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Phonon bandgap typically has a significant effect on phonon–phonon scattering process. In this work, the effects of
mass modified phonon bandgap in θ -phase TaN are systemically investigated by the means of first-principles calculations
with linearized Boltzmann transport equation. Through detailed calculations, we find that phonon bandgap has a significant
effect on three-phonon process while exhibits a much weaker effect on four-phonon process. The reason for the ultrahigh
thermal conductivity of θ -phase TaN is the long lifetime of phonons including both three-phonon and four-phonon pro-
cesses, which originates from the weak phonon anharmonicity and large phonon bandgap-induced small phonon–phonon
scattering phase space. This work advances the understanding of phonon bandgap effects on phonon transport.

Keywords: ultrahigh thermal conductivity, phonon–phonon scattering phase space, first-principles calculation,
phonon bandgap

PACS: 65.40.–b, 63.20.kg, 63.20.dk, 63.20.D– DOI: 10.1088/1674-1056/acb201

1. Introduction
With the progressively shrinking size of transistors in in-

tegrated circuits, optimizing the heat dissipation in nanoscale
electronic and optoelectronic devices is an emerging chal-
lenge. Thus, the ultrahigh thermal conductivity materials, due
to their outstanding heat conduction ability, are attracting more
and more attention in the field of heat management. For ex-
ample, in 2018, three Science papers were published at the
same day to report the ultrahigh thermal conductivity mate-
rial BAs.[1–3] For the theory history of searching high ther-
mal conductivity, Slack’s rules were raised first in 1973[4] and
graphene[5,6] and diamond[7–9] are the two famous examples
to show the ability of these rules. Then in 2013, two new
selection rules, including large acoustic–optical phonon fre-
quency gap (phonon bandgap) and bunching of the acoustic
phonon branches (acoustic bunching), that restrain phonon–
phonon scattering strength were proposed.[10] The discovery
of BAs[1–3,11] verifies the ability of the two rules. Recently,
crystal symmetry was found to have a significant effect on the
thermal conductivity,[12–14] which was also employed for ul-
trahigh thermal conductivity.[15]

Based on the two selection rules proposed in 2013, re-
cently, θ -TaN was theoretically predicted to have a high ther-
mal conductivity of 995 W/(m·K) at room temperature.[16]

Through detailed first-principles calculations, phonons are the
main heat carriers in θ -TaN and its ultrahigh thermal con-
ductivity is originated from several couple of factors: large

phonon bandgap, acoustic bunching, low isotopic scattering,
and weak electron–phonon scattering. The theoretical pre-
diction of θ -TaN further verifies the ability of the two selec-
tion rules for searching ultrahigh thermal conductivity. How-
ever, although the two selection rules predicted the ultrahigh
thermal conductivity of θ -TaN, it is still unclear that how the
magnitude of thermal conductivity and phonon–phonon scat-
tering strength varies with the phonon bandgap. For mono-
layer graphene, without any phonon bandgap, recent first-
principles calculations observed the giant enhancement of
phonon–phonon scattering strength and decrease of thermal
conductivity if four-phonon process is included.[17–19] Thus, it
is necessary to investigate the effects of phonon bandgap on
the phonon–phonon scattering strength of three-phonon and
four-phonon processes (Fig. 1) for θ -TaN.

In this work, by the means of first-principles calculations
with linearized Boltzmann transport equation,[20–24] we sys-
tematically investigate the thermal conductivity of XN (X is
Ta, Nb, and V). Through modifying the phonon bandgap of
θ -TaN by replacing Ta with Nb and V, we find that the phonon
bandgap has a significant effect on the phonon–phonon scat-
tering phase space of three-phonon process (P3) while has a
much weaker effect on the phonon–phonon scattering phase
space of four-phonon process (P4). For NbN and VN, the
phonon bandgap has a weak effect on their P3, P4, and thermal
conductivity. This work advances the understanding of the ef-
fects of phonon bandgap on the phonon–phonon scattering and

