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Frequency-comb emission via high-order harmonic generation (HHG) provides an alternative method for the coherent
vacuum ultraviolet (VUV) and extreme ultraviolet (XUV) radiation at ultrahigh repetition rates. In particular, the temporal
and spectral features of the HHG were shown to carry profound insight into frequency-comb emission dynamics. Here we
present an ab initio investigation of the temporal and spectral coherence of the frequency comb emitted in HHG of He atom
driven by few-cycle pulse trains. We find that the emission of frequency combs features a destructive and constructive co-
herences caused by the phase interference of HHG, leading to suppression and enhancement of frequency-comb emission.
The results reveal intriguing and substantially different nonlinear optical response behaviors for frequency-comb emission
via HHG. The dynamical origin of frequency-comb emission is clarified by analyzing the phase coherence in HHG pro-
cesses in detail. Our results provide fresh insight into the experimental realization of selective enhancement of frequency
comb in the VUV–XUV regimes.
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1. Introduction
The rapid development of optical frequency comb based

on femtosecond laser technique has had a huge impact on
ultra-precision multidimensional spectroscopy, biology and
medicine, and environmental sensing[1–3] in recent years. The
spectrum of a frequency comb consists of a series of equally
spaced teeth, i.e., modes of a train of femtosecond pulses
spaced by the repetition frequency of a mode-locked laser
pulse.[4,5] By counting the number of teeth between an un-
known optical frequency and an optical reference line, this
comb is used as a fine ruler to measure an optical frequency
instead of the corresponding wavelength, which can be deter-
mined much less precisely. Several approaches of synthesizing
of optical frequency comb proposed have been provided the di-
rect link between optic and microwave frequencies.[6–8] Some
large-scale systems, such as free-electron laser-based x-ray
generation and small-scale spectroscopy laboratories, can now
measure or synthesize any optical frequency comb with ex-
treme precision.[9,10] The femtosecond frequency-comb tech-
niques are also promoting new frontiers in ultrafast science,
such as providing a powerful new tool for observing the
bound-state quantum electrodynamics, nanolithography tech-
nology, and x-ray atomic clocks with ultra-precision.[11–14]

Extending these methods from vacuum ultraviolet (VUV) to
extreme ultraviolet (XUV) spectral regions is highly desirable.
For example, the optical frequency comb provides a new co-

herent XUV light source to allow novel precision quantum
electrodynamics tests.[15–18]

Recently, there is a considerable interest in the gener-
ation of frequency comb both theoretically and experimen-
tally.[19–21] Carrera et al.[22] have presented theoretically the
behavior of the frequency-comb structure and coherence in
VUV–XUV regimes via HHG in the laser pulse trains and
investigated the role of electron correlation played in the
structure and coherence of frequency comb HHG. Zhao et
al. and Son et al.[23,24] have recently studied a theoreti-
cal extension of the many-mode Floquet theory for the non-
perturbative treatment of the frequency-comb generation and
suggest that the enhancement is due to the phenomenon of
multiphoton resonance excitation of the excited states. Cingöz
et al.[25] have explored the ultrahigh-precision spectroscopy
of the 23rd harmonic of Xe and Kr atoms by using direct fre-
quency comb spectroscopy in the XUV.[26] By utilizing in-
tracavity HHG in a mode-locked oscillator with a Yb:YAG
thin-disk laser medium, Kanda et al.[27] have demonstrated
a novel method for realizing a MHz-repetition-rate coherent
XUV light source. A novel experiment is single ion flu-
orescence excited with a single model of a UV frequency
comb. Ozawa et al.[28] utilized this technology to improve
the measurement uncertainty before using a continuous laser
field. This suggests that the experimental observation of the
frequency-comb structure in the VUV–XUV regimes will be-
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come feasible when the spectral resolution is improved. Thus
theoretical exploration of the generation of frequency comb
via HHG, including the spectral enhancement and coherence
dynamics related to the quantum trajectories, is a timely and
important subject to study, providing new advancement for
the coherent VUV–XUV radiation with ultrahigh repetition
rates.[29,30]

