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Circularly and elliptically polarized high-order harmonics have unique advantages when used in studying the chiral
and magnetic features of matter. Here, we studied the polarization properties of high-order harmonics generated from
alignment nitrogen molecules driven by cross-linearly polarized two-color laser fields. Through adjusting various laser
parameters and targets, such as the relative phase, the crossing angle, the intensity ratio of the driving fields, and the
molecular alignment angle, we obtained highly elliptically polarized high-order harmonics with the same helicity in a wide
spectral range. This provides a possible effective way to generate elliptically polarized attosecond pulses. Finally, we
showed the probability of controlling the spectral range of elliptically polarized harmonics.

Keywords: high-order harmonic generation, attosecond pulse, elliptically polarized
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1. Introduction

High-order harmonic generation (HHG) is an intrigu-
ing nonlinear phenomenon induced by strong light-matter
interactions.!!! High-order harmonics generated from the gas
target, in particular, have attracted considerable attention in
experiments and theory. The mechanism of high-order har-
monics generated from gases can be explained by the semi-
classical three-step model.[?] First, an electron leaves its par-
ent core by tunneling. Then, the electron is accelerated in
the laser field. Finally, when the laser field changes its di-
rection, the electron returns to the parent core emitting high-
order harmonics. High-order harmonics span a very broad
spectral range and are locked in phase, leading to the gener-
ation of attosecond pulses in the extreme ultraviolet and soft
x-ray regions.>-®! In addition, high-order harmonics contain
rich information of the atomic and molecular targets, pro-
viding a unique way of probing the structure and dynamics

911 In particular, circularly or elliptically polar-

of targets.!
ized high-order harmonics have greater value in numerous
applications, such as chiral recognition studies,!'?! ultrafast
chiral-specific dynamics in molecules,''*! and magnetic circu-

14151 According to the semiclas-

lar dichroism spectroscopy.!
sical three-step model, the electron recombines with the par-
ent core along the laser polarization direction when driven by
linearly polarized laser fields. As the ellipticity of the driv-
ing laser field increases, the harmonic efficiency drops signif-
icantly due to the rapid decrease of the electron’s recombi-

[2,16-18

nation rate. I Therefore, it represents formidable chal-
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lenges in generating efficient high-order harmonics with high
ellipticity at present.

In the past few decades, several schemes have been devel-
oped to generate circularly or elliptically polarized high-order
harmonics. One method proposes generating elliptically polar-
ized high-order harmonics from prealigned molecules.!!*-2!]
In this scheme, prealigned molecules driven by one-color lin-
early polarized laser fields can generate high-order harmonics
with nonzero ellipticity. However, the ellipticity of the high-
order harmonics obtained through this method is too small to
synthesize an attosecond pulse with high ellipticity. Another
type of method uses two-dimensional driving laser fields. For
example, circularly polarized high-order harmonics can be ef-
ficiently generated in a bichromatic counter-rotating circularly
polarized (BCCP) laser field.[>>-3%] The BCCP field consists
of a circularly polarized fundamental field and its second har-
monic (SH) field with opposite rotation directions. Accord-

31321 only (3m =+ 1) order harmon-

ing to the selection rule,!
ics (m is a positive integer) can be obtained in an isotropic
target. The (3m + 1) order harmonics are circularly polar-
ized with the same helicity as the fundamental field. Con-
versely, (3m — 1) order harmonics present the same helicity
as the SH field. As a result, the ellipticity of synthesized at-
tosecond pulses is significantly limited due to the opposite he-
licities of adjacent order harmonics with considerable intensi-
ties. On this basis, noncollinear driving laser fields have also
been adopted in producing elliptically polarized HHG. Using

the noncollinear driving laser fields, adjacent order harmonics

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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can be directly angularly separated with opposite helicities in
the far field.>*34! However, the noncollinear approach limits
the interaction volume of the driving laser with targets, which
leads to a decrease in the yield of the harmonics. In recent
years, an alternative way of generating elliptically polarized
high-order harmonics has also been developed based on the
cross-linearly polarized two-color laser fields.>>71 Theoreti-
cally, by adjusting the crossing angle and the relative phase of
the cross-linearly polarized two-color laser fields, elliptically
polarized high-order harmonics can be generated from atomic
gas targets.

