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Commensurate and incommensurate Haldane phases for a spin-1 bilinear-biquadratic model are investigated using an
infinite matrix product state algorithm. The bipartite entanglement entropy can detect a transition point between the two
phases. In both phases, the entanglement spectrum shows double degeneracy. We calculate the nonlocal order parameter
of the bond-centered inversion in both phases, which rapidly approaches a saturation value of −1 as the segment length
increases. The nonlocal order parameter of the bond-centered inversion with a saturation value −1 and the nonzero value
string order indicate that the Haldane phase is a symmetry-protected topological phase. To distinguish the commensurate
and incommensurate Haldane phases, the transversal spin correlation and corresponding momentum distribution of the
structure factor are analyzed. As a result, the transversal spin correlations exhibit different decay forms in both phases.

Keywords: commensurate and incommensurate phases, symmetry-protected topological phase, transversal
spin correlation
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1. Introduction
Quantum phase transitions are always a hot topic of inter-

est in condensed matter physics, which are driven by quantum
fluctuations due to the uncertainty principle in quantum me-
chanics. One of the targets is towards completing classifica-
tion of quantum states of matter.[1] In 1983, Haldane[2,3] con-
jectured that the half-integer spin antiferromagnetic Heisen-
berg chain is gapless, and the integer spin chain has an en-
ergy gap between the ground state and the first excited state.
For the spin-1 Heisenberg chain, a symmetry protected topo-
logical (SPT) phase, i.e., the Haldane phase, induces a long-
range string order, due to the hidden symmetry of fully broken
Z2×Z2. Interestingly, the Haldane phase in the spin-1 bilinear-
biquadratic (BLBQ) model displays two parts in the struc-
ture of the Haldane phase,[4–7] i.e., the commensurate Haldane
(HaldaneC) phase and incommensurate Haldane (HaldaneIC)
phases.

Let us recall the ground state phase diagram of the spin-1
BLBQ model with the Hamiltonian described as

H =
∞

∑
j=1

[
(𝑆 j𝑆 j+1)+α(𝑆 j𝑆 j+1)

2] , (1)

where 𝑆i denotes the spin-1 operator at lattice site i, and α =

tanφ is the control parameter. The model has been investigated
extensively using analytical and numerical methods,[8–20] ex-
hibiting rich physics. Its ground state phase diagram has
been mostly understood. At φ = 0, the model corresponds to

the spin-1 Heisenberg antiferromagnet, and for φ = π/4, the
model has been exactly solved by Sutherland,[21] who in turn
justified the presence of the critical phase with central charge
c = 2[20] for π/4 ≤ φ < π/2. The model exhibits SU(3)
symmetry[22,23] at φ =±π/2, π/4, and −3π/4, and a gapless
ferromagnetic phase with a multi-fold degenerate is detected
from φ = π/2 to φ = −3π/4. For φ = −π/2 the model has
been solved by Takhtajan and Bubujian,[24,25] which turns out
to be the SU(2) WZW model at level k = 2, with the central
charge c = 3/2. At φ =−π/4, Barber and Batchelor[26] solve
the model in terms of the Bethe ansatz, which indicates that
the dimerized phase exists nearby. Whether or not the phase
transition from the gapless ferromagnetic phase to the dimer-
ized phase is direct remains controversial. However, this con-
troversial problem has been solved in our previous work.[16]

Reference [16] showed the absence of a critical nematic phase
in the vicinity of an SU(3) ferromagnetic point (φ = −3π/4)
by means of tensor network algorithms. At the SU(3) ferro-
magnetic point φ =−3π/4, the ground state wave function is
highly degenerated, which is scaled but not conformally in-
variant, with the fractal dimension df being equal to 2. In
addition, for φ = arctan(1/3), the model has been exactly
solved by Affleck, Kennedy, Lieb, and Tasaki (AKLT),[27]

with its ground state being the valence-bond-solid state. For
−π/4 < φ < π/4, the model is in the gapped Haldane phase
with hidden topological order;[3,28] the gapped Haldane phase
can divide into two subphases (HaldaneC and HaldaneIC) by
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the AKLT point.
The transitions between commensurate and incommensu-

