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Superposition formulas of multi-solution to a reduced
(3+1)-dimensional nonlinear evolution equation
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We gave the localized solutions, the interaction solutions and the mixed solutions to a reduced (3+ 1)-dimensional
nonlinear evolution equation. These solutions were characterized by superposition formulas of positive quadratic functions,
the exponential and hyperbolic functions. According to the known lump solution in the outset, we obtained the superposition
formulas of positive quadratic functions by plausible reasoning. Next, we constructed the interaction solutions between the
localized solutions and the exponential function solutions with the similar theory. These two kinds of solutions contained
superposition formulas of positive quadratic functions, which were turned into general ternary quadratic functions, the
coefficients of which were all rational operation of vector inner product. Then we obtained linear superposition formulas
of exponential and hyperbolic function solutions. Finally, for aforementioned various solutions, their dynamic properties
were showed by choosing specific values for parameters. From concrete plots, we observed wave characteristics of three
kinds of solutions. Especially, we could observe distinct generation and separation situations when the localized wave and
the stripe wave interacted at different time points.
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1. Introduction
Nonlinear evolution equations (NLEEs) are very popular

equations in the fields of mathematics. The discovery of rogue
wave solutions of NLEEs in other scientific fields, such as
optics,[1] atmosphere,[2] oceanography,[3] and finance[4] has
pushed them to a more important position. So finding ex-
act solutions for NLEEs is significant. In nonlinear science,
scholars have utilized various methods to obtain various so-
lutions of NLEEs, such as the Darboux transformation,[5–7]

the Hirota bilinear method,[8] Lie symmetry method,[9] the
homogeneous balance method,[10] the tanh-coth method,[11]

Bäcklund transformation,[12] consistent Riccati expansion
method,[13,14] etc. It is quite efficient to use these methods
to derive some solutions for NLEEs, such as variable separa-
tion solutions,[15] positon solutions,[16] algebraic-geometrical
solutions,[17] N-soliton,[18] localized excitations,[19] dark soli-
tary wave solutions,[20,21] etc. These methods and solutions
are sometimes applied to other equations, such as differential-
difference equations.[22–24]

In recent years, for some specific (3 + 1)-dimensional
NLEEs, many researchers have given many kinds of solu-
tions, such as soliton solutions, rational solutions and their
interaction solutions.[25–29] The bilinear method supplies a
good way for us to obtain various solutions. Interaction solu-
tions between lump and stripe solitons,[30,31] high-order lump-
type solutions,[32] general periodic solutions,[33] multiple soli-
ton solutions,[34] multiple localized wave solutions (breather,
rogue wave solutions, kink solitons, etc.)[35–37] and other ex-

act analytical solutions[38] can be obtained via taking advan-
tage of the Hirota bilinear method. Besides, Shi et al.[39] used
this method and KP hierarchy reduction method to get the gen-
eral high-order rogue waves. Asma Issasfa et al.[40] obtained
the generalized bilinear form through the generalized Hirota
bilinear method to get new lump solutions and interaction so-
lutions. Lou converted the bilinear forms of some NLEEs into
the full reversal symmetric forms and obtained multiple soli-
ton solutions.[41] Based on the bilinear Bäcklund transforma-
tion, novel soliton molecules[42] and new interaction solutions
(and they contained quadratic, hyperbolic and trigonometric
functions)[43] can be obtained. By using the Hirota bilinear
method and the analysis of the N-soliton solutions, many kinds
of localized wave solutions can be obtained.[44]

In this paper, one of (3+1)-dimensional NLEEs is stud-
ied

−3uxz +(2ut +2uux−uxxx)y +2(ux∂
−1
x uy)x = 0. (1)

The bilinear form of Eq. (1) and multi-solution has been
obtained.[45] Zheng et al.[46] gave a more general form of the
solutions to a certain evolution equation. We start from these
results in order to obtain the superposition formulas of solu-
tions in Sections 2 and 3.

