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We investigate the Turing instability and pattern formation mechanism of a plant—-wrack model with both self-diffusion
and cross-diffusion terms. We first study the effect of self-diffusion on the stability of equilibrium. We then derive the
conditions for the occurrence of the Turing patterns induced by cross-diffusion based on self-diffusion stability. Next,
we analyze the pattern selection by using the amplitude equation and obtain the exact parameter ranges of different types
of patterns, including stripe patterns, hexagonal patterns and mixed states. Finally, numerical simulations confirm the

theoretical results.

Keywords: plant-wrack model, cross-diffusion, Turing instability, pattern selection, amplitude equation

PACS: 02.30.0z, 02.30.Hq

1. Introduction

As one of the important branches of nonlinear science,
pattern dynamics aims to explore the basic dynamic laws
that exist among various ecological systems.[!?! Patterns are
nonuniform macroscopic structures with a certain regularity
in space or time and are ubiquitous in nature.3) Therefore, un-
derstanding the causes and mechanism of pattern production
is of great importance for uncovering the mystery of natural
formation. 47}

Plant and wrack are of great significance for protecting
the ecology of freshwater wetland. For example, the spatial
distribution of plant and wrack can provide a habitat for small
animals.'3! In this ecosystem, we observe that little haystacks
grow on top of the old ones; these may be induced by diffu-
sion and the interaction of promotion and inhibition of plant
and wrack. Therefore, Koppel proposed a reaction—diffusion

model
dP(t,x,y) . k3 5
—== =P(1—-P)—sP—iPW dpV-P,
ot ( ) s ! P+k3+ P ’
>0, (x,y) € Q,
W (t,x,y) s
T:sP—bW+dWV W, t>0, (x,y) € Q, (D
P ow
—=—=0,t>0 Q
an an ) > ) ('x7y)€ )

P(0,x,y) >0, W(0,x,y) >0, (x,y) € 2 =[0,L] x[0,L],

to study and explain the regular spatial patterns. [*]
The biological meanings of the variables and parameters
of system (1) are as follows: P(¢,x,y) and W(¢,x,y) are plant

biomass and wrack biomass at time ¢ and spatial position (x,y),
k3
Ptks
on plant growth; k3 stands for the level of plant biomass at

respectively; iPW describes the inhibition effect of wrack

which inhibition is reduced by half; i is a constant that converts
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wrack biomass into specific plant growth inhibition; the posi-
tive number b indicates the decay rate of wrack; s represents
the plant decay rate; dp and dy are the positive self-diffusion
coefficients of plant and wrack, respectively. 2 is a bounded
domain in R? with the smooth boundary 90 and V? repre-
sents the Laplacian operator in two-dimensional space. n is
the outward unit normal vector on dQ and 1/dn denotes the
operator of the directional derivative along the direction n.
Many researchers have investigated system (1). Yu de-
rived the mathematical expressions of Hopf bifurcation and
the Turing bifurcation boundary and located the Turing bifur-
cation domain in parameter space; it was found that the typi-
cal plant dynamics involves the formation of isolated groups,
namely spots, labyrinths and a mixture of stripes and spots,
which explained the appearance of the Turing pattern.!!?]
Liu et al. also gave the Turing region in parameter space,
and discovered the self-organization behavior between plant
and wrack, which induced the formation of a spot pattern.[!!]
Wang et al. carried out theoretical analysis and numerical sim-
ulation on model (1) and found that the layer structure of the
pattern was induced by the simultaneous instability of the peri-
odic solution with a large amplitude and equilibrium point. !
Hou et al. studied pattern formation mechanisms arising from
the interactions between plant and wrack, and gave the con-

U3 1 ef al. inves-

ditions for the existence of the patterns.
tigated the spatiotemporal patterns of a freshwater tussock
sedge model (1) with discrete time and space variables. They
obtained that stable homogeneous solutions can experience
Turing instability under certain conditions.!"*! For more works
about model (1), one can refer to Ref. [15] and the references
therein.