rate are important problems in quantum many-body spin sys-
tems and are induced by frustration. Physically, “incommen-
surate” means that the wavelength of the oscillation pattern is
not an integer multiple of the lattice spacing. Normally, it is
not easy to characterize the incommensurate phase. There-
fore, characterization of the commensurate and incommen-
surate phases is an important problem in physics. Here, we
focus on the gapped Haldane phase for −π/4 < φ < π/4.
Murashima et al.[4] characterized the HaldaneC–HaldaneIC

change by analyzing the energy gap of edge states. Fáth et
al.[5] proposed an effective field theory to explain these fea-
tures in the HaldaneC–HaldaneIC change of the spin-1 BLBQ
chain. In addition, Nomura[6] proposed a mechanism to ex-
plain the onset of the incommensurability and the shortest cor-
relation length at AKLT point and a simple random-walk-type
argument is proposed to explain the HaldaneC–HaldaneIC tran-
sition in Ref. [7]. Our characterization in this study is a nu-
merical method from the tensor network in that we use the
transversal spin correlations 〈S+S−〉 and the corresponding
momentum distribution of the structure factor S+−(q) to char-
acterize the HaldaneC and HaldaneIC phases. The transversal
spin correlations 〈S+S−〉 exhibit different decay forms in both
subphases. The results show that the transversal spin structure
factor S+−(q) exhibits an incommensurate oscillation pattern
in the HaldaneIC. Our numerical method can provide a pow-
erful tool for characterizing incommensurable phases. In ad-
dition, the transition point αc(χ) between the HaldaneC and
HaldaneIC phases is detected by using von Neumann entropy.
The singular values of second-order derivatives of the von
Neumann entropy correspond to the transition points αc(χ).
As a typical example of the SPT phase,[29–31] the Haldane
phase is protected by any of the following three symmetries:
bond-centered inversion symmetry, time-reversal symmetry,
and a dihedral group comprising any pair of π-rotations in the
spin space.[29,30] In order to further characterize the HaldaneC

and HaldaneIC phases, we also calculate the nonlocal order
parameter. The nonlocal order parameter of the bond-centered
inversion with a saturation value of −1 and the nonzero value
string order indicate that the Haldane phase is a symmetry-
protected topological phase.

In this study, the infinite matrix product state (iMPS)
algorithm[32] is used to calculate the ground state wave func-
tion with χ as the bond dimension. The remainder of this
article is organized as follows. In Section 2, bipartite en-
tanglement entropy and entanglement spectrum are calcu-
lated; a transition point is located between the HaldaneC and
HaldaneIC phases, corresponding to the AKLT point with
α = 1/3. In Section 3, we discuss the bond-centered inver-
sion nonlocal order parameter. Section 4 discusses the string

order parameter, and Section 5 characterizes the HaldaneC

and HaldaneIC phases using the transversal spin correlations
〈S+S−〉 and the corresponding momentum distribution of the
structure factor S+−(q). Finally, a summary is presented in
Section 6.
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Fig. 1. (a) Bipartite entanglement entropy S(χ) as a function of the pa-
rameter α with bond dimensions χ = 30, 60, 120, 150, and 200. (b) The
second-order derivatives of the entanglement entropy S(χ) as a function
of the parameter α . The bond dimension is χ = 150.

2. Bipartite entanglement entropy and entangle-
ment spectrum
The von Neumann entropy is a measure of bipartite en-

tanglement for a quantum state, which is exploited to detect a
transition point. This entropy is from the perspective of quan-
tum information on the study phase transition. For a system of
a pure state partitioned into two subsystems A and B, the bipar-
tite entanglement entropy is defined as S = −TrρA logρA =

−TrρB logρB, where ρA = |ψA〉〈ψA| (ρB = |ψB〉〈ψB|) de-
notes the reduced density matrix of subsystem A (B). In this
study, we obtain the ground state wave function |ψ〉 using the
iMPS algorithm[32] from tensor network simulations. In the
iMPS representation, the bipartite entanglement entropy for a
semi-infinite chain may be rewritten as follows:

