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Stability analysis of magnetization in a perpendicular magnetic layer
driven by spin Hall effect
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We investigate the stability of magnetization in free layer where the spin torque is induced by the spin Hall effect. In
terms of the Landau-Liftshitz—Gilbert equation, we find the low-energy and high-energy equilibrium states, as well as the
saddle points. The stability region is defined in the phase diagram spanned by the current density and the spin Hall angle.
The spin Hall effect makes the previous saddle point into a stable state above a critical current. However, in the presence of
magnetic field, the spin Hall effect leads to the opposite changes in the stable regions of the two low-energy states.
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1. Introduction

In 1996, Slonczewski and Berger have proposed that the
spin-polarized current!!! can induce the spin transfer torque
effect,’?! which is an important force driving magnetization
dynamics.!371 The spin transfer torque can be produced in
spin valve structure!®! composed of a pinned layer, a spacer
layer, and a free layer. The pinned layer and free layer are fer-
romagnetic layer, and the middle layer is nonmagnetic metal
layer. When an electronic current perpendicularly propagates
to the layer interface,®! the electric current is polarized in the
fixed layer and transforms its spin angular momentum to the
free layer. Therefore, this case is called current-perpendicular-
to-plane geometry.!'”) Now, many studies have focused on
the mentioned above current-perpendicular-to-plane geome-
try, and the corresponding spin-transfer torque has aroused
people’s interest with its main application prospect in the non-
volatile magnetic random access memory!'!! and high fre-
quency nanoscale microwave oscillators. 2]

Also, some experiments show that magnetization switch-
ing can also occur in current-in-plane geometry.[!3~151 In this
case, an in-plane current flowing into the non-magnet layer can
convert into a vertical spin current by the action of spin Hall
effect,!1%18] in which the spin Hall angle is the ratio of the spin
current density and the charge current density. A spin cur-
rent flows vertically into the ferromagnet layer interface and
converts its angular momentum to the free layer, and exerts
a spin torque to the free layer magnetization as the same as
the current-perpendicular-to-plane geometry. It is well known
that the dynamics of magnetization in the ferromagnetic layer
can be described by the Landau—Liftshitz—Gilbert equation. In
terms of this equation the linear stability analysis is a useful
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tool to build phase diagram boundary and can get the switch-

19,20 [21-28

ing current!!%2% in different magnetic state. I Also, it can

predict the conditions in different systems without relying on

5.129-321 I this paper, we study the

the integrability of equation
linear stability analysis of magnetization in free layer where
the spin torque***¥ induced by the spin Hall effect. All
the possible equilibrium states and their stability conditions
have been obtained by the oscillations ansatz in detail, the
stable and unstable regions are given in the phase diagram
as well. Stability studies are fundamental significance to un-
derstand magnetization dynamics and related phenomenology.
We find that the system is unstable in a strong field environ-
ment due to the magnetic switch induced by the Gilbert damp-
ing. On the other hand, it is metastable in weak field state and
small particle size. The present method and results can also
be extended to various frontiers of physics, including mag-
netic skyrmions and other topological spin structures. The lo-
cal injection of spin-polarized current can be used to promote
the nucleation of skyrmions, due to partial compensation of
magnetization.®3 It is reported that magnetic skyrmions is a
topology protected magnetic structure, which can be used as
a low energy consumption and efficient information storage

device. 36381

2. Model

As described in Fig. 1, we consider a magnetic bi-layer
structure, which composed of a ferromagnetic metallic layer
and a nonmagnetic metallic layer. The film lies in x—y plane.
For the in-plane free layer structure, due to the spin Hall effect,
the in-plane charge current running in the x direction generates
the spin current running in the z direction, i.e., there exists a
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vertical spin current under the spin Hall effect. This perpendic-
ular spin current flows into the ferromagnet layer and transfers
its spin-angular-momentum, thus, a spin Hall effect torque can
be generated.

