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Developing improved measures of non-Gaussianity and Gaussianity
for quantum states based on normalized Hilbert—Schmidt distance
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Non-Gaussianity of quantum states is a very important source for quantum information technology and can be quan-
tified by using the known squared Hilbert—Schmidt distance recently introduced by Genoni et al. (Phys. Rev. A 78 042327
(2007)). It is, however, shown that such a measure has many imperfects such as the lack of the swapping symmetry and
the ineffectiveness evaluation of even Schrodinger-cat-like states with small amplitudes. To deal with these difficulties, we
propose an improved measure of non-Gaussianity for quantum states and discuss its properties in detail. We then exploit
this improved measure to evaluate the non-Gaussianities of some relevant single-mode non-Gaussian states and multi-mode
non-Gaussian entangled states. These results show that our measure is reliable. We also introduce a modified measure for
Gaussianity following Mandilara and Cerf (Phys. Rev. A 86 030102(R) (2012)) and establish a conservation relation of

non-Gaussianity and Gaussianity of a quantum state.
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1. Introduction

In quantum optics communities, non-Gaussian states
have been highlighted for decades, in large part because of
their novel properties such as photon antibunching, squeez-
ing effects, sub-Poissonian, and negative Wigner function.
In particular, they have been long recognized as a precious
resource for improving the performances of quantum infor-
mation protocols including quantum teleportation,!! quan-
tum cloning,!?! entanglement distillation,®! quantum secure
communication,*! and estimation problem.! However, com-
pared to their Gaussian counterparts, non-Gaussian states are
difficult to characterize mathematically since they possess
not only the first- and second-order moments but also the
higher-order moments. This nontrivial property that a quan-
tum state deviates from Gaussian one is called the state’s non-
Gaussianity. Thus, a natural problem is how to quantify the
degree of non-Gaussianity of a quantum state in a clear-cut
universal approach.

Concerning this question, several non-Gaussianity mea-
sures have been introduced over the past two decades
for different purposes. Genoni et al. first introduced the
non-Gaussianity measures for a quantum state based on
the Hilbert-Schmidt distance!® and the quantum relative
entropy.!”) They exploited these two measures to assess the
non-Gaussianity of some relevant quantum states and found
that such measures capture the same qualitative non-Gaussian
behavior. However, these two measures are difficult to eval-
uate the non-Gaussianity of even Schrodinger-cat-like states
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(SCLSs) with the low values of the amplitude.[*8! Soon after-
wards, Marian et al. proposed another non-Gaussianity mea-
sure of one-mode states based on the quantum fidelity.[”! They
found a remarkable consistency between this measure and the
two previous measures for one-mode m-photon-added thermal
states (mPATSs). In 2012, Ivan et al. suggested the Wehrl en-
tropy as a measure of non-Gaussianity for quantum states, ']
by which they computed the non-Gaussianity of three classes
of quantum states: photon number states, photon-added ther-
mal states, and phase-averaged coherent states. Surprisedly,
the non-Gaussianity of photon-added thermal states is demon-
strated to be relatively insensitive to the temperature and is
exactly equal to that of photon number states. But it is not
case for other non-Gaussianity measures, which have shown
that the non-Gaussianity of such states depends strongly on
the thermal parameter.!'! Quite recently, Fu et al. presented
a novel approach to quantify the non-Gaussianity of bosonic
fields by using the uncertainty relation.!'”) Their motivation
comes from the fact that Gaussian states are the minimum
uncertainty states of an informational uncertainty relation in-
volving the Wigner—Yanase skew information.!!'3] However, in
order to obtain the minimum uncertainty state, one will face
the optimization of the conjugate rotated quadrature operator
of single-mode bosonic field over the rotation angle, which is
challenging for multi-mode case. In a word, at present, there
is still much room and necessity for further improvement in
quantifying non-Gaussianity of a quantum state.

From the viewpoint of measurement theory, a friend
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measure of non-Gaussianity should possess some beneficial
properties: non-negativity, triangular inequality, symmetry,
bounds, normalization, and physical implementation,[!+13] by
which we return to the examination of the above-mentioned
measures. Firstly, all of them are not a reasonably bounded
and normalizable measure except the fidelity-based non-
Gaussianity measure.l”! For example, for Fock states with
infinite number of photons, one can see that the maximum
value of non-Gaussianity based on the Hilbert—Schmidt dis-
tance is given by 1/2,1% while the non-Gaussianity based on
quantum relative entropy,!’! Wehrl entropy,!!”! and uncertainty
relation!!?] is boundless and tends to infinity, restricting us
to gauge experimentally non-Gaussianity of quantum states.
Secondly, we notice that the existing measures do not satisfy
the exchange symmetry under the permutation of two quan-
tum states.®1%12] Thirdly, although the fidelity-based non-
Gaussianity is bounded and symmetric, the Uhlmann—Jozsa
fidelity for multi-mode non-Gaussian states is very difficult to
be calculated for a mixed quantum state. If quantum fidelity is
replaced by the super-fidelity, it leads to have unclear physical
meaning.[>!119 In view of these difficulties, in the present pa-
per we shall modify the non-Gaussianity measure introduced
by Genion et al. in Ref. [6] to become a welcome measure.
In addition, for the integrity of the discussion we shall dis-
cuss the Gaussian properties of a quantum state and present
an improved Gaussianity measure based on the Mandilara’s
Gaussianity measure.!!”!

