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The majority of nonlinear stochastic systems can be expressed as the quasi-Hamiltonian systems in science and engi-
neering. Moreover, the corresponding Hamiltonian system offers two concepts of integrability and resonance that can fully
describe the global relationship among the degrees-of-freedom (DOFs) of the system. In this work, an effective and promis-
ing approximate semi-analytical method is proposed for the steady-state response of multi-dimensional quasi-Hamiltonian
systems. To be specific, the trial solution of the reduced Fokker—Plank—Kolmogorov (FPK) equation is obtained by using
radial basis function (RBF) neural networks. Then, the residual generated by substituting the trial solution into the reduced
FPK equation is considered, and a loss function is constructed by combining random sampling technique. The unknown
weight coefficients are optimized by minimizing the loss function through the Lagrange multiplier method. Moreover, an
efficient sampling strategy is employed to promote the implementation of algorithms. Finally, two numerical examples
are studied in detail, and all the semi-analytical solutions are compared with Monte Carlo simulations (MCS) results. The
results indicate that the complex nonlinear dynamic features of the system response can be captured through the proposed

scheme accurately.

Keywords: steady-state response, quasi-Hamiltonian systems, FPK equation, RBF neural networks

PACS: 05.10.—a, 05.10.Gg, 05.10.Ln, 05.40.—a

1. Introduction

The phenomena of random vibration are universal and
their dynamic characteristics can be explained only by prob-
ability or statistics.!"? Most of practical engineering systems
subjected to random loads can be described as a dissipa-
tive Hamiltonian system with random excitations, i.e., quasi-
Hamiltonian system.!®) The properties of quasi-Hamiltonian
system, involving integrability and resonance, seriously af-
fect the functional form and characteristics of the solution
of the whole system. Hence, in-depth research of the quasi-
Hamiltonian system is vital in solving real-world issues, such
as the response, reliability, stability, bifurcation, and stochastic
dynamic control. In fact, since the 1990s, Zhu and his team (4]
have conducted a lot of researches of nonlinear stochastic
dynamics and control in the framework of Hamiltonian sys-
tems. At present, the study of stochastic dynamics of quasi-
Hamiltonian systems is still in the ascendant trend, which be-
longs to the frontier and hottest field of theoretical research of
nonlinear stochastic dynamics.

With regards to the prediction of steady-state response,
one has made great efforts for it because of its importance
in the safety and reliability evaluation of structures. Never-

5-7.9

theless, only a few systems~7°! allow exact solutions un-

der strict conditions. Alternatively, some approximate or
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numerical analysis solutions are sought mainly for predict-
ing the response to quasi-Hamiltonian systems. In accor-
dance with three equivalent criteria that minimize the differ-
ence between systems statistically, the method of equivalent
nonlinear (EQNL) system was developed to obtain the ap-
proximate steady-state probability density function (PDF) for
multi-degree-of-freedom (MDOF) quasi-Hamiltonian systems

[10.11] However, the applica-

driven by Gaussian white noises.
tion scope of this method still has some limitations, mainly be-
cause it needs enough nonlinear stochastic dynamic systems
with exact steady-state solutions as a potential of the EQNL
system. As an important approach to dealing with nonlinear
random systems, stochastic averaging method was widely em-
ployed in the MDOF quasi-Hamiltonian systems under var-
ious excitations.!!>~13] Notably, stochastic averaging method
can effectively realize the dimensionality reduction for most
systems, but it requires the correlation time of excitation to be
much shorter than the relaxation time of the system. Thus,
there is still a huge gap that needs to be further explored and
improved.

There are many other approximate methods reported in
the literature, which are possible to be applied to solving
the problem of response of quasi-Hamiltonian systems, in-
cluding cell mapping method,!'®!7! exponential-polynomial-

18,19

closure (EPC) approach, ['311 and deep learning.?*->?! These
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approaches mentioned above have their advantages and short-
comings. For example, the cell mapping method represents
the relationship between state transitions in a dynamic sys-
tem using discrete cell transitions, once the cell size is large,
it will frequently create erroneous solutions and sometimes
even cause significant mistakes. The EPC approach may pro-
duce highly accurate approximations for some nonlinear sys-
tems, while the weight function is built by using the Gaus-
sian PDF, which severely restricts its application space. Deep
learning can theoretically map to any function and has many
layers and breadths, making it capable of resolving complex
issues. However, deep learning frequently requires the assis-
tance of enormous data, and the training period is lengthy to
reach acceptable accuracy. Besides, Monte Carlo simulation
(MCS) 23241 is widely used as a general and effective statisti-
cal method, but it is often accompanied by expensive comput-
ing costs.