†Corresponding author. E-mail: chenhanliu@njnu.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb　　　http://cpb.iphy.ac.cn

046502-1

http://dx.doi.org/10.1088/1674-1056/acb201
mailto:chenhanliu@njnu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 046502 (2023)

explores the possibility of TaN in thermal management.[25–27]

2. Results and discussion
Figure 1 shows the atomic structures of XN. All the

three materials have the same crystal symmetry with the
space group of P-6m2 (No. 187), which can exclude the ef-
fects of crystal symmetry since crystal symmetry can signifi-
cantly affect the phonon–phonon scattering strength and ther-
mal conductivity.[12,14,15] The lattice structure information of
the three materials is shown in Table 1. From the table, VN has
the shortest bond length V–N. Combining the lightest mass of
V, VN has the largest phonon group velocity (Fig. 2(a)) com-
pared with NbN (Fig. 2(e)) and TaN (Fig. 2(i)). NbN and
TaN have similar bond length, thus, NbN should have larger
phonon group velocity than TaN due to the lighter mass of Nb.

Table 1. Lattice structure information of XN.

XN a (Å) b (Å) c (Å) γ (◦) X–N bond length (Å) Reference

VN 2.712 2.712 2.624 120 2.043
NbN 2.934 2.934 2.856 120 2.215 this work

TaN
2.926 2.926 2.873 120 2.218
2.936 2.936 2.885 120 – Expt.[28]

Three-phonon process Four-phonon process

Fig. 1. (a) Atomic structures of XN. The solid black lines indicate the
primitive unit cell. (b) Schematic diagram of three-phonon and four-
phonon processes. q j ( j = 1–4) means the phonon mode.

Figure 2 shows the phonon dispersions of VN (a), NbN
(e), and TaN (i). Due to the largest mass difference, the phonon
bandgap of TaN is largest (7.6 THz). And the phonon bandgap
in NbN (4.1 THz) and VN (2.9 THz) is much smaller. Impor-
tantly, the phonon bandgap in TaN is almost identical to the
maximum frequency ωa,max (8.1 THz) of acoustic phonons,
inhibiting the three-phonon process. While in NbN and VN,
ωa,max is much larger due to the lighter mass of Nb and V and
their phonon bandgap is much smaller than the correspond-
ing ωa,max, making the three-phonon process much easier to
happen. Since the mass of X in XN has a significant effect

on phonon bandgap, in order to realize the modification of
phonon bandgap, replacing X with a different mass is intro-
duced. As shown in Figs. 2(a)–2(c), 2(d)–2(f), and 2(h)–2(i),
when force constant is fixed, the phonon bandgap increases
monotonously with increasing the mass of atom X (V, Nb,
or Ta). For example, with X increasing from V to Ta, the
phonon bandgap for fixed force constant kTaN increases from
1.0 THz to 7.6 THz or 0 THz to 6.0 THz. Interestingly, the
mass of X only affects the acoustic branches while the opti-
cal branches almost have no change. That is reasonable since
for two-atom primitive unit cell, heavy atom dominates the
low-frequency phonons and light atom dominates the high-
frequency phonons. There are 2 atoms in the primitive unit
cell of XN, i.e., six branches in the phonon dispersion, thus
three (acoustic) branches are dominated by the heavy X atom
and the other three (optical) branches are dominated by the
light N atom. Modifying the mass of X can significantly mod-
ify the X dominated acoustic branches.