4 Y Tmﬁcc = Ferromagnet layer

Non-magnet layer

> 4

CIP

Fig. 1. Schematic drawing of the magnetic multilayers with a spin torque
induced by spin Hall effect and coordinate system.
In order to study the stability of magnetization with spin
Hall effect torque, we analyze the dimensionless form of the
Landau—Liftshitz—Gilbert equation21]

d d
m :—mxheff—i—amx—m—i—cjmx(mxg), (1)

ot ot

where m is the unit vector of ferromagnet, o is the Gilbert
damping parameter, T = YMst is the characteristic time with
Mg being the saturation magnetization, Yy is the gyromag-
The effective field her = hy + h is an effec-
tive magnetic field, which includes an effective perpendicu-
lar anisotropy field hy = km_ 2,k = K/ (,qusz) being the uni-
axial anisotropic constant with saturation magnetization M,

netic ratio.

and an external field h = h,g. The third term in the right of
Eq. (1) is the spin torques induced by the spin Hall effect, and
cj = (h/2e)/(BsuJ/ (Msd)), where e is electron charge, Osy
is an effective spin Hall angle of the system, and J is the cur-
rent density in heavy metal layer, and d is the thickness of
ferromagnet layer.

In this paper, we use the coherent rotational model.[4>#3!
Coherent mode can only occur in materials composed of small
particles, where exchange coupling exceeds anisotropic en-

[43.44] mode is

ergy. For larger grains, incoherent nucleation
dominant. The concept of effective anisotropy has good phys-
ical significance only when the nuclear mode is regarded as
coherent rotation. Where the Stoner—Wohlfarth model®! is
the most promising time independent model so far, and it is
based on the coherent rotation of magnetic moment of single
domain grains relative to their easy axis. Under an uniaxial
anisotropic case, the dynamics of m can be described by the
polar angle 0 and the azimuthal angle ¢ in the spherical coor-

dinate. Then, Eq. (1) reduces to two coupled equations
0+ adsing = hycos¢ —cjcosBsing,
. . k
@sinf —ab = 5 sin20 —cjcos ¢ —hycosBsing, (2)

where 0 and ¢ are the time derivatives of 6 and ¢, respectively.
Let = 0 and ¢ = 0, we obtain the equilibrium equation of the
equilibrium magnetization states (6, @)

hycos @ — cjcos Gy sin ¢y = 0,

ksin 6y cos By — ¢ cos ¢ — hy cos By sin gy = 0. 3)

In the equilibrium states, we introduce a small perturbation
to determine the stability of the equilibrium states. Substitut-
ing the ansatz 0 = 6y + 60 and ¢ = ¢y + 6 ¢ into Eq. (2) and
keeping the linear terms of 66 and J¢, we can get the linear
equations about §6 and J¢ as follows:

d . d

a56+asln9056¢—k956+k¢5¢,

0L 50 1 sin00-L50 = 1,50+ 1,50, (&)
dt 0" — eE%

where kg = c;sin6psingg, ky = —hysingo — c;cos 6y cos ¢,
ly = cjsingy — hycosBpcosdy, and lg = kcos(26y) +
hy sin 6y sin ¢.

In order to understand the stability of the equilibrium
states, we assume a small periodic oscillation signal 66 and
8¢, where 560 = ABe'® and §¢ = A¢e'® with AG and A¢
being the small amplitude, respectively. Then, from Eq. (4)
one gets the dispersive equation

ia?—kg Ot.i(J)S.iIIG()—/% —o. (5)
—aiow—1ly i@sin6y—Iy
Therefore, we have
1
a):ﬂ(iai\/l;), 6)

where k = (1+a?)sin6), a = (alg — kg)sin 6y — otk — g,
and b = 4xn —a* with 1 = kgly — kslp. From Eg. (6) we
have a stable state for a/x > 0 and b > 0, while the equilib-
rium state is unstable for the case a/x < 0 and b > 0, or the
case b < 0.

3. Stability of magnetization dynamics with spin
Hall effect

In this section, we start to discuss the stability of magne-
tization dynamics under the different condition. According to
Egs. (3) and (6), we consider the stability analysis of magneti-
zation with the spin Hall effect. We research the stability of the
equilibrium state, and study the stable state of the equilibrium
state relies on b > 0 and a/x > 0.

According to Eq. (3), we get the equilibrium equation
without the external magnetic field

cjcosBpsingy =0, ksin26y — 2c¢;cos P = 0. @)

By solving Eq. (7) we find six equilibrium states. There are
two equilibrium states with the low energy expressed by 6y =

. _ . . _ 2 2
arcsin/(k— fo) / (2k), ¢o = 0, m, in which fy = | /k* —4c7.

