1, respec-
tively. The nonsingular condition of the hybrid solution (62)
is α1 +α2 6= 0, |b| 6= |α1|, and |b| 6= |α2|.

The lump moves along ξ1 ≈ 0 and ψ1 ≈ 0. As η3,η4→
−∞, We obtain the asymptotic form of the lump denoted as
ulump from Eq. (62) as follows:

u−lump '
(ξ 2

1 −4a2)2 +(ψ2
1 +a12)(ξ

2
1 +4a2)+2a12ψ2

1 +ψ4
1 +a2

12

(ξ 2
1 +ψ2

1 +a12)2 . (63)

The lump is centered at |ξ1 + iψ1|= 0. As η3, η4→+∞, we obtain the asymptotic form of the lump as follows:

u+lump '
((ξ1 +a13 +a14)

2−4a2)2 +(ψ2
1 +a12)((ξ1 +a13 +a14)

2 +4a2)+2a12ψ2
1 +ψ4

1 +a2
12

((ξ1 +a13 +a14)2 +ψ2
1 +a12)2 . (64)

The lump is centered at |ξ1 + iψ1 + a13 + a14| = 0. From the
above analysis, we derive the phase shift of the lump before
and after the interaction is a13 +a14.

Now we investigate the resonant solution consisting of a
lump and two line solitons. If a13, a14 → ∞, the phase shift
of the lump before and after the interaction will become infi-
nite. To this end, we take the phase parameter β 0

j ( j = 3,4)

as β 0
j = β 0

j − ln(|a1 j|2), and take the limits b→ p, α1 → p,
α2→−p. We obtain the resonant solution as follows:

u(n) =
f (n+1) f (n−1)

f (n)2 , (65)

in which

f (n) = |ξ1 + iψ1|2 +a12 + exp(χ +β 0
3 )+ exp(−χ +β 0

4 )

+sinh2(p)exp(β 0
3 +β 0

4 ), (66)

where

a12 =
1

sinh2(p)
, ξ1 = 2cosh(p)x+2n,

ψ1 = 2sinh(p)y, χ = 2sinh(p)x+2pn.

It should be noted that a12 > 0, so the resonant solution (65) is
nonsingular.

The trajectories of two line solitons can be calculated
from Eq. (65). Line soliton 1 moves along

L1 = 0,

and the line soliton 2 moves along

L2 = 0,

where

L1 = χ−β 0
4 +L, L2 = χ +β 0

3 −L,

in which

L = ln(|ξ1 + iψ1|2 +a12 + sinh2(p)exp(β 0
3 +β 0

4 )).

The line soliton 1 and the line soliton 2 can be expressed
as follows:

ui(n) =
fi(n+1) fi(n−1)

fi(n)2 , (67)

with

fi(n) = 1+ exp(Li), (i = 1,2),

where subscript i (i = 1,2) denotes the line soliton i (i = 1,2).
For the asymptotic analysis of the lump, we have ξ1 ≈ 0

and χ = (2p−2sinh(p)/cosh(p))n, thus |χ|→∞ as n→∓∞.
We obtain the asymptotic form of the lump from Eq. (65) as
follows:

u∓lump '
{

1, n→−∞,

1, n→+∞.
(68)

For the asymptotic analysis of the line soliton 1, we have
L1 ≈ 0. We rewrite Eq. (66) in the following form:

f = exp(−χ +β
0
4 )

(
1+ exp(L1)+

exp(2L1 +β 0
3 +β 0

4 )

exp(2L)

)
,

and exp(2L)→ +∞ as n→ ∓∞. We obtain the asymptotic
form of the line soliton 1 denoted as uline1 as follows:

u∓line1
' u1(n), n→∓∞. (69)

For the asymptotic analysis of the line soliton 2, we have
L2 ≈ 0. We rewrite Eq. (66) in the following form:

f = exp(−χ +β
0
4 )
(

1+ exp(L2−β 0
3 −β 0

4 +2L)