Through carefully comparing the nine phonon disper-
sions in Fig. 2, the phonon dispersion or the phonon bandgap
has a significant change if modifying the mass of X with
fixed force constant, while only has a slight change if modi-
fying force constant with fixed mass of X . For example, the
phonon dispersion of “kNbN–mNbN” (Fig. 2(e)) is similar to
that of “kTaN-mNbN” (Fig. 2(h)) while is much different to that
of “kNbN-mVN” (Fig. 2(d)). Thus, the force constants among
TaN, NbN, and VN are similar while their masses are much
different. Such different phenomena of mass and force con-
stant dependent phonon dispersion are also distinctly indicated
by the phonon density of states (DOS) as shown in Fig. 3. To
be more specific, the phonon DOS shape of “kTaN–mNbN” is
very similar to that of “kNbN–mNbN” while is much different to
that of “kTaN–mVN”. From the phonon DOS, we can also ob-
tain that “kTaN–mTaN” has the largest the phonon bandgap and
“kVN–mVN” has the smallest phonon bandgap. With the mass
decreasing from Ta to Nb and then to V, the phonon bandgap
of “kTaN–mXN” decreases monotonously as indicated by the
phonon dispersion in Figs. 2(g)–2(i).

Since the phonon bandgap can be modified significantly
by changing mass of X , then, its effects on the thermal con-
ductivity are calculated and shown in Fig. 4(a). If only three-
phonon process is considered, “kVN–mTaN”, “kNbN–mTaN”, and
“kTaN–mTaN”, i.e., fixed mTaN, have the similar thermal con-
ductivity especially around and above room temperature, sug-
gesting that force constant has a weak effect on the thermal
conductivity. On the other hand, for fixed kTaN, i.e., “kTaN–
mTaN”, “kTaN–mNbN”, and “kTaN–mVN”, the thermal conduc-
tivity has much different values. For example, at room tem-
perature “kTaN–mTaN” has the largest thermal conductivity
(1841 W/m·K) while “kTaN–mNbN” (199 W/m·K) and “kTaN–
mVN” (250 W/m·K) have similar but much smaller thermal
conductivity, suggesting that mass has a significant effect on
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the thermal conductivity. In addition, we also calculate the
thermal conductivities of “kVN–mVN” and “kNbN–mNbN”, ver-
ifying the significant effects of mass and weak effects of force
constant. Since the force constant has a weak effect on the
thermal conductivity, the much smaller thermal conductivities

of “kVN–mVN”, “kNbN–mNbN”, “kTaN–mNbN”, and “kTaN–mVN”
compared to those of “kVN–mTaN”, “kNbN–mTaN”, and “kTaN–
mTaN” indicate that mass modified phonon bandgap has a sig-
nificant effect on the thermal conductivity if only three-phonon
process is considered.

2.3
5.6

6.2

4.1
7.0

4.6
6.07.6

3.1
6.39.0

0.7

1.0

2.9

(a) kVN↩mVN (b) kVN↩mNbN (c) kVN↩mTaN

(d) kNbN↩mVN (e) kNbN↩mNbN (f) kNbN↩mTaN

(g) kTaN↩mVN (h) kTaN↩mNbN (i) kTaN↩mTaN

2.6

0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A

0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A

0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A

0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A

0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A
0

5

10

15

20

25
P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A

0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A

0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A
0

5

10

15

20

25

P
h
o
n
o
n
 f
re

q
u
e
n
c
y
 (

T
H

z
)

Γ M K Γ A

Fig. 2. Phonon dispersion of XN. The symbols in panels (a)–(i) mean the force constant and mass. For example, “kVN–mTaN” in panel (c) means the force
constant of VN and mass of TaN are used to calculate the phonon dispersion. The numbers in panels (a)–(i) indicate the phonon bandgap and the unit is in
THz.

When four-phonon process is introduced, the thermal
conductivity of “kTaN–mTaN” has a significant drop. For ex-
ample, its value decreases significantly from 1841 W/m·K to
957 W/m·K at room temperature. However, the thermal con-
ductivities of “kTaN–mNbN” and “kTaN–mVN” only have a slight
decrease. The reason for the significant drop and the slight de-
crease is that “kTaN–mTaN” has a large phonon bandgap while
“kTaN–mNbN” and “kTaN–mVN” have a much smaller phonon
bandgap. For a large phonon bandgap, although the three-
phonon process is limited, the four-phonon process becomes
allowed, causing the significant decrease of thermal conduc-
tivity in “kTaN–mTaN”. For a small phonon bandgap, both
three-phonon and four-phonon processes are allowed, thus the
thermal conductivity has a slight drop in “kTaN–mNbN” and
“kTaN–mVN” since the three-phonon process typically is much
stronger than the four-phonon process.