First, through the variable transformation u =−3(ln f )xx,
then taking z = x, Eq. (1) is transformed into(

2DtDy−D3
xDy−3D2

x
)
( f · f ) = 0,

where f = f (x,y, t) is the real function and Dx, Dy, Dt are the
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Hirota operators which are defined by

Dm
x Dn

y( f (x,y) ·g(x,y))

=
∂ m

∂ sm
∂ n

∂ tn f (x+ s,y+ t) ·g(x− s,y− t)|s=0,t=0,

m,n = 0,1,2,3, . . . .

The reduced bilinear equation is equivalent to

2 fyt f −2 ft fy− fxxxy f +3 fxxy fx

−3 fxx fxy + fxxx fy−3 fxx f +3 f 2
x = 0. (2)

We suppose that Eq. (2) has the novel expression of exact so-
lutions

f = a1

m1

∑
i=1

f 2
i +a2

m2

∑
i=1

ki exp(gi)+a3

m3

∑
i=1

li cosh(hi)+ c, (3)

where fi, gi, and hi, i = 1,2,3, . . . are linear functions with re-
gard to x, y, and t, respectively. a1, a2, and a3 are equal to 0 or
1, and c is an undetermined constant. We require that a1, a2,

and a3 are not all equal to zero, and at least one of m1, m2,

and m3 is arbitrary positive integer, for the sake of obtaining
more general solutions. Such as taking a1 = 1, a2 = a3 = 0
in Section 2, we have the superposition formula of positive
quadratic function solutions. Besides, the others two cases dis-
cussed in this paper are respectively a1 = 1, a2 = m2 = 1,a3 =

0 in Section 3 and a1 = 0, a2 = a3 = 1, c = 0 in Section 4.
This paper is arranged as follows. In Section 2, the lo-

calized solutions corresponding to the superposition formulas
of positive quadratic function type will be given based on the
analogy and induction. In Section 3, we will acquire the inter-
action solutions between the localized solutions and the stripe
solitons. In Section 4, we will obtain linear superposition for-
mulas of exponential and hyperbolic function solutions. In
each section, we utilize the function plots to reflect different
types of waves. In the final section, we make the conclusion
of this paper.

2. The localized solutions corresponding to the
positive quadratic function types

2.1. The localized solutions in the form of superposition

For the sake of getting the localized solutions for the re-
duced Eq. (1), the solution of the bilinear Eq. (2) is assumed
as follows:

f =
m

∑
i=1

f 2
i + c, (4)

where fi = ai1x + ai2y + ai3t + ai4, i = 1,2,3, . . . , m, c =

constant > 0. If m = 2, the parameter relations are obtained
by Chen et al.[45]

a13 =
3(a2

11a12 +2a11a21a22−a12a2
21)

2(a2
12 +a2

22)
,

a23 =
3(a22a2

21 +2a11a12a21−a2
11a22)

2(a2
12 +a2

22)
,

c =−(a3
11a12 +2a3

11a21a22−a2
11a2

12a21a22 +a2
11a21a3

22

+a11a3
12a2

21 +a11a12a2
21a2

22 +a2
12a3

21a22

+a3
21a3

22)/(a11a22−a12a21)
2,

a12a22 6= 0, a11a22 6= a12a21, a11a12 +a21a22 < 0.

And a13, a23 can be written as

a13 =
3
2
·

a11T2
(1)+a21

∣∣∣∣ a11 a12
a21 a22

∣∣∣∣
T3

(1)

=
3
2
· 2a11T2

(1)−a12T1
(1)

T3
(1) ,

a23 =
3
2
·

a21T2
(1)+a11

∣∣∣∣ a21 a22
a11 a12

∣∣∣∣
T3

(1)

=
3
2
· 2a11T2

(1)−a12T1
(1)

T3
(1) , (5)

where T1
(1) =𝑋1 ·𝑋1, T2

(1) =𝑋1 ·𝑌1, T3
(1) = 𝑌1 ·𝑌1, and

𝑋1 = (a11, a21), 𝑌1 = (a12, a22) represent vectors formed
by coefficients of independent variables of fi, i = 1,2 respec-
tively, so T1

(1) = a2
11 + a2

21, T2
(1) = a11a12 + a21a22, T3

(1) =

a2
12 +a2

22.