In this work, we advance this field by presenting an ab ini-
tio study of the dynamical origin of suppression and enhance-
ment of frequency-comb emission in HHG obtained from he-
lium atom in intense mid-infrared laser pulse trains by solv-
ing the three-dimensional time-dependent Schrödinger equa-
tion (TDSE) accurately and efficiently by means of the time-
dependent generalized pseudospectral (TDGPS) method.[31]

In calculation, we adopt a helium atom. The He atom has
been chosen particularly as the atomic medium for the gen-
eration of frequency comb via HHG, since the He atom pos-
sesses a deep ionization potential, which allows one to tolerate
intense laser pulse trains, leading to the stable harmonic emis-
sion. For a proper account of the high ionization energy of
He, an accurate angular momentum-dependent model poten-
tial is constructed for accurate atomic-structure calculation.[31]

We find that spectral coherence on frequency-comb emission
via HHG plays an important role. We uncover the dynami-
cal regime of the nested comb structure with clearly distin-
guishable harmonic peaks of different intensities, they have
the unique phase-coherent modes generated by different laser
pulses. Furthermore, by comparing the exclusively phase-
locked regular harmonics, we reveal intriguing and substan-
tially different nonlinear optical response behaviors. More-
over, we clarify the dynamical origin of suppression and en-
hancement of frequency-comb by using the analysis of quan-
tum trajectories. Our study provides a deeper understanding
of the mechanisms for the suppression and enhancement of
frequency-comb emission in HHG.

2. Theoretical methods
The harmonic spectrum of the atom can be calculated ac-

curately and efficiently by solving the TDSE. The TDSE can
be written in the dipole approximation in atomic unit (a.u.) as

i
∂ψ(𝑟, t)

∂ t
= [H0 +V (𝑟, t)]ψ(𝑟, t), (1)

where V (𝑟, t) is the time-dependent atom–field interaction,
which has the following form:

V (𝑟, t) =−E(t)𝐹 ·𝑟 =−E(t)Fz. (2)

The H0 represents the unperturbed atom Hamiltonian, it can
be written as

H0 =−
1
2

∇
2 +∑

l
|Y0

l 〉Vl〈Y0
l |, (3)

where Vl is the model potential for He, and Y0
l is a spheri-

cal harmonic. In order to obtain the accurate calculation of
the harmonic spectra of He, an angular-momentum-dependent
model potential is constructed as the following form:

Vl =−
α

2r4 W6

(
r
rc

)
− 1

r
−
(

N−S
r

+A
)

e−B1r− S
r

e−B2r, (4)

where α is the He+ core dipole polarizability, W6 is a core
cutoff function given by

Wn(x) = 1−
[

1+nx+
(nx)2

2!
+ · · ·+ (nx)2

n!

]
e−nx, (5)

and rc is an effective He+ core radius. In the present work we
find it is sufficient to use five different angular-momentum-
dependent model potential, namely, all for states with l =
0,1,2,3 and l ≥ 3. The parameters of Vl used are the same
as Ref. [32].

In the frequency domain, the femtosecond pulse train
emitted by a laser oscillator of length L has a repetition fre-
quency fr, which is inversely proportional to the round trip
time T of the laser in the oscillating cavity, T = L/ fr. Since
the group and phase velocities inside the cavity are not equal,
there is a phase shift ∆φ from pulse to pulse. Assuming that
the pulse envelope produced by the laser has an ideal repeti-
tion period and the phase difference between the carrier and
the envelope remains constant in each period, the frequency
comb ωm can be expressed as: ωn = nωr +ωδ , where n is an
integer index and typically on the order of 105–106. The elec-
tric field for a train of pulses in the time domain is expressed
by

E(t) =
N

∑
n=1

E(t−nτ)exp [i(ωct−nωcτ +n∆φ)], (6)

where ωc is the carrier frequency, τ is the pulse separation,
and N is the number of pulses. The pulse-to-pulse phase shift
is given by ∆φ .