Most of the work on biological models has focused on

self-diffusion; however, cross-diffusion also plays an impor-

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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tant role in many biomasses and is more practical. Kerner
mentioned the practical implications of cross-diffusion, and
subsequently cross-diffusion in biological models attracted the

s.[161 S far, cross-diffusion has been

attention of many scholar:
applied to population dynamics, competitive population mod-
els and prey—predator models, etc.[!7-2%! Tida and Banerjee and
their colleagues considered the effect of movement of indi-
vidual prey on predator populations, and introduced a cross-
diffusion term of the V?(uv) type into their model.”?”-?8] For
more about the effects of cross-diffusion, one can refer to
Refs. [29-37].
diffusion between plant and wrack, as the two can promote or

In the biological sense, there exists cross-

inhibit each other. Moreover, few results have been reported
regarding cross-diffusion and pattern selection in the plant—
wrack model, so we introduce a cross-diffusion term V2P into
the second equation of model (1), and the cross-diffusion co-
efficient is denoted by d:

dP(t,x,y) b
o p(1—P)—sP—i v?
ot P(1-P)—sP ZPWP+/<3 FAVE
>0, (x,y) €,
WX _ p_ bW +dV2P+dyVPW
ot ’ @
>0, (x,y) €,
P W
dn  dn 0 e

P(0,x,y) >0, W(0,x,y) >0, (x,y) € Q2 =[0,L] x[0,L].

_ P o _ bW 7 _ _ 1=s — l=s - _ ks
Setu= g, v=7r51=0b a= 73 K="75 k=7,
D, :%P, DzszW,dzgand drop the bar over ¢, k3 and

d. For convenience, let a = Ak3, then we get the following

system:
du(t,x,y) u uv
outt,%,y) _ -——)- v
S8 =k |Au (1 ) - 2 4DV,
[>0, (xvy)e‘Q’
av(t
%:u—v—&-dVQu—szVzV, 1>0, (xy)€Q, G
du Jv
5. =5-=01>0, (xy) €L,

u(O,x,y) >0, V(O,x,y) >0, (xay) €Q= [OvL] X [OaL]'

In this paper, our main aim is to study the pattern selection
of system (3) through multiple-scale analysis theory, which
can give not only the general form of the amplitude equation
near the bifurcation point but also determine the correspond-
ing relationship between coefficient and control parameter of
the system. Thus, we can know which control parameters of
the system are effective. Then we can estimate the effective re-
gion of the amplitude equation and study the specific process
of the pattern formation in a system with change in the control
parameters.

The paper is organized as follows. In Section 2, we in-
vestigate the system and conclude that cross-diffusion leads

to Turing instability. In Section 3, we obtain the amplitude
equation of the Turing pattern at the Turing bifurcation point
and obtain the theorem of pattern selection. In Section 4, we
verify the correctness of our theoretical analysis through nu-
merical simulations. Finally, in Section 5, a brief conclusion
is presented.

2. Turing instability of the system

In this section, we focus on the Turing instability of the
system (3). Before starting our research, we first require that
the positive equilibrium of the ordinary differential equation
(ODE) system is stable.

We consider the ODE system associated with system (3),
namely, the non-spatial system in the absence of diffusion
terms

“

In the following, we perform stability analysis for system (4)
and obtain the stability theorem.

Theorem 1 [Wang et al., 2019] There are two nonnega-
tive equilibria Ey = (0,0) and E, = (us,u) in system (4).

(1) The equilibrium Ej is a saddle.

(ii) The positive equilibrium E, is a sink, when one of
the following conditions is satisfied: (a) 0 < K < 1. (b)
K>1,A>Ap. ©)K>1,0<A<A,0<k; <kj.

(iii) The positive equilibrium E, is a source, when the fol-
lowing condition is satisfied: (d) K > 1,0 < A < Ag,k3 > kj.

Here u, = — 42K 0 p—  /[A+ K — AK)? +4A°K,
_ 2K(K—1) — K(1+uy)
Ag = K12 and kj, = ®=pe,
In the following, we study Turing instability of the system

with diffusion terms.