Our paper is structured as follows. In Section 2 we
shall reexamine the problems involved in quantifying non-
Gaussianity of quantum states based on the Hilbert—Schmidt
distance and analyze its drawbacks. We put forward a mod-
ified measure of non-Gaussianity and study a set of its ba-
sic properties. Simultaneously, we develop a direct method
for constructing the reference Gaussian state of a given quan-
tum state by means of phase-space theory. In Section 3
we evaluate the non-Gaussianity of several families of non-
Gaussian quantum states including single-mode Schrodinger-
cat-like states, single-mode statistical mixture of vacuum and
Fock states (SMVFESs), and multi-mode non-Gaussian entan-
gled states by using our measure. Our examples show that this
non-Gaussianity measure is exact and powerful. In Section 4
we introduce an improved Gaussianity measure of a quantum
state and present a brief analysis on state’s non-Gaussianity
versus Gaussianity. In Section 5 we give a summary for our
main results.

2. Non-Gaussianity measure: improvement and
properties

In this section we begin to review the definition of non-
Gaussianity measure based on the Hilbert—Schmidt distance,

by which we discuss the problem in quantifying the non-
Gaussianity of single-mode Schrodinger-cat-like states. Then,
we propose a modified non-Gaussianity measure and a strat-
egy for choosing the reference Gaussian state from a given
quantum state. We also study the relevant properties of our
non-Gaussianity measure. Finally, we briefly make a com-
parison between our non-Gaussianity measure and Genoni’s
non-Gaussianity one.

2.1. Review

In 2007, Genoni et al. first introduced a measure of quan-
tifying non-Gaussian amount of a quantum state based on the
Hilbert—Schmidt distance,[®! which is defined as

_ Dislp. ]
ol == ]

where Dys[p, pra] is the Hilbert—Schmidt distance between a
given quantum state p and its closest reference Gaussian state

) ey

PG, and the squared Hilbert—Schmidt distance is given by
1
DIZ-IS [p7prG] = ETr {(P _prG>2}

_ Hlp] +u[prci—21<[p, Prc) ’ @

where the purity of a state p is given by u[p] = Tr[p?] and

the trace overlap between p and pg is given by x[p,pig| =
tr[pprG)-

However, we note that such a measure fails to capture the
non-Gaussianity of some quantum states. A typical example
is single-mode Schrodinger-cat-like states, which are repre-
sented by a coherent superposition of two coherent states |ot)

and | — &), as follows:!®]

1 .

w lcos(9)]a) +sin(9)] —a)], ©)
where |o) denotes as a coherent state with amplitude o € R,
N= \/1 + e 2l 5in(2¢) is a normalization factor, and ¢ is
the relative phase. For convenience later, with the relative
phase ¢ € (mm,(m+ %)n), m € Z, Schrodinger-cat-like states
are called even Schrodinger-cat-like states, and that with the
relative phase ¢ € ((m+ 3)7,(m+ 1)), m € Z, they are called
odd Schrodinger-cat-like states. We plot the non-Gaussianity

H’)scs =

of single-mode SCLSs as a function of phase ¢ and for dif-
ferent values of o, as shown in Fig. 1(a) (also see Fig. 1 in
Ref. [6]). It is interesting to see from Fig. 1(a) that the non-
Gaussianity measures J4 is almost zero for even Schrédinger-
cat-like states with the low values of the amplitude o. But,
we would verify that under the same conditions, such states
are non-Gaussian by introducing the phase-averaged fourth-
order cumulant, which is seen as a sufficient condition for
non-Gaussianity, of the homodyne rotated quadrature opera-
tor X (0)119:20]

(6)de, 4)
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where the fourth-order cumulant x4 () is given by
Ki(6) = (X5) —4(X3)(Xe) — 3(%5)°
+12(X5) (Xo)* — 6(Xp)*, )

where the homodyne rotated quadrature operator Xy =
(e 1944 ¢1947)/\/2 with O being the phase of the local os-
cillator in homodyne detection arrangement (6 € [0,27]) and
a (a™) being the annihilation (creation) operator of the single-
mode field. In Fig. 1(b), we plot &4(X) as a function of the
relative phase ¢ and for different values of «. It is obvious that
the k4(X) is not equal to zero in the mentioned-above param-
eters, and then such states are shown to be non-Gaussian, sug-
gesting that we must modify Genoni’s non-Gaussianity mea-
sure in order to faithfully quantify the tiny non-Gaussian fea-
tures of a quantum state.

0.5

0.41

0.3}

dalpl

0.21

—-0.5 0 0.5 1.0
o/

Fig. 1. (a) Non-Gaussianity 8x[p] and (b) non-Gaussian criterion &4 (X)
for single-mode SCLSs as a function of ¢(7) and for different values of
the amplitude «. Dot-dashed line, oo = 0.5; dotted line, ov = 0.4; dashed
line, ot = 0.3; solid line, o = 0.2.

2.2. Improved non-Gaussianity measure and its properties

To achieve our goal, we want to reexamine the Hilbert—
Schmidt norm of two density operators p; and p;, which is
defined as!®!

((p1 —p2)?)

