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In a recent paper, Hu et al. defined the complete weight distributions of quantum codes and proved the MacWilliams
identities, and as applications they showed how such weight distributions may be used to obtain the singleton-type and
hamming-type bounds for asymmetric quantum codes. In this paper we extend their study much further and obtain several
new results concerning the complete weight distributions of quantum codes and applications. In particular, we provide a new
proof of the MacWilliams identities of the complete weight distributions of quantum codes. We obtain new information
about the weight distributions of quantum MDS codes and the double weight distribution of asymmetric quantum MDS
codes. We get new identities involving the complete weight distributions of two different quantum codes. We estimate
the complete weight distributions of quantum codes under special conditions and show that quantum BCH codes by the
Hermitian construction from primitive, narrow-sense BCH codes satisfy these conditions and hence these estimate applies.
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1. Introduction

Quantum error-correcting codes (QECCs for short) pro-
tect quantum information against noise. They play important
roles in many areas of quantum information theory, but most
critically, in the viability of a quantum computer. Since the
pioneering work in Refs. [1-5], the theory of QECCs has been
rapidly developed. It has received much attention in the past
two decades and remains one of the most actively studied re-
search areas.

In the quantum world, the common error model is the
Pauli errors X, Z, and Y = iXZ acting on qubits. More effi-
cient codes can be designed if further information about the
error process is available. Therefrom, a lot of work on de-
signing codes has been carried out.[®®! In 1997, Shor and
Laflamme!® introduced the weight distributions of quantum
codes and proved that they satisfy the MacWilliams identity.
As in classical coding theory, the weight distributions of quan-
tum codes are invariants and give much information about
codes and errors. For example, the minimum distance can be
read off from the weight distributions of quantum codes and
thus the error correcting capability of the codes. Various other
kinds of weight distributions of quantum codes were defined
and studied in Refs. [10-13], which could be used in many
other things to effectively determine whether certain good
quantum codes exist. Linear programming bounds were ob-
tained by using the quantum MacWilliams identity.!!*15] The
weight distributions of quantum codes can be used to compute
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the probability of failure for quantum error correction in the
codes, 1017 egc.

In the classical coding theory, the complete weight distri-
bution of linear codes contains much more detailed informa-
tion than the weight distribution, and therefore it is more gen-
eral and useful. The complete weight distribution of a clas-
sical code enumerates the codewords according to the num-
ber of symbols of each kind in a codeword. This was used
to analyze the error performance of the code. For exam-
ple, the complete weight distribution is useful in soft decision
decoding, '8 and it was employed to calculate the deception
probabilities of certain authentication codes.!!”! Many aspects
of the complete weight distributions of linear codes, including
the MacWilliams identity, can be found in Ref. [20].

In a recent paper,'”!! Hu et al. defined the quantum ver-
sion of the complete and double weight distributions for the
first time and proved that they satisfy the MacWilliams iden-
tity. Error operators are usually the tensor product of Pauli
operators. As in the classical coding setting, the quantum
complete weight distribution enumerates the error operators
according to the number of Pauli symbols of each kind (X, Z,
or XZ) in an operator. Moreover, noise is often unbalanced
between bit-flip (X-type) and phase-flip (Z-type) errors, and
there is also a difference in the number of blocks of X-type
and Z-type inside an error operator on a multi-qubit system.
The double weight distribution usually enumerates the error
operators in terms of the number of Pauli X-symbol and Z-
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symbol inside. In fact, in Ref. [21], the authors showed how
these results imply the MacWilliams identity for the double
weight distributions of quantum codes, which in turn was em-
ployed, in combination with the linear programming approach,
to obtain the singleton-like and hamming-like bounds for ar-
bitrary asymmetric quantum codes. This work was built upon
their previous work??! where similar results were obtained for
binary quantum codes.

The purpose of this paper is to extend the study of the
complete weight distributions of quantum codes much fur-
ther. We obtain several new results concerning the com-
plete weight distributions of quantum codes and their appli-
cations. Firstly, in Section 3, we provide a new proof of the
MacWilliams identities for the complete weight distributions
of quantum codes (see Theorem 4). Compared with Ref. [21],
our proof is more aligned with the original paper®! where
the MacWilliams identities were first proved for the weight
distributions of quantum codes, and our formulation of the
MacWilliams identities closely resembles that of the classical
coding setting. Given the importance of the complete weight
distributions of quantum codes and the MacWilliams identi-
ties in the theory of QECC, a new proof is useful. Secondly, in
Section 4, we show that a more careful analysis of the linear
programming approach used in Refs. [14,21] can reveal a lot
of new information about the weight distributions of quantum
MBDS codes and the double weight distributions of asymmetric
quantum MDS codes respectively. Here we recover a recent
result (see Theorem 9 and Ref. [23]) by a completely different
method. Thirdly, in Section 5 we obtain new identities con-
cerning the complete weight distributions of two distinct quan-
tum codes (see Theorem 8). Fourthly, in Section 6 we show
that the complete weight distributions of quantum codes can be
effectively estimated under certain conditions (Theorem 10).
These conditions look quite restrictive. However, we show in
Section 7 that a large family of quantum BCH codes obtained
by the Hermitian construction from primitive, narrow-sense
BCH codes satisfy these conditions (Theorem 12). This can be
considered as a quantum analogue of Ref. [24] where similar
estimates were obtained on the complete weight distributions
for a large family of subfield subcodes of algebraic geomet-
ric codes. Also in this paper, whenever possible, we obtain
similar results for the double weight distributions of quantum
codes.