Based on kinetic theory, thermal conductivity is deter-
mined by specific heat, phonon velocity, and phonon life-
time. In order to further investigate the effects of phonon
bandgap on thermal conductivity, we will explore these three
parameters in XN individually. For the first parameter of spe-
cific heat, its relationship is identical with mass. In other
words, the mass is lighter, the specific heat is smaller, i.e.,
c(mVN) < c(mNbN) < c(mTaN). In XN, the acoustic phonon
branches are dominated by X atom. When X is lighter, the
maximum phonon frequency of acoustic phonons is larger and
the phonon DOS has a red shift, leading to less active phonons
below Debye temperature. Thus, specific heat is smaller for
lighter X . When temperature is high enough, all phonons are
activated and the mass of X cannot affect the specific heat, be-
cause in this case the specific heat is determined by the atom
density based on Dulong–Petit law.[29] The much closer spe-
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cific heat for different X at higher temperature verifies the
conclusion. Although specific heat has some difference due
to the X-induced phonon bandgap, the difference is smaller
than 10% at room temperature, which cannot explain the large
difference of thermal conductivity such as the 7.4-fold differ-
ence of thermal conductivity between “kTaN–mTaN” and “kTaN–
mVN” or the 10.9-fold difference of thermal conductivity be-
tween “kTaN–mTaN” and “kVN–mVN” (Fig. 3(a)).
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Fig. 3. Phonon density of states (DOS) of XN.

Then the phonon group velocity in XN is discussed. As
shown in Figs. 4(c) and 4(d), the mode dependent phonon ve-
locity has a significant change for fixed force constant while

only has a slight change for fixed mass, which is similar
to mass and force constant-dependent phonon dispersion and
thermal conductivity shown above. For the case of fixed force
constant, due to the largest mass of Ta, the phonon group ve-
locity of “kTaN–mTaN” is smallest compared with “kTaN–mNbN”
and “kTaN–mVN”, which is inconsistent with its largest thermal
conductivity. Since the phonon group velocity in Figs. 4(c)
and 4(d) is mode-dependent, in order to distinctly and intu-
itively show the effects of phonon group velocity on thermal
conductivity, the specific heat averaged phonon group velocity
is calculated as follows:

P̄ =
∑λ Cλ Pλ

∑λ Cλ

, (1)

where P means the group velocity v and λ is the phonon
mode. From the specific heat averaged phonon velocity (Ta-
ble 2), “kTaN–mTaN” has the smallest v̄. Thus, the phonon
bandgap-dependent thermal conductivity in XN can only be
explained by the phonon bandgap-dependent phonon lifetime
or phonon–phonon scattering rates.
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Fig. 4. (a) Temperature-dependent thermal conductivity in XN. “3ph” and “3+4ph”, respectively, means the only three-phonon process and both
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Fig. 5. Phonon frequency-dependent phonon–phonon scattering rates (a), scattering phase space (b), Grüneisen parameter (c), and cumulative thermal
conductivity (d) in XN.

Figure 5(a) shows the phonon bandgap-dependent
phonon–phonon scattering rates. Notably, since phonon
bandgap and thermal conductivity have a weak dependence
on force constant in XN, only “kVN–mVN”, “kNbN–mNbN”,
and “kTaN–mTaN” are calculated to show the phonon bandgap
effects. For “kVN–mVN” and “kNbN–mNbN”, the mode de-
pendent phonon–phonon scattering rate for three-phonon pro-
cess is much larger than that for four-phonon process, which
is reasonable since only a small phonon bandgap exist in
the two materials. On the other hand, for “kTaN–mTaN”, the
mode dependent phonon–phonon scattering rate for three-
phonon process is much smaller and within some frequency
range the four-phonon process even has a stronger scatter-
ing, which are originated from the large phonon bandgap.
The much smaller phonon–phonon scattering rate is the dom-
inant reason for the ultrahigh thermal conductivity of “kTaN–
mTaN”. Since phonon–phonon scattering rate is determined
by phonon–phonon scattering phase space and phonon anhar-
monicity, then the mode dependent P3, P4, and Grüneisen
parameter are compared. For the phonon–phonon scattering
phase space (Fig. 5(b)), similar to phonon–phonon scattering
rates, phonon bandgap has a significant effect on P3 but a