Striving for more accurate and efficient response analy-
sis methods with wider range of applications has always been
a common goal. Chen and Sun®! developed a highly effi-
cient method of iterative weighted residuals for MDOF non-
linear systems. The trial stationary PDF solution of the multi-
dimensional system was constructed with the probabilistic po-
tentials and polynomials. This method can effectively capture
the main nonlinear characteristics of the steady-state response.
However, it might be a challenge to acquire the marginal-
probability-density-functions (mPDFs) for high-dimensional
systems since the form of exponential polynomial is difficult
to integrate, and the resonance problem of the system remains
unsolved. More recently, Li et al.*®! innovatively combined
the idea of stochastic averaging with data-driven identification
technique to reduce the dimensionality of a nonlinear stochas-
tic system, it partially addresses the shortcomings of both ex-
isting data-driven identification techniques and stochastic av-
eraging methods while keeping their benefits, but it cannot be
ignored either that the application of the maximum informa-
tion entropy principle greatly increases the amount of calcula-
tion.

On the other hand, owing to the development of com-
puter technology, many algorithms of neural networks arise at
the historic moment and have attracted broad attention.[?’-3?1
Among them, RBF neural networks have shown great com-
putational superiority in solving various partial differential
equations, 33391 especially the FPK equation.*’38] Wang et
al. proposed the use of the RBF neural networks to calculate

1381 and first-passage

the transient solutions of FPK equation
problems!®”! in random vibrations, setting up a great wave of
solving nonlinear random vibration problems. It is inspiring
that the solution of the PDFs benefits greatly from the inte-
grability of the Gaussian basis function. The RBF neural net-

works can theoretically achieve a particularly good fitting for

any continuous functions with high precision, by increasing
the number of hidden layer nodes on the basis of simple three-
layer structure. Comparing with the simulation results, the
accuracy of the solutions obtained in the higher dimensional
case is apparently lower than those obtained in the lower di-
mensional case, partly because of limitations in computing
memory; it is a challenge to gather enough data points for a
satisfactory fit. To this end, an efficient sampling strategy is
utilized in this paper to reduce unnecessary data points.

In this work, the RBF neural networks are extended
to determine the steady PDFs of multi-dimensional quasi-
Hamiltonian systems subjected to Gaussian white noise.
Firstly, the RBF neural networks with undetermined weight
coefficients are employed for constructing the trial stationary
PDF solution. Then, a loss function is constructed by combin-
ing the random sampling technique around the residual gener-
ated in the FPK equation. Finally, the optimal weight coeffi-
cients can be obtained by minimizing the loss function with the
help of the method of Lagrange multiplier. An efficient sam-
pling strategy is proposed for selecting representative point
set. To demonstrate the feasibility of the proposed scheme,
two quasi-Hamiltonian systems are investigated, and the influ-
ences of some system parameters are further investigated.

2. Mathematical formulation

Consider a quasi-Hamiltonian system with n degrees-of-

freedom, which random excitations act on, the equations of

motion can be described as the following general form: 3!

do; 9JH

dr 78})}"

dp; oH oH

- — | PP 'Wt

dr |:&Q]+fl]al),:| +gjl l( )7
ii=1,2,...n [=12,..m, (1)

where Q; and P; respectively denote the generalized displace-
ment and generalized velocity of the j-th degree-of-freedom
system, H = H(q1,92,...,qn,P1,P2,--.,Pn) Tepresents the
Hamiltonian function of the undisturbed Hamiltonian system,
fij = fij(q1,92, - .qn, P1, P2, .. pn) are defined as the coeffi-
cients of damping terms, gj; = g;i(q1,92,---Gn, P1,P2+---+Pn)
represent amplitude functions of the random excitations, and
W, () are a set of zero-mean Gaussian white noises with cross-
correlation E[W, (1)Ws(t +7)] = 2Dys(7), L, s=1,2,...,m.
Subsequently, the 1t6 equation corresponding to Eq. (1)