2.1. Turing instability for a system with self-diffusion

In this part, we will discuss the Turing instability for the
system (3) with self-diffusion (i.e., d = 0), that is

u u uv
ks lA (177)7 DV,
ot 3[” K u+l}+ v

&)
o +D,V?y
—=u—v .
ot :
Linearizing system (5) at the positive equilibrium E,, we have
- Dy 0 2
w—JE*uH—(O D2>V'w, (6)
where
U— Uy aipy ap k3’/l*(K*p)
w= , JE, = y a1l = o,
(V—u*> E <6121 a22> T K+ u)
ki
alzz—%, ay =1, apn=-1. @)
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Obviously, the trace and the determinant have the following
forms:

k3u.p

_ kau.(K—p)
K(1+u,)

TI'(JE*)— K(1+M) -1, DCt(JE*):

Next, we consider the solution of the system (6) with the fol-

1
C .
w= ( ’;) etk (®)
Ck

where k = (ky,ky), k+k = k*, 7 = (x,y) represents the spatial

lowing form:

vector in two-dimensional space, k, and k, are the wave num-
bers of the solution, A represents the growth of disturbance in
time 7 and i represents the imaginary unit, that is, i> = —1.
Now, substituting Eq. (8) into Eq. (6), we have

A2 —Tt[J (k)] A + Det[J (k)] = 0, )

where
_ 7. _.2(D1 O
J(k)=Jg, —k < 0 D)
Te[J (k)] = Tr(Jg,) — k*(Dy + Dy),
Det[J(k)] = D1D2k4 —k2(a11D2 +a22D1) +Det(JE*).

In the following, we give stability results for the system (5).

Theorem 2

(I) The positive equilibrium E, of the system (5) is lo-
cally asymptotically stable when one of the following con-
ditions is satisfied: (a) 0 < K < 1. (b) K > 1,A > Ap. (¢)
K>1,0<A<Ap,0<ks <kp,Dr/Dy <my.

(IT) The positive equilibrium E, of the system (5) is un-
stable provided the following condition is satisfied: (d) K >
1,0 < A < Ag,0 < k3 < ky,,D2/D; > my. Turing bifurcation
occurs at Dy /Dy = my, where Ag = 2(’2(1‘1‘)?, ky = f}(:;')‘,’;z
my can be found in the proof of the theorem.

and

Proof Suppose condition (ii) of Theorem 1 holds. When
condition (ii-a) or (ii-b) is satisfied, then a;; < 0. So
Det[J (k)] > Det(Jg,) > 0 and the equilibrium E, is still sta-
ble. When condition (ii-c) of Theorem 1 is satisfied, then
0 <aj; < 1. We want to determine the sign of Det[J (k)],
which can be viewed as a quadratic trinomial of k>. The dis-
criminant

A = (a11D2+a22D1)2 —4DD,Det(JE,)
D3 D
) 2, 2
= Dj (a“D% —2(ayaxn —26112021)171 +022> ;

where ajy, ap, ax, ax are given by Eq. (7). Clearly
and (ajjan — 2Det(Jg,))? —
(a11a2)? > 0. Thus, A can be viewed as a quadratic trino-

—apaxp + 2apay < 0,

mial of D, /Dy, and it has two positive roots

/Det(J5) + v —andar
Det(Jz. ) et( E*)j Bt e

ary

my =mo—+2

b

B 2mgo+/Det(JEg,)
\/ Det(JE*) +\/—appan

where mg = —azz/all > 0.

Assume that a11D; + axD; < 0, namely, D, /D < my.
Then we have Det[J (k)] > Det(Jg,) > 0, so the equilibrium
E, is still stable.

Assume that ay1D> + a» Dy > 0, namely, D2/D1 > my.
When my < D/D; < my, then we have Det[J (k)] > 0, so the
positive equilibrium E, of the system (5) is still stable. When
D,/Dy = my and k> # k2 = %, we have Det[J (k)] >
0, so the positive equilibrium E, of the system (5) is still sta-
ble. When D,/D; > my, 3k?, s.t. Det[J (k)] < 0, so the pos-
itive equilibrium E, of the system (5) is unstable and Turing

m; = my < my,

instability occurs.

