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Effects of strain on the flat band in twisted bilayer graphene
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Based on the effective continuum model, we systematically study the electronic band structures and density of states
of twisted bilayer graphene near the magic angle under the influence of different types of strain, including shear strain,
volume-preserving strain and biaxial strain. We find that the flat bands behave very differently under various types of strain.
Volume-preserving strain generically leads to broader van Hove singularities associated with the flat bands compared with
those under shear strain, with dissimilar strain direction dependence. The band structures and density of states under shear
and volume-preserving strains change with the strain direction, while those under biaxial strain are independent of the
direction of strain. In particular, the effect of biaxial strain on twisted bilayer graphene is geometrically and electronically
similar to the influence of the twisted angle. Our results reveal the characteristic structures in the band structures and density
of states under various types of strain, which can serve as fingerprints for exploring the effects of strain on the novel physics

of this system.
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1. Introduction

Many correlated and topological electronic phases have
been discovered in twisted bilayer graphene (TBG) in recent

=191 which has led to an outburst of research based on

studies,!
this system over the past few years.[?-23] These novel quan-
tum states originate from the formation of flat electronic bands
near a magic twisted angle (~ 1°) under the influence of the

[20-37] Sych flat bands exhibit a sensitive de-

moiré superlattice.
pendence on small lattice deformations!?*33! that are induced
by lattice relaxation or strain. On the other hand, strain is
an effective tool for engineering the flat bands!>*3°! and thus
helps us understand the various exotic quantum states in TBG.

Previous experimental ¥ and theoretical works 243639411
have shown that applying a heterostrain (relative strains be-
tween layers) in a two-layer structure can significantly mod-
ify the band structures and electronic phases. Due to the in-
teraction between substrate and graphene in the preparation
process, various strains are prevalent in actual TBG samples.
Therefore, it is of great significance to study the effect of dif-
ferent types of strain on the flat bands in TBG. The influence
of uniaxial heterostrain on the bands of TBG has been ex-
plored in detail in previous studies.>*384243] However, there

39.44] on the difference and connection

are few detailed studies!
between the effects of various types of strains on the electronic
structure of TBG.

In this paper, we systematically investigate the effect of
different heterostrains on the moiré band structures and den-
sity of states (DOS) of TBG based on a low-energy effective
continuum model. We show that various strains strongly affect
the band structures of TBG near the magic angle. Compared

with the twisted angle, only a small magnitude of strain is re-

fCorresponding author. E-mail: zhigiangli@scu.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd

DOI: 10.1088/1674-1056/acb2c1

quired to cause separation between the conduction band and
the valence band. Volume-preserving strain can broaden the
van Hove singularities compared with shear strain, and both
types of strain have dissimilar dependence on strain direction.
In addition, unlike other strains, the effect of biaxial strain on
TBG is very similar to that of the twisted angle both geometri-
cally and electronically. Therefore, certain angles that are dif-
ficult to achieve during sample fabrication experimentally can
be replaced by applying biaxial strain. The effects of dissim-
ilar strains on the band structures and DOS have very subtle
differences, which can be used to experimentally distinguish
various types of strain. Our findings regarding the flat bands
and van Hove singularities have broad implications for the
novel quantum phases in TBG, which can be directly studied

by scanning tunnelling microscopy (STM) experiments. [*-817]

2. Theoretical background

For TBG without strain, where the two graphene layers
are only rotated relative to each other, the moiré superlattice
forms an array of equilateral triangular domains with alternat-
ing AB and BA stacking regions. However, the moiré pattern
and the corresponding Brillouin zone of TBG are significantly
distorted in the presence of heterostrain. An example of the as-
sociated moiré pattern generated with various strains is shown
in Fig. 1. Because the moiré superlattice period is much larger
than the atomic scale in the limit of the small twisted angle,
the continuum model can efficiently capture low-energy elec-

tronic structures, (20,2945

I which allows us to analyze the effect
of geometrical deformation (including the twisted angle and

strain) on the physical properties of TBG.