The two equilibrium states with the high energy take the form

of 6y = arcsin/(k+ fo) / (2k), ¢o =0, 7. It is commonly rec-

ognized that 6y = 0, 7 is low energy state and 6y = 7 /2 is high
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energy state in a ferromagnetic with perpendicular anisotropy.
The last two equilibrium states belong to the case of saddle
points (without spin Hall effect) which can be depicted as
60 = 7/2, ¢o = m/2, 3m/2. Now, we begin to analyze the
stability of these six equilibrium states, as shown in the phase
diagram.

3.1. Stability of the high energy equilibrium states

In this section, we will investigate the stability of the
high energy equilibrium states. Substituting ¢9 = 0 and 6y =
arcsin((k+ fo)/(2k))'/? into the stability condition in Eq. (6),
we have kg =0, ky = —c;jcos b, lg = kcos26p, [y =0, k =
(1+ @) (k+ fo) /(20))2, a = aulk = 3 o) VEF Jo/ (2VZR),
and b = o?(3cF — k%) /2 — (c3(8 — &%)/ (2k) + (@?k)/2) fo.
The stability condition a/x > 0 demands ¢ > 2k*/9, while
b > 0 demands c? > k*/3 and c? < k2 /4, owing the rela-
tion that the second term —(¢5(8 — &?)/(2k) + ko /2) fo of
b is negative. By comparing the condition c? < k*/4 and
cf > k? /3, there is no common region. For another high en-
ergy equilibrium state 6y = arcsin((k+ fo)/(2k))'/2, ¢ = =,
we have the same result. These results denote that no stable

condition for the high energy equilibrium states.

3.2. Stability of the low energy equilibrium states

Firstly, we consider the stability of the low energy of
the equilibrium state 6y = arcsin(k — fo/(2k))"/2, ¢ = 0.
Substituting 6y, ¢o, and ¢; = k/2sin26y into the conditions
of stability in Eq. (6), we have kg = 0, ky = —cjcos 6,
lg = kcos26p, and [y = 0. With these results we obtain
a=oa(k+3fo)vk—fo/V8k b= 0a*(3c; —k*) /2~ fo(c5(8 -
a?)/(2k) + a*k/2), and x = (14 o2)(k — fo/(2k))"/2. In
order to satisfy the stability condition a/x > 0 and b > 0
it demands |c;| < k/2 and |cj| < V2ka /(2 + ady), where
G=vVoar+1, & =+ay—1 with ap =1+ 2. Consid-
ering & < 1 we obtain that the stable region is satisfied by
the condition |c;| < v2kot/(2{, + a&y). With the defini-
tion ¢; = (f/2e)/(0suJ/(HoM?>d)) we find the stable region
for the equilibrium state, i.e., 6y = arcsin(k — fo/(2k))'/?
and ¢y = 0, demands the current density condition |J| <
V2aked | (h0s (& 4+ a1 /2)). For another low energy equi-
librium state 6y = arcsin(k — fo/(2k))'/2, ¢o = 7, we have
the same current density condition, while we use the relation
sin26y = —2c;/k.

With the above analysis, the stability of the equilibrium
states can be represented graphically in the phase diagram in
the plane of the current density J and the spin Hall angle 6syy,
as shown in Fig. 2. Here, we take the related parameters as
follows: the saturation magnetization Mg = 8.0 X 105 A/m,
the Gilbert damping parameter o = 0.2, the electron charge
e =1.6x 1071% C, the vacuum permeability g = 47 x 1077,

and K = 1.6 x 10° J/m3. Thus, the uniaxial anisotropic con-
stant is k = K /(oM?) = 0.2, the thickness of the ferromagnet
layer d =3 nm. In Fig. 2 the red and cyan lines denote the
boundary of a/x = 0, and b = 0. Because the red and cyan
lines are so close, we inset figure to distinguish the two lines.
Therefore, the stable region is shown in Fig. 2 for the low en-

ergy of the equilibrium states 6y = arcsin(k — fo/(2k))"/? and
¢ =0, 7.
3.8
~
3.41
0.24 0.24008
= 3.0 a/k<0,b<0
261 a/k>0,b>0
(stable)
2.2 : :
0.20 0.24 0.28 0.32