2.2. Turing instability for systems with self-diffusion and
cross-diffusion
In this section, when a system with a self-diffusion term
is stable, we study the Turing instability induced by cross-
diffusion in the system (3). Linearizing system (3) at the posi-
tive equilibrium E., we have

. D, 0 2
w—JE*w—i—( d D2>V w, (10)
U— Uy a a2
where w = ,Jg = ,and a1, a2, azi,
<v—u* > E, <a21 a22) aii, arn, ay

ap, are given by Eq. (7).
Considering the form of the solution

C1 .
w — l; e?Lerlk-r. (11)
Ck

Next, substituting Eq. (11) into Eq. (10), we obtain the
dispersion relation

A% —Tr[J, (k)]A + Det[J; (k)] = 0, (12)
where
Ji(k) = Jg, — k> <’:;1 £2> ,
Tr[J1 (k)] = Tr(Jg,) — k*(D1 + D2),
Det[J| (k)] = Det[J (k)] + daiok* = Dy D2k* + gk* 4 Det(JE, ),
q=day —aj Dy —axnD:.

Based on the condition of self-diffusion stability, together
with the analysis of its stability when cross-diffusion is added,
we can obtain the following results:

Theorem 3 Suppose condition (I) of Theorem 2 holds.
Then we have

(1) The positive equilibrium E, of the system (3) is locally
asymptotically stable, when one of the following conditions is
satisfied: (H1) d = d., Vk* # k2. (H2) d > d., 0 < k> < k% or
K* > k3. (H3)d < d..

090203-3
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Fig. 1. (a) Function images of Det[J; (k)] with k* under different cross-
diffusion coefficients d. (b) The real part of the largest value as a function
of k2, where d, = 2.26427 (orange), d = 1.5 (blue), d = 2.8 (yellow) and
d = 3.2 (purple). The other parameter values are selected as k3 = 1.5,
A=0.8,K=10,D; =1and D, =6.

(2) The positive equilibrium E, of the system (3) is un-
stable provided the following condition holds: (H4) d > d.,
k3 < k* < k3. Turing bifurcation occurs at k> = k% or k3, where
k2, d., k3 and k3 can be found in the proof of the theorem.

Proof The stability of E, depends on the sign of
Det[J; (k)], so we want to determine the sign of Det[J; (k)],
which can be viewed as a quadratic trinomial of k2.

Assume that ay1Dy + a»D) —dajp < 0, namely d <
%. Then we have Det[J; (k)] > 0, so the equilibrium
E, is still stable.

Assume that ay1Dy + a»pD) — daj; > 0, namely d >
%. Then we discuss the sign of Det[J;(k)]:
Det[J; (k)] reaches its minimum value at k> = k2, where

2 _ __ 4
K2 = — 5t

D > 0. Then we consider the critical condition of
Det[J; (k)],

minDet[J; (k)] = Det[J; (k)] = 0, (13)

and set ¢ = —yd + 0, where Yy = —ayn, 6 = —aj 1Dy —axnD.
Then substituting it into the second equality of Eq. (13):

2
—q
det =0. 14
4D1D2+ et(Jg,) =0 (14)
Clearly, equation (14) has a negative root, denoted by g, then
we define d. = 57" .

When d = d., namely ¢ = g., we obtain Det[J (k.)] =0,
then Det[J; (k)] > 0, Vk? # k2, and the positive equilibrium E,
of the system (3) is still stable.

When d > d., namely g < g, <0, we get Det[J; (k)] <0,
then it has two positive roots

B, = —q++/q? — 4D Dadet(Jg,) .
’ 2D1D,

When 0 < k* < k% or k? > k3 we have Det[J; (k)] > 0, and the
positive equilibrium E, of the system (3) is still stable. When
k? < k? < k3 we have Det[J; (k)] < 0, and the positive equilib-
rium E, of the system (3) is unstable.

When d < d;, namely ¢, < g < 0, we have Det[J; (k)] >0,
and the positive equilibrium E, of the system (3) is still stable.

In the next section, we discuss the amplitude equations of

Turing patterns at d = d..

3. The amplitude equations of the Turing pat-
tern

In this section, we think about the amplitude equations of
Turing pattern at d = d.. Considering system (3) that includes
self-diffusion and cross-diffusion terms, we use three steps to
get the amplitude equations.