2. Preliminaries

Classical error-correcting codes have many critical appli-
cations, especially the classical linear codes, which develop a
wide variety of good QECC:s. In this section, we give a brief
review of quantum and classical linear coding theory. For fur-
ther details, the readers can refer to Refs. [20,25-30]. In what

follows, we always assume that I, is a finite field of order g
where ¢ = p™, p is a prime, and m > 1

2.1. The classical linear error-correcting codes

Definition 1> Each nonzero k-dimensional linear vec-
tor subspace of I is a so-called [n,k], classical linear error-
correcting code, usually denoted by C. The symbol # is the
length of C. A vector in C is called a codeword of C. The
number of codewords in C is |C| and satisfies 1 < |C|< ¢".

We also need a concept to measure the error correcting
ability of C. Denote wt(c) by the Hamming weight of the
codeword ¢ € C. If the integer d is the minimum Hamming
weight for all codewords in C, then d is called the minimum
distance of C, and C is also an [n, k,d], code.

Theorem 1129 Tf the minimum distance of C is d, then
the code C can detect the errors with weight < d — 1, and cor-
rect the errors with weight < |45

Denote by A; the number of codewords in C with Ham-
ming weight i. We call the numbers A;’s the weight distribu-
tions of C, where

A; =#{c eClwt(c) =i}. (1)

The weight distributions A;’s are important parameters of C
because they contain much useful information. For example,
the dimension can be read off from the equation Ag +A; +

-4 A, = ¢~, and the minimum distance is d = min{i|1 <i <
n,A; > 1}. The weight enumerator of C is defined by the poly-
nomial

n
xX,y) = ZAix"_iy". 2)
i=0

Moreover, if we order the elements of I, explicitly as up =
0,uy,... cn) € IFg, the com-
plete weight of ¢ is denoted by

,ug—1, then for any ¢ = (c1,¢2,.. .,

Comp(c) = (wo, Wi, Wg—1), 3)

#{1 < j<n|cj=u;} and ¥ Ow,—n

stg—1)
t; = n. Then the complete weight

where w; := w;(c) =
Denote X™4 by the set of all integer vectors t = (g, 11, .. .
where t; > 0 for all i and Z;’;OI
distribution is denoted by the sequence (A;)¢ of C, where

Ay :=#{ceC:Comp(c) =t}, VteX"l. “4)

Furthermore, the complete weight enumerator of C is defined

by the polynomial in variables zo, ...,z4—1,

=Y % —ZAtz 5)

ceC

WC(Z()le» -y 2g— 1

where t = (fo,11,...
FATARE ZZ’:II.

For a linear code C, it can be determined by an (n—k) x n
C = {c e FjHc" =0}. Ac-
cordingly, there exists a k X n generator matrix G satisfying
HG" = 0. The dual code C* of C is an [n,n — k,d], linear

,tg—1) runs over all t € £ and z* :=

parity-check matrix H, i.e.,
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code orthogonal to C, i.e., C+ = {c/ € Fi|c/-cT = 0,Vc € C}.
If C ¢ CL, Cis called a self-orthogonal code; if C = C+, then
C is a self-dual code. Obviously, G is the parity-check matrix
of C*.

The weight distribution of dual code C* is

At :=#{ce Ct|wt(c) =i}, (6)

and the corresponding weight enumerator is

n
Woi(x,y) =Y A"y @)
i=0
For any t € X™9, the complete distribution and complete
weight enumerator are denoted by

Af :=#{ceCt: Comp(c) =t}, (8)
and

WcL(ZO,Zl,...,Zq,I):ZAé‘zt_ (9)
t

Let C be the complex field and C* = C\{0}. Denote by
y : F, — C* the standard additive character. The fundamen-
tal relations between the weight enumerators of C and C* are

given by MacWilliams identities!*’!

1
WCL(X,y):?Wc(x+(q—l)y,xfy), (10)
1
Wcl(207117~~~7zq—1):?Wc(xmxh”wxq—l), (1)

where x; = Zz;é W (uug)zs for0 <i<g—1.

In addition, the linear codes satisfy an important bound
named as the singleton bound.

Theorem 2!?°! If the linear code C is an [n,k,d], code,
thenn—k>d—1.

Furthermore, the codes with d = n —k+ 1 are called the
maximum distance separable (MDS) codes, which are also
known to be optimal. The name of MDS codes comes from
the fact that such a code has the maximum possible distance
between codewords, and that the codewords may be separated
into message symbols and check symbols. Thus, there is a

systematic encoder. (2]

2.2. Symmetric and asymmetric quantum codes

In this subsection, we first review some basic concepts
about quantum error operators and quantum codes.
2.2.1. Nice error bases

Let C be the complex field and C? be the state space of a
g-ary quantum system. Denote by {|x)|x € F,} an orthonor-
mal basis of CY. For any a,b € I, the unitary operators X,
and Z;, on C1 are given by

X, x) = [x+a), Zp|x) = &, |x), VxeF,.