reads
0H
dQ; = =—dzt,
! oP;
oH oH dgji
de: —78QJ—ﬁJTE+DlsleT]% dt+6jldBl(t)7
ij=1,2,....n 1=12,...m, @
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where 6;; = (gL) ji, 9 = [git]nxm> LLT =2D, and By(t) rep-
resents the Wiener process. Notably, the correction terms
of Wong—Zakai Djgisdgji/dP; can usually be divided into
conservative part and dissipative part, then merging these
two parts with —dH /dQ; and f;;0H /IP,, respectively, equa-
tion (2) can be recast as

oH
oH oH
de:* L;Qj +m,'japj:| dl‘JrGj[dBl([), 3)

in which H = H(q1,92, - - -,4n, P1, P2, - - - Pn) denotes the mod-
ified Hamiltonian function, and m;; represent the modified
damping terms.
The steady PDF, p = p(q, p), of system (1) is dominated
by the following FPK equation when dp /dt = 0 vanishes:
dp dp I°H

“aq, " ap; "o ")

L oH d(mip)  13*(bijp)  dp
(9])/ (9])/ 2 8p,-c9pj - dr’
i j=1,2,0m, 0

where b;j = 2D,g i gis represent the diffusion coefficients.

In general, it is very hard to obtain the exact solution of
the stationary FPK Eq. (4). Up to now, the exact solutions have
been available only to a limited number of systems.>~*) Es-
pecially for high-dimensional systems with coupled nonlinear
terms, the solution is very difficult to achieve. If the techniques
of reduced dimension, such as stochastic averaging method!'?!
and state-space-split approach,*°! are adopted instead, some
coupled nonlinear terms would disappear, and it is difficult to
reflect the energy exchange relationship between different de-
grees of freedom. In the next section, a semi-analytical scheme
to deal with the reduced FPK Eq. (4) via RBF neural networks,
namely the RBF-NN scheme, is presented.

3. Implementation of the RBF-NN scheme

The RBF-NN scheme can be decomposed into two pro-
cesses: assuming the trial stationary PDF solution in the form
of RBF neural networks and obtaining the optimal weight co-
efficients by minimizing the residual based on the least square
principle. To reduce the computational burden, however, an
efficient sampling strategy is proposed, thereby reducing the
computational memory.

3.1. General frame of RBF neural networks

In this study, the multivariate Gaussian formB7 s
adopted as the activation function of the RBF neural networks,
which is defined as

2n

i=1

| a2
exp |- UK )
2o’ 2075,

where © = (x1,X2,...,X2n_1,%0) = (q1,P15---,Gn, Pn) € R¥"
is the position vector, fo; = (1 1, 1j2,- -, Mj2n—1,M4j2m) € R2"
and 6; = (0},1,0)2,...,0j21—1,0j2n) € R2" denote the cen-
ters and the standard deviations of the multivariate Gaussian
functions, respectively.

Let the trial PDF solution of the reduced FPK Eq. (4) be

Ng
p(CC,UJ): ZWJ'G]("BaH'ijj)v (6)
j=1
where w = [w,wa,...,wn,] T is the vector of unknown weight

coefficients w;, and Ng is the number of multivariate Gaussian
functions in central domain Qg. Note that MCS can be em-
ployed to roughly estimate the domain Qg. Since the trial
RBF-NN solution p with a fixed form cannot exactly satisfy
the reduced FPK Eq. (4), by replacing p with p in Eq. (4), a
residual §(x,w) can be yielded as follows:

op 9dp IJ*H, . 9JH I(myp)
5 = —— _ — i -
(0 = =5, "o, Ip; T
10%(bijp) .
EW’ l,]—1,27...,n. (7)

Note that the optimal RBF-NN solution can be obtained if the
residual 0 (x, w) is minimized in the domain Qg. Equation (7)
can be rewritten in the following compact form:

Ng
8(x,w) =Y wjs;(x), (8)
j=1

where s;() is defined as

- an an 82H (9H a(m,»jGj)
102(bi;G;) . .
ETapl, l,] = ],2,...711. (9)

3.2. Optimization algorithm for minimizing residual

By adopting sampling technique, a loss function can be
established as follows:

1N
Loss(w) = N—ZSZ(:B,»,w), (10)
S =1

where Ng denotes the number of sample points in domain g.
Notably, in the earlier work it was proved that it is beneficial
to select Qg slightly larger than Qg.