Step 1 We consider the perturbation solution (u — u,,v —
u,)" of system (3), and we have

% ZD]V2M+Q11M+Q12V+ %bzouz—l—bnuv

1 1
+ 5b21u2v+ gbgou3+o(4), 15)

0
a—: =dV2u+DyV¥v+au +anv,

where

; _ kau.(K—p) N G
= Rgm) o 2R T )

2A 2u, 1
b+ iap) s (ar)

6, 2
wo=b (i) =6 (er)

ayn =1, ap=-—1.

Let U = (u,v)T, and system (15) can be transformed into the
following system:

U
— =LU+N 16
5, +N. (16)
where
I— D1V? +ay; p)
T\ a +dV? DVi4ay )’

1 1 1
N— Ebzouz +buv+ §b21u2v+ 81730”3 +o(4) .
0
Let

2
L= Lot (d—d)M — <D1V +an an )

a1 +d.V? DV +an

090203-4
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sa-a) (g ) an

Step 2 We expand the solution of system (3) with a small
parameter € as follows:

U:e(“‘>+ez<”2) +6 (”‘3> to(4), (18)
V1 V2 V3

d—d. = ed\ +€*dy +€d3 +0(4), (19)
N =¢e’hy+€>h3 +0(4), (20)
where
lb 24+b
hy — (2 20U] + D11U1V] > 7
0

hs — <b20M1M2+b11(M1V2+M2V1) +3

1 1
,bzlu%vl -+ 8b3()l/t? ) )
0

Next, we separate the time scale for system (16):

T, =¢t, Th=¢t, Ty =¢€t,

then

D0 a0 a0

We substitute Egs. (17)—(21) into Eq. (16), and the following
equations can be obtained:

The order of €:
L. (”1> —-0. (22)
Vi
The order of €2
175} d uj uj
L = — —diM — hos. 2
(5)=am () (3) -

The order of &3:
us 0 up d Ui uz
L = — _— —diM
C(v3> aTl(v2>+aT2<V1) d (v2>
oM <”v” ) —hs. (24)
1

We can see that L. is the linear operator close to the onset
d = d_. for the order of € as in Eq. (22). The form of the solu-
tion is as follows:

<u1) _ (T) (Wleik1~r FWheikar +W3eik3~r) tec., (25)

Vi

2 2 .
where ¢ = ——12 kj‘ = k2, c.c. represents the conju-

aj —D1k2’
gate of the right term, W; is the amplitude of the mode elkjm

(j = 1,2,3) of the system under the first-order perturbation.

For the order of &2
0
— d] < V2u1 )

u 71 up
w(n) = (0)

1
_ Ebzou%—Fb]]u]V] A E, 26)
0 F,

The zero eigenvector of L} is

( : ) e kT e, j=1,2,3, 27)
v
where Y = —%, L is the adjoint operator of L.. Ac-

cording to the Fredholm solvability conditions, the vector
function of the right term of Eq. (26) must be orthogonal to
the zero eigenvectors of L}, so this equation has the following

nontrivial solution:

FJ
(1y)| o )=0 i=123 (28)

v

where F,j and ij are from F, and F, of the coefficient corre-

sponding to ek ", respectively. We obtain
aw, s 5 _
(p+ W)TTI = —diQYk; Wi + (9~b2o +2¢b11 )W W3,
oW; N _
(p+ V’)TTIZ = —d\ QYkEWa + (@%b +20b11 )W W3, (29)
IW- N _
(p+ ‘I/)TTf = —di QYKIW3 + (92boo+20b1 )W | W>.

Substituting Eq. (25) into Eq. (26), we get

(u2> ( >+Z( ) 1kr+2( ) i2kj-r
Vo =
Uiz \ ik —ky)r Uz \ i(ky—ks)r
+ ( Via ) € + Vas e
+(U3‘) i(ks—h1)r 4 e (30)
Va1