By observing formula (5), we can find that they are writ-
ten as rational operation of the determinant and the inner prod-
uct of vectors. And when f = ∑

3
i=1(ai1x+ai2y+ai3t+ai4)

2+

c solves the Eq. (2), we can analogize the relationships of co-
efficients

ai3 =
3
2
·

ai1T2
(2)+

3
∑

k=1
ak1

∣∣∣∣ ai1 ai2
ak1 ak2

∣∣∣∣
T3

(2)

=
3
2
· 2ai1T2

(2)−ai2T1
(2)

T3
(2) , i = 1,2,3,

T1
(2) =𝑋2 ·𝑋2, T2

(2) =𝑋2 ·𝑌2, T3
(2) = 𝑌2 ·𝑌2, (6)

where 𝑋2 = (a11,a21,a31), 𝑌2 = (a12,a22,a32). If we substi-
tute f with coefficient relations (6) into Eq. (2), we can obtain

c =−A1

B1
, (7)

where

A1 = T1
(2)T2

(2)T3
(2)+T1

(2)T3
(2)T6

(2)+2 ·T2
(2)T4

(2)T5
(2)

−T1
(2)(T5

(2))2−T3
(2)(T4

(2))2−T6
(2)(T2

(2))2,

B1 = T1
(2)T3

(2)− (T2
(2))2,

T4
(2) =𝑋2 ·𝐶2, T5

(2) = 𝑌2 ·𝐶2, T6
(2) =𝐶2 ·𝐶2,

𝐶2 = (a14,a24,a34).
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On the basis of Eqs. (5)–(7), we can infer solution (4) of
Eq. (2), and the relationships of parameters are

ai3 =
3
2
· 2ai1T2−ai2T1

T3
, i = 1,2,3, . . . , m, c =−A

B
, (8)

where

A = T1T2T3 +T1T3T6 +2 ·T2T4T5−T1(T5)
2

−T3(T4)
2−T6(T2)

2,

B = T1T3− (T2)
2,

T1 =𝑋 ·𝑋, T2 =𝑋 ·𝑌 , T3 = 𝑌 ·𝑌 ,

T4 =𝑋 ·𝐶, T5 = 𝑌 ·𝐶, T6 =𝐶 ·𝐶,

𝑋 = (a11,a21, · · · ,am1), 𝑌 = (a12,a22, · · · ,am2),

𝐶 = (a14,a24, · · · ,am4),

and the conditions must satisfy m≥ 2, T3 6= 0, A < 0, B 6= 0.
Under the parameter relationships in Eq. (8), f in Eq. (4) can
be deduced as

f = ∑
i
(ai1x+ai2y+ai3t +ai4)

2 + c

= ∑
i

(
a2

i1x2 +a2
i2y2 +a2

i3t2 +2ai1ai2xy+2ai1ai3xt

+2ai2ai3yt +2ai1ai4x+2ai2ai4y+2ai3ai4t+a2
i4
)
+ c

= T1x2 +T3y2 +
9
4
· (T1)

2

T3
t2 +2T2xy+3 · T1T2

T3
xt

+3 · 2(T2)
2−T1T3

T3
yt +2T4x+2T5y

+3 · 2T4T2−T5T1

T3
t +T6−

A
B
. (9)

By substituting f and its derivatives into the left side of Eq. (2),
the result is zero. Ultimately, the localized solution of Eq. (1)
is

u =

−6T1 f +12
(

T1x+T2y+
3
2
· T1T2

T3
t +T4

)2

f 2 . (10)

By increasing the number of positive quadratic functions, new
localized solutions of some NLEEs can be obtained, such as

the lump-type solutions containing the superposition of three
functions[47] and solutions containing the superposition of five
functions.[48] And we can achieve these by increasing the di-
mensions of the vectors (8).

