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Dynamics of lump chains for the BKP equation describing
propagation of nonlinear waves
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A large member of lump chain solutions of the (2+1)-dimensional Bogoyavlenskii–Kadomtsev–Petviashvili (BKP)
equation are constructed by means of the τ-function in the form of Grammian. The lump chains are formed by periodic
arrangement of individual lumps and travel with distinct group and velocities. An analytical method related dominant
regions of polygon is developed to analyze the interaction dynamics of the multiple lump chains. The degenerate structures
of parallel, superimposed, and molecular lump chains are presented. The interaction solutions between lump chains and
kink-solitons are investigated, where the kink-solitons lie on the boundaries of dominant region determined by the constant
term in the τ-function. Furthermore, the hybrid solutions consisting of lump chains and individual lumps controlled by the
parameter with high rank and depth are investigated. The analytical method presented in this paper can be further extended
to other integrable systems to explore complex wave structures.
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1. Introduction

An important characteristic of integrable systems is that
they possess localized wave solutions that are of physical in-
terest. The lump wave is a remarkable localized wave solution
degenerating in the whole space.[1–7] The lump solution is ac-
tually a kind of rational solutions from a mathematical point
of view, whose simplest form was first discovered by means
of the dressing method and the Hirota’s bilinear method.[8–10]

This solution consists of multiple localized peaks remaining
their velocities and trajectories unchanged before and after the
interactions. However, some high-order lumps with same ve-
locities undergo anomalous scattering, which may form the
bound states of the lumps called multi-lumps.[11,12] The re-
search indicates that either simple and multi-lump solutions of
the Kadomtsev–Petviashvili I (KPI) equation are rational po-
tentials associated with the Schrödinger equation. It is also in-
teresting that the dynamics of the KPI lumps have a close con-
nection with the multi-particle Calogero–Moser system.[13,14]

A large family of rational multi-lump solutions of the KPI
equation were obtained by means of the Gramian method by
Chakravarty and Zowada. They proved that there exists a one-
to-one correspondence between the multi-lump solutions and
partitions of a positive integer N.[15,16] A reduced version of
the Grammian form solution was employed to present a di-
rect method to study the multi-lump molecules of the KPI
equation.[17] A new type of lump molecules appearing in a

period of time of the KPI equation was obtained.[18] The pat-
tern transformation in high-order lumps of the KPI equation
was investigated, which shows two types of solution patterns
appear at large time. The arrangement structure of the lumps
are related to the nonzero-roots of the Wronskain–Hermit and
Yablonskii–Vorob’ev polynomials.[19]

In addition to the study of multi-lump solutions of the
integrable systems, the interaction solutions between lump
waves and other localized waves including solitons, breathers,
and resonant solitons have attracted more and more scholars’
attention. The partial long wave limit method is a most effec-
tive method to study the interactions between multi-lumps and
solitons, especially the resonant solitons.[20–22] By combining
the reduction method for the KP hierarchy and Hirota bilinear
technique, a general interaction solution between L-lump and
L + 1-line-solitons of the KPI equation was constructed.[23]

The lumps are initially released by some solitons and then ab-
sorbed by remaining solitons. A similar interaction between
n(n+1)/2 solitonic lumps and multi-solitons in a intermedi-
ate time was investigated by Guo et al. through binary Dar-
boux transformation.[24] Rao et al. studied partial and com-
plete resonant collisions of lumps and homoclinic orbits for
the two-dimensional multi-component long-wave-short-wave
resonance interaction system.[25] The resonant collision so-
lutions between lumps and dark solitons called lump-typed
rogue waves were derived.[26] The elastic interactions between
lumps and solitons on the periodic background to the nonlo-
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cal Mel’nikov equation were investigated.[27] From the per-
spective of solution in form of Grammian, Stepanyants et al.
systematically studied the interactions among lumps, solitons,
and lump chains of the KPI equation. The lumps and peri-
odic lump chains can be absorbed and emitted by the line
solitons.[28] A broad class of lump chains of the KPI equa-
tion were obtained by using a reduced version of τ-function
in the form of Grammian.[29] The lump chain of the KP equa-
tion is already known, which is also called the breather and
periodic soliton.[30,31] The lump chains are formed by pe-
riodic arrangement of individual lumps and travel with dis-
tinct group and velocities. The interaction between the lump
chains can be regarded as the phenomenon of resonance of the
breathers.[32,33] A new kind of interaction solutions consist-
ing of two weakly interacting lump waves and line waves for
the KPI equation was presented by means of some clever limit
tricks.[34] The anomalous interactions of multilumps and some
kinds of bound states of lumps of the KPI equation were stud-
ied via M-lump solutions in the form of the determinant.[35]

The (2 + 1)-dimensional Bogoyavlenskii–Kadomtsev–
Petviashvili (BKP) equation

uxxt +uxxxxy +12uxxuxy +8uxuxxy +4uxxxuy = uyyy, (1)

is a modification of Calogero–Bogoyavlenskii–Schif
equation,[36,37] which can be extended to describe propagation
dynamics of nonlinear waves appearing in physics, biology,
and electrical networks.[38] The BKP equation is integrable in
sense of Painlevé property and Lax representation.[39] Vari-
ous new solutions including soliton-like, period, and rational
solutions of Eq. (1) were obtained.[40] The nonlocal symme-
try, Bäcklund transformation, and CRE solvability of the BKP
equation were studied systematically.[41] A kind of high-order
lump waves and rogue waves of the BKP equation was given in
Ref. [42], which indicates this equation has the complex wave
structure. Various interaction solutions among the lumps,
lump molecules, solitons, and lump chains of the BKP equa-
tion were studied via the solutions in the form of Grammian.