The trial RBF-NN solution and multivariate Gaussian
functions satisfy the normalization condition as follows:

pdz =1, an
R2n

/2 Gidz =1, forall j. (12)
Rn
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Then, a constraint on the weight coefficients w; can be derived
from Eqgs. (11) and (12) and given by

Y wi=1 (13)

A Lagrangian function Lg(w) that includes the constraint
Eq. (13), is defined by using a Lagrange multiplier A, specifi-
cally,

1 s Ng
Ly(w) = N75262(mi7w)+l ZW]‘—I
~ =
1 Ns Ng Ng

= Z Z Zwksk a:l Sr oc,

i=lk=1Il=
+2 <ij—1>. (14)
j=1

The necessary conditions for minimization of Ls(w) are given
by

JdL
— =0, k=1,2,...,Ng,
Bwk
Ng
=Y wi—1=0. (15)
j=1
Let ¢ = [w,A]T = [wi,wa,...,wag, AT, b=10,0,...,0,1]T €
RWe+Dx1 and build a matrix as
1
A= S ER(NGH)XU\’GH)7 (16)
1
0---00

where the data matrix S is expressed as

S =1[Su] = [ Zsk:cl si(xi) | € RNe>No - (17)

Thus, equation (14) can be recast as the matrix form below:
Li(c)=c"Ac—c"b. (18)

Accordingly, the necessary condition in Eq. (15) turns into

0L
dc

which can be solved readily, and the result is given below:

=(A+ANe-b=0, (19)

¢ =(A+AT) b, (20)

only if the inverse (A + AT)~!
coefficient vector w* be obtained by eliminating the Lagrange

exists, can the optimal weight

multiplier A. Actually, the existence of matrix inverse relies
heavily on the data matrix S.1! It was proved that the singu-
larity of inverse matrix could be avoided when Ng > Ng.

The minimum value of the residual can be determined by
substituting w* into Eq. (10), and is given below:

Ng Ng Ng
6" = Z (Z ZWkSk x;)s;(x;) wl>

k=1i=
= VwTSw* < ¢, 20

where € refers to a preset residual according to the accuracy

requirements.

Note that the data matrix S may be very large and thus oc-
cupy a large number of computational memories. To this end,
an efficient screening strategy for representative point sets is
a supplement to the RBF-NN scheme as discussed in the next
subsection.

3.3. Efficient sampling strategy

Generally, with regard to the joint PDFs of the nonlinear
random vibration system, the spatial distribution domain of the
multi-dimensional random variables is spherically symmetric
or approximately spherically symmetric, and exhibits approx-
imate radiation attenuation.[*! In terms of this distributional
property, the representative point sets can be screened in a hy-
persphere. The process is outlined briefly below.

(1) First, two t-dimensional unit hypercube domains (Hg
and Hc) are generated. Then H is divided into Ngo = (n)®
grids, while H g is discretized into Ngo = (ns)® grids, specifi-

cally,
19]'71(6[—1,]}7, j=12,....1, k=1,2, "7NGO’ (22)
6.,-,16[—1,1]7, Jj=12,...,1,1=1,2,...,Ns,,

where 6;; and ¥;; represent the initial unit point sets for the
central points and sample points.

(ii) Select the points in ¥, and 6;;, which meet the fol-
lowing constraint:

Zk<12

to constitute the representative point sets. Figure 1 shows the

2 <1, (23)

distribution of the representative point set when 7 = 2.