2.2. Dynamic properties of the localized solutions

For solution functions (10), we regard t as a constant
and then the extreme points of function solutions (10) include
(x1,y1), (x2,y2), and (x3,y3), where

x1 = vt +
E1

B
, x2 = vt +

E1 +
√
−3(𝑋 ·𝑌 )(𝑌 ·𝑌 )B

B
,

x3 = vt +
E1−

√
−3(𝑋 ·𝑌 )(𝑌 ·𝑌 )B

B
,

y1 = y2 = y3 = ht +
E2

B
,

v =−3 ·𝑋 ·𝑌
𝑌 ·𝑌

, h =
3
2
·𝑋 ·𝑋
𝑌 ·𝑌

,

E1 = (𝑋 ·𝑌 )(𝑌 ·𝐶)− (𝑌 ·𝑌 )(𝑋 ·𝐶),

E2 = (𝑋 ·𝑌 )(𝑋 ·𝐶)− (𝑋 ·𝑋)(𝑌 ·𝐶),

B = (𝑋 ·𝑋)(𝑌 ·𝑌 )− (𝑋 ·𝑌 )2.

The corresponding extremum of (x1,y1) is u1 =

6B/(𝑋 ·𝑌 )(𝑌 ·𝑌 ), and corresponding extremums of (x2,y2)

and (x3,y3) are both u2 =−3B/4(𝑋 ·𝑌 )(𝑌 ·𝑌 ). Therefore,
the localized wave of solution (10) exists the obvious low-
est trough located at (x1,y1), the value of which is u1. Two
equally obvious crests are located at (x2,y2) and (x3,y3) re-
spectively, the values of which are both u2. In addition, the
wave velocity is (v,h) and the amplitude is |u1|.

Take m = 4 as an example, and set the parameters 𝑋 =

(2,−2,6,1), 𝑌 = (−2,−2,−1,−1), 𝐶 = (0,0,0,0). Then we
can obtain

u =
−270 f1 +3( f1)

2
x

f1
2 , (11)

where f1 = 45x2+10y2+ 3645
8 t2−14xy− 189

2 xt− 528
5 yt+ 3051

401 .
At this time, the trough is located at (21t/10,27t/4) and the
amplitude is 1203/35. Figure 1 shows that the localized wave
keeps its shape and size during its propagation.

(a) t/↩ (b) t/ (c) t/

u

y

x

u

y

x

u

y

x

Fig. 1. 3D plots of the localized solution u Eq. (11) to Eq. (1).
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3. Interaction solutions between localized solu-
tions and one stripe soliton
For some special (2 + 1)-dimensional NLEEs, some

researchers have obtained the interaction solutions con-
taining the summation of arbitrary number of exponential
functions.[49] To make a difference, the interaction solutions of
Eq. (1) contain the summation of m (m≥ 2) positive quadratic
functions in this section. We firstly set that the form of Eq. (2)
solutions is

f =
m

∑
i=1

f 2
i + exp(l1)+ c

=
m

∑
i=1

(di1x+di2y+di3t +di4)
2

+exp(e11x+ e12y+ e13t + e14)+ c, (12)

which need to satisfy c = constant > 0. When m = 2, the pa-
rameters satisfy

d12 =−
d11e2

12(d
2
11 +d2

21)

4d2
21

, d13 =−
6d11d2

21(d
2
11−3d2

21)

e2
12(d

2
11 +d2

21)
2 ,

d14 = 0, d22 =
e2

12(d
2
11 +d2

21)

4d21
,

d23 =−
6d3

21(3d2
11−d2

21)

e2
12(d

2
11 +d2

21)
2 , d24 = 0,

e11 =
−4d2

21

e12(d2
11 +d2

21)
, e13 =

8d4
21(3d2

11−d2
21)

e3
12(d

2
11 +d2

21)
3 ,

c =
e2

12(d
2
11 +d2

21)
3
(d2

11−d2
21)