weak effect on P4. Specifically, the mode-dependent P4 for all
three materials, i.e., “kVN–mVN”, “kNbN–mNbN”, and “kTaN–
mTaN”, are similar, independent of phonon bandgap; while for
the mode-dependent P3, “kTaN–mTaN” has much smaller value
than that of “kVN-mVN” and “kNbN–mNbN” due to the large
phonon bandgap. One the other hand, for the Grüneisen pa-
rameter (Fig. 5(c)), “kTaN–mTaN” has the smallest value, in-
dicating the weak phonon anharmonicity. Thus, the ultra-
high thermal conductivity in “kTaN–mTaN” is caused by the
weak phonon anharmonicity and large phonon bandgap in-
duced weak phonon–phonon scattering strength.

Since the mode-dependent value is not that intuitive to
present the phonon bandgap-dependent phonon–phonon scat-
tering and thermal conductivity, then using Eq. (1), the spe-
cific heat averaged three-phonon lifetime τ3ph, four-phonon
lifetime τ4ph, P3, P4, Grüneisen parameter, and phonon group
velocity v at room temperature are calculated and shown
in Table 2. From the table, it is very clear that it is the
long phonon lifetime (τ3ph and τ4ph) and weak phonon an-
harmonicity (Grüneisen parameter) that dominates the ultra-
high thermal conductivity of “kTaN–mTaN”, i.e., TaN, since the
specific heat has a weak effect on thermal conductivity and
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phonon group velocity of “kTaN–mTaN” is the smallest. Finally,
the phonon frequency cumulative thermal conductivities for
“kVN–mVN”, “kNbN–mNbN”, and “kTaN–mTaN” are calculated.
From Fig. 5(d), the saturated frequency for thermal conduc-
tivity is consistent with the maximum frequency of acoustic
phonons, indicating that acoustic phonons dominate the ther-
mal conductivity in XN.

Table 2. Thermal conductivity for three-phonon process (κ3ph, in unit
W/m·K) and four-phonon process (κ4ph, in unit W/m·K), specific heat aver-
aged phonon lifetime for three-phonon process (τ3ph, in unit ps) and four-
phonon process (τ4ph, in unit ps), phonon–phonon scattering phase space
for three-phonon process (P3) and four-phonon process (P4), Grüneisen
parameter, and phonon velocity v (in units km/s), and specific heat C (in
units J/m3·K) at room temperature.

τ3ph τ4ph
P3 P4 Grüneisen C

v κ3ph κ4ph(10−8) (10−8) parameter (106)

VN 12.5 603 6.30 11.7 1.51 2.56 1.13 169 161
NbN 12.8 754 13.5 14.2 1.50 2.83 0.94 169 165
TaN 187 1206 1.17 19.8 0.686 2.89 0.75 1841 957

3. Conclusion
In this work, the phonon bandgap effects on the phonon–

phonon scattering and thermal conductivity in XN are inves-
tigated by first-principles calculations with linearized Boltz-
mann transport equation. Through comparing phonon disper-
sions in XN, mass has a significant effect on phonon bandgap
while force constant has a weak effect. Through detailed cal-
culations, it is found that the mass-induced phonon bandgap
has a significant effect on phonon group velocity and phonon–
phonon scattering phase space for three-phonon process while
has a weak effect on specific heat and phonon–phonon scatter-
ing phase space for four-phonon process. The ultrahigh ther-
mal conductivity of TaN is originated from the weak phonon–
phonon scattering strength and phonon anharmonicity.
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