The breathers of the BKP equation and some patterns had been
investigated by Yuan et al.[43] An analytical method related to
dominant domains was developed to analyze the interaction
dynamical behaviors of the hybrid solutions.[44] Inspired by
works,[28,29] the lump chains and interaction dynamics of the
BKP equation will be investigated systematically.

The organization of the paper is as follows. In Section 2,
the solution in the form of Grammian of the BKP equation is
briefly introduced. In Section 3, a large family of lump chains
of depth P = 0 are constructed. An analytical method related
dominant regions of polygon is developed to analyze the inter-
action dynamics of the multiple lump chains. Some degenerate
cases of the lump chains are discussed to enrich the type of the
solutions. Section 4 focus on investigating the interaction so-
lutions between lump chains and kink-solitons. In Section 5,
the hybrid solutions consisting of individual lumps and lump
chains controlled by the parameter s are constructed, which
can be regard as a new type of rogue wave solutions. Finally,
some conclusions and discussions are given in the last section.

2. The τ-function in the form of Grammian

Based on the bilinear theory, equation (1) can be trans-
formed into the following bilinear equations:

(
D4

x−3DxDs−3D2
y
)

τ · τ = 0,(
3DxDt +2D3

xDy +3DyDs
)

τ · τ = 0,

by means of the variable transformation

u = (lnτ)x =
τx

τ
, (2)

where τ (x,y, t,s) is a solution of above bilinear system, x and
y are spatial variables, t is a time variable and the s is the aux-
iliary independent variable, and the Hirota’s bilinear operators
are defined by[45–47]

DN1
x DN2

y DN3
t DN4

s (τ ·g) = (∂x−∂x′)
N1
(
∂y−∂y′

)N2 (∂t −∂t ′)
N3 (∂s−∂s′)

N4 τ (x,y, t,s)g
(
x′,y′, t ′,s′

)∣∣
x′=x,y′=y,t ′=t,s′=s.

The purpose of this paper is to investigate a series of solutions
of the BKP Eq. (1) by using the Grammian form of the τ-
function. Through the formula of Wronskian, the BKP equa-
tion has the solution in the form of Grammian[48]

u(x,y, t,s) = (lnτ (x,y, t,s))x,

τ (x,y, t,s) = det
[

c jk +
∫ x

−∞

ϕ j
(
x′,y, t,s

)
ϕk
(
x′,y, t,s

)
dx′
]
,

(3)

where ϕ (x,y, t,s) is a linearly independent set of solutions of
the linear system

ϕt = 2iϕxxxx, ϕy =−iϕxx, ϕs =
4
3

ϕxxx, (4)

and ϕ satisfies the conjugate system

ϕ t =−2iϕxxxx, ϕy = iϕxx, ϕs =
4
3

ϕxxx. (5)

To consider the function ϕ j (x,y, t,s) with finite spectral sup-
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port, the function possessing the eigenvalues λ with positive
real parts is introduced as follows:

σ (x,y, t,s,λ ) = λx− iλ 2y+2iλ 4t +
4
3

λ
3s. (6)

More generally, the homogeneous polynomial of degree p is
given as

ρp (x,y, t,s,λ ) = e−σ(x,y,t,s,λ ) ∂ p

∂λ p eσ(x,y,t,s,λ ). (7)

Utilizing this formula, a series of polynomial functions are ob-
tained as follows:

ρ0 = 1,

ρ1 = x−2iλy+8iλ 3t +4λ
2s,

ρ2 =
(
x−2iλy+8iλ 3t +4λ

2s
)2

+
(
−2iy+24iλ 2t +8λ s

)
,

· · · .

It is easy to prove that ∂
p
λ

eσ(x,y,t,s) = ρp eσ(x,y,t,s) is a solution
of the linear system (4) for any value of λ . For constructing a
member of the solutions in terms of τ-function (3), the eigen-
functions ϕ j (x,y, t,s) can be given by

ϕ j (x,y, t,s) =
N

∑
n=1

P

∑
p=0

C jnpρp (x,y, t,s,λ jn) eσ(x,y,t,s,λ jn), (8)

where the positive integer N is called the order of the solution,
the highest degree P of a polynomial ρp is called the depth of
the solution, λ jn are eigenvalues and the coefficient C jnp is re-
quired to make the functions ϕ j (x,y, t,s) linearly independent.