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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In this section, we first elaborate on the effect of defor-
mation on the properties of monolayer graphene. The prim-
itive vectors of single-layer graphene are A; = a(1,0) and
As = a(1/2,4/3/2), where a ~ 0.246 nm is the lattice con-
stant of graphene. Thus, the reciprocal vectors are defined
as Gy = 2(1,-1/v/3) and G, = 27”(0,2/\/§). Then, we

a
consider applying a variety of geometrical deformations £ to
single-layer graphene. In the case of the small deformation

limit, £ can be represented by a matrix %4

g:( €xx  €xy—

€y +0 €y

9>:S(e)+T(6). ()

Here the antisymmetric part, labeled by T'(6), represents a ro-
tation matrix with twisted angle 6. The symmetric part, la-
beled by S (€), represents the strain with magnitude e. Obvi-
ously, the shape of the unit cell as well as the Brillouin zone
are both geometrically affected by deformation £. Therefore,
the rescaled primitive and reciprocal lattice vectors can be ex-

pressed as?*]

Aj=I+&)A;, Gi=M1-&")G;. 2

Here A; and G; (i = 1,2) refer to the primitive vectors and the
reciprocal vectors without deformation, respectively.

For a TBG system, a periodic variation of the layer stack-
ing order can emerge with a small value of deformation &, as
shown in Fig. 1. In our calculation, we consider a TBG system
starting with AA stacking and then apply various geometrical
deformations £. Hence, the reciprocal lattice vectors g; and
the primitive lattice vectors a; of the moiré superlattice!**! are

g=E&"Gi, ai=¢7"A,;, 3)

respectively. Here, £ = &, — & is the relative deformation ma-
trix between two layers of graphene, where & (I = 1,2) repre-
sents the deformation acting on each single layer of graphene.
In this paper, the respective deformation of each layer is re-
garded as & = —&, = £/2, that is, the two graphene layers
are rotated and strained oppositely with the same magnitude.

Based on the effective continuum model, the Hamiltonian
of TBG can be written as

(I U
H(U m)’ 4)
where U is the interlayer coupling of two graphene layers and
hy (I =1,2) is the intralayer Hamiltonian of layer /, which is

given by the two-dimensional gapless Dirac equation!>*!

h(k) =Y —hvp/a[(I+E]) (k—D,¢)] - (E6%,067).(5)
&=+

- /0 e _ 2cos(¢)sin (@)
S = R(p)™" (e 0>R((p)—€ (cos((,o)z—Sin(‘P)2

o =< (i) S0t )

In Eq. (5), & = =+ labels the K (K’) valley and 6* (0”) is the
Pauli matrix in the sublattice space. In the following calcula-
tions, we take fivg/a ~ 2.1354 eV.[25] Within a simple two-
center approximation and the small-strain limit, the position
of the Dirac fermion D, ; in momentum space is!**!

Djs=M-&) K —EA, (6)

with

V3
A= Zﬁ(exx—eyy,—Zexy), @)

where K ¢ denotes the location of the K (K') valley for layer
I and A is the strain-induced vector potential.[>*4°! In the A
term, the hopping modulus factor is § ~ 3.14141 and €., (e,y,
€,y) represents the component of the two-dimensional strain
tensor.

Moreover, the effective interlayer coupling U is given

by2024]
_ uu L W'o¢ RIFIE
W u Wb  u

! oS .
+ (u’(zé uwo > 6135(91+512)'7‘7 )

u

271/3 and u and ' are the amplitudes of

where @ = e
the diagonal and off-diagonal terms in the sublattice space,
respectively.[*”] They reflect the influence of lattice ripples
on the moiré band structures. In particular, in the small-
deformation regime, competition between the interlayer inter-
action and the elastic energy at the interface can lead to sig-
nificant lattice relaxation for TBG. The reconstruction can be
taken into account by using u = 0.0797 eV and «’' = 0.0975 eV
in our calculation, which are the interlayer coupling strengths
of AA/BB and AB/BA stacked regions, respectively.3347]

In the following, we introduce into the effective Hamil-
tonian four different types of strain that are common in
two-dimensional materials, namely, shear strain Sg,, volume-
preserving strain Syp, biaxial strain Sy, and uniaxial strain Sy,.
In Fig. 1, we display the corresponding moiré pattern and the
moiré Brillouin zone under various strains with magnitude
€ = 0.7% for TBG near the magic angle (6 = 1.05°). Four
general forms of strain have been derived in detail in previ-
ous reports.?*** In addition, to further understand the effect
of strain direction on the electronic band structures of TBG,
we consider an angle ¢ of strain relative to the Al axis (four-
axis coordinate system) in our system.® Therefore, the strain
tensor can be modified to the following form: 2444

cos (¢)* —sin (9)°
—2cos () sin(¢) ) ©)

(10)
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2 .
Sea = R(9)"" (8 S)R((p):e (cos((p()xs)isn(( )) +(S:i)r;(((p))s1n( ) _COS((Is)i)nSzn() 1r_|;((;‘soz()2)sm( )> =€ ((1) (1)>’ an
B 1 —€ 0 _( —cos(@)*+vsin(@)? (1+V)cos(@)sin(9)
S = RO (5 e ) R0 =< (T o) “anor et ) 2

The above four strains are characterized by the strain magnitude € and the direction ¢. Here, the parameter v = 0.16 is the

Poisson ratio!®! for graphene. Then, the deformation matrix £ containing the strain direction ¢ and magnitude € is obtained for

TBG, and is of the form & = S(ep)+T(0).