The TDSE is solved by means of the TDGPS
method.[31,33] It has been shown that the TDGPS is consid-
erably more accurate and computationally more efficient than
the conventional time-dependent propagation techniques us-
ing equal-spacing grid discretization. The TDGPS method has
been applied successfully to the study of a broad range of mul-
tiphoton ionization and HHG of atomic and molecular systems
in strong fields. The numerical scheme of the TDGPS method
consists of two essential steps: (i) The spatial coordinates are
optimally discretized in a nonuniform spatial grid by the gen-
eralized pseudospectral technique.[33] This discretization uses
only a modest number of grid points, and it is characterized by
denser grids near the nuclear origin and sparser grids for larger
distances. (ii) A second-order split-operator technique in the
energy representation is used for the time propagation of the
wave function, which can be expressed as

ψ(𝑟, t +∆t) ' exp
(
− iH0

∆t
2

)
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× exp
[
− iV (𝑟, t +

∆t
2
)∆t
]

× exp
(
− iH0

∆t
2

)
ψ(𝑟, t)+O(∆t3). (7)

When the time-dependent wave function ψ(𝑟, t) is available,
we can calculate the expectation value of the induced dipole
moment in the length and acceleration forms, which can be
written as

dL(t) = 〈ψ(𝑟, t)|z|ψ(𝑟, t)〉, (8)

dA(t) =
∂ 2

∂ t2 〈ψ(𝑟, t)|z|ψ(𝑟, t)〉

= 〈ψ(𝑟, t)|[H, [H,z]]|ψ(𝑟, t)〉, (9)

respectively. The HHG spectrum can be calculated, within the
semiclassical approach, by the following expression:[34]

S(ω) =
2ω4

3πc3 |𝑑(ω)|2 = 2
3πc3 |𝑎̃(ω)|2, (10)

where c is the speed of light, 𝑑(ω) and 𝑎̃(ω) are the Fourier
transforms of the time-dependent dipole moment in the length
and acceleration forms, given by

𝑑(ω) =
∫

∞

−∞

dL(t)e−iωt dt, (11)

𝑎̃(ω) =
∫

∞

−∞

dA(t)e−iωt dt, (12)

respectively.
To investigate the structural characteristics of HHG pro-

duced by helium atom driven by high frequency laser fields,
the harmonic spectral density is analyzed by phase spectrum,
and the specific expression is as follows:

S(ω) =
1
N

N

∑
n=1

Sn(ω). (13)

Here Sn(ω) is the HHG spectrum by one-pulse case,[35]

Sn(ω) =
1

τω2

∫ nτ

(n−1)τ
dL(t)e−iωt dt

= |Sn(ω)|e−iSt (ω), (14)

where τ is the time interval between five laser pulses, and
St(ω) denotes spectral phase.

3. Results and discussion

3.1. Enhancement and suppression of frequency comb
generation in HHG

In Fig. 1(a), we present the driving laser field composed
of five successive pulses. The laser parameter used is the 1800-
nm mid-infrared laser wavelength, with 30-fs full width at half
maximum (FWHM) Gaussian laser pulses, and the peak inten-
sity is I = 1.8× 1013 W/cm2. Figure 1(b) shows an enlarged
view of the laser field E(t) for one pulse. Figure 1(c) shows
the HHG spectrum of the He atom driven by five laser pulses
separated by τ = 0.3 ps. The time delay between pulses al-
lows to expedite the numerical calculation and will not affect
the coherence of the harmonics. Figures 1(d), 1(e), and 1(f)
indicate the detailed view of the nested comb structure in the
vicinity of near-threshold, plateau, and near-cutoff harmonics,
respectively. These enlarged views of the harmonics show the
different features in the vicinity of the 43rd order harmonic
(H43), the 59th order harmonic (H59), and the 82nd order har-
monic (H82).
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Fig. 1. (a) Laser field composed of five successive 30-fs FWHM Gaussian laser pulses. (b) An enlarged view of one pulse. (c) HHG spectrum S(ω)
generated by the five successive pulses. Panels (d), (e), and (f) show the detailed view of the nested comb structure in the vicinity of near-threshold, plateau,
and near-cutoff harmonics, respectively.
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It is clearly seen that the HHG spectra from the near-
threshold harmonic to the cutoff has a nested comb structure
in the frequency domain space, namely, the overall structure
of the harmonic is composed of many interval nested peaks,
among which a group of peaks contains two higher peaks,
two sub-peaks, and a lower peak. That means a nested comb
structure is formed within each harmonic order. However, this
nested comb structure shows a minima near H43 indicated
by the red arrow. This means that there is a suppression of
frequency-comb emission in HHG. For the comparison, these
comb peaks in the different regions are marked by a, b, c,
d, and e as shown in Figs. 1(d)–1(f), respectively. In addi-
tion, in Figs. 1(d) and 1(f), we find two sharp enhancements
of frequency-comb emission at near-threshold and near-cutoff
regions. Two sharp enhancement of frequency-comb emission
are located near H43 and H82 indicated by the red arrows,
respectively. The abnormal enhancements from near thresh-
old to cutoff are produced due to the huge phase changing in
HHG for the laser pulse trains. The quantum dynamics will be
discussed in the next section.