3. Lump chains of depth P = 0
In this section, we consider the solutions of the BKP

Eq. (1) possessing the structure of lump chains. For the first

case, we consider the reduced case c jk = 0 and the eigen-
function ϕ j (x,y, t,s) is determined by formula (8) with depth
P = 0. Let the rank of the solution M = 1, then the solution (3)
in the form of Grammian can be reduced to

u(x,y, t,s) = (lnτ (x,y, t,s))x,

τ (x,y, t,s) =
∫ x

−∞

∣∣ϕ (x′,y, t,s)∣∣dx′, (9)

where the function ϕ (x′,y,s, t) is a sum of N ≥ 2 exponentials
as shown in formula (8). The solution (9) is arranged in a chain
by lumps, in which every lump travels along the chain with a
constant velocity and all the lumps as a whole evolves with
time t. The spatial structure and evolutionary behavior of this
lump chain are similar to the well-known line-soliton of the
KP II equation.[49] To write the solution (9) into a more clear
expression, the following restrictive condition is introduced

λn = αn + iβn, ηn = kn + iln,

where αn > 0 and λn 6= λm (n 6= m). A polynomial function
with the eigenvalue λn is given as

Ψn (x,y, t,s) = λnx− iλ 2
n y+2iλ 4

n t +
4
3

λ
3
n s+ηn,

then the function

ϕ (x,y, t,s) =
N

∑
n=1

√
2αn eΨn(x,y,t,s) (10)

satisfies the linear equations (4). Substituting Eq. (10) into
Eq. (9), the τ-function in the solution (9) can be expanded as

τ (x,y, t,s) =
N

∑
n=1

e2Fn +
N−1

∑
n=1

N

∑
m=n+1

4θnm eFn+Fm cos(Gn−Gm−δnm) , (11)

where the function Fn and Gn are determined by

Fn (x,y,s, t) = ReΨn (x,y,s, t) = αnx+2αnβny+
(
8αnβ

3
n −8α

3
n βn
)

t +
(

4
3

α
3
n −4αnβ

2
n

)
s+ kn,

Gn (x,y,s, t) = ImΨn (x,y,s, t) = βnx+
(
β

2
n −α

2
n
)

y+
(
2β

4
n +2α

4
n −12α

2
n β

2
n
)

t +
(

4α
2
n βn−

4
3

β
3
n

)
s+ ln,

and the coefficients θnm and δnm are given by

θnm =

√
αnαm

(αn +αm)
2 +(βn−βm)

2 ,

δnm = arctan
(

βn−βm

αn +αm

)
.

The large-scale structure of solution (9) is determined by the
relative values of the linear function Fn (x,y, t,s). For a fixed

time t and parameter s, we consider the following sets:

∆n = ∆n (t,s) =
{
(x,y) ∈ R2 : Fn (x,y, t,s)≥ Fm (x,y, t,s)

}
,

(12)
where m 6= n and n = 1,2, . . . ,N. The (x,y)-plane is divided
into finitely polygons by the regions ∆1 (t,s) , . . . ,∆N (t,s). The
partition evolves linearly with time t and auxiliary variable s,
when one of t and s is a fixed value. Based on the theory of ele-
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mentary linear algebra, for a point (x,y) in the region ∆n (t,s0)

located at a distance l to the boundary, i.e., the distance to the
other region ∆m (t,s0) is at least l, then there exists a constant
c > 0 to make the following conclusion tenable:

Fn (x,y, t,s0)−Fm (x,y, t,s0)≥ cl.

This fact indicates that the exponential term e2Fn(x,y,t,s0) in the
τ-function (11) is dominant when the point near the above
point (x,y), i.e.,

τ (x,y, t,s0) = e2Fn (1+h(x,y, t,s0)) , |h|<C e−cl .

Since the term e2Fn can be eliminated when taking the first
logarithmic derivative, therefore the solution u(x,y, t,s0) is ex-
ponentially small near (x,y). Based on the above analyses, the
solution (9) having the τ-function (11) is exponentially small
in the interiors of the ∆n. What is more, the solution (9) has
the spatial structure of gathering on a narrow strips along the
boundaries where two of the ∆n intersect.

3.1. Lump chains with M = 1 and N = 2

If we choose M = 1 and N = 2 in the solution of lump
chain (9), the single lump chain solution can be obtained as

u(x,y, t,s)=
∂

∂x
ln [cosh(F1−F2)+2θ12 cos(G1−G2−δ12)] .

(13)
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Fig. 1. The single lump chain (9) with the eigenvalues λ1 = 1/3+ i/2 and
λ2 = 1/4− i/5. (a) The lump chain u(x,y, t = 0,s = 1), (b) the density map
and characteristic lines of lump chain.

Figure 1(a) is plotted to show the spatial structure of the
lump chain, which is a linear traveling wave consisting of infi-
nite number of lump waves. The regions are separated by the
line F1−F2 = 0 and the plane (x,y) is divided into two half-
planes, which can be observed in Fig. 1(b). Solution (13) is
supported on a narrow strip along the line F1−F2 = 0, which
reflects the locality of the lump chain. As shown in Fig. 1(b),
the lump waves are periodically arranged along the straight
line F1−F2 = 0, meanwhile the line G1−G2−δ12 = 0 deter-
mines the rotation direction of the lump wave. We mark the
above two lines as two characteristic lines of the lump chain
(L1 : F1−F2 = 0;L2 : G1−G2− δ12 = 0). By analyzing the
direction of characteristic line L1, one obtains that