190000000 0m=esagooo0o0o0o0o0o0
0000ocm"eeeeeeeWooo0o0o0 o0
oocl’....o.lo..o\c\oooo
OO/.’.I... e o o o o ® & 0 0 O
oOpeeeeoeeeeoeees e oo %, 0 0
o/...no'...no'...no\\oo
6-.0-.--..-.--0..--\0
’.ooo...ooo...ooo...\o
o o000060600600600es00essso
P &

S Ofccocccoccocccosccocscscol
e o 0000000000000 0000y
R R R R T R O O O A A R R )
‘O'.O.li....l.......lo
Zececccccccoooeen g0
é\.................,oo
ol eeceoceoesoeeseee e o
coeweeeseseeeose e e /o
ooo\.\noioconoioooloo
conoo\g:'ooo..’vo,ooooo

—1 = =
—1 0 1

Q
fry

Fig. 1. Distribution of representative point set when T = 2, with sym-
bols red e and blue o representing points inside and outside hypersphere,
respectively.
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To measure the screening effect of this sampling strategy,
a screening ratio y is defined as
Ng

Ns
XZN ~
Go

) (24)
Ns,

where Ng and Ns are the number of representative point sets
for the central points and the sample points, respectively. It can
be inferred that when the number of selected points is large
enough, the screening ratio y tends to a fixed value, that is,
the ratio of the volume of unit hypersphere to unit hypercube,

specifically,
T/2
LA T=2,4,...2k
21(7)!
T 2 iglt=D)2
( 2 )'”

, T=23,5...,2k+1,
7!

where V; and M; denote the volume of the T-dimensional hy-
persphere and the 7-dimensional hypercube, respectively.

—T1r=2k
~-17=2k+1

10-3 4
10— 1

Screening ratio x

~

2 4 6 8 10 12 14

Fig. 2. Curves of ideal screening ratio ) versus 7 in different dimen-
sions.

In Fig. 2, the curves of screening ratios in different di-
mensions are depicted. It is worth noting that the screening

effect is amazing, the screening strategy can greatly reduce the
number of selected points, thereby reducing the computational
burden of the data matrix S and improving the computational
efficiency.

(iii) Let the representative point sets inside the hy-
persphere for the central points and sample points be
19? =A(1§1’¢, l§%,(p7 ey ’L§T’¢), (P = 1,2, cee ,NC,, and é(p =
(01,0,609,...,0:4),  =1,2,...,Ns, respectively. According
to the domain size of the central points and sample points, the
scaling transformation is performed on the unit hyperspherical

point sets, i.e.,

Hjo =00 = (D1,90,0290,..., D el),

zj9=0;0Bi=016B1,020B.....0:0Pc). (26)

The implementation of the proposed RBF-NN scheme com-
bined with efficient sampling strategy is sketched in Al-
gorithm 1. Note that the optimization algorithm converts
the solving problem of the unknown weight coefficient in
Eq. (6) into a simple matrix operation. Thus, the solution
of the higher-dimensional FPK equation can be obtained in
the semi-analytical form. Though the worst time complexity
is O((Ng)?Ns) and the worst space complexity is O(NGNs),
which depend to a large extent on the number of selected cen-
tral points and sample points, i.e., Ng and Ns. Then the sug-
gested sampling strategy can reduce the complexity to some
extent, as indicated in Fig. 2. More importantly, it provides a
new perspective in solving high-dimensional FPK equations,
and the validity of this algorithm will be tested in the next sec-

tion.

Algorithm 1 RBF-NN algorithm

Input: the central point sets with initial number of Ngo = (nc)

T in the central domain [—a;, @;]%, the

sample point sets with initial number of Nso = (ns)" in the sample domain [—f;, 3;]%, and the covariance
of the multivariate Gaussian functions o; is taken as the grid width of the j-th dimension of the central

domain.
Output: weight coefficients w;, the RBF-NN PDFs.

—_

ﬂj.kG[—l,l]T,
T ~

when /§| ﬂ%kglﬁﬂj@, 0=12,...,Ng;

0, €[-1L1]%j=12,....,t, [=12,..,Ng,
T N

when _zle_f,gl:w_,’(p, ¢=1,2,...,Ns.
=

: Generate source nodes and screen the point sets in hypercube spheres
J=12,...,1, k=12,....Ng,,

2: Scale transformation is performed on the screening point sets, i.e.,

Hjo = 19]-,(4,061- = (191,<p0517192,<p0527~--,791,(4)051)7

@ =0,0B; = (010B1,000P2,...,009Bc).