S(χ) =−
χ

∑
ν=1

λ
2
ν log2 λ

2
ν , (2)

where λ denotes the Schmidt decomposition coefficient, and
χ denotes the bond dimension. Because we consider that
the translation of two lattice points is invariant, entanglement
entropy S(χ) = (Sa + Sb)/2. The bipartite entanglement en-
tropy S(χ) is plotted in Fig. 1(a) as a function of the pa-
rameter α with the bond dimensions χ = 30, 60, 120,150,
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and 200. In the region −1.5 ≤ α ≤ 1.5, three phase transi-
tion points are located at α = −1,1/3,1 from the entangle-
ment entropy, and they correspond to four phases: the dimer-
ized phase, HaldaneC phase, HaldaneIC phase, and trimerized
phase. Notably, an antiferromagnetic phase occurs between
the dimerized phase and HaldaneC phases, which disappears
as the bond dimension χ increases. In this study, we focus
on the Haldane phase. To detect the transition point αc(χ) be-
tween the HaldaneC and HaldaneIC phases, we plot the second-
order derivatives of the entanglement entropy S(χ) as a func-
tion of the parameter α in Fig. 1(b), with the bond dimension
χ = 150. A singular point appears at the α = 0.334, which is
very close to the AKLT point α = 1/3. Our results indicate a
transition at the AKLT point.
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Fig. 2. Entanglement spectrum En as a function of n for (a) HaldaneC
phase and (b) HaldaneIC phase for different α parameters. The num-
ber of dots on each level indicates its degeneracy. The bond dimension
χ = 200.

The topological phases can be characterized by the en-
tanglement spectrum.[33–36] The entanglement spectrum of a
pure state of a bipartite system is the full set of eigenvalues
of the reduced density matrix obtained from tracing out one
part. In several cases, the spectrum contains additional infor-
mation besides the entanglement entropy. In numerical stud-
ies, the entanglement spectrum is a robust tool for identifying
topological phases. For a bipartite system, the entanglement
spectrum[37] is defined as follows:

En =− logωn, (3)

where ωn = λ 2
n denotes an eigenvalue of the reduced density

matrix ρ , n is the number of largest eigenvalues kept. In Fig. 2,
we plot the entanglement spectrum En as a function of n for (a)

the HaldaneC phase with α = −0.8, −0.4, 0, 0.2 and (b) the
HaldaneIC phase with α = 0.4, 0.6, 0.8. Here, the bond dimen-
sion χ = 200. The results indicate that the entanglement spec-
trum shows double degeneracy in both phases. This means that
the Haldane is a topological phase. But the entanglement spec-
trum can not distinguish the HaldaneC and HaldaneIC phases.

3. The bond-centered inversion nonlocal order
parameter
The Haldane phase[2] is a typical example of the SPT

phase,[29–31] which is protected by any of the following three
symmetries: bond-centered inversion symmetry, time-reversal
symmetry, and a dihedral group comprising any pair of π-
rotations in the spin space.[29,30] The topological phase cannot
be characterized by a local order parameter, which falls be-
yond the Landau paradigm, but can be characterized by non-
local order. The iMPS[32] and infinite density matrix renor-
malization group (iDMRG)[38] are robust tensor network al-
gorithms, which can be exploited to efficiently simulate one-
dimensional quantum many-body systems. The algorithms
generate a ground state wave function in an iMPS represen-
tation and provide an efficient means to evaluate various phys-
ical observables. From the iMPS simulation, the ground state
|ψ〉 is obtained, which is invariant under the two-site transla-
tion. In terms of the bond-centered inversion I(1,L), the bond-
centered nonlocal order parameter for the segment comprising
L bonds of type A–B is defined as follows:[39,40]

O =
〈ψ|I(1,L)|ψ〉

Tr(λ 4
B)

, (4)

where λB denotes the Schmidt decomposition coefficient, and
the segment length L is even. A graphical representation is
shown in Fig. 3.

λB
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2

λB
2

ΓB
T ΓA

T

λA
ΓB
T

ΓA
T

λBΓA
T

ΓB
T λBΓA

*
ΓB
*

Fig. 3. Graphical representation of nonlocal order parameters in the
MPS picture for the segment comprising L bonds of type A–B.