In the present work, we investigate the polarization prop-
erties of HHG in alignment N, with the cross-linearly po-
larized two-color laser fields. The spatial structure of the
molecules offers more degrees of freedom. By adjusting the
molecular alignment angle, as well as the crossing angle, rela-
tive phase, and intensity ratio of the driving laser fields, high-
order harmonics can be dominantly generated once radiation
per optical cycle. Consequently, ellipticity-controllable har-
monics with the same helicity can be generated over a wide
spectral region. This paves an efficient pathway to generate el-
liptically polarized attosecond pulses. In addition, an extended
comparison shows that the spectral region of harmonics with
the same helicity can be controlled and regulated.

2. Theoretical method

In this paper, we calculate high-order harmonic radiation
based on the strong-field approximation (SFA) model.!3%%]
The time-dependent dipole moment D(z) can be written as
(atomic units are used throughout this paper unless otherwise

mentioned) 38401

Y L T 3/2
D(r) = 1/_°°dt [§+ir/2]
xd[ps(t',1)— A{")| E(t)
xd* [ps(t',1) — A(1)] efis(’/’t)g(t’) tee, (1)

where ¢’ and ¢ are the ionization and recombination time of
the electron, respectively. T =t —1¢ is the travel time. € is
a positive regularization constant used to eliminate singular-
ities. g(#') is the ground-state amplitude. E(¢) is the laser
field. d[ps(¢',t) — A(t")] and d*[ps(¢',1) — A(t)] denote the
transition dipole matrix element for photoionization and pho-
torecombination process, respectively. A(r) and ps(¢',r) are
the corresponding vector potential and stationary momentum,
which can be written as

A=- [ B, )

ps(t' 1) = - tA(t”)dt”. 3)

S(#',t) is the quasi-classical action; it can be read as

S(¢',1) :/ﬂt dt”{[ S(t/’t);A(t”)]z +Ip}, )

where I, is the ionization potential of the target. The harmonic
electric field can be obtained by the Fourier transform of the
time-dependent dipole acceleration a, ()

Eyey = [ anyep(-in)dr §)

where a,,(t) = D(t). g stands for harmonic order. Q is the
frequency of high-order harmonics. Subscripts x and y denote
the corresponding x and y components, respectively. The in-
tensity of the harmonics can be read as

Igxy = |Eq;x,y|2- (6)
The ellipticity of the harmonics can be expressed as

_ |Eq.,L| - ‘Eq,R|

= ) @)
|[EqL| +|EqR|

where E,r = (Egx + iEgy)/V2 and E, = (Egx —
iEgy)/ /2 are the right- and left-rotating harmonic compo-
nents, respectively. In addition, the polarization state of high-
order harmonics can also be expressed by the degree of circu-
lar polarization (DCP) ¢,14!]

¢ = Igr — IR

, (®
Iy +1gR

where I, g = |E,r|? and 1,1, = | E, 1 |? are the right- and left-
rotating harmonic intensities, respectively.

3. Results and discussion

In this work, we choose N; as our target molecule to in-
vestigate the polarization property of the generated harmonics
using cross-linearly polarized two-color laser fields. As shown
in Fig. 1, the driving laser field consists of a fundamental field
(A =800 nm) and a SH field (A = 400 nm). The fundamen-
tal field is polarized along the x-direction. The crossing angle
of the polarization directions between the SH and fundamen-
tal fields is B. N, molecule is aligned at o with the positive
x-axis. The electric field of the two-color field is expressed as

E(t) = [Epf(t)cos(mt) 4+ Exg f(t)cos(B)cos(20t + ¢)]ey
+ [E2p(t)sin(B)cos(2w1 + @)]ey, 9

where o is the angular frequency of the fundamental field. Eg,
and Ej are the amplitudes of fundamental and SH fields, re-
spectively. f(¢) is a trapezoidal envelope with a two-cycle ris-
ing edge, a two-cycle falling edge, and a six-cycle plateau. In
our simulation, the intensity of the fundamental field is fixed
at I, =7 x 103 W/cm?.
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Fig. 1. Schematic diagram of N; in the cross-linearly polarized two-
color laser fields. The laser field propagates and is converted to the x—y
plane. The fundamental field (red) is polarized along the x direction,
and the polarization of the SH field (blue) tilts in relation to the funda-
mental field at angle 8 in the x—y plane. The molecular axis of Ny tilts
in relation to the fundamental field at angle « in the x—y plane.