[95]

Ng
: Assume the trial solution of FPK equation as p(xz,w) = ¥ w;Gj(x, pj,0;).
j=1

Ns
4: Construct the loss function Loss(c) = NLS Y 8% (x;,w).
i=1

W

: Introduce Lagrange multiplier method for optimization

L<(c):i]\§52(m- w)+ A ]\fw-—l =clAc—c™d
s Ns & is P -

0 3 N

: Minimize the approximate square error % =(A+AT)ec-b=0.
: Solve the linear matrix equation c¢* = (A + AT)~!b.
: Estimate and verify the approximate residual §* = Vw*T Sw* < e.

060506-5



Chin. Phys. B 32, 060506 (2023)

4. Illustrative examples

Two specific nonlinear dynamical systems are investi-
gated in this section. By comparing with the MCS results, the
validity of the semi-analytical solutions and the feasibility of
the proposed RBF-NN scheme are pointed out. Note that all
the MCS results for comparison are conducted with a sample
size of 5.0 x 108.

Example 1

As the first example, two nonlinearly and asymmetri-

NEY

cally coupled Duffing system: subjected to Gaussian white

noises are considered, the equations of motion are described

below:
. oH . oH oH
O = Gp M7 g MG IO
. oH . JoH o0H
Or = +Wa(t),

B PZZ_TQz_'uZTPg

where W;(¢) and W;(¢) are two independent and zero-mean
Gaussian white noises with intensity 2D; (i = 1, 2), and the
Hamiltonian function H is

U(Q1,02) =

H=

1 1
E(wle% +0703)+ Z(kl Ot +k03)

i
\\\
”I““\\\\\\\‘ 3\\“‘“‘“
'/,m\‘ AT

p(q1,p1)
© o 2
[N VNN o))

|
e e
NS

) W&\ il \\W«
\\\\\\ \\\\\\\\

r
I

— k30102 — (28)

Thi0l0s
System (27) has a broad engineering application background,
such as describing the navigation of ships and the operation
In accordance with Ref. [37], the
parameters of the system (27) are dimensionless and set as
follows: pu; =0.2, up =0.2, @ =0.2, @ =04, k; =0.3,
ko =0.5, k3 = 0.3, k4 = 0.12, and Gaussian excitation inten-

of aerospace equipment.

sity 2D; = 0.05. Obviously, the Hamiltonian is not separable,
then system (27) is non-integrable.

The central domain is selected as Qg = [—2.5,2.5] x
[—1.5,1.5] x [-2,2] x [-1.5,1.5], which is evenly divided into
16 x 16 x 16 x 16 grids, and the sample domain is selected
as Qg = [—5,5] x [-3,3] x [-4,4] x [-3,3], which is evenly
divided into 32 x 32 x 32 x 32 grids. The standard devia-
tion of the multivariate Gaussian function is uniformly taken
as the grid size in the corresponding dimension of Qg, i.e.,
o =[5/16,3/16,1/4,3/16]. Subsequently, by adopting the
efficient screening strategy, 15456 central points and 283872
sample points are retained respectively, i.e., Ng = 15456 and
Ns = 283872, the screening ratios are }g = 23.58% and xs =
27.07%, respectively.

\\\\ \\
‘”I‘ ‘m\ \\\\\\ \\\\\\

Fig. 3. Comparison among joint PDFs of system (27), showing [(a), (c)] RBF-NN solutions, and [(b), (d)] MCS results.

The semi-analytical solutions obtained by the RBF-NN
scheme are all displayed in Fig. 3, and the MCS results are
also presented to verify RBFNN solutions accordingly. As

shown in Fig. 3, there is a double peak phenomenon for the
joint PDFs of system (27) at each degree-of-freedom and the

steady-state response of system (27) exhibits complex nonlin-
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ear characteristics. Even so, the RBF-NN solutions are almost
identical to the MCS results. Besides, the approximate resid-
ual §* is 2.316 x 10~* and root-mean-square (RMS) error is
3.527 x 10~*. The RBF-NN scheme consumes about 3138 s
of the CPU time which is still much faster than 4.0 h consumed
by the MCS.