HSH

Fig. 2. The phase diagram in the J—6sy plane for the stability of the
equilibrium states 6y = arcsin(k — fo/(2k))"/2 and ¢o = 0, 7. The red
line and cyan line (see inset figure) denote the boundary a/x = 0 and
b = 0, respectively. The parameter J is in units of 10'2 A/m2. The
other parameters are as follows: the saturation magnetization My =
8.0 x 10° A/m, the Gilbert damping parameter o = 0.2, the electron
charge e = 1.6 x 10712 C, the vacuum permeability o = 47 x 1077, the
reduced Planck constant # = h/27, Planck constant 1 = 6.626 x 10734 J.s,
K = 1.6 x 10° J/m3. Thus, the uniaxial anisotropic constant is k =
K/(1oM2) =~ 0.2, and the thickness of the ferromagnet layer is d = 3 nm.

3.3. Stability of the equilibrium states (7 /2, 7#/2) and (7/2,
37n/2)

From Eq. (1) we see that the equilibrium states 6y = /2,
and ¢y = m/2, 37w/2 form the saddle point in the absence
of spin Hall effect torque, and it is unstable. However,
the spin Hall effect changes the stability of these states as
Substituting 6y = ©/2, ¢9 = n/2 into the con-
ditions of stability in Eq. (6), we obtain kg = c;, kg = 0,
lo =—k, lp =cj, K= 1+o%, n= c?, a = —(ok+2c;j),
b= —o(ak? +4kej—4cja). The stability conditions a/x >0
and b > 0 demand the condition ¢; < —ak/2, which implies
the current density J < —aked/(h6sy). The same discussion

follows.

gives the stability condition, which demands the current den-
sity J > atked / (hBsp ) for the equilibrium states 6y = /2, and
¢o = 37/2. In terms of the above analysis, the stability of the
equilibrium states is |J| > aked/(h6sy), which can be rep-
resented graphically in the phase diagram in Osy—J plane, as
shown in Fig. 3. In Fig. 3, the red and cyan lines denote as
the boundary of a/x = 0 and b = 0, respectively. Without the
spin Hall effect, the saddle points (7/2,7/2) and (7/2,37/2)
are unstable states, while the spin Hall effect drives the saddle
points (7/2,7/2) and (w/2,37/2) into a stable state in the
condition |J| > otked /(1Bsp).
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~
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0.20 0.24 0.28 0.32
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Fig. 3. The phase diagram in the J—6sy plane for the stability of the equi-
librium states (7/2, 71/2) and (7/2,37/2). The red line denotes as the
boundary of a/k = 0, the cyan line denotes as the boundary of » = 0. The
parameters are the same as in Fig. 2.

4. Stability of magnetization dynamics with spin
Hall effect and the external field

In this section, we consider the stability of magneti-
zation dynamics with spin Hall effect and an external field
hyg, where role of the external magnetic field is similar to
the field-like torque induced by spin—orbit torque (SOT) in
heavy metal/ferromagnetic bilayers. The external field per-
pendicular to the spin current is necessary in the SOT in-
duced magnetization switching. By solving Eq. (3) we can
find four equilibrium states, i.e., 8y = arcsin[(k £ fp) fl]l/ 2
and @y = arcsin(h?(k + fo)k)'/?/[2¢3(c3 + h2)]'/? with fi =
(c5+h3)/(2kc3), and 6 = /2, ¢o = 7/2, 37/2. It is obvi-
ous that in the absence of magnetic field these two solutions
correspond to the low energy equilibrium states discussed in
the previous section. In the following, we begin to analyze
the stability of the above four equilibrium states and show its
stable region.

Firstly, we will investigate the stability of the
equilibrium state, ie., 6y = arcsin(&lfl)l/z, ¢ =
arcsinhy(&1k)"/2/[2c%(c3 + h2)]'/%, where & =k + fp. Sub-
stituting 8y and ¢y into the conditions of stability in Eq. (6)
we get kg = Eihy/(2¢)). ko = —&(E1/1)'?/2, 1o = —(fo+
&y /2¢3), Ly = &1 (&1 f1)'/?/(2¢)), k= (1+ &%) (&1/1) 'V,
n= fg(?jlhf/c% —&)(&1f1)V/2 /2, and the parameters

a=—on/fo—2[1+ac;fo/ (hé)],
b= Efi{2h(1+0?) (B~ &)

—[a(&/2= fo) = (1+hy/ e 1] }.