Here {, = exp (2w+/—1/p) is reserved for a primitive p-th
root of unity, and tr(-) denotes the trace map from F, to the
prime subfield IF,. The set of error operators defined by

E={XuZyla,beF,}

forms an orthogonal basis of the space of operators on C? un-
der the inner product given by (A, B) = Tr(A"B), where Tr is
the trace of linear operators and A" is the Hermitian transpose
of A. For simplicity, we may identify the operator X,Z, with
(a|b) for a,b € F,, hence £ may be identified with the set Fé.
Define by the symplectic inner product of (a|b) and (d'|b)
over ]F% by

{(a|b), (d'|b'))s = tr(d'b—ab'). (12)

For any e = X, Z;,,¢' = X, Z;y € &, itis easy to see that e and ¢’
satisfy the commutation relation

e — Cp((a\b),(a’\h’))y@/e.

Each (a|b) € Fé can identify an operator of £. For conve-
nience, we rewrite Eq. (12) as

(e,e)s = ((alb),(d'|b)))s = tr(d'b—ab"). (13)

The operator e commutes with ¢’ if and only if {e,e'); = 0.
Denote by (C9)®" = C?" the n-fold tensor product of CY.
Its coordinate basis is given by

{lz) = 1x1) ® x2) @ - @ |xa) |2 = (x1,...,%,) € Fy}.

For any a = (aj,az,...,a,),b = (b1,ba,...,by) €F}, a-b=
n

Y a;b; denotes the usual inner product. The operator e =
i=1

XoZp acts on a basis element |x) = |x1) ® |x) ® - @ |x,,) as

e |£L‘> = Xalzb] ‘x1> ®Xazzb2 |)C2> Q- ®Xaann |xn> .

This defines a unitary operator on C?'. Denoting ¢; = Xu,Zp,,
1 <i<n,wemay write e =X,Zp = €1 Rer®---Qe,. Define

& = {XaZola,b e Fl}. (14)

The set &, is a nice error basis on the space C7".[>] In
other words, the set &, is a finite set of ¢g>" unitary matrices that
satisfy three interesting properties: (a) It contains the identity
matrix /. (b) The product of two matrices in &, is a scalar
multiple of another element in &,. (c) Tr(ATB) = 0 for distinct
elements A, B in &,.

We may identify X, Zp with (a|b) for a,b € F; and hence
the set &, with JF%". It is known that &, is an orthogonal basis
of the space of operators on C?", hence any operator O on C%"
can be expressed as (see Ref. [9])

@:Zwe

: 13)
ec&, q
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2.2.2. The error group
The set

G, = {CPiXaZb|0<i<p— l,a,beIF'q’}

is a non-abelian group of order pg*" and is called the error
group associated with the nice error basis &,. Let (a|b) and
(a'|b’) be the vectors in ]Fé”. The symplectic inner product on
IF;" is defined by

((alb),(a'|b))); :=tr(a’-b—a-b). (16)

, )
For any e = §,'X,Zp.€' = §,' Xo/Zy € Gy, we also have the
relation

ee/ = Cp<(a'“7)‘(al|b/)>s(—3/87 VE,el c Gn.

For convenience, we also rewrite Eq. (16) as
(e.€'), 2 ((alb).(a'|); = tr(a’ - b—a-V).

2.2.3. Weights of error operators

We define the symplectic weight of a vector (a|b) in 2"
as

swt((a|b)) :=#{1 <i<n:(a;,b;) # (0,0)}.

Lete=X,Zp=¢1® - Re, € &, be an error operator. The
weight wt(e) of e is the number of non-identity tensor com-
ponents, i.e.,

wt(e) = swt((alb)). 17

We also define the X-weight wt, (e) and the Z-weight wt, (e)
to be the Hamming weights of a and b, respectively, i.e.,

wt, (e) =#{1 <i<n|a; # 0},

wt, (e) =#{1 <i<n|b; #0}. (18)
We define the complete weight of e as follows: for each error
x € &, ry(e) denotes the number of tensor components which
are equal to x, that is, ry(e) = #{1 <i<n:e; =x}. Itis clear

that ry(e) > 0 for any x and Y ,c¢ rx(e) = n. The complete
weight of e is then given by the vector

Comp(e) = (rx(€))ree- (19)
In particular, wt(e) = Y.c ¢\ (1} 7x(€), and if we take denotation
Ex ={XZycE|la#0}, &z ={XuZyc&|b#0},

then

wy(e) =Y r(e), wi(e)= Y rdfe). (20)

xe€x xe€z

2.3. Quantum error-correcting codes

Definition 21*!! An ((n,K)), quantum code Q is a K-
dimensional subspace of C7'(K > 1) . The symbol # is the
length of the code. If the dimension K is a power of g, say
K = ¢*, we also call Q an [[n,k]], quantum code. A vector in
Q is called a codeword.

For two quantum states u,v € C?', the (u|v) is the stan-
dard Hermitian inner product. If (u|v) =0, then u and v are
known to be orthogonal. An error e € &, is said to be de-
tectable in Q if any two orthogonal codewords from Q remain
orthogonal after one of them is altered by e. That is,

Definition 328 Let Q be an ((n,K)), quantum code. An
error e € G, is said to be detectable in Q if (u|e|v) = 0 for all
orthogonal codewords u,v € Q.