= \/((P1)2> +((p2)%) = 2(p1p2)

dus(p1,p2) = |1 —p2ll2 =

= Vulpi] + ulpo] — 2x[p1, pa].- (6)

It is easy to verify that one has dys(p1,p2) = 0 for two identi-
cal quantum states, while for two uncorrected quantum states,

it is given by dus(p1,p2) = /p[p1] + plp2] since k[p1, po] =

0. Therefore, we should renormalize the Hilbert—Schmidt
norm (6) as

2x[p1, p2]
d o) =4 [1— ——FLP 7
s (P-P2) \/ wlp1] + ulpa] @

The Hilbert—Schmidt norm has played an important role in

quantifying quantum correlations in a physical system. For
example, it is used as a measure of non-classicality when p;
being the nearest classical state!>!??l and as a entanglement

(23] Similarly, if

measure when p, being the disentangled state.
P2 is seen as the closest Gaussian state to py, then the normal-
ized Hilbert—Schmidt norm will allow us to quantify the non-
Gaussianity of quantum state p;. For ease of calculation, we
adopt the squared Hilbert—Schmidt norm as non-Gaussianity

measure

ZK[pvprG]
ulp] +ulp)’

where p,g denotes a reference Gaussian state. Like other non-

8x[p] = dyps (P, prc) =1 — (®)

Gaussianity measures, our improved measure also encounters
an intractable problem of how to construct a reference Gaus-
sian state. As was stated in Ref. [6], the reference Gaussian
state can be designed to be the most general Gaussian ther-
mal one with the same first moments and the same covariance
matrix as a given state p

X[prc] = X[p], olpc] = olp]. ©

Thus the purity of reference Gaussian state is given
by 1/ITj_;(27; + 1) < 1 with the average number 7 =
Yo (d}“d j)p- For example, for single-mode continuous-
variable system, a reference Gaussian state can be expressed in
the form of p,g = D()S(E)v(7)S(E)* D (a) with D(ax) =
exp[odt — a* @) being the one-mode displacement operator,
S(&) = exp[i&at? — JE*@?] being the squeezing operator,
(a,&) € C,and v(n) = X7 (1 +71) /(1 +n)]'|I)(I| being
a thermal state with an 7 average number of photon. Yet, such
a treatment is not much easily applicable to a n-mode case
since the corresponding reference Gaussian state is required to
optimize the n(2n + 3) independent parameters,!”) which sig-
nificantly increases the computation works. To overcome this
obstacle, we provide a simple and direct strategy for construct-
ing the reference Gaussian state from a given quantum state in
the phase space.

According to the theory of phase space, any n-mode quan-
tum state p can be faithfully described by its s-ordered char-
acteristic function

%(n.p) = TeD(m)plexp (5 ml?) 10)
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where D(n)

erator and n = (N1, M2,...,Mu)T
eter s defines different orderings and then different quasi-

= @7_; Di(m) is the n-mode displacement op-
with 1, € C. The param-

probability functions, so we can obtain the corresponding

quasi-probability distribution function from the Fourier trans-
form of this characteristic function x;(n,p) as

n d2
W;(€,p) /xs n,p exp[Z ém;-*—é;nj)}nsz, (11)

= (&1,&,...,E)T. We see from Eq. (11) that the
values s = 1, 0, and —1 give the Glauber-Sudarshan P-

where &

function, the Wigner function, and the Husimi Q-function, re-
spectively. These functions provide a way to characterize the
non-classical nature of a quantum state since these functions
can exhibit negative domains. But Gaussian states are an im-
portant exception due to the fact that their phase-space distri-
bution functions are positive everywhere.!?*! At the same time,
they are fully characterized by the mean values d and covari-
ance matrix o. Therefore, the construction problem of a ref-
erence Gaussian state reduces to finding the mean values and
covariance matrix from the considered state p. Generally, they
can be written as the following two forms in the phase-space.

Form I: The mean value is given by di =
(af,ai,...,a;,a,) and covariance matrix is
At A 1 A A A A A
(@fa+3) —(aj) (@ay)  —(aan)
A2 Ata 1 At At At A
—(a=) (ayai+y) —(ayay) (@ an
Vi z
At A PN Ata 1 ~2
(ayan)  —(a1ay) (Gyan+3) (@)
At A JA At NI
~(aa) (@) @2 (afa )
(12)
Form II: The mean value is given by dy =
(®1,P15--,%n, Pn) and covariance matrix is
Vipn Viz Vip-1 Vi
Vo1 Van Voot Vau
Vii= : . : : ,  (13)
anl,l Vn71,2 anl,nfl anl,n
Vn, 1 Vn,2 Vn,nf 1 Vn,n
where the matrix elements are given by V,, =

%<lelm —|—RmR;> — <R1> <Rm> with the vector of field
quadrature operators R = (£1,p1,...,%,, pn) given by X =
(@j+af)/v2 and p; = (a; —a;})/(iV2). Hence, once the
characteristic function for a quantum state is known, we can

calculate the expectation values of the operators &f”éz;” in

Eq. (12) and )2713’" in Eq. (13) as

<d+n Am>(s) _ (7)man+m

a = S (143)

2s(1,p) ,
m=n;=0

(14b)

s (5) ntm
(% Pj> = W?{s(ﬂ’l)) z,:wj:07
where n = w+iz.

In what follows, we study how to attain the closet refer-
ence Gaussian state, which equivalently reduces to finding the
expectation values of the operators (14) of the reference Gaus-
sian state pyg from the state p. Let x(p,n) and x:c(prg,n) act
as the characteristic functions of the considered state p and
its corresponding reference Gaussian state prg, respectively.
Their difference is denoted by f(n) = x(p,n) — X:c(Prc,M)-
In order to obtain the same first-order moments and covariance
matrix as p, we set %f(n) |ln—=0 = 0 with m < 2, yielding

dp,c = dp, (15a)
(@ = (@) (15b)
EPM5L = & pms). (15¢)

Moreover, we can construct the characteristic function of the
corresponding reference Gaussian state in the form of

1 .
x(1,prG) = exp —EananTﬂdeprGﬂnT . (16)

where the symplectic matrix is given by §2 = i Q}_, o> with
o being the y-Pauli matrix.