With the stability conditions b > 0 and a/x > 0, we get
the stable region in Fig. 4, in which the red line repre-
sents a/x = 0, and the black line represents b = 0. The
common region is represented by b > 0 and a/x > 0, so
From Fig. 4 we find that the
spin Hall effect enlarges the stable region of this equilibrium

the purple region is stable.

state. Here, we select the related parameters as follows: the

Gilbert damping parameter o = 0.2, K = 1.6 x 10° J/m?, and
then the uniaxial anisotropic constant is k = K/(uyM?2) ~
0.2. The same stability analysis can also be discussed in
detail for another equilibrium state 6y = arcsin(&, f;)'/2 and
¢ = arcsinhy(Ek)'/2/ [2C§(C§ + h%)]l/ 2. Using the relation
cos @y = c;jcosBysino/h, and sindy = khysin 90/(c§ + hg)
and substituting 6y and @y into the conditions of stability
in Eq. (6) we have kg = &hy/(2¢)), ko = —&1(&2/1)'?/2,
lo = fo—m&a/(2c)). Iy = & (&fi)'?/(2¢)). k= (1+
o) (&af)' A = fol& —hE&/c3)(&af1)'/?/2. The corre-

sponding parameters are
a = —oan/fo—2l[1+ac;fo/ (hé1)],
b= &fi{2f (1402 (& - KE/S)
—[@(&/2+ fo) = (1+ ahy/ () &l /2.

0.10
0.08
0.06
0.041
0.02

—a/k

s of
—0.02
—0.04
—0.06
—0.081

—0.10 . - -
-2.0 -1.5 -1.0 -0.5 O 0.5 1.0 1.5 2.0

Fig. 4. The phase diagram of steady region in the h—c; plane for
the magnetic state 6y = arcsin[(k + fo)f1]'/? and @y = arcsin(h3 (k +
fo)k)1/2/ [2c%(c§ +13)]/2. The red line denotes as the boundary of
a/x = 0, the black line denotes as the boundary of » = 0. The purple
region denotes as the stable region. Here we select the related parameters
as follows: the Gilbert damping parameter o = 0.2, K = 1.6 x 10° J/m?,
the uniaxial anisotropic constant is k = K / (uoM?) ~ 0.2.

0.10
0.08 -
0.06 ¢
0.04 -
0.02F

Fig. 5. The phase diagram of steady region in the h—c; plane for
the magnetic state 8y = arcsin[(k — fy)f1]"/% and ¢y = arcsin(i3 (k —
fo)k)1/2/ [20? (c% +h3)]. The phase diagram in the magnetic steady state
of the equilibrium states, the equilibrium in the h—c; plane. The red line
denotes as the boundary of a/x = 0, the black line denotes as the bound-
ary of b = 0. The purple region denotes as the stable region. The related
parameters are the same as in Fig. 4.
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In Fig. 5 we plot the stable region with the stability condi-
tions » > 0 and a/x > 0. The red line represents a/x = 0,
and the black line represents b = 0. Obviously, the common
purple region is the stable region. Here, the corresponding
parameters are as follows: the Gilbert damping parameters
a=0.2, K =1.6 x 10° J/m>, the uniaxial anisotropic constant
is k = K/(1oM?) ~ 0.2. However, comparing Figs. 4 and 5
we find that the spin Hall effect makes the stable region of this
states smaller than the above case with the increasing current.