3.2. Phase-coherence dynamics of frequency-comb emis-
sion

To understand the suppression (Suppr.) or enhancement
(Enhan.) of frequency-comb emission in HHG, we analyze
the harmonic phase of the peaks marked by a, b, c, d, and e as
shown in Figs. 1(d)–1(f). The results are shown in Fig. 2. We
find that the harmonic phases of the peaks have been changed
sharply at H43.04, H43.05, and H82.04 when the number of
pulses is adding. For each sharp change of the harmonic phase
of the peaks, there is just a corresponding suppression or en-
hancement of frequency-comb emission in HHG. This im-
plies that the harmonic phase of each pulse plays an impor-
tant role. In addition, we find that the sharp phase changes of
the HHG are located at near-threshold and near-cutoff regions
in HHG, while the harmonic phase in plateau changes a little,
which evidently shows the regular frequency-comb structure
comes from the phase locking. In other words, these equally
spaced discrete frequencies are essentially caused by construc-

tive quantum interference emanating from the phase-locked
induced dipole moments. These suppressions and enhance-
ments can be understood by the spectral phase interferences
among induced dipole pulses, which depends on the pulse
number N. Note that HHG processes occur over the duration
of each individual pulse cycle only which is a much smaller
time scale than the separation between successive pulses gen-
erated by a mode-locked femtosecond laser with a repetition
frequency. Hence, the emitted HHG radiation should not be
appreciably affected by the delay between pulses.[19] Next, we
perform an analysis of the coherence properties of the HHG
comb structure with the number of pulses for a better under-
standing of the origin of harmonic comb generation.

Figure 3(a) shows the evolution of the harmonic spec-
tral phases with the number of pulses in the vicinity of the
near-threshold. The blue line represents the phase for the first
dipole pulse N = 1, green line for N = 2, and purple-red line
for N = 3, which can be obtained by Eq. (14). The insets show
a detailed view of harmonic spectral phases for the different
numbers of the pulses. With increasing the number of laser
pulses, the interference of HHG from the different pulse trains
becomes more and more complex, leading to the third pulse
start to make a big difference. The suppression and sharp
enhancement will occur due to the sudden oscillation of the
phases of the larger number (N = 3) of dipole pulses. Fig-
ure 3(b) shows the evolution of the harmonic spectral phases
with the number of pulses in the vicinity of the plateau. We
find that constructive interference will occur only if the phases
of individual dipole pulses are identical and intersect at the
color dots where the comb positions are located at the corre-
sponding frequency comb spectra. These quantum-phase in-
terferences are responsible for the comb structure in all the
harmonics. In the vicinity of the cutoff, similar results have
been shown in Fig. 3(c), the sudden oscillation of the phases
of the number (N = 2, 3) of dipole pulses leads to the sharp en-
hancement of frequency-comb emission. Based on the inter-
ference of HHG from the different pulse trains, the enhanced
harmonic order will be changed when the number of the laser
pulse is added.[20]
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Fig. 3. Evolution of the harmonic spectral phases with the number of
pulses in the vicinity of near-threshold, plateau, and near-cutoff regions,
respectively. (a) H43.04. (b) H59.02. (c) H82.04. The blue line repre-
sents the phase for the first dipole pulse N = 1, green line for N = 2, and
purple-red line for N = 3. All lines intersect at the color dots indicating
the comb positions. The insets show a detailed view of the interfer-
ence of harmonic spectral phases for the different numbers of the pulse.
Other laser parameters used are the same as those in Fig. 1.