Thus, we can easily obtain the purity of the reference
Gaussian state as

1
©on/detV,

and the trace overlap between p and p;g is

" / W(E,p)W (€&, pic) '€

upc] a7

K[pvpr(ﬂ -

1
;/x(mp)x(n,pra)dz"n. (18)

Finally, we study some properties of our improved for-
mula (8) as a measure of non-Gaussianity. Obviously, our im-
proved measure naturally satisfies the symmetry under swap-
ping the two states. Apart from this property, the x[p]
also possesses the relevant ones summarized by the following
lemmas.[1:16:25]

Lemma 1 Boundedness: 0 < dx[p] < 1 and 8x[p] =0 if
and only if p is a Gaussian state.

Proof According to the Cauchy—Schwarz inequality, we

easily obtain

[P, prc] = Tr[pap] < v/ 1lp]ulpG], 19)
while
plpl+ulpcl > 24/ ulplupl- (20)
So we have
Q’K[pvprG]
i LS| 21
= Ulp] + lpra] = @D
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It shows that 8x[p] varies between 0 and 1. If p is a Gaus-
sian state, then Tr[p?] = u[p;] and k[p, prg] = i [p:g], which
leads to 8x[p] = 0.

Lemma 2 Invariance under a unitary map U:
8[UpU] = &x[p]-

Proof Let us consider p’ = UpU™ where Ug is a unitary
map corresponding to a symplectic transformation in phase
space and generally is described by U = exp (—iﬂ ) with Her-
mitian A at most bilinear in field operators. After such a map,
we have the purity of quantum state p’ as

ulp'] = Tr[p”] = Tr{Up*T™] = ulp], (22)

where we have used the cyclic property of the trace. It shows
that the purity of a quantum state is invariant under unitary
map U.

Similarity, we have

1lpig] = Tr[pg] = TrlUpGU '] = ulpra],  (23a)
x[p’, pigl = Trlp’ ] = K[, prG). (23b)

Thus we have
3x[p'] = &xlpl- (24)

As is well known, a Gaussian map belongs to one of unitary
maps. Therefore, this property ensures that the displacement
and squeezing operators do not change the non-Gaussian na-
ture of a quantum state.

Lemma 3 Consider a bipartite factorized state psp =
pa ® pp. If pp is a Gaussian state, then 8x[pap] = Ox|[pal-

Proof For a bipartite factorized state psp = pa ® pPp, its
reference Gaussian state can be written as Pag G = PaG @
pBrG- According to the definition of the purity of a quantum
state, we have

1lpas] = ulpalulpsl, (252)
KPagsc] = PGl [PBGl; (25b)
K[0aB, PAB+G) = K[Pa,PArG|K[PB, PBiG].  (25¢C)

Therefore, since pp is a Gaussian state, we have K[pg, pp G| =
Wlpssc) = p[pp]. Finally, we get

__ 2k[pa; pasc|K[PB; PB.rG]
Kpallps] + pparcli[Ps G

Ox[pag] = 1 = Ox[pa]. (26)

In addition, we see that the non-Gaussianity dx[p] is not
additive (nor multiplicative) with respect to a tensor product

state p = Q7 pj. ie. 8x[p] # X7 Ox[p;]-
2.3. Comparison with Genion’s measure

Before ending this section, we return to compare our mea-
sure with Genoni’s measure.[%! Our non-Gaussianity measure

has the following advantages. First, our measure is symmet-
ric and has the limiting value of unity for any quantum state,
while for Genoni’s measure, different quantum state has dif-
ferent limiting value of non-Gaussianity. For instance, the
limiting value for Fock states is 1/2, whereas for the Bell
states |¢) = (1/+/2)(|01) & |10)), the maximum amount of
non-Gaussianity is equal to 2/3. Second, it can be seen in
the next section that our measure can effectively assess the
non-Gaussianity of some quantum states that are not quanti-
fied by using Genion’s measure. Third, in the aspect of choos-
ing reference Gaussian state, our scheme is more simple and
direct than Genoni’s scheme since it does not need to optimize
the parameters of reference Gaussian state such as the aver-
age number of photon, squeezing degree, and displace ampli-
tude, thus freeing us from the computational difficulties that
the optimization arises, which, in turn, leads to that it is much
more convenient to extend to a case of multi-mode continuous-
variable states. Finally, although our measure and Genion’s
measure are based on the same Hilbert—Schmidt distance, the
normalization is different from each other. The normalization
of Genion’s measure is given by 2u1[p], whereas it is given by
u[p]+ u[prc) in our measure dx. Furthermore, we obtain their

ration as
5x 2u(p]
= = = . 27
=% ulpl+ bl @0

Thus, we see that for a pure quantum state, we have y > 1,
namely, Ox > Oa. That is to say, it is underestimated the non-
Gaussianity of all pure non-Gaussian states for Genoni’s mea-
sure, but it is more complicated for a mixed quantum state
since such a ratio may be less or greater than one, %! which
will be illustrated in the following section.

3. Examples

In the preceding section we have proposed an improved
version of non-Gaussianity measure and a strategy for choos-
ing the closet reference Gaussian state. Now we use this
measure to evaluate the non-Gaussianity of several impor-
tant classes of non-Gaussian states, namely, single-mode
Schrodinger-cat-like states, single-mode statistical mixture of
vacuum and Fock states, single-mode m-photon-added thermal
states, multi-mode entangled-coherent-like states, and multi-
mode photon-number entangled states (PNESs). At the same
time, we compare our non-Gaussianity measure with Genoni’s
non-Gaussianity measure using the parameter 7.