Next, we consider the stability of the equilibrium state
6y = /2 and ¢y = 7/2. Substituting 6y and ¢y into the condi-
tions of stability, we have kg = cj, kg = —hy, lg =hy—k, ly =
cjra=0(2hy—k) —2cj, b =405 +4ac;(2hy — k) + (4h; —
k*a* —4khy). From the stability conditions a/x > 0and b >0
we obtain ¢; < a(hy—k/2) and ¢; < —[k(oy — 1) +2h,]/(2ax)
or ¢j > [k(oy + 1) —2h,]/(20x), respectively. With these re-
sults we find there are two magnetic field critical values, i.e.,
hy = k(o 7 1)/(2a), denoted by the point N; for the case
— and N, for the case + in Fig. 6. For the case — the sta-
ble condition is ¢; < [(k —2hy) — koy]/2c as the external
field greater than the critical value, while ¢; < a(hy, —k/2)
as the external field less than the critical value, as shown in
Fig. 6. For the case +, we obtain the stable condition, i.e.,
(k(ar +1)—2hy)/(2at) < c¢j < at(hy —k/2), as well the exter-
nal field is greater than the critical value, as shown in Fig. 6.
With the above analysis, we adopt the parameters as follows:
o=0.2,K=1.6x10°J/m3, and the uniaxial anisotropic con-
stant is k = K/(uoM?) =~ 0.2. In Fig. 6, the red line denotes
the condition a/x =0, i.e., ¢; = ot(hy — k/2). The region be-
low the red line represents a/x > 0, while above the red line
represents a/k < 0. The blue and black lines denote the con-
dition b = 0, i.e., by and b, are shown in Fig. 6. The region
which below the blue line and above the black line represents
b > 0. By adjusting the magnitude of the external magnetic
field and the current density, we can find the stable region of
the equilibrium state 6y = 7/2 and ¢g = /2.

a/k<0,b>0

5,
a/k<0,b>0
Y Stable |
N, a/k>0,b>0
_5} J
Stable

_10t a/k>0,b>0

-2 -1 0 1 2
hy

Fig. 6. The phase diagram of steady region in h—c; plane for the mag-
netic equilibrium state (/2,7/2). The red line denotes as the boundary
of a/k = 0, the blue line and black line denote as the boundary of b = 0.
Here we select the related parameters as follows: the Gilbert damping
parameter @ = 0.2, K = 1.6 x 10° J/m3, the uniaxial anisotropic constant
k=K/(poM2) = 0.2.

At last, we consider the stability of the equilibrium state
(7/2,37/2). Substituting 6y and ¢y into the conditions of sta-
bility, we have kg = —Cj, k¢ = //ly, lg = —hy —k, l¢ = —cj,
a=—a(2hy+k)+2c;j, b = 40*c3 +4ac;(2hy + k) + (4h —
k*a* + 4khy). The stability conditions a/k >0 and b > 0 de-
mand that ¢; > a(hy +k/2) and ¢; < —(k+koy +2hy) /20
or ¢j > (—k+kay —2hy)/2a. Following the above same dis-
cussion we get the critical value of the magnetic field h, =
—k(1 £ 01)/(204), denoted by the point N3 for the case +
and N, for the case — in Fig. 7. For the case —, the sta-
ble condition becomes ¢; > (koyy — k — 2hy) /20 as the ex-
ternal field less than the critical value, while the stable con-
dition is ¢; > a(k/2+ hy) as the external field greater than
the critical value. For the case +, the stable condition is
o(k/2+hy) <c;j < —(k+2h,+koy)/2a as the external field
less than the critical value. With the above analysis we give the
stable region of the equilibrium state (7/2,37/2) in Fig. 7, in
which the blue and black lines represent the condition b =0
corresponding to ¢; = —(k+2h, +kay) /20, respectively.

10

Stable
a/k>0,b>0

Stable

a/k>0,b>0 Ny
0,

a/k<0,b>0

Ny

a/k<0,b>0

Fig. 7. The phase diagram of steady region in 41— plane for the magnetic
equilibrium state (7/2,37/2). The red line denotes as the boundary of
a/x = 0, the blue line and black line denote as the boundary of b = 0.
The parameters are the same as in Fig. 6.

5. Conclusion

In this paper, we have theoretically studied the stability
of magnetization in the free layer where the spin torque is
induced by spin Hall effect. By linear stability analysis, we
find the equilibrium states in different conditions. Without the
external magnetic field, we obtain three sets of equilibrium
states, among which the minimal energy state is the stable
state, the maximum energy state is unstable. Controlling by
the spin Hall angle and current density, we establish the phase
diagrams of the stable regions. These results show that the
spin Hall effect and the external magnetic filed can effectively
affect the phase diagrams of stable regions.
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