Definition 418! Let Q be an ((n,K)), quantum code with
K > 2. The minimum distance of Q is the maximum integer d
such that any error e € &, of weight less than d is detectable.
Such a quantum code is called a symmetric quantum code with
parameters ((n,K,d)), or [[n,k,d]], if K = ¢.

In some quantum systems, phase-flips (or Z-errors) and
bit-flips (or X-errors) may occur with a different probability.
Asymmetric quantum codes arise to account for this effect.

Definition 58! Let Q be an ((n,K)), quantum code with
If dy and d;
are the maximum integers such that each error e € &, with
wt, (e) < dy,wt,(e) < d; is detectable, then we call Q an
asymmetric quantum code with parameters ((n,K,d./dy)), or
([n,k,d/dy]], if K = ¢~.

Symmetric and asymmetric quantum codes satisfy similar

K > 2. Let dy and d; be positive integers.

singleton bounds.
Theorem 3 (Quantum singleton bounds) If Q is an
((n,K,d)), symmetric quantum code, then

log, K <n-—2d+2. 21
If Qis an ((n,K,d;/d.)), asymmetric quantum code, then
log, K <n—dy—d;+2. (22)

The singleton bound (21) for symmetric quantum codes was
proved in Refs. [14,32] for binary and nonbinary cases, re-
spectively. The singleton bound (22) for arbitrary asymmetric
quantum codes was proved only recently in Ref. [21], while
the bound was established much earlier for stabilizer asym-
metric quantum codes.**! Quantum codes attaining the up-
per bounds on the right sides of inequalities (21) and (22) are
called symmetric quantum MDS (maximum-distance separa-
ble) codes and asymmetric quantum MDS codes, respectively.

2.4. Quantum stabilizer codes

Nonzero quantum stabilizer codes Q C C?" are in one—
one correspondence to abelian subgroups S < G, satisfying

SQZ(GH):{I}' (23)
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Here Z(G,) = {{ Iy : 0 <i < p—1} is the center of G, with
I, being the identity operator on C4". The relations between
Q and S are

o= {ve(an|Ev:v}, S=({E € Gu|Ev=1}.

EcS veQ

In other words, Q forms an eigenspace of S corresponding to
the eigenvalue 1 and S is the stabilizer group of Q. Thus,
to describe a nonzero quantum stabilizer code Q C CY, it is
equivalent to describe an abelian subgroup S < G, satisfying
Eq. (23).

Quantum stabilizer codes are related to classical codes.
Let S be an abelian subgroup of G, satisfying Eq. (23). De-
note by SZ(G,,) the group generated by S and the center Z(G,),
and define the centralizer of S in G, by

Cq,(S)={E € G,|JEF =FE forall F € S}.
From this, we can define

C = {(alb) €F¥"|(IXaZy € SZ(G,)}
=~ SZ(Gn)/Z(Gy). (24)

The symplectic dual of C is given by
¢t = {c €F"|{c,c/)s;=0forallceC}.

Properties of SZ(G,),Cg,(S) imply that both C and C* are
classical codes in F;" and satisfy the condition C C C*+.

On the other hand, given a classical code C of Fg” such
that C C Cs, one can find an abelian subgroup S < G, satis-
fying Eqgs. (23) and (24). Such an § gives rise to a nonzero
quantum stabilizer code Q, whose many properties such as di-
mension and the minimal distance can be derived directly from
the classical codes C and C.

In fact, it is much easier to work with the usual inner prod-
uct in the classical coding theory, such as the (Euclidean) inner
product and the Hermitian inner product. As it turns out, these
inner products can be used under special conditions. In par-
ticular, there are ways to construct stabilizer codes Q by linear
codes C over I, with (Euclidean) self-orthogonal condition
C C C* (CSS construction, see corollary 21/?°!) and by lin-
ear codes C over qu with Hermitian self-orthogonal condition
C C Ctn (see Ref. [25] corollary 19). Interested readers may
see the review[>! for more details.

3. Complete weight distributions of quantum
codes and the MacWilliams identity

In Ref. [21], the authors defined the complete weight
distributions of g-ary quantum codes and derived the
MacWilliams identity expressed in terms of a g X g matrix.
Here we present the MacWilliams identity in a form more

aligned with the classical MacWilliams identity for the com-
plete weight distributions of linear codes over finite fields (see
Ref. [20] [Chapter 5, Theorem 10]). We also present a sim-
ple and different proof, following the original idea of Shor and
Laflamme!®! in their study of the weight enumerators of quan-
tum codes.

Let Q be an ((n,K,d)), quantum code and P : C¥ — Q
be the corresponding orthogonal projection. For the complete
weight distributions of Q, let us define

yn — {t_ (tx)xES | th =n,t; € Zatx ZO} .

xe€

For any error operator e € &,, the vector Comp(e) =
(re(e))xes € E" [see Eq. (19)] is the complete weight of e.
The complete weight distributions of the quantum code Q are
the numbers Dy’s and Dy’ for t € X", where Dy, D are given
by

Dy =5 Y Te(e'P)Tr(eP),
ec&,
Comp(e)=t
1
D} = — Tr(e'PeP).
v =% eg,:” ( )
Comp(e)=t

The complete weight enumerators of Q are defined as two
polynomials in the multi-variables z = (zy)xcs given by

D(z) = Ztht, DY(z) = ZDtht.