+exp(2L2−β 0
3 −β 0

4 +2L)
)
,
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and exp(2L)→ +∞ as n→∓∞, so we obtain the asymptotic
form of the line soliton 2 denoted as uline2 as follows:

u∓line2
' u2(n), n→∓∞. (70)

From above asymptotic analysis, we derive that the lump does
not exist before and after the resonant interaction, and the line

solitons do not change their velocities and shapes before and
after the interaction. The process of the resonant interaction
between a lump and two solitons is shown in Fig. 8. The lump
separates from one line soliton and fuses into the other line
soliton. In the whole process, the lump is localized in both
time and space, which exhibits rogue lump phenomenon.
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Fig. 8. Resonant interaction between a lump and two line solitons with the parameter p = 1.6, β 0
3 =−20, β 0

4 =−20. (a) n =−60, (b) n =−15,
(c) n = 0, (d) n = 15, (e) n = 60.

5. Molecules between lump, breathers and line
solitons
In this section, we investigate the lump–soliton molecule,

the lump–breather molecule, the lump–breather–soliton
molecule and the lump–breather–breather molecule for the
(2+1)-dimensional elliptic Toda equation by utilizing the ve-
locity resonance method.

Case 1 From the hybrid solution (46) composed of a lump
and a line soliton, we obtain the velocities of the lump and the
line soliton as follows:

Vlump =

(
sin(l1)− sin(l2)

sin(l2− l1)
,

cos(l1)− cos(l2)
sin(l1− l2)

)T

,

Vline =

(
−k3 cos(l3)

sinh(k3)
,−k3 sin(l3)

sinh(k3)

)T

.

Utilizing velocity resonance condition

Vlump =Vline,

we derive a lump–line molecule which is shown in Fig. 9 by
taking the parameters K1 = 1+0.6i, K2 = 1−0.6i, k3 = 0.5,
l1 = 0.8 + arccosh( sinh(0.5)

0.5 )i, l2 = 0.8− arccosh( sinh(0.5)
0.5 )i,

l3 = 0.8, and β 0
3 = 20.

Case 2 From the hybrid solution (61) composed of a lump
and a breather, we obtain the velocities of the lump and the
breather as follows:

Vlump =

(
sin(l1)− sin(l2)

sin(l2− l1)
,

cos(l1)− cos(l2)
sin(l1− l2)

)T

,

Vbreather =

− Re(2k3)Re(2sinh(k3)cos(l3))
Re2(2sinh(k3)cos(l3))+Re2(2sinh(k3)sin(l3))

− Re(2k3)Re(2sinh(k3)sin(l3))
Re2(2sinh(k3)cos(l3))+Re2(2sinh(k3)sin(l3))

 .

Utilizing velocity resonance condition

Vlump =Vbreather,

we derive a lump–breather molecule which is shown in
Fig. 10 by taking the parameter K1 = 1 + 0.6i, K2 =

1 − 0.6i, k3 = −0.3 + π

2 i, k4 = −0.3 − π

2 i, l1 = π +

arccosh( cosh(0.3)sinh(0.5)
0.3 )i, l2 = π− arccosh( cosh(0.3)sinh(0.5)

0.3 )i,
l3 = π

2 +0.5i, l4 = π

2 −0.5i, β 0
3 = 15, and β 0

4 = 15.
Case 3 If the N-soliton solution (5) with N = 5 satisfies

the long wave limit constraints

k1 = K1ε, k2 = K2ε, exp(β 0
1 ) = exp(β 0

2 ) =−1,

K1 = K∗2 , l1 = l∗2 , k3 = k∗4, l3 = l∗4 , β
0
3 = β

0∗
4 , ε → 0,

we obtain the hybrid solution consisting of a lump, a breather
and a line soliton

u(n) =
f (n+1) f (n−1)

f (n)2 , (71)

with
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f (n) = eA34+A35+A45+η3+η4+η5(a13a23 +a13a24 +a13a25 +a14a23 +a14a24 +a14a25 +a15a23 +a15a24 +a15a25