3. Results and discussion

Based on the effective continuum model described above, we calculate the electronic band structures of TBG at a fixed

twisted angle 8 = 1.05° close to the magic angle under four different types of strain. In this article, the path of band structures is

along the line ky —Y—kp—M—7Yy—M—k; in the moiré Brillouin zone scheme, as shown by the red dashed line in Fig. 1(a). In

addition, we also perform a series of controls on the electronic band structures by varying the strain magnitude € and direction

¢. These results are fully displayed and discussed in this section.

(a)

(b)

(©)

Fig. 1. Schematic representation of the moiré pattern and moiré Brillouin zone for TBG with a twisted angle 6 = 1.05° under the influence of four types of
uniform strain along the armchair direction, namely, (a) shear strain, (b) volume-preserving strain, (c) biaxial strain and (d) uniaxial strain. The parameters
of these strains are magnitude € = 0.7% and direction ¢ = 0°. The red dashed line in (a) represents the momentum path for the energy band plots.

3.1. Shear strain

Interlayer and interfacial shear strain play crucial roles in
the performance and application of TBG. However, the key
parameters controlling shear strain have been poorly studied
both experimentally and theoretically. Note that the form of
shear strain considered in Eq. (9) is similar to that in the re-
search of Koshino et al.,’*®! and our form is equivalent to
that in Ref. [39] under certain conditions. In particular, the
shear strain form we considered is of more universal and prac-
tical significance, and can be combined with experimental
studies. 48311

In Fig. 2, we show the band structures and DOS of the
TBG system under shear strain with various magnitudes € and
directions ¢. When the strain magnitude € = 0, TBG exhibits
flat bands with vanishing band velocity near the charge neu-
tral point (CNP), resulting from competition between the ki-

netic energy and the interlayer hybridization energy. Corre-

spondingly, as shown by the black line in Figs. 2(a) and 2(b),
the DOS has a strong peak near the CNP. However, the flat
bands near the CNP are very sensitive to variation of the strain
magnitude €, and even a small magnitude of € = 0.1% causes
them to split significantly, as shown in Figs. 2(a) and 2(b).
Moreover, as the magnitude € of strain increases, the energy
separation of the lowest conduction band and valence band in-
creases systematically. Then, the corresponding peaks in the
DOS also shift systematically to higher energies with increase
in €. Unlike flat band features, the remote bands are slightly
affected by the strain magnitude €. Although the energy gap
between the flat bands and the higher-energy bands becomes
smaller with increase in €, the two are not connected and still
maintain a small energy gap of A ~ 0.24 meV. Moreover, the
energy shift of the two flat bands mainly occurs at the y point,
and the band dispersion is also mainly distributed near the y
point. The two bands are quite flat in most other regions of the
Brillouin zone. In particular, shear strain does not open the gap
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near the CNP due to the symmetry of C», T, and the conduction
band and valence band are still connected by a Dirac crossing
point. Because the threefold rotational symmetries are bro-
ken by the strain, the two Dirac crossing points are no longer
located at the corners of the Brillouin zone but at a generic
point. [2438]

Compared with the strain magnitude €, the electronic
band structures of TBG are almost insensitive to the strain di-
rection @, as shown in Fig. 2(c). This is because the behavior

of the flat band is highly correlated with the asymmetric and

0 =1.05°, p = 30°

anisotropic components of the strain tensor.**! However, the
structure of van Hove singularities changes subtly with various
strain directions ¢@. It can be clearly observed from Figs. 2(a)
and 2(b) that the DOS shows one or two smooth main peaks at
¢ = 30° and 9°, while the prominent peaks of the DOS exhibit
some shoulders and the van Hove singularities are broadened
when the direction ¢ deviates by 30° or 90°. In addition, the
system is periodic for ¢ — ¢ + /3 originating from the sym-
metry of the unstrained system. Thus, the DOS of TBG with
shear strain also goes through periodic changes.