Here the subscript ¢ = (t,)yce runs over the set £ and z* :=
[Tice Zi. We remark that these enumerators are essentially the
same as given in Ref. [22] for binary quantum codes and in
Ref. [21] for g-ary quantum codes. This definition is also sim-
ilar to that in the classical coding theory setting. We also re-
mark that if {¢;|1 <i < K} is an orthonormal basis of Q, then
the complete weight distributions Dy and Dy can be expressed

as!9l
1 2
D=5 Y |Lleleled].
ec&, i
Comp(e)=t
1
Dtl:? Z Z‘<c,~\e|cj>’2. (25)
ecé, ij
Comp(e)=t

A simple application of the Cauchy—Schwartz inequality im-
plies that Dj- > D > 0 for any ¢ € .1 In particular, for
I =XoZp € &,, define ty = Comp(I), it is easy to see Dy, =
Dy, = 1.

Now we can describe the MacWilliams-type identities re-
lating D(z) and D*(2).

Theorem 4 Assume that Q is an ((n,K,d)), quantum
code. The general MacWilliams identities for the complete
weight enumerators D(z) and D" (z) are given by

KD , D(z)= !
q q'K

D*(u), (26)
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where z = (2y)reg, = (Uy)xes are the multi-variables satis-
fying the relation

Uy = Z Cp SZW

vel

VxeE. Q27)

Here for any x,v € £, (x,v) is the symplectic inner product
defined in Eq. (12).

Proof of Theorem 4 Let P be the orthogonal projection
operator from C¢" onto the quantum code Q. From Eq. (15),
we may expand P into the form

=)

n
Deé&, q

Tr(D'P 1
T(DP) fy _ — ¥ Te(D'P)D.
Pq" peg,

Hence we obtain

1 Tr(D}P
Dy = — Z Tr(eJr Z nge
K =z, picG, P4
Comp(e)=t
Tr(D5P)
Y — D
DZEGn pq
1 .
= ——>— Y T«D|P)Tr(DiP)
P*q*"'K p, brea,
x Y Tr(e'DyeDs).
ec&y
ComS(e):t
Since eD = {,'*P)1sDe and e’e = I for any e, D € G,,, we have

Tr(e'DyeD,) = Tr(Z_,’[,<D1"e>feTeD1D2)
= ¢, \Pre (D) Dy).

Noting that for D1,D; € Gy,

Tr(D1D,) = 8'q" « if Dy = §,'Dj for some i;
T 0 s itpy g {g/Dll0<i<p-1},

we have

1
DtL = q2n K Z

D €Gy
Dy=,'D}

Cp (Dr.els Cpiqn

Tr(D|P)Tt(8, "Dy P)

<L

ec&y
Comp( )=t
- 7T (op) Y P
7"K peg, ecén
Comp(e)=t
For any D € &,, denoting
Tr(D'P)Tr(DP
o)~ TOPITIOP)
q"'K
we have
D,
pi=Y ad) Y 5P
DEE, ecsy
Comp(e)=t

Now we can verify the identity (26) easily. First,
=Y D{zt=Y aD) Y g,PerzComle) (28)
t

Deé&, ec&,
Next, by using e =¢1®...®e,,D = D; ® ... ® D, where
e;,D; € £, and hence (D,e); = Y} |(Di,ei)s and ry(e) =
Y re(e) for any x € £, we obtain

Z gp(D,e Comp(e H (Z Cp (Dj,e)s e) ]

ec&, i=1 \ec&

By using the relation (27) it is easy to see that the right-hand
side of the above becomes [],cg 1y 1) g Comp(D), Inserting

this into the right side of Eq. (28), we finally conclude that

D*(z)= Y a(D)u®™P) = =D(u),
De&, q
which proves the first identity in Eq. (26). The second identity
in Eq. (26) can be derived immediately from the first by noting
that

=q2Y ", Wwek.

xe&
Now Theorem 4 is proved.

Here we provide a concrete example to illustrate our main
results.

Example 1 Assume g = p = 2. We list the elements of
the error operator set £ = {X,Z;, : a,b € F,} as wo = XoZo,
w) = X()Z], wy = X]Z(), w3 = X1Z1.
following results:

Then we can obtain the

3
Y g =tz 2+,
s=0
> p (wsn)
Wy, W o
Y ez =204+ 21— 22— 23,
s=0
S
W7w J—
Y MM =z -t -,
s=0
> (msows)
W, W
ZCP Tz =z0—21—22+23.

s=0
Therefore, the MacWilliams identity is given by

D(z0,21,22,23)

1
D (z0+z1+z22+23,20+21 — 22 — 23,

K
20—21+22—23,20 — 21 — 22 +23). (29)

This identity (29) is consistent with the MacWilliams identity
given in by Hu et al. (Ref. [22] Theorem 7).

For any t = (ty)xcs € X", since each u, given in Eq. (27)
is a linear polynomial in the variables z = (z,),cs, We may
expand [ g u as

H <Z CF<V’X>SZV> — ZPS(t;n)zs’ (30)

xe€ \veé
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where the subscript s = (sy)reg is over all s € X" and z° :=
[Lice 2*. The coefficients Ps(t;n) are polynomials in variables
s and t and are called the generalized Krawtchouk polynomi-
als (see Ref. [34] Definition 2.9). Using these polynomials we
can write the MacWilliams identities (26) as follows.