3.1. Schrodinger-cat-like states

At first, we come back to the case of single-mode
Schrodinger-cat-like states (3) and calculate their non-
Gaussianity amount. Repeated the same steps above and after
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some algebra, we can obtain the purity of the reference Gaus-
sian state as

N3
\/Gl(av $)G2(t, 9) 7
where Gi(o,¢) = 2a’cos’(2¢) — 202°N> — N* and
Gy, ¢) = 2022 sin(2¢) — N2, and the overlap between
p in Eq. (3) and its reference Gaussian state p,g is

{cot(@exp [- =27

(28)

plprc] =

k[p.prc] =

N*[pic] A—-2B
) (g+p)* 1 oe
+sin“(¢)exp {— A28 } + 5€ sin(2¢)
2 2
q*(A—2B) — p*(A+2B)
X exp {— YRS } }7 (29)

where ¢ = a/v/2, p = acos(2¢)/v/2N?, and
o?[1 —sin(2¢)e2%"]  a?cos?(29)
N2 N
o®[1 +sin(2¢)) e 2 _ a?cos?(29)
2N? 2N*

With the derivations above,

A=1+ (30a)

B= (30b)

we can now proceed to
numerically evaluate the non-Gaussianity of single-mode
Schrédinger-cat-like states (3) using the formula (9) and study
the non-Gaussian ration (27), as shown in Fig. 2.

(a) 1.0

0.8}

0.6}
<
w

0.4}

Fig. 2. (a) Non-Gaussianity 0x and (b) non-Gaussian ration y for the
single-mode SCLSs as a function of the parameter ¢ and for different
values of ¢. From bottom to top, o = {0.2,0.3,0.4,0.5,5}.

It is interesting to see from Fig. 2(a) that using our mea-
sure, the non-Gaussianity for even Schrodinger-cat-like states
is not always equal to zero for small values of the amplitudes
a. It means that our measure has more superiority and validity
than Genoni’s measure. ! In addition, one can observe that the
Ox can attain a local maximal value at ¢ = +(2n+ 1)(7/4),
n € Z, as long as a # 0, showing that the non-Gaussianity
of the even and odd cat coherent states is much stronger than
that of other Schrodinger-cat-like states. One also observes
that the non-Gaussianity can be strengthened with the increas-
ing of the amplitude o. For enough large o values, the 8x
is bounded by one, instead of 1/2, for every value of ¢. Of
course, our non-Gaussianity measure also shares some prop-
erties in common with Genoni’s non-Gaussianity measure.
For example, we can obtain that the 8x = O for the case of
¢ =nm and ¢ = [n+ (1/2)]x, n € Z, at which single-mode
Schrddinger-cat-like states become pure coherent states, be-
longing to Gaussian states. For the case of o — 0, we note
that the non-Gaussianity of even Schrodinger-cat-like states
goes to zero, whereas that of odd Schrodinger-cat-like states
is still large. This is due to the fact that for very small coherent
amplitude, even Schrodinger-cat-like states are only slightly
different from the vacuum one |0), while odd Schrédinger-cat-
like states are very near to the Fock state |1). However, for the
higher values of coherent amplitudes ¢, the non-Gaussianity
Ox of all Schrodinger-cat-like states is a periodic function of
phase ¢ with a period 7/2 and has similar non-Gaussian be-
haviors. In Fig. 2(b) we compare 8x with 8 by introducing
the non-Gaussian ration 7. One observes that Jx is always
greater than or equal to 84, i.e., ¥ > 1, irrespective of o and ¢.

3.2. Mixture of Fock states

As a second example, let us consider a special family of
single-mode non-Gaussian mixed states, statistical mixture of
the vacuum state and n-photon Fock state is defined by

p = (1=p)[0){0] + pln)(n], Gn

where p € [0,1] and n > 1.
We can obtain the purities of state (31) and its reference
Gaussian state as

ulp] =1-2p+2p?, (32a)

ulpc] = (32b)

14+2np’

as well as their trace overlap is

1 n
Klp.pol = 1 [1 —p+p<li’;p> ] (33)

By using the derived results (32) and (33), we plot in

Fig. 3 the corresponding non-Gaussianity of SMVFSs and the
non-Gaussian ration 7 as function of the parameter p for sev-
eral values of the photon number n. By direct inspection, one
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sees that the non-Gaussianity 8x naturally vanishes for p = 0,
while the limiting value of the non-Gaussianity of SMVFESs
for infinite number of photons 7 is given by lim,, .. 0x = 1. In
other cases, the non-Gaussianity is bounded by 0 < dx < 1. It
shows that for a given number photon n, the pure Fock states
possess much more non-Gaussianity than statistical mixtures
of the vacuum state and n-photon Fock state. One also sees
that the non-Gaussianity increases monotonically with the
photon number n, namely, the larger the photon number is,
the more the non-Gaussianity of SMVFSs becomes. These
behaviors are in agreement with the result reported in Ref. [6].
In Fig. 3(b), we can see that when n > 1, the non-Gaussian
ration ¥ > 1 and hence 8x > 8a.
n=1and 0 < p < 0.5, we visualize that ¥ < 1, namely,
0x < 6a. It has been shown in Ref. [27] that for quantum
state p = (1 — p)|0)(0| + p|1)(1] with p < 0.5, it has a positive
Wigner function which is not just a mixture of Gaussian states.