3.3. Spectral and temporal resolved dynamics of the
frequency-comb generation

To understand the ionization feature in frequency-comb
HHG emission, we calculated the ionization probability of the
five pulses, given by

Pion(t) = 1−〈ψ(𝑟, t)|ψ(𝑟, t)〉. (15)

The result is shown in Fig. 4(a). In Fig. 4(a), a uniform stair-
case pattern visibly depicts the overall appearance of the ion-
ization probability once the laser pulse train is completed. The
ionization probability changes rapidly during each of the pulse
peak intensities. Beyond the intensity of the pulse peak, the
ionization probability reaches an ionization plateau region un-
til the next pulse comes to interact with the atom. In rela-
tively weak laser intensities, where minimal ionization takes
place and the neutral atom lingers as the dominant species, the
laser field sees nearly the same population on the ground state.
Hence, the ionization probability after each consecutive pulse
remains nearly equal. In general, in the single-atom level case,
the ionization probability depends on the laser intensity.[36]

For a higher laser intensity, the ionization probability will be
increased and finally reaches saturation with adding the laser
pulse numbers.[35]

Figure 4(b) shows the wavelet transform of time-
frequency spectra of frequency-comb HHG driven by the five

laser pulses. The white dashed lines indicate that the given
orders for several harmonics of H43.04, H59, and H82.04 as
shown in Fig. 1. The result shows that the time-frequency
spectral of frequency-comb HHG is similar during each of the
laser pulses. Figures 4(c), 4(d), and 4(e) show the time pro-
files of the H43.04, H59, and H82.04 harmonics obtained by
the cross-section of the time-frequency spectral of frequency-
comb HHG shown in Fig. 4(b) at a given harmonic frequency.
The corresponding dynamical phase θ(tq) is therein extracted
from the wavelet transform of the induced dipole dω(tq), given
by[21]

dω(tq) = |dω(tq)|e−i[(ωtq+θ(tq)]. (16)

The results are denoted by red dots as shown in Figs. 4(c)–
4(e), respectively. According to the three-step semiclassical
model,[37] as the electron returning energy is located at be-
fore cutoff, there exists two returning trajectories: the first
short trajectory returns at a dynamical phase less than 342◦

(or 162◦), and the second long trajectory at a phase larger than
342◦ (or 162◦).[38] This is also confirmed in Figs. 4(c) and
4(d). The time profile near the cutoff only excites one burst
within each half-optical cycle (o.c.), where the short and long
trajectories have the synchronous recollision of the electronic
wave packet with the ionic core as shown in Fig. 4(e). Fig-
ure 4(c) shows the time profile of the H43.04 in the vicinity of
the near-threshold ionization. The time profile exhibits a com-
plex pattern within each optical cycle. Figure 4(d) shows the
time profile of the H59 harmonics in the vicinity of the plateau.
It has regular long and short trajectories for each laser pulse.
This also can be confirmed by the dynamical phases obtained
from the wavelet transform of the induced dipole, correspond-
ing to each instant tq of electron–ion core recollision. The
dynamical phases θ(tq) of the cutoff harmonics in Fig. 4(e)
show a time profile mimicking the laser pulse shape during
each pulse train, which indicates that the long and short trajec-
tories are synchronous in the frequency-comb HHG emission
process during each laser pulse. In Fig. 4(d), we find that the
long trajectory has stronger phase dependence on laser inten-
sity than that of the short one. It is seen that the long and short
trajectories have their emission step and that this step remains
constant in successive laser pulse trains. However, in near-
threshold regions, the dynamical phase becomes more com-
plex, which means that the interference of the quantum trajec-
tories increases as shown in Fig. 4(b). Combining the quan-
tum trajectories and dynamical phase analysis, we find that
the quantum trajectories interference is greatest in the near-
threshold region, which leads to the frequency-comb structure
easily occurring suppression and enhancement. The quan-
tum trajectories interference in near-plateau and near-cutoff
regions is the most stable. Thus different quantum trajectories
have their emission steps that take place steady interference
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in the five laser pulse trains leading to the regular frequency
comb near the plateau region. Near the cutoff regions, when
some phases of quantum trajectories have a sharp change due
the large relaxation effects of the electron, leading a huge en-
hancement structure thanks to constructive interference of the
contributing quantum trajectories. Therefore, we think that
the enhanced interference can be modulated by using a con-
stant phase relationship of frequency comb in HHG emission
among successive laser pulse trains.