Corollary 1 Assume that Q is an ((n,K,d)), quantum
code. The complete weight distributions D¢, D; satisfy

Dy = Y P(s;n)Dy,

q9"K %5

K
Dy = ?ZPt(s;n)Ds, Yt e X"
S

Remark 1 The idea of our proof follows directly from
the original paper!®! where MacWilliams identity (for weight
distribution of quantum codes) was proved in the first place;
so essentially we extend the ideas of Ref. [9] slightly further
to complete weight distribution of quantum codes. A earlier
proof of the MacWilliams identity for complete weight distri-
butions of g-ary quantum codes were given in Ref. [21]. The
authors proved that D(z) and D (z) are the same by giving
them concrete forms expressed in terms of a g X ¢ matrix. By
contrast, our formulation of the MacWilliams identity closely
resembles that of the classical coding setting and is consis-
tent with quantum language in general (for the classical set-
ting, see (Ref. [20], Theorem 10 in Chapter 5). We complete
the proof just using the properties of trace. With the gener-
alized Krawtchouk polynomials, we further give the relations
between D and D; (Corollary 1, which has been proved for
the weight distributions of quantum codes!?®!). The proof in
Ref. [21] may be translated into our language correctly, but the
translation is not completely trivial.

4. Quantum MDS codes and the weight distribu-
tions

Let Q be an ((n,K)), quantum code and P : C7' —
Q the orthogonal projection. The weight distributions
{(B:,B;")|0 <t < n} of Q and the double weight distributions
{(Ci.j,Ci5)10 < i, j < n} of Q are defined by

% Y Tr(e'P)Tr(eP),

ecg,
wt(e)=t

Y Ti(e'PeP), (31)
ec&,

wt(e)=t

Y Tr(e'P)Tr(eP),
ecé,
wt, (e)=i
WtZ (e):j

B[:

C,#:l Y Tr(e'Pep). (32)
ec&,
wty (e)=i
Wtz(e):j

Correspondingly, the weight enumerators B(X,Y),B*(X,Y)
of Q and the double weight enumerators C(X,Y,Z,W),
CL(X,Y,Z,W) of Q are defined by

< B‘LX}’lfiYi.
E i )
i=0

B(X.Y)=Y BX"Y', B (X,)Y)=
i=0

n
=Y Gx"Y'ZIW,
i,j=0

C(X,Y,Z,W)

n
Y chxriyizIwd
ij=0

CH(X,Y,Z,W)=

Since for any error operator e € &£,, the weights wt(e), wtx (e),
and wtz(e) can be expressed by the complete weight Comp(e)
(see Egs. (17) and (18)), the weight enumerators B(X,Y),
BY(X,Y),C(X,Y,Z,W), and C*(X,Y,Z,W) can be expressed
in terms of the complete weight enumerators D(z) and D*(2).
The corresponding MacWilliams identities can be derived eas-
ily from Theorem 4 (see Ref. [21]).

The quantum singleton bounds (21) and (22) can be
proved by using linear programming approach, utilizing the
MacWilliams identities of the weight enumerators of quantum
codes described above (see Refs. [14,21,22]). The purpose of
this section is to show that by a careful analysis of the linear
programming approach in the proofs of the quantum singleton
bounds, we can obtain a lot of information on the weight dis-
tributions B;, B} of symmetric quantum MDS codes and the
double weight distributions C; j,C of asymmetric quantum
MBDS codes. These quantum codes attain the quantum single-
ton bounds in inequalities (21) and (22), respectively.

Let us first introduce Krawtchouk polynomials and sum-
marize their properties which play important roles in proving
the quantum singleton bounds.

4.1. The Krawtchouk polynomials

For any real number ¥ > 0, integers 0 < x < n, define the
Y-Krawtchouk polynomial

rer()65) e

These polynomials have the generating function

ZPxn}/

and satisfy the following properties for any 0 < r,s < n:

Py(r;n,y) _ Po(s;n,y)
= L (34)
7 (5) 7 (7)

¥ 7 () pnnntnn - ey () s, o

Pi(x;n,y) =

(I+7y2)"*(1—2)*

Here ;. is the Kronecker symbol given by 8, = 1 if r =,
and 6,;, =0ifr #£s.

Let us also recall a property which plays important roles
in proving the quantum singleton bounds.
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Lemmal Let1 <d <nand

(1+y)rdt! f[ (1 - j) .

j=d

Alx) =

Then
n
X) = Z ;P (x;n,y)
i=0

where the coefficients are given by

o = ai(d) = (;:i)/(n_gﬂ) (36)

4.2. Weight distributions of symmetric quantum MDS
codes

We follow the approach of Ref. [14] in proving the quan-
tum singleton bound (21) but do a much more careful analysis
for quantum codes that attain the bound.

Let Q be an ((n,K,d)), quantum code. Let B, B;* be the
weight distributions. It is known that they satisfy the following
properties (see Ref. [14], Theorem 3):

(i) BF > B, >0for0<t<n,and By =B = 1.

(i1) The minimum distance d is the largest integer such
that B, = B} for any ¢ < d.

Let y = ¢*> — 1. The MacWilliams identities between the
weight enumerators B(X,Y),B*(X,Y) imply that!!42]

Bt:

7K L Al 1By (37)

Consider the polynomial A(x) given by

A(x) = (1+4p) 4t ]Hi (1 - ’;) .