16d4
21d2

11
,

d11d21e12 6= 0, d2
11−d2

21 > 0. (13)

According to the tips of Section 2, we directly give the
solution in the form of Eq. (12) in this section. Equation (1)
has interaction solutions, and accordingly in Eq. (12) the rela-
tionships of solutions parameters to Eq. (2) satisfy

di2 =−
di1e2

12H
4d2

m1
, di3 =−

6di1d2
m1(H−4d2

m1)

e2
12H2 , di4 = 0,

(i = 1,2,3, . . . ,m−1)

dm2 =
e2

12H
4dm1

, dm3 =−
6d3

m1(3H−4d2
m1)

e2
12H2 , dm4 = 0,

e11 =
−4d2

m1
e12H

, e13 =
8d4

m1(3H−4d2
m1)

e3
12H3

,

c =
e2

12H3(H−2d2
m1)

16d4
m1(H−d2

m1)
, (14)

where H =𝑋 ·𝑋, 𝑋 = (d11, d21, . . . ,dm1) and the relation-
ships of parameters in Eq. (14) satisfy m ≥ 2, e12dm1(H −
d2

m1) 6= 0, H−2d2
m1 > 0. Expressions (14) contain the case (13)

that the vector is two-dimensional. We can set f = w + v,
where w = ∑

m
i=1 f 2

i + c, v = exp(l1), and under the parameter
relationships of expressions (14), we have

v = exp
(
−4d2

m1
e12H

x+ e12y+
8d4

m1(3H−4d2
m1)

e3
12H3

t + e14

)
,

w = Hx2 +
e4

12H3

16d4
m1

y2 +
36d4

m1

e4
12H

t2 +
e2

12H(2d2
m1−H)

2d2
m1

xy

+
12d2

m1(2d2
m1−H)

e2
12H

xt +
3(H2−8d2

m1H +8d4
m1)

H
yt

+
e2

12H3(H−2d2
m1)

16d4
m1(H−d2

m1)
. (15)

Finally, substituting f = w+v with above relationship expres-
sions (15) into Eq. (2), we get 0, so f = w+ v is an alternative
form of the expression (12) with relations (14). It is worth not-
ing that we get the new localized solutions u =−3(lnw)xx. By
using u =−3(ln f )xx, the interaction solutions of Eq. (1) are

u =−3(ln f )xx =

−6

(
(𝑋 ·𝑋)x+

8d4
m1

e2
12
(𝑋 ·𝑋)2 v

)
f +3 f 2

x

f 2 .

(16)

We take m = 5 as an example. Setting the special values
of the following parameters are 𝑋 = (− 1

2 ,
1
2 ,

1
4 ,1,1), e12 =

−2, e14 = 0, then we substitute them into Eq. (16) to procure

u =−3 ·
(w1 + v1)xx(w1 + v1)− (w1 + v1)x

2

(w1 + v1)
2 , (17)

u

y

x

y

x

y

x

u u

(a) t/↩ (b) t/ (c) t/

Fig. 2. 3D plots of the interaction solution u Eq. (17) of Eq. (1).
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where w1 = 41
16 x2 + 68921

4096 y2 + 36
41 t2− 369

128 xy− 27
41 xt − 4557

656 yt +
620289
409600 ,v1 = exp( 32

41 x− 2y− 15104
68921 t). We can also have the lo-

calized wave u1 = −3(lnw1)xx alone, the lowest trough of
which is localized at (x4,y4) = ( 432t

1681 ,
384t
1681 ) and the corre-

sponding value is −51200/5043. If we substitute x = x4 and
y = y4 into the expression (17), limt→+∞ u = −51200/5043
will be obtained. It means that the localized wave is separated
from the stripe wave after a period of time and exists stably.
Observing Fig. 2, these plots show physical characteristic of
a interaction between the localized wave and the stripe wave,
and it can be seen that only one stripe soliton exists at t =−50,
the localized wave generates from the inside of stripe wave at
t = 0, and they have separated at t = 50. This interaction is
similar to the interaction between the lump and stripe wave in
Ref. [50].