From Eq. (26), we have L. <u2> = (F“ ), then we com-
V2 Fv
pare the coefficients of terms such as 0, elkjm eiZkj™ and

e!(ki—k)" in Eq. (26) and obtain

{Uo = ugoo (W1 |* + |Wa | + [W5[),

Uj=oVj,
Vo = vooo (| Wi |*+ [Wa > + W5 ),

Ujj = unWy, Uj = uW,;W,
Vij= VIIWJ ) Vi = WW,;W,,
where
ooy = a2 (b0 @ +2b119)
ajpaz) —aja
_an (b2 @? +2b119)
anan —apay
~ 1
(a2 — 4k§D2)(5b20<P2 +b119)
uyp = ~ Y ~ )
Cllz(azl — 4dckg) — (an — 4k§D1)(a22 —4ng2)
U |
(az) — 4dck?2) (Ebzofp2 +b119)
Vil = = ~ o0
((11 1 — 4ng1 )(azz — 4ng2) — alz(azl — 4dckg)
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(a22 — 3k2D>) (b2 9> +2b119)

(112(6121 - 3dclAcg) — (a” — 3/A<gD1 )((lzz — 3]2%D2) ’
(az1 —3dck2) (b @ +2b11 )

(a1 —3k2Dy ) (ax — 3k2D,) — aya(az — 3dck2)

u

v
For the order of &3:

(%)
V3

- 8 u 8 ui 0 0
= an(v)*an(w)‘“ <v2u2>"2<v2u1)

1 1
_ <b20M1M2 +bi1(urva +urvy) + Ebzlu%w + 8b3ou? >
0

s [ Gu
5 (%) an

The coefficient of the term e!*1'" in Eq. (31) is (GL,G))™:

v

of W and V. Then we continue to use the Fredholm solvability

oV oW, o o
GLI, = (pTTiJr(pTT; — {(bzo(erbn)(uogo(\Wﬂer\W2|2+\W3|2)W1 + eW,LV3+ Vo W3
+un WEW | +aWiWaWs +aWi W3 W) + b1 @ (vooo (Wi | + [Wa |* + W[ 5) W
o _ _ — 1 1
FWoV3+ VoWs + v [Wi W1 +5W, WoWs + W W3 Ws) + (Ebzlfpzv? + 8b30(P3)(3|W1 2+ 6w, +6|W3|2)W1}
oV, oW, o
= (p(?Ti —I-(pTTZ]+(11\W1|2+12(|W2|2+|W3\2))W1 — (b0 @* 4 2b119)(W2V3 + Vo, W3),
A% A% N A
1 1 1 2 2
= —+ —+d1ki0oV| +drk
Gv 8T1 + 3T2 +d <P 1+az c(pW17
\
where
I = —(b2o® +b11) (100 +ur1) —b119(vooo +vi1) conditions

3 1
2 b1 0% — — b’
2 21Q 2 3007,

L = — (b +b11)(uooo +u) —b11@(vooo +7)
—3b219* — b3 ¢’

G2, G2, G3 and G} can be obtained by changing the subscripts
|

Gl .
(1y) (Gj> =0, j=1,2,3.

We can write one of the equations as follows, then it is easy to
get the other equations by transforming the subscripts:

AZ A% A . L AT
(p+ W)(TTi + TT; ) = =Wk (diVi + daW1) + (920 + 2¢b11 ) (W2V3 + VaWs) — (11 Wi [* + L (|Wa > + [W3 ) Wi,
Vs oW A T L LT
(0+W) (G + 57) = —@VR Vot doWa) + (920 +20b10) W3V + VW) = (1 Wa* + bW P+ [Waf)) W2, (32)
V3 oW N . LT
(p+ II/)(TT: + TT;) = —(pl[/kg(d1V3 +d2W3) + ((szzo +2(pb11)(W1V2 +V1W2) — (11 |W3|2 +[2(|W1 ‘2 + |W2‘2))W3.
|
Step 3 Supposing where
Aj=eW;+e%V;+0(3), oo OtV o _d-d o P7b2+20b1
A2 ) - 9 - A2
according to Eq. (21) we have the amplitude equation of A : Pykede de pyksde
I L
(9Aj 8A,» zaAj 81 = - X , 82 = — = .
94 _GOAI L 294) L sy 33 k2d kzd
o~ for ¢ an P Gy prRE e

From the above conclusions, we get the amplitude equations

as follows:
dA1 _ T 2 2 2
SOW—MA1+hA2A3—(g1|A1| +g2(JA2]" + A3]7))A1,
0A __
SOTtZ = 1Ay +hA 1Az — (8142 + g2(JA1 > + |43]%)) Az,