It is known by Lemma 1 that

n
x) =Y &P(xn,y), (38)
i=0
where the coefficients o; are given by Eq. (36). It is easy to
see
>0:0<x<d-1;
A(x){:o:dgxgn, (39)
>0:0<i<n—-d+1;
a’{:O:i>n—d+l. (40)
Since B; > 0 for any i, we have
d—1 n
I'KY B <q'KY aB;:=T. (41)

i=0 i=0
By using Eqgs. (37) and (38), we can obtain

T=Y oY P(jny)Bf =

i=0  j=0 j=0

Then using Eq. (39) and Property (ii) listed above, we find that
T can be further simplified to

T= ZA (i)Bj- =

ZA

Thus we have

d—1 d—1
d'KY B <Y A(i)B;
i=0 i=0
and hence

d—1 4 .
A(i)B; A
q'K < ):idol(l)B < o max 1{0(;) :A(i)oB; > O} .(42)
i=0 ibi Sisa- i

Letr; =A(i)/a; for 0 <i < d— 1. Noting that By = 1 and

- —i—d+1
hi :u>1 if
Fit1 d—i—1

n+2>2d,

we find that r; is strictly decreasing for 0 <i < d —1 and
ro = (14 7)"=4+1 = 22442 _thys we have

nK < q2n—2d+2

q = log, K <n—2d+2.

This is the quantum singleton bound (21).

Now suppose that Q is a symmetric quantum MDS codes,
=n—2d + 2. Then both the inequalities (41)
and (42) must become equalities. Using Eq. (40), we find that

ie., k:= loqu

Eq. (41) becomes an identity if and only if
Bi=0 foranyd<i<n—d+]1,
and Eq. (42) becomes an identity if and only if

Y 1A() _A(0)
Z, 006, i o

_ 2n—=2d+2
- ’

and this happens if and only if
Bi=0 forany 1<i<d-1.

Therefore, we have

Theorem 5 Let Q be an ((n,K,d)), symmetric quantum
MDS codes, i.e., k = loqu =n—2d +2. Then the weight
distributions B;, B (0 < t < n) satisfy

(1) By=By =1,

2)B;=0for1<i<n—d+1,

(3)Bf=0for1 <i<d-—1.

It is easy to see that Theorem 5 together with the
MacWilliams identities (37) completely determines the weight
distributions B,,B,l of the quantum MDS codes Q.

Theorem 6 Let Q be an ((n,K,d)), symmetric quantum
MDS codes, i.e., k =log, K =n—2d+2. Then the weight dis-

tributions B of Q are given by By = 1,B; =0for 1 <i<d,
and
1—d
[t .
BL_ (n) (_1)]<.> (qz(zﬂfdf,)_l)?
Vd <t <n. (43)
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Proof of Theorem 6 This is almost obvious, for the sake
of completeness, we give a proof here. The MacWilliams iden-
tities (37) are equivalent to (see Ref. [30], Theorem 7.2.3)

= (n—i n K v Vo ‘m—i
Z( . )Bi :y(Y‘H) Z(v_l)Bh Y0 <v<n.

i=0 i=0

Using Theorem 5 and noting y = ¢ — 1, we have
' (”_ i)B,-l _ <q2(n—d—v+1) _ 1) (”),
i=a \ Y v

The desired conclusion follows from the fact that the above

nol

system of equations has a unique solution if it is solvable (see
Ref. [30], Theorem 7.3.1), and the B,J-’s given in Theorem 6 is
a solution.

Remark 2 We notice that Theorem 6 was recently proved
(see Ref. [23], Theorem 9), based on a clever use of Rains’
unitary weight distributions of the quantum codes Q and the
fact that quantum MDS codes are always pure. Here we give
a completely different proof based on linear programming ap-
proach and the MacWilliams identities.

Remark 3 Quantum MDS codes got a lot of attention
early, including the purity of quantum MDS codes derived
by Rains*?! and [[n,n — 2d +2,d]], codes by Grassl et al.!*!
In particular, Grassl and Beth proved that these codes exist
forall 3<n<gand1<d<n/2+1, and also presented
quantum MDS codes with parameters [[¢*,¢° — 2d + 2,d]],
for 1 < d < g which additionally give rise to shortened codes
l4*—s,¢* —2d +2—
that a nontrivial MDS stabilizer code satisfies constraints on

s,d]], for some 5. Ketkar et al. showed

the length and minimal distance.>>! The research on the con-
struction of quantum MDS codes with new parameters has
been quite active in the past ten years, which resulted in
a large body of references in the literature. For example,
Refs. [36-48] provided explicit constructions of many new
families of quantum MDS codes, whose weight distribution
would satisfy Theorems 5 and 6. Quantum MDS codes from
constacyclic codes!**~°! and repeated-root cyclic codes!=>3
are also presented. Here Theorems 5 and 6 apply to all quan-
tum MDS codes, including those which are not quantum sta-

bilizer codes.

4.3. Double weight distributions of asymmetric quantum
MDS codes

Similar to the above description, we follow the approach
of Hu et al. (Ref. [21], Theorem 1) to prove the quantum sin-
gleton bound (22) but do a more careful analysis for asymmet-
ric quantum MDS codes.