+a13θ2 +a14θ2 +a15θ2 +a23θ1 +a24θ1 +a25θ1 +θ1θ2 +a12)+ eA34+η3+η4(a13a23 +a13a24 +a14a23

+a14a24 +a13θ2 +a14θ2 +a23θ1 +a24θ1 +θ1θ2 +a12)+ eA35+η3+η5(a13a23 +a13a25 +a15a23

+a15a25 +a13θ2 +a15θ2 +a23θ1 +a25θ1 +θ1θ2 +a12)+ eA45+η4+η5(a14a24 +a14a25 +a15a24

+a15a25 +a14θ2 +a15θ2 +a24θ1 +a25θ1 +θ1θ2 +a12)+ eη3(a13a23 +a13θ2 +a23θ1 +θ1θ2 +a12)

+eη4(a14a24 +a14θ2 +a24θ1 +θ1θ2 +a12)+ eη5(a15a25 +a15θ2 +a25θ1 +θ1θ2 +a12)+θ1θ2 +a12,

in which

a12 =
2K1K2

cos(l1− l2)−1
, ai j =

2Ki sinh(k j)

cos(li− l j)− cosh(k j)
,

(i = 1,2, j = 3,4,5), exp(Ai j) =
cos(li− l j)− cosh(ki− k j)

cos(li− l j)− cosh(ki + k j)
,

(i = 3,4, j = 4,5, i < j),

θi = 2Ki cos(li)x+2Ki sin(li)y+2Kin, (i = 1,2),

η j = 2sinh(k j)cos(l j)x+2sinh(k j)sin(l j)y+2k jn+β
0
j ,

( j = 3,4,5),

where β 0
j ( j = 3,4,5) is an arbitrary real constant. From hybrid

solution (71), we obtain the velocities of the lump, the breather
and the line soliton as follows:

Vlump =

(
sin(l1)− sin(l2)

sin(l2− l1)
,

cos(l1)− cos(l2)
sin(l1− l2)

)T

,

Vbreather =

− Re(2k3)Re(2sinh(k3)cos(l3))
Re2(2sinh(k3)cos(l3))+Re2(2sinh(k3)sin(l3))

− Re(2k3)Re(2sinh(k3)sin(l3))
Re2(2sinh(k3)cos(l3))+Re2(2sinh(k3)sin(l3))

 ,

Vline =

(
−k5 cos(l5)

sinh(k5)
,−k5 sin(l5)

sinh(k5)

)T

.

Utilizing velocity resonance condition

Vlump =Vbreather =Vline,

we derive a lump–breather–line molecule which is shown in
Fig. 11 by taking the parameter K1 = 1+0.6i, K2 = 1−0.6i,
k3 = −0.4789249532+ π

2 i, k4 = −0.4789249532− π

2 i, k5 =

1.6, l1 = π + arccosh( sinh(1.6)
1.6 )i, l2 = π − arccosh( sinh(1.6)

1.6 )i,
l3 = π

2 + 0.6i, l4 = π

2 − 0.6i, l5 = π , β 0
3 = −30, β 0

4 = −30,
and β 0

5 = 30.
Case 4 If the N-soliton solution (5) with N = 6 satisfies

the long wave limit constraints

k1 = K1ε, k2 = K2ε, exp(β 0
1 ) = exp(β 0

2 ) =−1,

K1 = K∗2 , l1 = l∗2 , k3 = k∗4, l3 = l∗4 ,

k5 = k∗6, l5 = l∗6 , β
0
3 = β

0∗
4 , β

0
5 = β

0∗
6 , ε → 0,

we obtain the hybrid solution consisting of a lump and two
breathers

u(n) =
f (n+1) f (n−1)

f (n)2 , (72)

with

f (n) = eA34+A35+A36+A45+A46+A56+η3+η4+η5+η6(a13a23 +a13a24 +a13a25 +a13a26 +a14a23 +a14a24

+a14a25 +a14a26 +a15a23 +a15a24 +a15a25 +a15a26 +a16a23 +a16a24 +a16a25 +a16a26 +a13θ2