(a) 0.04 / €=0 €=0.1% €=0.2%
(] 1
3 E | — Z
g —
-0 ]
’y \
o M ¥ M Ky
5 =90°
e=0 €e=0.1%

ZIIN
1

(—

6 =1.05°, e = 0.001, ¢ = 60°

— T L L
R S AN D G B S - G N Ry S

—0.04
K1 o7 Ky M ¥ M K1 Ky y Ko M 5 M Ky K1 ¥ Ky M v M Ky

e =0.001, p€[0,7/3]

Fig. 2. Band structures and the DOS of magic angle TBG considering the shear strain. (a) Strain direction ¢ = 30° and magnitude € =0, 0.1%,
0.2%, 0.3%, 0.4%. (b) Strain direction ¢ = 90° and magnitude € = 0, 0.1%, 0.2%, 0.3%, 0.4%. Different colors represent different magnitudes
of strain. The colored arrows mark the energy corresponding to the van Hove singularities. (c) The band structures of different directions ¢

with the strain magnitude € = 0.1%.

3.2. Volume-preserving strain

Volume-preserving strain is another heterostrain that is
relatively common in two-dimensional systems.?*! The spe-
cific forms of volume-preserving strain Sy, are listed in Sec-
tion 2. According to Eq. (10), the materials are strained with a
magnitude of € along the direction ¢ and a magnitude of —e
along the vertical direction ¢ simultaneously.

The effect of strain Sy, for a series of strain magnitudes
on the electronic structures of TBG at ¢ = 30° and ¢ = 60° is

shown in Fig. 3. Under the action of volume-preserving strain,
the variation of the flat band with magnitude € is similar to
that of the shear strain, as illustrated in the band structures in
Figs. 2(a), 2(b) and 3. However, compared with the results for
shear strain, the DOS in Fig. 3 demonstrates the unique influ-
ence of volume-preserving strain on the TBG system. When
the increasing parameter € is taken into account, the character-
istic peaks in the DOS are significantly broadened while mov-

ing to higher energies. In addition, the prominent peaks in the
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DOS evolve from a single peak to a group of peaks consisting
of multiple secondary peaks at € > 0.2%. Moreover, at the

0 =1.05°, p = 30°

same magnitude €, the shape of the two peak groups changes
with strain direction ¢, which is most obvious when € = 0.4%.

(a) 0 e=0 €=0.1% €=0.2%
0.04 78.%9
i
% 0.02 X/ : |
N / ] ]
e e — =
r v

NIASE =
M —0.02

—0.04

/1 ol M K1
©=90°

(b) 0.04 ] €e=0 €=0.1% €=04%
% 0.02
- A
>y é‘¥
o0 0 r
a8
M —0.02

—0.04 |

K1 ] ko M v M Ky

Fig. 3. Band structures and the DOS of magic angle TBG considering volume-preserving strain. (a) Strain direction ¢ = 60° and magnitude
e =0, 0.1%, 0.2%, 0.3%, 0.4%. (b) Strain direction ¢ = 90° and magnitude € = 0, 0.1%, 0.2%, 0.3%, 0.4%. Different colors represent
different magnitudes of strain. The colored arrows mark the energy corresponding to the van Hove singularities.

3.3. Biaxial strain

Biaxial strain is a kind of strain in which a low-
dimensional system is subjected to stress in both arbitrary and
perpendicular directions. In general, biaxial strain is only re-
lated to the magnitude € and is independent of the strain direc-
tion @, as derived from Eq. (11).

Figure 4(a) shows the influence of biaxial strain on the
electronic structures in TBG under different strain magnitudes
€. Unlike shear strain and volume-preserving strain, biaxial
strain does not open the band gap of TBG at the k; point. As
shown in Fig. 4(c), since the threefold rotational symmetry
is not broken when biaxial strain is applied to TBG, the two
Dirac crossing points connecting the two energy bands are al-
ways located at the corners of the Brillouin zone. Biaxial strain
can greatly affect the behavior of the lowest conduction band
and the valence band, whereas the remote bands are indepen-
dent of the strain magnitudes €. Besides, with increase in €,
the energy gaps between the two flat bands near the CNP and
the remote bands decrease gradually and tend to overlap. In
Fig. 4(b), we show the electronic band diagram of TBG with
an additional small rotation angle A around the magic an-
gle 6 ~ 1.05°. It can be observed that the effect of twisted
angle AO on electron structures is very similar to that of biax-
ial strain in TBG. This finding can be attributed to the biaxial

strain-induced vector potential A = 0, resulting in geometri-

cal biaxial strain effects consistent with the twisted angle. Our
results are agreement with previous studies on TBG under bi-

axial strain.[*4

3.4. Uniaxial strain

Uniaxial strain is a kind of strain in which the bilayer sys-
tem is subjected to relative stress in one direction but not in

52.53] ynjaxial strain

the vertical direction. In previous studies, !
was found to exist extensively in TBG samples. The influence
of uniaxial strain on the electronic band structure of TBG has
been described in detail in previous works,!17-243842:431 and
the most important feature caused by uniaxial strain is the en-
ergy separation between the conduction band and the valence

band near the CNP.