𝑈12 = (α1−α2,2α1β1−2α2β2)

is a direction vector of the lump chain. In particular, the lump
chain can be reduced to the “Akhmediev” and “Kuznetsov–
Ma” breathers[50–52] as α1−α2 = 0 and 2α1β1−2α2β2 = 0,
respectively. In order to further analyze the dynamic character-
istics of the lump chain, the following notation is introduced:

Fn−Fm = Anmx+Bnmy+Cnmt +Dnms+Enm,

Gn−Gm−δnm = Ãnmx+ B̃nmy+C̃nmt + D̃nms+ Ẽnm,

Anm = αn−αm, Bnm = 2(αnβn−αmβm) ,

Cnm = 8
(
αnβ

3
n −αmβ

3
m
)
−8
(
α

3
n βn−α

3
mβm

)
,

Ãnm = βn−βm, B̃nm = β
2
n −β

2
m−

(
α

2
n −α

2
m
)
,

C̃nm =
(
2β

4
n +2α

4
n −12α

2
n β

2
n
)
−
(
2β

4
m +2α

4
m−12α

2
mβ

2
m
)
,

where the phases Dnms+ Enm and D̃nms+ Ẽnm play an aux-
iliary to analyze the lump chain, thus it is not necessary to
write out the displayed formula. The lump chain consists of
a sequence of lumps and each lump propagates with velocity
vector (Vx,Vy)

Vx =
B12C̃12−C12B̃12

A12B̃12−B12Ã12
=

4
(

α1
2 +2α1α2 +α2

2 +(β1 +β2)
2
)
(α1β1 +α2β2)

α1 +α2
,

Vy =
C12Ã12−A12C̃12

A12B̃12−B12Ã12
=
−6
[
− 1

3 α1
3− 1

3 α2α1
2 +
(

1
3 β2

2 + 2
3 β2β1− 1

3 α2
2 +β1

2
)

α1 +
1
3 α2

(
3β2

2 +2β2β1−α2
2 +β1

2
)]

α1 +α2
.

If we regard the lump chain as a whole and ignore the periodic motion of a single lump, the overall speed of the lump chain is

𝑉12 =
−C12

A2
12 +B2

12
(A12,B12) .

By analyzing two parallel characteristic lines in Fig. 1(b), the distance between two consecutive lumps has the expression

L12 =
2π

√
A2

12 +B2
12∣∣A12B̃12−B12Ã12
∣∣ = 2π

√(
4β1

2 +1
)

α12 +(−8β2β1−2)α2α1 +α22
(

4β2
2 +1

)
(α1 +α2)

(
(α1−α2)

2 +(β1−β2)
2
) .
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Thus we can conclude that the period of the lump chain tends to infinity as λ2→ λ1, then the lump chain will degenerate into a
individual lump wave. The degeneration process can be observed in Fig. 2.
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Fig. 2. The degeneration of the lump chain with s = 1 and t = 0. (a) λ1 = 1/2+ i/3, λ2 = 1/3+ i/2, (b) λ1 = 1/5+ i/6, λ2 = 1/6+ i/7, (c) λ1 = 1/9+ i/8,
λ2 = 1/10+ i/9.

3.2. Lump chains with M = 1 and N = 3

In this section, we focus on the solutions of rank M = 1 and order N = 3. This kind of solution consists of three lump chains
meeting at a triple point, which contains some degenerate configurations as the eigenvalues are different (see Fig. 3(a)). The phe-
nomenon of the branched lump chain can be explained as the resonant interactions of breathers. As we can observe in Fig. 3(c),
the three lump chain solutions are supported on the common boundaries of three regions ∆1, ∆2, and ∆3. The boundary lies on the
lines Fn = Fm (n,m = 1,2,3), respectively. The normal vectors of these lines can be given as 𝑈nm = (αn−αm,2αnβn−2αmβm).
The three normal vectors satisfy the condition 𝑈13 = 𝑈12 +𝑈23, which also verifies why the three boundary lines cross to one
point. The three normal vectors have the relationship that either collinear or pairwise linearly independent, which are determined
by the formula Θ123 = A12B13−A13B12 = (α1−α2)(2α1β1−2α3β3)− (α1−α3)(2α1β1−2α2β2). In general, the eigenvalues
λ1, λ2, and λ3 make Θ123 not zero and no two of the three vector 𝑈nm are collinear. The three regions ∆1, ∆2, and ∆3 form
three sectors with common vertex in the (x,y)-plane. Three boundary lines Fn = Fm (n,m = 1,2,3) intersect at the triple point
under the condition F1 = F2 = F3. The lump chain from any branch is exponentially close to the lump chain of the order N = 2
presented by Eq. (13). As shown in Fig. 3(b), the [1,2]-lump chain lies on the ray ∆1∩∆2, i.e., F1 = F2. Along this ray one has
F1 = F2 ≥ F3. It is a fact that there a constant c > 0 to make all the point on this ray satisfy the conclusion F1−F3 = F2−F3 ≥ cl,
where l is the distance to the triple point. When N = 3, the τ-function (11) can be reduced to

τ (x,y, t,s) = e2F1 + e2F2 + e2F3 +4θ12 eF1+F2 cos(G1−G2−δ12)

+4θ13 eF1+F3 cos(G1−G3−δ13)+4θ23 eF2+F3 cos(G2−G3−δ23) , (14)
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Fig. 3. Three lump chains when M = 1, N = 3, and the eigenvalues are chosen as λ1 = 1/3+ i/2, λ2 = 1/4− i/5, λ3 = 1/2+ i/4. (a) Three lump chains
u(x,y, t = 0,s = 1), (b) distribution diagram of lump chains, (c) ∆1, ∆2, and ∆3 form a partition of the (x,y)-plane.