However, when taking

Motivated by this, we can obtain an inequality of the photon
number 7 and the parameter p: 2np?> — (2n—1)p+n—1<0.
If such an inequality holds, then the statistical mixture of the
n-photon and vacuum optical states has the positive Wigner
function; otherwise, its Wigner function takes on negative val-
ues, which is usually used as an indicator of non-classicality of
quantum state. Recently, several works have tried to establish
a connection between this feature and other quantum correc-
tions like quantum discord®® and quantum contextuality.[>°!
1.0

0.8}

0.61

ox

0.41( 4

0 0.2 0.4 0.6 0.8 1.0
p
Fig. 3. (a) Non-Gaussianity 8x and (b) non-Gaussian ration y of SMVFSs

as a function of p and for different values of photon numbers n. From bot-
tom to top, n = {1,2,4,10,30,100}.

As is well known, a non-Gaussian state may be classical or
nonclassical, but our example tells us that a quantum state with
the negative Wigner function is bound to be non-Gaussian. In
other words, the negative value of Wigner function is a suffi-

cient condition that quantum state is non-Gaussian.

3.3. Photon-added thermal states

The photon addition and subtraction are an important
technique for generating quantum non-Gaussian states. Here
we consider another family of single-mode non-Gaussian
mixed states, m-photon-added thermal state, which is defined
ag[10.11]

1

— ~+m AN 34
m‘(l‘i‘ﬁ)ma Pma, ( )

Pad

where m is the added photon number and py, is the density op-
erator of thermal state with mean number of photon 7, which
can be expressed, in the Fock state basis, as

pin = (1—x) Y x"[n)(n], (35)
n=0

in which the thermal parameter x =7/(1+7), 0 <x < 1. Thus,
we see that mPATS is parameterized by two parameters: x and
m. The limit x — O corresponds to Fock state |m), where the
limit m — O corresponds to the thermal state.

The mean photon number of mPATSs is given by

N =Tr[a"apaa] = a(m~+1) +m. (36)

Making use of Egs. (34)—(36), we get the purity of
mPATS as

(1)

I”’[pad]: (1+2ﬁ)m+lpm(z)a (37)
where z = —% and P, (z) is the Legendre polynomial
of m order.

The purity of the corresponding reference Gaussian state

is given by
1
uipG] = 1T+2N (38)
and their trace overlap is given by
Nm
K[Pad; Pr] = Ttasnmt (39)

By carefully examining Eqs. (37)-(39), we see that when
m = 0 (the case of no photon addition), we have p[p,q] =
U[prc] = K[pPad, Pr] and then dx = 0, while for the case of
7 =0 (or x — 0), the non-Gaussianity of m-photon-added ther-
mal state is exactly equal to that of Fock state |m)(m].

In Fig. 4, we plot the non-Gaussianity and non-Gaussian
ration of mPATSs as a function of the thermal parameter x for
different photon-added number m = 1,3,5,10. From Fig. 4(a),
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one can see that like Genoni’s non-Gaussianity measure, our
non-Gaussianity decreases monotonically with the thermal pa-
rameter x and increases with the photon-addition number m.
But, it is completely different from the result reported in
Ref. [10], where the non-Gaussianity of such states is quan-
tified by the Wehrl-entropy measure N(p) and is found to
. iew N(pug) =
N(Pymy(m|), independent of the thermal mean occupancy 7.

be the same as that of the Fock state |m)(m

One also observes that a difference appears when considering
the upper bound on the non-Gaussianity in the case of m tend-
ing to infinity. The non-Gaussianity of mPATSs by employing
our measure saturates at the value 1, where it is 0.5 by the
Genoni’s measure!!!l and infinity via the Wher-entropy mea-
sure introduced by Solomom’s measure.l'”) In Fig. 4(b), we
see that Ox is always greater than or equal to Ja, irrespective
of x and m.

1.0

(2)
0.8 po

0.6

dx

0.4}

0.2}

0

2.0

1.8F-%
Lol N
1.4f N

1.2} T

1.0 : : : :
0 02 04 06 08 10

Fig. 4. (a) Non-Gaussianity dx and (b) non-Gaussian ration y of mPATSs
as a function of the thermal parameter x and for different photon-addition
number m. From bottom to top, m = {1,3,5,10}.

3.4. Multi-mode entangled-coherent-like states

Multipartite quantum states are an essential resource in
quantum network and quantum communication. However, lit-
tle attention is focused on the evaluation of non-Gaussianity
of multi-mode non-Gaussian entangled states. Therefore, here
we will consider n-mode entangled-coherent-like states, [30-31]

which are given by

10) = — [cos(8) o))" +sin(8) — @)™],  (40)

n

where |o)®" = |a) ® |o) -+ ® |et) with n denoting the mode
|
n

number and N,, = \/1 + sin(260) e ~21lo? is the normalized fac-
tor. For simplicity’s sake, we assume « to be real.

After some algebra, we can obtain the first-order mo-
ments of the position and momentum operators for the j-th
mode as

_ V20 cos(20)

and the covariance matrix of the n-mode entangled-coherent-
like states (40) is

O1]1 012 *** O1n
ol o0 - o
opl=| . .. “2)
T T
Oin Oop """ Omn

where o j; = diag(h, f) is a 2 x 2 local covariance matrix of
N2 +402[N2—cos*(26)]
2N}

mode j with the matrix elements & = and

2
f= N2—4a%e 21" 5in(20)
- 2N2

, and o j; = diag(c,d) is the mutual
o? [N,% —2cos? (29)]

correlation matrix with the elements ¢ = 7 and
n
22002
5in(20 .
d= —“Nizm(), respectively.