We plot the nonlocal order parameter O as a function of
α with the bond dimension χ = 200 in the Haldane phase in
Fig. 4(a). In the entire Haldane phase, O reaches a saturation
value of −1 when α is away from the quantum phase points
±1, indicating that the nonlocal order parameter O cannot dis-
tinguish between the HaldaneC and HaldaneIC phases, but can
be used to characterize the SPT phase. In addition, we plot
the nonlocal order parameter O as a function of the segment
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length L with the bond dimension χ = 200 for α =−0.4,0,0.4
[Fig. 4(b)]. This indicates that the nonlocal order parameter O
tends to a saturation value of −1 as the segment length L in-
creases.
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Fig. 4. (a) Nonlocal order parameter O as a function of α with the bond di-
mension χ = 200 in the Haldane phase. (b) Saturation of the nonlocal order
parameter O, with the block size L being even, for α =−0.4, 0, 0.4.

4. String order parameter
In the Haldane phase for the spin-1 BLBQ model with

−1<α < 1, due to the hidden Z2×Z2 symmetry is broken,[41]

the characteristic order can be measured by the string correla-
tion function[42]

g(r) = 〈Sz
i exp

[
iπ

j−1

∑
k=i+1

Sz
k

]
Sz

j〉, (5)

where r = |i− j| denotes the lattice distance. In Fig. 5, we
plot the string correlation function g(r) as a function of the
lattice distance r for (a) HaldaneC phase with α = −0.8,
−0.4, 0, 0.2 and (b) HaldaneIC phase with α = 0.4, 0.6, 0.8.
Here, the bond dimension χ = 200. For a small lattice dis-
tance r, the g(r) rapidly tends to a saturation value, indicat-
ing that the long-range order is evident. If we continue to
increase the lattice distance r, the saturation value of string
correlation g(r) stays at the limiting value. For α = 0, the
spin-1 BLBQ model corresponds to the spin-1 antiferromag-
netic Heisenberg model. Consequently, we compute the string
correlation function, which shows a long-range order with
g(∞) = −0.374324443, with the bond dimension χ = 200.
Our result agrees with the result g(∞) = −0.374325096(2)
from the iDMRG algorithm.[43] The behaviors of string cor-
relation are the same in both the HaldaneC and HaldaneIC

phases. Note our results show that the entanglement spectrum,

the bond-centered inversion nonlocal order parameter, and the
string correlation cannot distinguish the HaldaneC–HaldaneIC

transition, but they can clearly characterize the Haldane phase.
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Fig. 5. String correlation function g(r) as a function of the lattice dis-
tance r for (a) HaldaneC phase and (b) HaldaneIC phase for different α

parameters. The bond dimension χ = 200.

5. Characterization of the HaldaneC and
HaldaneIC phases
We now characterize the HaldaneC and HaldaneIC phases.

Physically, “incommensurate” means the wavelength of the
oscillation pattern is not an integer multiple of the lattice spac-
ing. To characterize the HaldaneC and HaldaneIC phases, we
calculate the transversal spin correlation C(r) = 〈𝑆+

i 𝑆−j 〉 with
the spin operator 𝑆± = Sx± iSy. By a Fourier transform, the
static spin structure factor of the transversal spin correlation is
defined as follows:[44–46]

S+−(𝑞) = ∑
j

e−i𝑞·(r0−r j)〈𝑆+
0 𝑆−j 〉. (6)

In Fig. 6(a), we plot the transversal spin correlation C(r) in
the HaldaneC phase (up) with α = −0.8, −0.4, 0, 0.2 and
the HaldaneIC phase (down) with α = 0.4, 0.6, 0.8. The
transversal spin correlation tends to zero as the lattice distance
r increases, indicating that no off-diagonal order exists in the
Haldane phase. In addition, Fig. 6(a) clearly shows that the
transversal spin correlation 〈𝑆+

i 𝑆−j 〉 takes on different forms
of decay in both HaldaneC and HaldaneIC phases. To obtain
the decay function, as an illustrative example, we choose two
typical ground states in the HaldaneC and HaldaneIC phases.
In Fig. 6(b) (up), for small lattice distance r = 100, a num-
ber fit to the transversal spin correlation 〈𝑆+