0A _
T2 — A+ A A — (11432 + g2 (|41 2 + |42 ]2))As,

50 ot
(34)

Next, we analyze the stability of the amplitude Eq. (34). Each
amplitude in the above equations can be expressed as follows:

Aj=pje'®, j=1,23, (39)
where p; = |A;| represents mode and 6; represents the corre-

sponding phase angle. Substituting Eq. (35) into Eq. (34) and

separating the real and imaginary parts for comparison, one
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can obtain

90 pip3+pips+Pis
) =—h Si
ot P1P2P3

0
So% = Up1 +hpap3cos 6 — g1p7 — g2(p3 + P3))p1.,

no,

(36)
d
So% = Up2+hpi1p3cos 6 —g1p3 — g2 (P + p3)) P2,

P
So% = ups +hpipacos 6 — g1p3 — g2(pi + p3))Ps,

where 6 = 6; + 6, + 65; clearly u > 0. To guarantee the exis-
tence of the steady-state solution of Eq. (36), the coefficients
of g1 and g, must be positive. Moreover, g, > g1 > 0.
Theorem 4
(1) The homogeneous steady state:

pr=p2=p3=0,

which is stable when pt < 0 and unstable when y > 0.
(2) Stripe pattern S:

P1=\/E, p2=p3 =0,
81

g
(82—81)

which is stable when yu > U =

U< .
(3) Hexagonal pattern Hy or H; with 6 =0 or 6 = 7:

> and unstable when

UE: VhE+4(g1 +2g2)p
2(g1+2¢2)

PL=p2=p3

b

—i? )
4(g14+2¢2)7"
_ 2 >
_ =k +4(g1§2gz)u the

2(g1+2¢2

(this exists only if u > u; =

For the steady-state solution p~
corresponding pattern is always unstable.

con ot - VA (g1 4200 )u
For the steady-state solution p™ = 2 +22g2> the
corresponding pattern is stable when y < Uz = %.

(4) The mixed state:

h [u—gip?
pP1 = | | y P2=pP3= K gpla
82— 81 g1t+82

is always unstable when g» > g1 and it > L.

To sum up, when we change the value of the cross-
diffusion coefficient d and fix the other parameters in the sys-
tem (3), we can calculate the value of s, u, u;, 4 and 3, and
we have t; <0 < tp < U3.

Theorem 5

(1) If h > 0, then the hexagonal pattern is shown as
Hy(6 = 0), while Hy is always unstable; if 2 < 0, then the
hexagonal pattern is shown as Hz (6 = &), while Hy is always
unstable.

(2) When u € (u,0), the homogeneous steady state and
the hexagonal pattern are stable; when u € (0, i1, ), the hexago-
nal pattern is stable, but the homogeneous steady state and the

stripe pattern are unstable; when u € (U, U3), the stripe pat-
tern and the hexagonal pattern are stable, but the homogeneous
steady state is unstable; when u € (U3, o), the stripe pattern is
stable, but the homogeneous steady state and the hexagonal
pattern are unstable.

0.10

0.08

0.06 |

0.04}

0.02 1

04 05

Fig. 2. The bifurcation diagram of the amplitude Eq. (34). Here S repre-
sents the stripe pattern; Hy represents the hexagonal pattern with 6 = 0;
Hj represents the hexagonal pattern with 8 = . The solid line is the
stable state; the dotted line is the unstable state.

4. Numerical simulation

In this section, we use MATLAB to simulate system (3)
in two dimensions. To analyze the dynamic behavior of the
system, we study it on discrete grids of 100 x 100 with Neu-
mann boundary conditions, and take the space step as 1 and
the time step as 0.01. As is well known, the system dynamics
are determined by the initial conditions. The species distribu-
tion will always be uniform if the initial spatial distribution of
plant and wrack is uniform; however, we are interested in ran-
dom perturbations of the initial conditions around a uniform
distribution of the unique positive equilibrium E, = (u, uy).
In the numerical simulation, we observe different types of pat-
terns, and the distributions of plant and wrack are always the
same types of patterns. Therefore, we only show the pattern
formation for plant biomass u(z,x,y) in our numerical simula-
tions.