With use of Eq. (42), the purity of the corresponding ref-
erence Gaussian state is given by

ulpg) = [(2nB—nA —n+1)(2A —4B+2nB—nA+n—1)
x(2A—4B—1)]7'2, 43)

where A and B have the same express as Eq. (30), the only

—20% g replaced by e 219" and N is

difference being that e
replaced by N,,.

The trace overlap is given by
cos2(¢)e =P’ L sin2(¢)enla+p)
N2 [piG] G

sin(29) e 210

2N}’%I’l [PrG]

k[l9)(¢],pc] =

exp(H,), (44)

where

o n [qun + szn] 5a)
T A+2— 1B —[(n—1A+2B—n+1]*

G,=02-nA+(2n—4)B+n—1,

(45b)

F,=n(l—-A—2B)—1. (45¢)

Using our introduced method, we may evaluate the non-
Gaussianity 8x of n-mode entangled-coherent-like states with
respect with to ¢ and for several values of mode numbers n
and the amplitudes o, which is reported in Fig. 5. It can be
seen from the plots that the non-Gaussianity 8x is a function
of n, a, and ¢. As expected, we can obtain that ox = 0 for
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the case of ¢ = mm and ¢ = [m+ (1/2)]m, m € Z, at which
multi-mode entangled-coherent-like states become a Gaussian
product state. For a case of ¢ = [(2m + 1)7]/4, the higher val-
ues of the dx of multi-mode entangled-coherent-like states are
achieved. That is because such states become the even entan-
gled coherent ones for ¢ = w/4 and odd entangled coherent
ones for ¢ = —m/4. They have highly non-Gaussian features.
For larger values of «, the dx becomes an even function of ¢,
approaching to unity at ¢ = [(2m+ 1)x]/4, m € Z. We also
see that the Ox is an increasing function of the field modes n.
When the mode numbers, n, of the field increase, the dx dra-
matically increases. In addition, we compare Fig. 2(a) with
Fig. 1(a) and can see that for the small amplitudes of ¢, the 8x
is not equal to null in the regime of mx < ¢ < [m+ (1/2)]|x,
(m € Z), showing again that the dx has much advantages than
the Ja in quantifying the non-Gaussianity of quantum states.

(a) 1.0
0.8F
0.6}

»

&

0.4

0.2

¢/

Fig. 5. Non-Gaussianity dx of n-mode entangled-coherent-like states as a
function of ¢ for two choices of n: (a) n =5 and (b) n = 20, and different
values of ¢. From bottom to top, & = {0.2,0.3,0.4,0.5,5}.

3.5. Photon-number entangled states

As our final example, we want to consider a specific
family of multi-mode non-Gaussian entangled states: n-mode
photon-number entangled states,>?! which can be expressed
as

%) = cos 9]0} + sin 9|1)°", (46)

where [M)®" = |M)® |M)---®|M). It is clear to see that

when ¢ = mz, m € Z, tlfle states (46) correspond to a n-
mode factorized vacuum state, belonging to Gaussian state,
while for ¢ = [m+ (1/2)]x, m € Z, such states reduce to a n-
mode factorized Fock state, which is high non-Gaussian; when
¢ = [m+ (1/4)]n, m € Z, they become the maximally entan-
gled states.

After a little algebra, we can obtain the covariance matrix
of the states (46) as

(l—a)I2 bBM—l,Oaz b5M_1700'Z
1751;/[,1_’00'Z (l—a)IQ b6M71,00'z

ool =| . . W

b(SM_l.()O'Z b6M—1,00'z (1 —a)12

with a = (1/2)cos(2¢), b = (1/2)sin(2¢), and o, =
diag(1,—1), while all the first-order moments are null. From
Eq. (47), we see that its covariance matrix is a diagonal block
matrix for M > 2.

Proceeding as above and after a simple calculation, we
can easily obtain the purity of the reference Gaussian state
and their trace overlap, which are not written here for rea-
son of space. In Fig. 6, we plot the non-Gaussianities Ox
and 8 of multi-mode photon-number entangled states as a
function of ¢ for different photon numbers M and for dif-
ferent mode numbers n. It is seen from Figs. 6(a) and 6(c)
that the non-Gaussianity dx exhibits the periodic oscillations
with the phase ¢, regardless of n. And the non-Gaussianity
can be enhanced by increasing the Fock number M and the
mode number n of quantum states (46). As expect, for ¢ =0,
the non-Gaussianity is equal to zero, while the maximum
amount of non-Gaussianity is achieved for ¢ = +(1/2)x. For
this case, the states (46) correspond to the n-mode factor-
ized Fock states, proving again that Fock states have very
highly non-Gaussian features. On the other hand, it is inter-
esting to see that when ¢ = +7/4 and +37/4, multi-mode
photon-number entangled states are maximally entangled, but
the non-Gaussianity is not maximal, which is completely dif-
ferent from the result obtained by the non-Gaussianity mea-
sure dp. This point can be seen from Figs. 6(b) and 6(d) that
for the non-Gaussianity 8,, it likes a saddle on the interval:
o c[2m+1)(n/4),2m+1)(3n/4)], m=0,£1,.... More
specifically, for given ¢ and n, the maximum amount of non-
Gaussianity 0p can be obtained at ¢ = +m/4 and +37/4,
while a local minimum of Gaussianity 85 is observable in
¢ = +m/2, while our measure has a convex behavior. Finally,
we see that for n-mode photon-number entangled states, the
limiting value of Ox is equal to 1, while the limiting value
of the 84 varies within the range [0.5,1) conditioning on the

numbers of field mode.
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Fig. 6. Non-Gaussianities dx (topmost panel) and Ja (lower panel) of GHZ-like PNES as a function of (a)—(b) ¢ and n for M = 4, and of (c)—(d)

¢ and M for n = 10.