Factoring out the common term eF1+F2 , the τ-function (14) is changed into

τ (x,y, t,s) = eF1+F2 [cosh(F1−F2)+2θ12 cos(G1−G2−δ12)+
1
2

e2F3−F1−F2

+2θ13 eF3−F2 cos(G1−G3−δ13)+2θ23 eF3−F1 cos(G2−G3−δ23)],

which has the equivalent form τ (x,y, t,s) = eF1+F2
[
cosh(F1−F2)+2θ12 cos(G1−G2−δ12)+ h̃

]
,
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where
∣∣h̃∣∣ ≤C1 e−cl along the ray ∆1 ∩∆2. Thus we can con-

clude that the three lump chains are exponentially close to
the lump chain (13) of the case N = 2 along this ray. We
can see from Fig. 3(b) the solution with τ-function (11) and
N = 3 consists of three lump chains having a common in-
tersection when Θ123 6= 0. Each branch of the lump chains
lies on the ray determined by Fn = Fm, which is called [n,m]-
chain. Figure 3(b) shows that the lump chains [1,2] and [2,3]
fuse together to create a new chain [1,3]. Conversely, the in-
dividual lump of the [1,3]-lump chain at the triple point splits
into two lump chains. It is notable that the relative phases
Ẽ12 = Im(ηn−ηm) = ln− lm have an influence on the posi-
tion of the triple point, which can be observed in Fig. 4.
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Fig. 4. Three lump chains when M = 1, N = 3 and the eigenvalues are
chosen as λ1 = 1/3+ i/2, λ2 = 1/4− i/5, λ3 = 1/2+ i/4. (a) Ẽ12 = 0 and
Ẽ13 = 0, (b) Ẽ12 = π and Ẽ13 = 0, (c) Ẽ12 = 0 and Ẽ13 = π .

If the condition Θ123 = 0 is satisfied, the three vectors
𝑈13, 𝑈12, and 𝑈23 are collinear, which leads to the two pos-
sible cases of the lump chains. (i) All the three regions ∆1,
∆2, and ∆3 are nonempty, where ∆1 and ∆3 are half-planes. At
the same time, the region λ2 is a band shaped area of limited
width. In this situation, the solution consists of two parallel
lump chains, i.e., [1,2]-lump chain and [2,3]-lump chain set-
ting on the lines ∆1 ∩∆2 and ∆2 ∩∆3, respectively. This phe-
nomenon can be seen in Figs. 5(a)–5(c). (ii) The region ∆2

may be empty, so that F2 ≤ max(F1,F3) on the whole (x,y)-

plane. The solution is supported along the line F1 =F3 and it is
a simple [1,3]-lump chain, which can be observed in Fig. 5(d).
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Fig. 5. The evolution of the lump chains when M = 1, N = 3 and the
eigenvalues are chosen as λ1 = 1/3+ i/2, λ2 = 1/4− i/5, λ3 = 1/2+6i/5,
s = 20.

Combining conditions A12C13−A13C12 = 0 and Θ123 = 0
to the τ-function (14), we can obtain the solution consisting
of two parallel lump chains with equal velocity. Depending on
the values of the phases, the middle region ∆2 either exists or is
empty for all t. When ∆2 is empty, the two parallel lump chains
merge into one lump chain. The structure of the two paral-
lel lump chains with equal velocity are similar to the breather
molecules presented by Lou et al.[53–55] Thus we call this type
of solution a lump chain molecule. The evolutionary behaviors
of the lump chain molecule can be observed in Fig. 6. If the
distance between two lump chains of the molecule is zero, the
three lines Fn = Fm are the same, then the lump chain molecule
is reduced to a quasi-periodic lump chain, which can be seen
in Fig. 7.
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Fig. 6. Lump chain molecule determined by the τ-function (14) with λ1 = 1/3+ i/5, λ2 = 1/4− i/2, λ3 = 0.367+0.393i, and s = 30.
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Fig. 7. Quasi-periodic lump chain determined by the τ-function (14) with λ1 = 1/3+ i/5, λ2 = 1/4− i/2, λ3 = 0.367+0.393i, and s = 0.
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3.3. Lump chains with M = 1 and N ≥ 4

This section focuses on discussing the order N ≥ 4, which
is determined by the multiple eigenvalues λn. As the dis-
cussion in Subsection 3.1, every linear function Fn gives a
polygonal partition ∆n [Eq. (12)]. The boundaries Fn = Fm

determine sectors or polygonal regions evolving linearly with
time, which may appear and disappear. On the boundary
lines ∆n ∩∆m, one has Fn = Fm ≥ Fj ( j 6= n,m), then the ev-
ery branch of the multiple lump chains can be approximated
with exponential accuracy by the τ-function (11) of the case

N = 2. Thus, on the every ray ∆n∩∆m, there is an [n,m]-lump
chain. The multiple lump chains joint or split in the position
of some independent lumps, meanwhile, the every lumps at
intersections are preserved. The fluxes of lump chains through
intersections satisfy the local conservation laws.