Figure 2 presents the high-order harmonic spectra from
N aligned at @ = 80°. The intensity ratio between the SH
and fundamental fields is ©, /I = 1, the crossing angle is
B = 60°, and the relative phase is ¢ = 0. Figure 2(a) shows
that the intensities of right- and left-rotating polarization com-
ponents of the harmonics differ greatly. For the harmonics
from H19 to H27, the right-rotating polarization components
are significantly higher, by one to two orders of magnitude,
than the left-rotating polarization components. Therefore, the
corresponding ellipticities of the harmonics are large and have
the same sign as shown in Fig. 2(b). This means that the har-
monics are all elliptically polarized and have the same helicity
in this wide spectral range near the cutoff region.
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Fig. 2. (a) The spectra of the left-(purple solid line) and right-rotating
(blue dash-dotted line) harmonic components. (b) The ellipticities as a
function of the harmonic order. The intensities of the laser field compo-
nents are L, = Iy = 7 x 10'3 W/cm?, the crossing angle is 8 = 60°, and
the relative phase is ¢ = 0. The molecular alignment angle is o = 80°.

To obtain a clear physical interpretation of the elliptically
polarized harmonics near the cutoff region, we performed
the Gabor transform on the intensity and DCP of high-order

harmonics 42!
GT,(Q.1) = /dt’a(t') exp[— (' —1)%/207]
R oV2n

Here we use 6 = 1/3w. Figure 3(a) represents the time-

exp(iQt’). (10)

frequency distribution of the harmonic intensity. There are two
instances of harmonic radiation per optical cycle. However,
the break of the temporal symmetry of the driving laser field
leading to the first harmonic radiation being much stronger
than the second. As a result, the dominant contribution of har-
monics comes from the first radiation. At the same time, one
can see that the DCP values of the harmonics from the first
radiation are all close to —1 near the cutoff region as shown
in Fig. 3(b). In combination with Figs. 3(a) and 3(b), one can
find that only the first radiation is selectively enhanced, its el-
lipticity is large and it has the same helicity. As a consequence,
the harmonics from H19 to H27 exhibit the same helicity in a
broad frequency range. These results are consistent with the
results in Fig. 2.
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Fig. 3. (a) A time-frequency distribution of the HHG under the cross-
linearly polarized two-color laser fields. The color map represents the
time-frequency distribution in the logarithmic scale. (b) The time-
frequency distribution of the harmonic DCP.

In order to characterize the relationship between the el-
lipticity of high-order harmonics and the target and driving
laser parameters, we present the ellipticity distributions with
the crossing angle and the molecular alignment angle in Fig. 4.
Here we fix the intensity ratio to /I, = 1 and the relative
phase is ¢ = 0. We scanned the crossing angle from 0° to 90°
with a step of 5° and the alignment angle from 0° to 180° with
a step of 5°. The results show that use of the cross-linearly
polarized two-color laser fields is an efficient and robust way
to generate elliptically polarized harmonics in a wide range of
experimental conditions. As shown in Fig. 4, the ellipticity re-
mains large with the same helicity over a wide range of cross-
ing angles, with the alignment angles in the yellow dashed line
and the opposite helicity in the black dashed line. It can also
be seen that the harmonic ellipticity is not monotonically cor-
related with the crossing angle and molecular alignment angle.

073301-3
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More clearly, one can see that the ellipticity of high-order har-
monic distribution varied as the crossing angle and the molec-
ular alignment angle changed in Fig. 5. Figure 5(a) shows the
distributions of ellipticity with the crossing angle. The molec-
ular alignment angle is fixed at o = 80°. When the crossing
angle of the driving field varied from 0° to 90°, the elliptic-
ity of the harmonics slowly increased at first; it then reached
a maximum when the crossing angle reached about 60°. The
ellipticity gradually decreased with the further increase of the
crossing angle. Moreover, the harmonic ellipticity is relatively
large, in the range of 45° to 65° (between the black arrows
in Fig. 5(a)). Figure 5(b) shows the distributions of elliptic-
ity with the molecular alignment angle. The crossing angle is
fixed at § = 60°. While the molecular alignment angle varies
from 0° to 180°, the ellipticity of the harmonics reaches its
maximum when the alignment angle is about 80°.
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Fig. 4. (a)-(d) The ellipticity distributions of the harmonics from H20
to H23 as a function of the crossing angle and the molecular alignment
angle. The laser intensity ratio is L, /Ip = 1 and the relative phase is
¢ =0.