4. Gaussianity versus non-Gaussianity

The Gaussianity of a quantum state is an extremely im-
portant and open issue in quantum information theory. Re-
cently, Mandilara and Cerf introduced a degree of Gaussianity
of state p, which is defined as!!”]

_ Tr(ppc)  x[p,pic]
= - . 48
8= Trloropa) . Hlprc] @9

We see that this measure becomes unity for all Gaussian states,

but is equal to 1 for some non-Gaussian states, e.g., the state
P2y = %ﬁ|z><2| +(1— ﬁ)m) (0.1331 Simultaneously, it is
not a normalizing quantity and is varied in a range between
2/e and 2, thatis , 2 /e < g <2, implying that their introduced
measure is not a good measure of Gaussianity of a quantum
state.

According to the previous statement, we can redefine the
Gaussianity of state (48) and introduce its improved version as

_ Q’K[p ) prG]
%= Wl ulpl )
After the reformulation, the quantify 8 is obviously symmet-
ric under the permutation of the two quantum states. We also
see that 6g = 1 is attained if and only if p = p.g, whereas
we can obtain 8¢ € [0, 1) for any pure or mixed non-Gaussian
state. For instance, by using the improved Gaussianity mea-

sure, the Gaussianity for the state pj3y(y is given by 0.8655,

instead of 1. This treatment removes the blockade of quanti-
fying the Gaussianity of quantum state and can be proven as
follows. Firstly we investigate the upper bound on the Gaus-
sianity dg of a quantum state p. According to the definition
of the Hilbert-Schmidt distance, we have d = Tr(p — pig)?> =
Tr(p?) + Tr(pgs) — 2Te(pprc) = Klp] + klpic] — 2P, pic]-
We see that d = 0 if p = p,g; in other cases, d > 0. Conse-
quently, we can get 2k[p, prc] < U[p] + [prc] for a case of
P # piG, that is, 8g < 1. Secondly, its lower bound 6g = 0 can
be attained if they are completely discernible.

Here, we emphasize that by using our improved mea-
sures, we can arrive at an interesting and important expression

Ox+6c =1, (50)

which suggests that for any quantum state, its total amount
of Gaussianity and non-Gaussianity is conserved, that is, the
increase of non-Gaussianity gives rise to the decrease of Gaus-
sianity, or vice versa. This is easily understood from the
two facts. One is that according to the phase-space theory,
any continuous-variable quantum state has not only the lower-
order cumulants but also the higher-order cumulants, that is,
it contains both Gaussian and non-Gaussian components. 34!
Such a Gaussian part may be treated using the cumulant gen-
erating function of the first- and second-order cumulants of a
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quantum state,!'%! which is only responsible for the quantifica-
tion of Gaussianity. Analogously, a non-Gaussian part may be
treated using the cumulant generating function of higher-order
cumulants, which becomes a cornerstone of non-Gaussianity
measures. Consequently from this point, the Gaussianity and
non-Gaussianity of a quantum state are both oppose and com-
plementary to each other and fuse into a resource theory of
quantum state. The other is that the trace overlap between
two density matrices is a key ingredient in the Hilbert—Schmidt
distance measurement and can be widely interpreted as a mea-
sure of how close two quantum states are to each other. When
they are the same, the trace overlap is 1 with a perfect over-
lap; while when they are orthogonal to each other, it is zero.
In addition, from the perspective of measurement, such a trace
overlap can be interpreted as the probability pg of measur-
ing a given state p to be in its reference Gaussian state p,g,
i.e., pg = Tr[pprg], while in the event of failure, it is directly
equivalent to the probability png of non-Gaussian measuring
on the state p, then the relation between them can be given
by png = 1 — pg. We note that several previous works have
already focused on Gaussian measurement of quantum sys-
tems and have developed many schemes of quantum metrol-
ogy based on the Gaussian positive operator-valued measures
(POVMs).[35-381 Therefore, we hope that our study could pave
the way for the further experimental development of source
theory of quantum state.

5. Conclusion

In this paper, we have proposed an improved measure
of non-Gaussianity of a quantum state, which can help us
to precisely evaluate the non-Gaussianity of a wide range of
non-Gaussian quantum states including a mixture of vacuum
and arbitrary-photon Fock states, Schrodinger-cat-like states
of small amplitudes, and multi-mode non-Gaussian entangled
states. Besides these, we also have introduced a procedure of
constructing the reference Gaussian state from a given quan-
tum state. It turns out to be a more efficient and intuitive
method. Finally, we have also examined the existing Gaus-
sianity measure of a quantum state and presented an improved
version to overcome its drawbacks. Particularly, we have
found out that there exists a subtle connection between the
Gaussianity and non-Gaussianity of a quantum state.

The characterization and quantification of non-
Gaussianity of a quantum state are an interesting and open
issue. Different measures may yield different orderings of
non-Gaussianity. Our work is only a start. We expect the
present study might motivate deeper analysis of the relation-
ship between non-Gaussianity and Gaussianity using other

measures based on the quantum relative entropy, uncertainty

relation, and fidelity, as well as the non-Gaussianity-bounded
uncertain relations.
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