Further, the influence of the ratio between the constant
damping terms, (; and U, on the system response is inves-
tigated. Through the proposed scheme, when p; = 0.2 and
U = 0.5u;, 1.0uy, 2.0u;, the RBF-NN solutions compared

with the MCS results are depicted in Fig. 4. Apparently, it is
observed that the mPDFs of displacement are bimodal while
those of velocity are unimodal, and the peaks of the marginal
PDFs become higher and sharper as 1, increases. It means that
system (27) is prone to local offset and this tendency will be
promoted as i, increases, even though the increase of damp-
ing inhibits the velocity. More importantly, all the results ob-
tained by the RBF-NN scheme are quite consistent with those
obtained by the MCS.

T (b)
a
A —p2=0.1
0.4¢ A A 1.2 po=0.2
1 : - p2=04
0.3} % 0.9} ﬁ"i
S £ A E é
S 0.2} ,I —p2=0.1 4 = 0.6} X
S oa i £ i
0.1f £ ~m=04 3 0.3} i A
a & /A‘ A
OAJ hk OA h
~3.0 —1.5 0 1.5 3.0 ~3.0 -1.5 0 1.5 3.0
q1 b1
0.6 : 1.5¢
() A& =01 () f; =01
0.5¢ ,‘ Al pna=0.2 1.2 ia p=0.2
0.4} & Dl g - p2=04 S - m=04
. & % 0.9 7N
= 0.3} { g
< [ A = {
4 i 0.6 A
0.2} ¥ ! . 4
, A

0.17

04

1.5

q2

.

1.5 3.0

Fig. 4. Curves of mPDFs of system (27) for three different values of L, with color lines denoting RBF-NN solutions, and symbols (O, ¢, A)

representing MCS results.

Example 2
The second example illustrates two nonlinear oscilla-

tors[42

with nonlinear coupling damping under Gaussian
white noise excitations, and the equations of motion are es-

tablished as follows:

) JH
QI_TIDI7
. JH JH
Plz—ain—(0510-1-06111[’124—(76121])22)87};,1
H
—a13ﬁ+W1(l‘),
2
(29)
0, =1
2 aP27
P ——a—H—(a + o PP+ o P2)a—H
2= aQZ 20 2117 2217 8P2
H
— 0 gp +Wa(1),

where W;(¢) and Ws(¢) are two independent and zero-mean

Gaussian white noises with intensity 2D; (i = 1, 2), and the
Hamiltonian function

1
H =3 (P} + P + o]0} + 0 03). (30)

To explore the rich dynamic characteristics, the dimen-
sionless system parameters are in a reasonable range and listed
as follows: o0 = 0.2, 0o = 0.1, 030 = 0.2, o1 = 0.3, Oh1 =
04, 031 =0.5, a;p =0.12, 0, = 0.1, azp = 0.12, a3 = 0.4,
a3 = 0.3, and Gaussian excitation intensity 2D; = 0.1. Sys-
tem (29) is quasi-integrable. The non-resonant case and reso-
nant case are analyzed separately below.

Case 1: Non-resonant case

When o; = 1.0 and @, = /2, system (29) is in non-
resonance. In this case, the central domain is selected as Qg =

[-1.5,1.5] x [-1.5,1.5] x [-1.5,1.5] x [-1,1] x [-1.5,1.5]
meshed into 16 x 16 x 16 x 16 grids, and the sample domain is
selected as Qg = [—3,3] x [-3,3] X [-2,2] x [-3,3] meshed

into 32 x 32 x 32 x 32 grids. The values of standard devi-
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ation o; are equably set to the grid size on each dimension
of Qg, i.e., 6j =[3/16,3/16,1/8,3/16], Then 15456 cen-
tral points and 283872 sample points are respectively kept un-
changed in computing by using the efficient screening strat-
egy, i.e., Ng = 15456 and Ng = 283872, the screening ratios
are Xg = 23.58% and xs = 27.07%, respectively.