Figure 8 is plotted to show the H-type lump chains con-
sisting of two triple points, where a lump chain bridge is con-
nected between the two points. The lump chain bridge shrinks
to a point when t = 0. With time t increasing, the lump chain
bridge changes from the previous vertical direction to the hor-
izontal direction, which can be observed in Figs. 8(a) and 8(c).
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Fig. 8. The H-type lump chains when M = 1, N = 4, and the eigenvalues are chosen as λ1 = 1/3+ i/2, λ2 = 1/4− i/5, λ3 = 1/2+ i/4, λ4 = 1/5+ i/7.
(a) H-type lump chains u(x,y, t =−20,s = 1), (b) H-type lump chains u(x,y, t = 0,s = 1), (c) H-type lump chains u(x,y, t = 20,s = 1).

3.4. Lump chains when the rank M ≥ 2

The lump chain solution of the BKP equation with depth
P = 0 and rank M ≥ 2 is similar to the case of M = 1. The
τ-function (3) also consists of two types of terms, i.e., purely
exponential function and mixed terms combining exponential
function and trigonometric function. For a given moment t and
a fixed parameter s, the (x,y) is divided into finite polygons.
The τ-function has a dominant exponential term e2Fn which
produces an exponentially small solution inside of these re-
gions. The decomposition of the regions evolves linearly with
time, and some polygons may appear or disappear. The bound-

aries of the partitioned regions support the lump chains. For a
intersection of boundaries, the flux of the arriving lump chains
is equal to the flux of leaving lump chains. Figure 9 is pre-
sented to show the structure of the multiple lump chains with
rank M = 2. The middle polygon lies vertical as t tends to neg-
ative values. All the lump chains gather together to one com-
mon point which can be observed in Fig. 9(b). Then the mid-
dle polygon gradually change to horizontal direction as time
t tends to positive value. If time t is fixed, the auxiliary vari-
able s plays an opposite effect on the structure for the middle
polygon. The polygon changes from horizontal direction to
vertical direction with the increase of s (see Fig. 10).
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Fig. 9. The contour map of the lump chains when M = 2, N = 4, and the eigenvalues are chosen as λ11 = 1/3+ i/7, λ12 = 1/3− i/9, λ13 = 1/5+
i/4, λ14 = 1/6+ i/8, λ21 = 3/7+ i/8, λ22 = 1/4− i/7, λ23 = 1/8+ i/3, λ24 = 3/10+ 2i/7. (a) Lump chains u(x,y, t =−200,s = 1), (b) lump chains
u(x,y, t = 0,s = 1), (c) lump chains u(x,y, t = 200,s = 1).
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Fig. 10. Evolution of lump chains with the change of parameter s with the eigenvalues are given in Fig. 9. (a) Lump chains u(x,y, t = 1,s =−150), (b)
lump chains u(x,y, t = 1,s = 0), (c) lump chains u(x,y, t = 1,s = 150).
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4. Interaction solutions between lump chains
and kink-solitons

In this section, we mainly consider the interaction be-
tween the lump chains and kink-solitons of the BKP Eq. (1).
A simple solution with depth P = 0 shall be discussed. The
τ-function of such a solution is near to the form of

τ (x,y, t,s) = 1+
N

∑
n=1

e2Fn

+
N−1

∑
n=1

N

∑
m=n+1

4θnm eFn+Fm cos(Gn−Gm−δnm) . (15)

In before analysis, the (x,y)-plane is divided into some polyg-
onal regions ∆1, . . . ,∆n, where one of the terms e2Fn in
Eq. (15) is dominant. Sine the constant term 1 is added to
the τ-function (15), a new region will be created as ∆0. When
N = 2 the τ-function is reduced to

τ (x,y, t,s)= 1+ e2F1 + e2F2 +4θ12 eF1+F2 cos(G1−G2−δ12) ,

(16)
then the (x,y)-plane is partitioned into three polygonal regions
∆0, ∆1, and ∆2 (see Fig. 11(b)). Inside of the region ∆0 the
τ-function is approximately constant, therefore the solution u
is exponentially small. At the boundary of this region, i.e.,
∆0 ∩ ∆1, and ∆0 ∩ ∆2, the term 1 and one of e2F1 and e2F2

are two dominant terms in the τ-function (16). So along the
boundary of the region where 1 dominates, there exists the
kink-soliton, which can be observed in Fig. 11(a). At the same
time, eF1+F2 is a dominant term in the τ-function (16) along
the ray ∆1 ∩∆2. Therefore, a lump chain lies on the this ray.
Figure 12 is plotted to show the evolutionary of the interaction
between three kink-solitons and three lump chains. Along the
boundaries of the dominant region ∆0, there is a structure in
which three solitons are connected, and one of which serves
as a bridge. At the connection point of the solitons, two lump
chain are split respectively. Then the lump chains and solitons
form a structure of the capital letter X on the (x,y)-plane when
t = 0, and the bridging soliton disappears. With time goes on,
the interaction solution consists of two kink-solitons and three
lump chains, where a lump chain bridge connects two triple
points.
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Fig. 11. The interaction solution between two kink-solitons and a lump
chain as M = 1, N = 3 and the eigenvalues are chosen as λ1 = 1/3+ i/2,
λ2 = 1/4− i/5. (a) 3D stereogram of the solution u(x,y, t = 0,s = 1), (b)
contour map corresponding to panel (a) and the distribution of dominant
domains.
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Fig. 12. The interaction solution between three kink-solitons and three lump
chains a M = 1, N = 3, and the eigenvalues are chosen as λ1 = 1/3+ i/2,
λ2 = 1/4− i/5, λ3 = 1/2+ i/4.