4. Mixed solutions corresponding to linear su-
perposition of exponential and hyperbolic
function types
In this section we will give solutions of Eq. (2) in the

form of the linear superposition of exponential and hyperbolic
function types. Setting the solution of Eq. (2) is

f = d1

m

∑
i=1

ki cosh(bi1x+bi2y+bi3t)

+d2

n

∑
j=1

l j exp(h j1x+h j2y+h j3t), (18)

which needs to satisfy d1,d2 = 0 or 1, d1
2+d2

2 6= 0, ki, l j > 0,
i = 1,2,3, . . . , m, j = 1,2,3, . . . ,n. For nonlinear differential
equations, finding solutions that can be linearly superposed,
such as the special linear superposition solutions in Ref. [51],
is quite difficult. Therefore, we believe it is very meaningful
to obtain the linear superposition solutions (18) of Eq. (2).

In order to obtain parameter relations, we firstly take
d1 = 1, d2 = 0, m = 2, and then substitute the expression (18)
into Eq. (2). We collect the terms with regard to sinh, cosh
functions and independent variables x, y, and t. Then coeffi-
cients are made equal to zero, which results in algebraic equa-
tions. These equations can be solved by Maple: b11 =−1/b12,
b13 = −1/2b3

12, b22 = −1/b21, b23 = b3
21/2, which can be

written as

b11 =−
1

b12
, b13 =−

1
2b3

12
, b21 =−

1
b11

, b23 =
b3

21
2

. (19)

Expression (19) has a significantly obvious regularity, so we
directly infer that parameter relations of solutions with the
form of Eq. (18) satisfy

bi2 =−
1

bi1
, bi3 =

b3
i1
2
, i = 1,2,3, . . . ,m,

h j2 =−
1

h j1
, h j3 =

h3
j1

2
, j = 1,2,3, . . . ,n, (20)

and they must satisfy bi1 6= 0, h j1 6= 0, i = 1,2, . . . ,m, j =
1,2, . . . ,n. The following proves that the expression (18) with
parameters (20) can be used to solve Eq. (2).

Proof To start with, the expression (18) with parame-
ters (20) can be written as

f =
n

∑
i=1

fi,

fi = ki cosh(bi1x− 1
bi1

y+
b3

i1
2

t)+ li exp(hi1x− 1
hi1

y+
h3

i1
2
),

ki, li ≥ 0, bi1,hi1 6= 0, i = 1,2,3, . . . ,n,
n

∑
i=1

(k2
i + l2

i ) 6= 0.

(21)

It is not difficult to verify that f Eq. (21) is a solution of Eq. (2)
for n= 1, n= 2. It is assumed that f Eq. (21) solves Eq. (2) for
n−1, so we need to prove the case for n. Let us set f = p+q,
p = ∑

n−1
i=1 fi, and q = fn. Then p+q is substituted into Eq. (2),

and due to the inductive hypothesis, it is necessary to prove
the result of

2(pytq+qyt p)−2(ptqy +qt py)− (pxxxyq+qxxxy p)

+3(pxxyqx +qxxy px)−3(pxxqxy +qxx pxy)

+3(pxxxqy +qxxx py)−3(pxxq+qxx p)+6pxqx (22)

is zero. The expression (22) can be turned into

n−1

∑
i=1

[
2( fi)yt ( fn) +2( fn)yt ( fi)−2( fi)t( fn)y−2( fn)t( fi)y

−( fn)xxxy ( fi)− ( fi)xxxy ( fn)+3( fn)xxy( fi)x +3( fi)xxy( fn)x

−3( fn)xx( fi)xy−3( fi)xx( fn)xy +3( fn)xxx( fi)y +3( fi)xxx( fn)y

−3( fn)xx ( fi)−3( fi)xx ( fn)+ 6( fn)
2
x ( fi)

2
x

]
. (23)

For arbitrary i = 1,2,3, . . . ,n− 1, if p = fi, q = fn, it will be
easy verified that the result of the expression (22) is zero. That
is to say, the formula in the summation symbol in the expres-
sion (23) results in zero, and this completes the proof.