3.5. Discussion

We have described in detail the characteristics of the band
structures in the TBG system under the influence of various
strains. Next, we discuss the connections and differences be-
tween the dissimilar strains. We can clearly observe that the
central flat band of TBG is very sensitive to all strains. Each
strain near the magic angle broadens the bandwidth of the
central flat band, leading the large energy separation of van
Hove singularities in the DOS. These behaviors can be di-
rectly observed in STM experiments. %! It is found that shear
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strain and volume-preserving strain have similar effects on the
electronic structure of TBG, because asymmetric heterostrains
& = —& = £/2 are taken into account in our calculations.

The central flat band splitting of TBG is mainly related to

0=1.05°, e = 0%

0 =1.05°, ¢ = 0.3%

the anisotropic normal component € = % (ey — €,y) and the
shear component €., of the strain tensor, which has been ex-
plained in previous work by using the pseudo Landau level
picture of TBG.[*"]

0 =1.05°, ¢ =0.4%

(a)
0.04 0.04 0.04

£ 0.02 0.02 0.02
= N A NN
i o< e o
o' >
§-0.02 —0.02 —0.02

—0.04 —0.04 —0.04

K1 vy keM v M K1 K1 v KoM v M K K1 ~ KeM v M kK
0=1.10 0=1.15° =1.20°
(b)
0.04 \ 0.04 0.04

£ 0.02 0.02 0.02
2 N <> N_|
> Ob——t— 0 <>< =] 0 < | >
o0
; N\ /\
5 —0.02 —0.02 —0.02

—0.04 / —0.04 —0.04

K1 o7 Ke M v M kK K1 vy ke M v M K K1 7 KoM v M K
=1.05°, ¢ = 0% 0 =1.05° ¢ =0.3% 0=1.05°, ¢ =0.9%

() Ky
k1 g2
’Cl M
M go iY; 92
M M
M
kJQ k:2
k2
g1 g g1

Fig. 4. Band structures of TBG with different (a) biaxial strain magnitudes € = 0.1%, 0.3%, 0.4% and (b) twisted angles 6 = 1.10°, 1.15°,
1.20°. Different colors represent different magnitudes of strain and twisted angle. (c) The moiré Brillouin zone of TBG under various biaxial

strain magnitudes €.

We also analyze the differences between the dissimilar
strains. Firstly, we find that the bands under different strains
have different dispersion. Compared with shear strain, the
structure of the van Hove singularity of TBG under volume-
preserving strain has broader peaks in the DOS. Secondly, bi-
axial strain has a very unusual effect on the band of TBG com-
pared with the other three types of strain. Biaxial strain does
not break the threefold rotational symmetry of the TBG lattice.
The changes in the band and DOS of TBG under the influence
of biaxial strain are very similar to the effect of twisted angle.
In fact, the geometric effect of biaxial strain is similar to that of
twisted angle, as shown in previous studies.**! Finally, unlike
the complete separation of the central flat bands under uniaxial
strain, shear strain and volume-preserving strain cause the flat
band to change dramatically near the y point, such that under
certain conditions the central flat bands intersect at locations
other than the intersection of the two Dirac points. This re-

sult means that the electronic and optical behavior of the two

flat bands can no longer be considered from the perspective of
isolated bands.

4. Conclusion and perspectives

In this paper, we systematically studied the electronic
band structure and DOS of magic angle TBG with different
types of strain based on the effective continuum model. We
find that the flat band near the CNP is greatly sensitive to shear,
volume-preserving and uniaxial strain, which leads to distinct
behaviors in the flat bands and DOS. Unlike uniaxial strain, the
energy transition of shear strain and volume-preserving strain
is more intense near the 7y point of the central flat band, and
the two types of strain have dissimilar strain direction depen-
dences, which enables us to extract a lot of critical informa-
tion about band structure. In addition, biaxial strain is un-
usual compared with the other strain modes in that the effect
on TBG is very similar to that of the twisted angle both geo-
metrically and electronically, which provides a way to achieve
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some twisted angles that are difficult to fabricate experimen-

tally using biaxial strain in the future. Finally, we found that

different types of strain lead to corresponding characteristic

peaks and thus modify the van Hove singularities in the DOS

of the flat bands, which are expected to significantly influence

the correlated and topological electronic phases in TBG and

can be studied by future STM experiments. !
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