It should be noted that the molecules can only be tran-
siently aligned in the experiment. The high-order harmonic
signal measured in the macroscopic molecular ensemble in
the laboratory frame is a convolution of the single molecu-
lar signal with the alignment distribution.3** To more pre-
cisely study the influence of the alignment effect on harmonic
ellipticity, we calculate the molecular alignment distribution
to exclude ambiguity due to imperfect alignment. In our cal-
culation, we set the alignment degree (cos29> = 0.65, which
can be easily achieved in the experiment. 43491 Then we calcu-
late the results considering the molecular alignment distribu-
tion shown in Fig. 6. In comparison with the results of perfect
molecular alignment, one can see that the dominant contri-
bution of high-order harmonics is still from the right-rotating
component in the wide spectral range, although the difference
between the left- and right-rotating components has slightly

decreased due to the imperfect alignment. The corresponding
average value of ellipticity for the harmonics from H19 to H27
dropped by about 0.18.
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Fig. 5. (a) The ellipticity distributions of the H20 to H23 harmonics as
a function of the crossing angle. The laser intensity ratio is Lg /I = 1,
the relative phase is ¢ = 0, and the molecular alignment angle is se-
lected as o = 80°. (b) The ellipticity distributions of the H20 to H23
harmonics are shown as a function of the molecular alignment angle.
The crossing angle is 8 = 60°.
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Fig. 6. The results considering the molecular alignment distribution. (a)
The spectra of the left-(purple solid line) and right-rotating (blue dash-
dotted line) harmonic components. (b) The ellipticities as a function of
the harmonic order. The laser parameters are the same as those in Fig. 2.

The results above focus on the dependence of the elliptic-
ity on the molecular alignment angle and the crossing angle.
Now, we investigate the influence of the intensity ratio L/l
and the relative phase ¢ of the driving field in Fig. 7. We
scanned the intensity ratio from 0 to 2 and the relative phase
from O to 7. The results show that the change of the relative
phase of the driving field has a significant effect on both the
sign and the magnitude of harmonic ellipticity. While in most
conditions, the sign of ellipticity hardly changed as the inten-
sity ratio changed. More clearly, one can see in Fig. 8 that the
ellipticity of the high-order harmonic distribution varied as the
intensity ratio and the relative phase of the driving laser field
changed. Figure 8(a) shows the distributions of ellipticity with

073301-4
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the relative phase of the driving laser field. The intensity ra-
tio is fixed at I /I, = 1. It can be seen that the ellipticity of
the harmonics is periodically controlled by the relative phase
with a period of 7. In addition, the ellipticity of the harmon-
ics reaches a maximum when the relative phase is around 0,
7, 2w, etc. Figure 8(b) shows the distributions of ellipticity
with the intensity ratio of the driving laser field. The relative
phase is fixed at ¢ = 0. The ellipticity of the harmonics is rel-
atively high when the intensity ratio is around 1. Furthermore,
the sign of ellipticity hardly changes when the intensity ratio
increases from O to 2.
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B ]
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Fig. 7. (a)—(d) The ellipticity distributions of the harmonics from H20 to
H23 as a function of the laser intensity ratio and the relative phase. The
molecular alignment angle and the crossing angle are fixed at o = 80°
and B = 60°, respectively.
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Fig. 8. (a) The ellipticity distributions of the H20 to H23 harmonics as
a function of the relative phase. The laser intensity ratio is L /Ip = 1,
and the crossing angle = 60°. The molecular alignment angle ot = 80°
is selected. (b) The ellipticity distributions of the H20 to H23 harmonics
as a function of the intensity ratio. The relative phase is fixed at ¢ = 0.