Based on the solutions (18) with parameter relations (20)
of Eq. (2), we obtain solutions of Eq. (1)

u =
−3 · fxx f +3 f 2

x

f 2 , (24)

where

f = d1

m

∑
i=1

ki cosh
(

bi1x− 1
bi1

y+
b3

i1
2

t
)

+d2

n

∑
j=1

l j exp

(
h jix−

1
h j1

y+
h3

j1

2

)
.

The above group of formulas shows the propagation of
strip waves. For instance, we take m = 3, n = 1, b11 = 1,

050204-5
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b21 = 2, b31 = 4, h11 = 3, d1 = d2 = k1 = k2 = k3 = l1 = 1,
and then the solution of Eq. (1) is

u =
−3( f2)xx f2 +3( f2)

2
x

( f2)
2 , (25)

where f2 = cosh(x− y+ t
2 )+ cosh(2x− y

2 + 4t)+ cosh(4x−
y
4 +32t)+ exp(3x− y

3 +
27t
2 ). From Fig. 3, it can be seen that

multiple stripe waves merge into a pair of stripe waves with
the cross shape at t = 0, while they present bifurcate shapes at
the rest of the time.

u

yx

u

yx

u

yx

(a) t/↩/ (b) t/ (c) t//

Fig. 3. 3D plots of the solution u Eq. (25) of Eq. (1).

5. Conclusion
By mainly using plausible reasoning and mathematical

software Maple, we derived the localized solutions, the inter-
action solutions and the mixed solutions of Eq. (1) correspond-
ing to the superposition formulas. In Section 2, in regard to
the simple parameter expressions of lump solutions, we trans-
formed them into forms of determinants or vectors, then the
parameter relations of lump-type solutions were given by anal-
ogy in expressions (6). Based on the additive form of two or
three quadratic functions, the general forms with the summa-
tion of m (m ≥ 2) positive quadratic functions were summed
up directly in expressions (8). We expressed the solutions of
Eq. (2) as the summation of m (m≥ 2) positive quadratic func-
tions, the coefficients of which were the rational operation of
vector inner products in Eq. (9). And we finished up the lo-
calized solutions of Eq. (1) by u = −3(ln f )xx. Moreover, we
gave mathematical properties and dynamic properties of so-
lutions (10). Figure 1 showed the dynamic properties of the
localized wave corresponding to the summation of four posi-
tive quadratic functions. Section 2 enlightened us that the pa-
rameters relations belonging to the part of quadratic functions
can be expressed as the rational operation of vector product
when we derive the interaction solutions. So in Section 3,
based on the simple parameter relations in the form of two
quadratic functions added with a exponential function, we di-
rectly gave solutions of Eq. (2) that contained the summation
of m (m ≥ 2) positive quadratic functions. Interaction solu-
tions (16) of Eq. (1) contained localized solutions −3(lnw)xx

and w was from Eq. (15). From the concrete solution (17),
we found that the localized wave would get rid of influence of
the stripe wave and remain steady after a period of time. Fig-
ure 2 showed a separation process of the localized wave and
the stripe wave. In Section 4, utilizing Maple and induction,

we obtained the mixed solution expressions (24) correspond-
ing to the summation of arbitrary number of exponential and
hyperbolic cosine function types. Figure 3 showed the dy-
namic properties of several stripe waves.

For partial differential equations that could be trans-
formed into Hirota bilinear forms, as long as their plain forms
of lump solutions or interaction solutions possess good sym-
metry and regularity, the method is applicable.
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