 0  50  100  150  200  250

(a)

Time (o.c.)

25 75 125 175 225H
a
rm

o
n
ic

 o
rd

er

(b)

-20
-16
-12
-8
-4

25 75 125 175 225

 0

 1

 2(c) H43.04

T
im

e 
p
ro

fi
le

25 75 125 175 225
 0

 1

 2

 3
(d) H59.00

T
im

e 
p
ro

fi
le

25 75 125 175 225

 0

 1

 2

 3
(e) H82.04

T
im

e 
p
ro

fi
le

Time (o.c.)

H82.04

H59.00
H43.04

-

-

-

-

-

-

-
-

-

-

-

θ(
t q
)(
2
π
)

θ(
t q
)(
2
π
)

θ(
t q
)(
2
π
)

P
io

n
↼t

↽ 
↼


-

6
↽

 0

5

10

 30

 60

 90

 0
 10

 20
 30

 0

 20

 40

 0

 40

 80

Fig. 4. (a) Ionization probability of the He atom obtained from five
laser pulses. (b) The wavelet time–frequency spectrum of frequency-
comb HHG. Panels (c), (d), and (e) are the time profiles of the specific
harmonic of H43.04, H59.00, and H82.04, respectively. The red dots
are the dynamical phases. The laser parameters used are the same as
those in Fig. 1.

4. Conclusion
We have presented a detailed investigation of the mecha-

nism of the suppression and enhancement of frequency-comb
emission via HHG of the He atom. The HHG power spectrum
is obtained by accurately solving the TDSE. The numerical
procedure involves the novel TDGPS method for optimal spa-
tial discretization of the Hamiltonian and efficient time prop-
agation of the time-evolution operator. Our analysis reveals
that the induced dipole moments of different pulses interfere in
time with opposite phases, so their contributions are canceled
out in the total dipole moment. Therefore, the destructive in-
terference of frequency-comb emission has been observed in
near-threshold HHG. This is an unexpected observation for the
frequency-comb emission. In addition, the frequency-comb
emission in HHG also shows a constructive interference in
near-threshold HHG and cut-off harmonics. In fact, the under-
lying physical effect that causes this destructive or constructive

phase interference in a specific comb line is the competition
between the Coulomb field and the laser field. Because this
competition leads to the phase difference of quantum trajecto-
ries related to the HHG. Combining with the quantum trajec-
tories and the dynamical emission features analysis, we have
provided a clear physical picture for the enhancement and sup-
pression structure generation.

Although our result is for the single-atom level case, the
insights obtained are quite general and still applicable for
the understanding of phase-coherence dynamics of frequency-
comb emission via HHG in few-cycle pulse trains, because the
previous findings show that the commonly used the low pres-
sure, small laser intensity and loose pulse waist. That is to
say, the laser-field shape is not modified through the medium,
because the density of free electrons determined by the to-
tal ionization probabilities is very small. So, the generation
of frequency comb still is observable. However, according
to our previous works,[36] in higher laser intensity, there is
a difference between the macroscopic HHG spectra and the
single-atom case because of the stronger ionization. There-
fore, our results carry fresh insight and suggest that the ex-
perimental observation for a selective enhancement of the fre-
quency comb via HHG will become feasible in the future.
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