+a14θ2 +a15θ2 +a16θ2 +a23θ1 +a24θ1 +a25θ1 +a26θ1 +θ1θ2 +a12)+ eA34+A35+A45+η3+η4+η5 ×

(a13a23 +a13a24 +a13a25 +a14a23 +a14a24 +a14a25 +a15a23 +a15a24 +a15a25 +a13θ2 +a14θ2

+a15θ2 +a23θ1 +a24θ1 +a25θ1 +θ1θ2 +a12)+ eA34+A36+A46+η3+η4+η6(a13a23 +a13a24 +a13a26

+a14a23 +a14a24 +a14a26 +a16a23 +a16a24 +a16a26 +a13θ2 +a14θ2 +a16θ2 +a23θ1 +a24θ1

+a26θ1 +θ1θ2 +a12)+ eA35+A36+A56+η3+η5+η6(a13a23 +a13a25 +a13a26 +a15a23 +a15a25

+a15a26 +a16a23 +a16a25 +a16a26 +a13θ2 +a15θ2 +a16θ2 +a23θ1 +a25θ1 +a26θ1 +θ1θ2 +a12)

+eA45+A46+A56+η4+η5+η6(a14a24 +a14a25 +a14a26 +a15a24 +a15a25 +a15a26 +a16a24 +a16a25

+a16a26 +a14θ2 +a15θ2 +a16θ2 +a24θ1 +a25θ1 +a26θ1 +θ1θ2 +a12)+ eA34+η3+η4(a13a23

+a13a24 +a14a23 +a14a24 +a13θ2 +a14θ2 +a23θ1 +a24θ1 +θ1θ2 +a12)+ eA35+η3+η5(a13a23

+a13a25 +a15a23 +a15a25 +a13θ2 +a15θ2 +a23θ1 +a25θ1 +θ1θ2 +a12)+ eA36+η3+η6(a13a23

+a13a26 +a16a23 +a16a26 +a13θ2 +a16θ2 +a23θ1 +a26θ1 +θ1θ2 +a12)+ eA45+η4+η5(a14a24

+a14a25 +a15a24 +a15a25 +a14θ2 +a15θ2 +a24θ1 +a25θ1 +θ1θ2 +a12)+ eA46+η4+η6(a14a24

+a14a26 +a16a24 +a16a26 +a14θ2 +a16θ2 +a24θ1 +a26θ1 +θ1θ2 +a12)+ eA56+η5+η6(a15a25
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+a15a26 +a16a25 +a16a26 +a15θ2 +a16θ2 +a25θ1 +a26θ1 +θ1θ2 +a12)+ eη3(a13a23 +a13θ2

+a23θ1 +θ1θ2 +a12)+ eη4(a14a24 +a14θ2 +a24θ1 +θ1θ2 +a12)+ eη5(a15a25 +a15θ2 +a25θ1

+θ1θ2 +a12)+ eη6(a16a26 +a16θ2 +a26θ1 +θ1θ2 +a12)+θ1θ2 +a12,

in which

a12 =
2K1K2

cos(l1− l2)−1
, ai j =

2Ki sinh(k j)

cos(li− l j)− cosh(k j)
,

(i = 1,2, j = 3,4,5,6),

exp(Ai j) =
cos(li− l j)− cosh(ki− k j)

cos(li− l j)− cosh(ki + k j)
,

(i = 3,4,5, j = 4,5,6, i < j),

θi = 2Ki cos(li)x+2Ki sin(li)y+2Kin, (i = 1,2),

η j = 2sinh(k j)cos(l j)x+2sinh(k j)sin(l j)y+2k jn+β
0
j ,

( j = 3,4,5,6),

where β 0
j ( j = 3,4,5,6) is an arbitrary real constant. From hy-

brid solution (72), we obtain the velocities of the lump and two
breathers as follows:

Vlump =

(
sin(l1)− sin(l2)

sin(l2− l1)
,

cos(l1)− cos(l2)
sin(l1− l2)

)T

,

Vbreather1 =

− Re(2k3)Re(2sinh(k3)cos(l3))
Re2(2sinh(k3)cos(l3))+Re2(2sinh(k3)sin(l3))

− Re(2k3)Re(2sinh(k3)sin(l3))
Re2(2sinh(k3)cos(l3))+Re2(2sinh(k3)sin(l3))

 ,

Vbreather2 =

− Re(2k5)Re(2sinh(k5)cos(l5))
Re2(2sinh(k5)cos(l5))+Re2(2sinh(k5)sin(l5))

− Re(2k5)Re(2sinh(k5)sin(l5))
Re2(2sinh(k5)cos(l5))+Re2(2sinh(k5)sin(l5))

 .