5. Hybrid solutions consisting of lump chains
and lumps
By considering the general form of the τ-function in the

solution (3), we know that if c jk = 0 and each ϕ j is a poly-

nomial multiple a exponential function eσ(x,y,t,s,λ j), the τ-
function is a rational function and the corresponding solution
is localized in the plane (x,y). Especially, if all the eigenfunc-
tions λ j are different, the nonlinear phenomenon of interac-
tion between multiple lump molecules can be presented. The
polynomial terms play a minor impact on the τ-function than
the exponentials when x and y are large enough. Therefore,
it is meaningful to investigate the ϕ j function consisting of
purely exponentials, which corresponds to the case of depth
P = 0 discussed in Section 3. The solution has a structure
of lump chains in this case. However, the polynomials of the
ϕ j-function (8) cannot be ignored in the finite part of the (x,y)-
plane. The polynomial terms produce individual lumps in the
solution actually. Thus the solution possesses the structure of
lump chains interacting with several individual lumps. The
lumps may be emitted or absorbed by the lump chains dur-
ing the interactions. In this section, we attempt to investigate
some classifications of such solutions. Taking rank M = 1, or-
der N = 2 and depth P = 1 in formula (8), the ϕ-function can
be expanded as

ϕ (x,y, t,s) =C10ρ0 eσ(x,y,t,λ1)+C20ρ0 eσ(x,y,t,λ2)+C11ρ1 eσ(x,y,t,λ1)+C21ρ1 eσ(x,y,t,λ2), (17)

where its conjugate function can be given as

ϕ̄ (x,y, t,s) =C10ρ̄0 eσ̄(x,y,t,λ1)+C20ρ̄0 eσ̄(x,y,t,λ2)+C11ρ̄1 eσ̄(x,y,t,λ1)+C21ρ̄1 eσ̄(x,y,t,λ2). (18)
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Substituting them into solution (3) with c jk = 0, one can obtain
the hybrid solutions consisting of the individual lumps and the
single lump chain. If the coefficient C20 = 0 and other coeffi-
cients are nonzero (without losing generality, they were all let
to be 1), the solution presents the structure of a lump chain ab-
sorbing an individual lump with the evolution of the auxiliary
variable s.
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Fig. 13. An individual lump is absorbed by a lump chain with rank M = 1,
N = 2, and depth P = 1, and λ11 = 1/2, λ12 = 1/4, t = 1.
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Fig. 14. The interaction between two lump chains and two lumps with rank
M = 1, N = 2, and depth P = 1, and λ11 = 1/2, λ12 = 1/4, t = 1.

As shown in Fig. 13, the left single lump is gradually ab-
sorbed by the right lump chain, which can be regarded as a
phenomenon of the rogue wave controlled by the parameters.
If all the coefficients Cnp are nonzero, the solution consists of
two lumps and a lump chain as s tends to be a negative larger
value, which is shown in Fig. 14(a). Then both of the two
lumps gradually integrate into the lump chain as a whole with
the lumps in the original lump chain (as shown in Figs. 14(b)–
14(d)).

If we take rank M = 2, order N = 2, and depth P = 1 in
formula (8), the ϕ-function has the following forms:

ϕ1 = C110ρ0 (x,y, t,s,λ11) eσ(x,y,t,s,λ11)

+C111ρ1 (x,y, t,s,λ11) eσ(x,y,t,s,λ11)

+C120ρ0 (x,y, t,s,λ12) eσ(x,y,t,s,λ12)

+C121ρ1 (x,y, t,s,λ12) eσ(x,y,t,s,λ12),

ϕ2 = C210ρ0 (x,y, t,s,λ21) eσ(x,y,t,s,λ21)

+C211ρ1 (x,y, t,s,λ21) eσ(x,y,t,s,λ21)

+C220ρ0 (x,y, t,s,λ22) eσ(x,y,t,s,λ22)

+C221ρ1 (x,y, t,s,λ22) eσ(x,y,t,s,λ22).

Then the τ-function can be written as

τ (x,y, t,s) =

∣∣∣∣∣∣∣∣
∫ x

−∞

ϕ1ϕ̄1 dx′
∫ x

−∞

ϕ1ϕ̄2 dx′∫ x

−∞

ϕ2ϕ̄1 dx′
∫ x

−∞

ϕ2ϕ̄2 dx′

∣∣∣∣∣∣∣∣ ,
which leads to a solution consisting of two lumps and two par-
allel lump chains as s is a negative large value as shown in
Fig. 15(a).
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Fig. 15. The interaction between two lump chains and two lumps with rank
M = 2, N = 2, and depth P = 1, and λ11 = 1/2, λ12 = 1/4, λ21 = 1/3,
λ22 = 1/5, t = 1.