The semi-analytical solutions attained by using the pro-
posed scheme are displayed in Fig. 5, and compared with the

p(q1,p1)

0.9
0.6
— N
~ 0.3 N
= mo“\‘““m
& 0 IO
-
Q

L
e o e
© o w

corresponding MCS results. It is clear from Fig. 5 that the
semi-analytical solutions coincide with the MCS results. The
approximate residual §* was 2.316 x 10~* and RMS error was
9.019 x 1074, which were acceptable. The CPU time con-
sumes about 3259 s, less than about 4.0 h consumed by MCS.
The proposed scheme shows high accuracy and relatively high

efficiency.
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Fig. 5. Comparison among joint PDFs of system (29) in non-resonance, showing [(a), (c)] RBF-NN solutions and [(b), (d)] MCS results.

Case 2: Resonant case

When w; = @, = 1.0, system (29) is in resonance. Sim-
ilarly, the central domain is selected as Qg = [—1.5,1.5] x
[—1.5,1.5] x [-1.5,1.5] x [-1.5,1.5] meshed into 18 x 18 x
18 x 18 grids, and the sample domain is selected as Qg =
[—3,3] x [-3,3] x [-3,3] x [—3, 3] meshed into 36 x 36 x 36 x
36 grids. The values of standard deviation o} are equably
set to the grid size on each dimension of g, i.e., 0; =
[1/6,1/6,1/6,1/6]. Then 25472 central points and 462672
sample points are respectively kept unchanged in computing
by using the efficient screening strategy, i.e., Ng = 25472
and Ns = 462672, the screening ratios are g = 24.26% and
Xs = 27.55%, respectively.

The acquired semi-analytical RBF-NN solutions are indi-
cated in Fig. 6. By comparing with the corresponding MCS
results, the accuracy of the RBF-NN scheme is satisfactory
that the approximate residual §* is about 5.452 x 10~ and the
RMS error is about 9.713 x 104, the complex nonlinear re-

sponse characteristics of the system (29) in resonant state can
be well captured. Notably, the CPU time consumed by this
example is about 10726 s, which is still less than 4.0 h spent
by MCS, but it cannot be ignored in that the CPU time con-
sumed increases significantly as the number of points taken
on each dimension increases, where the influence of dimen-
sionality disaster is highlighted. Thus, further improvement
in efficiency, such as more efficient selection of representative
point sets and decrease of the system dimension, will be one
of main tasks in the future.

Figure 7 shows the comparison between mPDFs of sys-
tem (29) in resonant state and non-resonant state. When the
system is in resonance, the mPDFs of displacement and ve-
locity are approximately the same in each degree-of-freedom.
Comparing with the non-resonant case, the system (29) in res-
onance is very unstable and prone to vibration, which is just

consistent with the reality.
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Fig. 6. Comparison among joint PDFs of system (29) in resonance, showing ((a), (c)) RBF-NN solutions and ((b), (d)) MCS results.
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Fig. 7. Comparisons among mPDFs of system (29) in different states, with color lines denoting RBF-NN solutions, and symbols (O, ¢)
representing MCS results.

5. Conclusions egy is employed to help implement the algorithm and reduce

In this work, the RBF-NN scheme is generalized to the influence of dimension disaster to some extent. Two spe-

predict the steady-state response of multi-dimensional quasi-  cific examples involving quasi-non-integrable system, quasi-

Hamiltonian systems. In addition, an efficient sampling strat-  integrable system of resonant case and non-resonant case are
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studied to verify the effectiveness and efficiency of the pro-
posed scheme by comparing the MCS results. All compar-
ison results show that the nonlinear features of system re-
sponse can be well captured by the proposed scheme, even
for resonant cases. Significantly, the proposed scheme pro-
vides a new perspective in dealing with the issues involving
quasi-Hamiltonian systems. The highly accurate solution of
stationary PDF obtained is in the semi-analytical form, which
not only can be used as a benchmark to check the accuracy
of other methods, but also has important application value in
the optimal structural design. The proposed scheme is promis-
ing and expected to solve much higher-dimensional issues, so
that more efficient sampling strategy and matrix optimization
algorithm are necessary.
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