In the following, we show the different types of pat-
terns due to the variation of the cross-diffusion coefficient d.
Among the parameter values of system (3), we selected the
three sets of parameter values shown in Table 1. Then we ob-
tained the unique positive equilibrium E, = (1.8642,1.8642)
of system (3) and the critical value of the Turing bifurca-
tion as d, = 2.26427. We get h = —1.6092, g; = 32.4881,
g2 =70.3498, u; = —0.0037, up, = 0.0587 and uz = 0.2445.
From the previous analysis, we know that the values in Ta-
ble 1 satisfy condition (2) of Theorem 3, namely, the only pos-
itive equilibrium E, is unstable and Turing instability occurs
atd > d..

First, we take d = 2.3238, satisfying this parameter condi-
tion. Condition (2) of Theorem 3 holds and Turing instability
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occurs. Further, we can calculate that at this point 4 = 0.0263
belongs to (0, W), and according to the conclusion of Theo-
rem 5, system (3) will form a hexagonal pattern and be sta-
ble. From the simulations, we can see that a hexagonal pattern
gradually forms as time ¢ increases (see Fig. 3).

U
e Ll b od

- n' ‘. "\'\. Te!
S A

[
) =
- e e e e
OO

BN
BN

- e e e

O -

o

_

Fig. 3. (a) t =0, (b) r = 1000, (c) t = 4000, (d) t = 6000, (e) t = 9000,
(f) t = 12000. The system parameters are listed in Table 1.

(®)

(GO L
! o h
BOJ / i
5 70 ‘l

o 20 0 60 80 100

Fig. 4. (a) t =0, (b) r =500, (c) t = 1000, (d) t = 3000, (e) t = 8000, (f)
t = 10000. The system parameters are listed in Table 1.

Next, we take d = 2.4728, which satisfies condition (2)
of Theorem 3, at which point Turing instability occurs. It is

calculated that u = 0.0921 belongs to (U2, U3), and accord-
ing to the conclusion of Theorem 5, the hexagonal pattern and
stripe pattern are stable. In the numerical simulations, as time ¢
grows, We can observe a mixture state of hexagonal and stripe
patterns, as shown in Fig. 4.

Finally, we take d = 2.8503, and satisfying this parame-
ter condition, condition (2) of Theorem 3 holds, which tells us
that Turing instability will occur and p = 0.2588 belongs to
(U3, «0). We get a stable stripe pattern according to the conclu-
sion of Theorem 5. By numerical simulation, we find that the
stripe pattern gradually forms as time ¢ increases (see Fig. 5).

In summary, the numerical simulation verifies our theo-
retical results.

Table 1. Parameter values in Figs. 3-5.

ks A K Dy D, d
Fig. 3 L5 0.8 10 1 6 2.3238
Fig. 4 15 0.8 10 1 6 2.4728
Fig. 5 1.5 0.8 10 1 6 2.8503

o 4w e w0
xT
u
100
o
)
w0 .
3
2
o
> 50 L
©
2l i
»
!
10
0
o 2 4w e s o0
x

Fig. 5. (a)t =0, (b) t =500, (c) t = 1000, (d) ¢t = 3000, (e) ¢ = 8000, (f)
t = 12000. The system parameters are listed in Table 1.

5. Conclusion

In this paper we study the Turing instability and pat-
tern formation mechanism of a plant-wrack model with both
self-diffusion and cross-diffusion terms, and conduct theo-
retical analysis and numerical simulation of this model. It
is found that the formation of spatial patterns induced by
cross-diffusion has an important influence on pattern selec-
tion. The theoretical and numerical simulation results show
that the plant—wrack system (3) with cross-diffusion exhibits
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a very rich dynamic behavior. As the cross-diffusion coeffi-
cient d changes, the system will have different types of pat-
tern structure: when the cross-diffusion coefficient d belongs
to (dc,de + dcltn), the distribution of plant presents hexago-
nal patterns (see Fig. 3). When d belongs to (d. + dc iy, d. +
dc3), mixtures of hexagonal and stripe patterns appear (see
Fig. 4). When the cross-diffusion coefficient d belongs to
(de +d. 13, 00), we obtain stripe patterns (see Fig. 5).
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