i 𝑆−j 〉 (for odd lat-
tice distance) is performed with α = −0.8 in the HaldaneC,
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with the fitting function C(r) = ar−η +b. The numerical con-
stants are given as η = 0.5118, a = 0.69, and b = −0.0278.
In Fig. 6(b) (down), for the small lattice distance r = 30, a
number fit to the transversal spin correlation 〈𝑆+

i 𝑆−j 〉 is per-
formed with α = 0.6 in the HaldaneIC, with the fitting func-
tion C(r) = r−η cos(qr)+ c and q = βπ . The numerical con-
stants are given as η = 1.533, β = 1.264, and c = −0.0012.
The solid black line is the fit. Our results clearly show that
the dominant decaying form to the transversal spin correlation
is ∝ r−η for the HaldaneC phase and ∝ r−η cos(qr) for the
HaldaneIC phase for small lattice distance r. In addition, to fur-
ther characterize the HaldaneC and HaldaneIC phases, we in-
vestigate the momentum distribution of the spin structure fac-
tor S+−(q). In Fig. 6(c) (up), we plot the corresponding mo-

mentum distribution of the spin structure factor S+−(q) in the
HaldaneC phase with α = −0.8, −0.4, 0, 0.2. For HaldaneC

phase, we observe that the peaks for the transversal spin struc-
ture factor S+−(q) at q = ±π are the uniform background. In
Fig. 6(c) (down), we plot the corresponding momentum dis-
tribution of the spin structure factor S+−(q) in the HaldaneIC

phase with α = 0.4,0.6,0.8. For HaldaneIC phase, we observe
that the dips for the transversal spin structure factor S+−(q) are
located at q =±π . In addition, we do see some peaks around
(i) q = ±0.7π , ±1.3π for α = 0.8, (ii) q = ±0.66π , ±1.34π

for α = 0.6 and (iii) q = ±0.78π , ±1.22π for α = 0.4 in the
transversal spin structure factor S+−(q), which account for the
incommensurate contribution. Here, the bond dimension is
χ = 200.
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fitting of the transversal correlation C(r) in the HaldaneC phase (up) with α =−0.8 and the HaldaneIC phase (down) with α = 0.6, and (c) the
corresponding momentum distribution of the structure factor S+−(q) in the HaldaneC phase (up) and the HaldaneIC phase (down) for various
α parameters. The bond dimension χ = 200.

As a result, the transversal spin correlation 〈𝑆+
i 𝑆−j 〉 ex-

hibits different decay behaviors in HaldaneC and HaldaneIC

phases, respectively. The dominant decaying form of the
transversal spin correlation 〈𝑆+

i 𝑆−j 〉 is proportional to r−η in
the HaldaneC phase and is proportional to r−η cos(qr) in the
HaldaneIC phase. In addition, the transversal spin structure
factor S+−(q) exhibits an incommensurate oscillation pattern
in the HaldaneIC.

6. Summary
The HaldaneC and HaldaneIC phases for the spin-1 BLBQ

model are investigated using the iMPS algorithm. A phase
transition point, which corresponds to the AKLT point with
α = 1/3, is located by the bipartite entanglement entropy be-
tween the HaldaneC and HaldaneIC phases. In both phases,
the entanglement spectrum shows double degeneracy. We cal-

culate the nonlocal order parameter of the bond-centered in-
version in both phases, which rapidly approaches a saturation
value of −1 as the segment length L increases. The nonlocal
string order is also calculated; a nonzero value string order can
be used to characterize the topological phases. For α = 0, the
spin-1 BLBQ model corresponds to the spin-1 antiferromag-
netic Heisenberg model, and the string correlation function
shows long-range order, with g(∞)∼=−0.374325096(2) from
the iDMRG algorithm.[43] Our results agree with the results
from the iDMRG algorithm.[43] In addition, to distinguish the
HaldaneC and HaldaneIC phases, the transversal spin corre-
lation 〈𝑆+

i 𝑆−j 〉 and corresponding momentum distribution of
the structure factor S+−(q) are analyzed. Our results show that
the dominant decaying form of the transversal spin correlation
is proportional to r−η for HaldaneC phase and is proportional
to r−η cos(qr) for HaldaneIC phase for a small lattice distance
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r. In addition, the HaldaneIC phase exhibits an incommensu-
rate oscillation pattern in the spin correlation structure factor.
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