Utilizing velocity resonance condition

Vlump =Vbreather1 =Vbreather2,

we derive a lump–breather–breather molecule which is
shown in Fig. 12 by taking the parameter K1 = 1 +

0.8i, K2 = 1 − 0.8i, k3 = −0.5128078901 + π

2 i, k4 =

−0.5128078901 − π

2 i, k5 = −0.4 + 3π

2 i, k6 = −0.4 −
3π

2 i, l1 = π + arccosh( cosh(0.5128078901)sinh(0.6)
0.5128078901 )i, l2 = π −

arccosh( cosh(0.5128078901)sinh(0.6)
0.5128078901 )i, l3 = π

2 + 0.6i, l4 = π

2 −
0.6i, l5 = 3π

2 + 0.5i, l6 = 3π

2 − 0.5i, β 0
3 = −20, β 0

4 = −20,
β 0

5 = 20, and β 0
6 = 20.

u
x

y

u

x

y

u
x

y

(a) (b) (c)

Fig. 9. Lump–line molecule. (a) n =−20, (b) n = 0, and (c) n = 20.
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Fig. 10. Lump–breather molecule. (a) n =−666, (b) n = 24, and (c) n = 496.
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Fig. 11. Lump–breather–line molecule. (a) n =−555, (b) n = 3, and (c) n = 556.
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Fig. 12. Lump–breather–breather molecule. (a) n =−560, (b) n = 0, and (c) n = 560.

6. Conclusion
By introducing different parameter constraints and uti-

lizing the partial long wave limits on the N-soliton solu-
tion, we obtain various hybrid solutions for the (2 + 1)-
dimensional elliptic Toda equation. Based on these hybrid
solutions, we demonstrate different interactions that exhibit
interesting physical phenomena. When the phase shifts of
solitary waves before and after the interaction are infinite,
the elastic interaction becomes a resonant interaction. The
resonant interaction between two breathers and the resonant
interactions between a breather/lump and line solitons ex-
hibit the fusion, fission, time-localized breather and rogue
lump phenomena. When the interactions between the solitary
waves make each other moves at the same speed, the molec-
ular structure is formed between the solitary waves. We de-
rive the lump–soliton molecule, the lump–breather molecule,
the lump–soliton–breather molecule and the lump–breather–
breather molecule for the (2 + 1)-dimensional elliptic Toda
equation through the velocity resonance method. Our work
on the diverse interactions among nonlinear localized waves
for the (2+1)-dimensional elliptic Toda equation contributes
to the study of complicated nonlinear wave phenomena for the
(2+1)-dimensional discrete nonlinear wave equations.

A natural extension of the present work may be to investi-
gate the resonant interaction between the lumps and breathers
as well as the resonant interactions among the line solitons,
breathers, lumps for the (2 + 1)-dimensional elliptic Toda
equation, which may exhibit various interesting physical phe-
nomena. Recently, the resonant interactions between the
lumps and homoclinic orbits for some continuous (2 + 1)-
dimensional integrable equation have been investigated.[60–62]

It is interesting for us to study the resonant interaction between
the lumps and homoclinic orbits for the (2+ 1)-dimensional
elliptic Toda equation. Furthermore, pattern formation in
higher-order lumps of the Kadomtsev–Petviashvili I equation
at large time is investigated in Ref. [63]. We are also interested
in studying the patterns of higher-order lumps for the (2+1)-
dimensional elliptic Toda equation in future work.
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