In order to analyze the differences in the influence of the
crossing angle, the relative phase, and the intensity ratio on the

ellipticity of the harmonics, we focus on the spin angular mo-
mentum (SAM) of the driving field. The expression for SAM
density is[*3

1
S = E[E(I) x A(r)]. an
Owing to the dominant contribution of HHG by the electric
field, here we neglect the magnetic field part in the calculation
of the SAM density. Then the electric vector potential can be
expressed as

Al) = — /_’ B

= [— Ewg(t) sin(ot) — Ezczoig(t)cos(ﬁ)sm(zwt +o)le
_Ez;i({)(t)sin(ﬁ)sin(Zwt—i—(P)ey (12)

We substitute Egs. (9) and (12) into Eq. (11), and then it can
be read as

1

S = SEokw(f (1)]*sin(B)e;

1
X %cos(a)t)sin(Za)t +0)

- %sin(wt)cos(Za)t +9)|. (13)

The results show that the SAM of the cross-linearly polar-
ized two-color laser fields is time-dependent. In the process
of high-order harmonic radiation, the photoelectrons ionized
at different instants obtain different angular momentums from
the driving laser field. Thus, the electrons possess differ-
ent orbital angular momentums in recollision. According to
Refs. [35,36], the ellipticity of the high-order harmonic field
is associated with its SAM, which is essentially transferred
from the orbital angular momentum of electrons at the mo-
ment of recombination. Therefore, the high-order harmonics
have time-dependent ellipticity. Equation (13) shows that both
the sign and the magnitude of the SAM density varied with
the relative phase of the driving field. This is consistent with
the results that the relative phase affects both the magnitude
and sign of the harmonic ellipticity. It should be noted that
the crossing angle and the intensity ratio of the driving laser
field affect not only the magnitude of SAM density, but also
the recombination time, which also further affects the SAM.
In the above discussion, we focused on the cutoff region
of the high-order harmonic spectrum. In addition, by adjust-
ing certain parameters, elliptically polarized high-order har-
monics with the same helicity in a large range can also be
obtained in the plateau region. For example, when the inten-
sity ratio is by /Iy = 0.2, the relative phase is ¢ = 0.47, the
crossing angle is § = 60°, and the molecular alignment angle
is oo = 80°, one can obtain highly elliptically polarized HHG
with the same helicity in a broad spectral range in the plateau

073301-5
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region. Figure 9(a) presents the harmonic spectra of right- and
left-rotating polarized harmonics. The right-rotating compo-
nents of the harmonics before H18 in the plateau region are
stronger than that of the left-rotating components. After H18,
there is a reversal of the left- and right-rotating harmonic in-
tensity. Figure 9(b) shows the ellipticity of the harmonics as a
function of harmonic order. It can be seen more clearly that the
ellipticity of the harmonics is negative in a wide range before
H18. That is, elliptically polarized harmonics with the same
helicity are generated in a wide spectral range in the plateau re-
gion. In addition, the polarization property of high-order har-
monics driven by mid-infrared laser fields always holds well.
The results indicate that generating elliptically polarized high-
order harmonics and controlling their ellipticity with align-
ment molecules and cross-linearly polarized two-color laser

fields could be an effective and robust method.
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Fig. 9. (a) The spectra of the left-(purple solid line) and right-rotating
(blue dash-dotted line) harmonic components. (b) The ellipticities as
a function of the harmonic order. The intensity ratio is Ly /lp = 0.2,
the crossing angle is § = 60°, and the relative phase is ¢ = 0.47. The
molecular alignment angle is & = 80°.

4. Conclusion

In conclusion, we have theoretically investigated the po-
larization properties of HHG in Nj by using cross-linearly po-
larized two-color laser fields. By adjusting the crossing angle,
the relative phase, the intensity ratio of the driving laser field,
and the molecular alignment angle, one can control high-order
harmonic emissions that occur only once every cycle of the
fundamental pulse. Benefiting from the high ellipticity with
the same helicity in each harmonic emission, we obtain ellip-
tically polarized HHG in a broad spectral range. Moreover,
the spectral range for the elliptically polarized harmonics can
be completely controlled. Hence, the alignment molecules
driven by cross-linearly polarized two-color laser fields pro-
vide a possible way to generate elliptically polarized attosec-

ond pulses.
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