With s increasing, the two lump chains close to each other
and two lump waves are located on both sides (see Figs. 15(b)
and 15(c)). If s is a positive large value, the solution consists of
the two parallel lump chains, i.e., the two lumps are absorbed
by the lump chains as increase of s.

For investigating the higher depth interaction solutions,
we choose rank M = 2, order N = 2, and depth P = 2 in for-
mula (8), then the ϕ-function can be expanded as

ϕ̃1 = C110ρ0 (x,y, t,s,λ11) eσ(x,y,t,s,λ11)+C111ρ1 (x,y, t,s,λ11) eσ(x,y,t,s,λ11)

+C112ρ2 (x,y, t,s,λ11) eσ(x,y,t,s,λ11)+C120ρ0 (x,y, t,s,λ12) eσ(x,y,t,s,λ12)

+C121ρ1 (x,y, t,s,λ12) eσ(x,y,t,s,λ12)+C122ρ2 (x,y, t,s,λ12) eσ(x,y,t,s,λ12),

ϕ̃2 = C210ρ0 (x,y, t,s,λ21) eσ(x,y,t,s,λ21)+C211ρ1 (x,y, t,s,λ21) eσ(x,y,t,s,λ21)

+C212ρ2 (x,y, t,s,λ21) eσ(x,y,t,s,λ21)+C220ρ0 (x,y, t,s,λ22) eσ(x,y,t,s,λ22)

+C221ρ1 (x,y, t,s,λ22) eσ(x,y,t,s,λ22)+C222ρ2 (x,y, t,s,λ22) eσ(x,y,t,s,λ22).

Utilizing above pair of functions, the τ-function can be rewrit-
ten as

τ (x,y, t,s) =

∣∣∣∣∣∣∣∣
∫ x

−∞

ϕ̃1̄̃ϕ1dx′
∫ x

−∞

ϕ̃1̄̃ϕ2dx′∫ x

−∞

ϕ̃2̄̃ϕ1dx′
∫ x

−∞

ϕ̃2̄̃ϕ2dx′

∣∣∣∣∣∣∣∣ .
By substituting the above expression into the variable transfor-

mation u= (lnτ)x, the hybrid solutions consisting of two lump

chains and more individual lumps are obtained. As shown

in Fig. 16, the depth P determines the number of the lump

waves. There exist seven lumps lying on both sides of the two
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lump chains as s is equal to −160. With s increasing, the right
lumps form a structure of a triangle and the left three lumps
are gradually absorbed by the lump chain on the left side. Fig-
ures 16(c) and 16(d) show that the lumps are finally absorbed
by the lump chains with the increase of the parameter s.
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Fig. 16. The interaction between two lump chains and seven lumps with
rank M = 2, N = 2, and depth P = 2, eigenvalues are selected as the same
as Fig. 15 and t = 1.

6. Conclusions

In this paper, we mainly pay our attention to investigating

the lump chains and interaction solutions of the BKP equation

describing the propagation dynamics of the nonlinear waves

appearing in physics, biology, and electrical networks. A

τ-function in the form of Grammian (3) is utilized to start

our discussion. Thus a family of the lump chain solutions

by means of the general τ-function (11) are obtained. The

lump chains consist of an infinite of equally spaced individual

lumps. Every single lump chain has two characteristic lines,

and one of which determines the direction vector and the other

plays a role in controlling the twist direction of the individual

lump among the lump chains. Each of branch of the lump

chains lies on the ray determined by the dominant regions

∆n ∩ ∆m, where ∆n is given by formula (12). The multiple

lump chains fuse or scatter at some intersections. All lumps

at intersections are preserved, i.e., the fluxes of lump chains

through intersections satisfy the local conservation laws. In

order to extend the types of the lump chains, some general

solutions consisting of parallel, superimposed, and molecu-

lar lump chains are presented. Furthermore, the H-type lump

chains (as shown in Fig. 8) and the complex lump chains with

rank M = 2 (as shown in Figs. 9 and 10) are obtained. The

crossing regions among the multiple lump chains may appear

or disappear, and the middle polygon rotates with time t and

the auxiliary parameter s.

It is possible to consider the interaction solutions between

the lump chains and the kink-solutions by adding a constant

term 1 in the τ-function (15). Along the boundaries deter-

mined by the dominant regions of the constant term, there ex-

ist the kink-solitons (as shown in Figs. 11 and 12). By con-

sidering the higher order N, we can investigate more complex

interaction waves between lump chains and solitons. In order

to investigate a new kind of interaction solutions controlled

by the parameter s, we consider the eigenfunctions (8) to the
following three cases:

(i) rank M = 1, order N = 2 and depth P = 1;
(ii) rank M = 2, order N = 2 and depth P = 1;
(iii) rank M = 2, order N = 2 and depth P = 2.

These kinds of solutions can be regarded as new types of
“rogue waves” describing the phenomena of absorbing or
emitting individual lumps for the lump chains.

A large family of lump chain, interaction, and rogue wave
solutions obtained in this paper are helpful to further analyze
the scientific problems described by BKP Eq. (1). Studying
the detailed classification of the solutions from the perspective
of τ-function in the form of Grammian is an interesting and
difficult topic. We will continue to conduct our investigations
in this field.
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