Let Q be an ((n,K,d./d)), asymmetric quantum code.
Let C; ;,C;- be the double weight distributions of Q. It is

l]) i,j
known that they satisfy the following properties: >}

(i) G > Cij > 0for 0 <i,j <n,and Cop = Cyy = 1;

(i1) dy, d; are the largest integers satisfying C; ; = Cl-_%j for
any i < d, and j < d,.

Let y =g — 1. The MacWilliams identities between
the weight enumerators C(X,Y,Z,W),C+(X,Y,Z,W) imply
that!?!]

rn}/) o VO < j<n. (44)

rsO

Consider the polynomial A(x) given by

Alry) = (L4 2t T (122
rgx ( r> s=d;

n

(1-3)

It is easy to find from Lemma 1 that

Alx,y) = Z o 3;P:(y;n, Y)Pj(x;n,y), (45)

i,j=0

where the coefficients o, B; are given by

%= (dt:il)/(n—;m)’
B <£_ﬂ>/(n—£+1)'

It is easy to see that

>0:0<x<dy—land0<y<d,—1;
A(xy){ 0:x>dyory>d,, (46)
. >0:0<i<n—d,+1land0< j<n—d,+1;
o, { =0 : otherwise. (47)

Since C; ; > 0 and o;8; > O for any i, j, we have
n
I'KY Y 0BiCii<q"'K) apCij:=T.  (48)
i<dy j<d, i,j=0

By using Egs. (44) and (45), we can obtain

n n

T = Za,ﬁjZPsny (rny) = ZA(r,s)C,%S.

i,j=0 r,s=0 r,s=0

Then using Eq. (46) and property (ii) listed above, we find that
T can be further simplified to

de—1d,—1 de1di—1
T—Z):,A,J = ZZAJ i
i=0 j=0 i=0 j=0

Thus we have
KY Y apic; <Y Y AG.j)Cij,
i<dy j<d; i<dy j<d;
and hence
JK < Yica, Xj<a, Ali, J)Cij
Zi<dx Zj<dZ aiﬁjcl}j

A J)
AL iG> 0% . (49
i<333§d1{ of; (i, )04 B;Ci j } (49)

IN
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Similar to the argument used in the previous subsection (see
also Ref. [21], Proof of Theorem 1), the right-hand side
achieves the maximum ati = j =0 and

A(0,0) AL, ))

oo i,
Y(i, ) # (0,0) with i < dy, j < d..

_ 2n—di—d+2

This immediately shows that
qu < an—dx—dz-&-Z — IquK <n—dy—d.+2.

This is the quantum singleton bound (22).

Now suppose that Q is an asymmetric quantum MDS
K =n—d,—d,+2, then both the inequal-
ities (48) and (49) must become equalities. Using Eq. (47), we

codes,i.e., k:= logq

find that Eq. (47) becomes an identity if and only if

i>dy, 0<j<n—di+1or

Cij=0 lf{jZdz, 0<i<n—d.+1,

and Eq. (19) becomes an identity if and only if

Yica, Lj<a, A, ))Cij _ A(0,0)
Yica, Lj<a, @BiCi; o

and this happens if and only if

_ 2n—di—d 42

)

Cij=0 forany0<i<d,—1,0<;j<d,—1
and (i, j) # (0,0).

Thus, we have
Theorem 7 Let Q be an ((n,K,d./dy)), asymmetric
=n—d;—d;+2. Then
(0 <i,j < n) satisfy

quantum MDS codes, i.e., k = logq
the double weight distributions C; ;, C
(1) Coo =Cyp =1,
2)Cij=0forany0<i<n—d,+1,0<j<n—
and (i, j) # (0,0),
(3)Ci;=0for0<i<d,—1,0<j<d,—1and(i,j) #
(0,0).
It may be interesting to see if the values of the double

de+1

weight distributions C; J,C for other weights of asymmetric
quantum MDS codes ((n,K,d;/d,)), may be determined.
Remark 4 The construction of asymmetric quantum
MBDS codes is also an interesting research problem but it is in
general much more difficult than that of quantum MDS codes.
There are a few references on constructions of asymmetric

quantum MDS codes 436!

whose double weight distribution
would satisfy Theorem 7. It shall be noted that such quantum

MDS codes are also quantum stabilizer codes.

5. New identities for the weight distributions of
quantum codes

In this section we use the MacWilliams identities to de-
rive some new identities for the weight distributions of quan-
tum codes. We first deal with the complete weight distribution.

Theorem 8 Let Q be an ((n,K)), quantum code and Q'
n ((n,K’")), quantum code. Let D¢, Dy and D, D" be their
complete wight distributions respectively. Then we have

K2D? (D4)?
= , 50
Z Cpga ) ; C,,ga(t) 0
KK'D:D), DLD’L
Z Epga(t) Z Epga(t) GD
KDyD}- K'D), Dl
; Cpga t Z Cpga 2)

where the subscript ¢ on both sides of the equations run over
the set X", and {,ga(t) is the multinomial coefficient given by

n n!
at)y=,)==—-,

epgalt) (t> [ece !
Proof Fort € X", from Corollary 1 we have

Vte X", (53)

Dy =

7K ZPt (s;n)DZ.

By using the relation?*!

Ps(t;n) _ P,g(s;n)7 Vst X
Cpga(s)  Lpgalt
we have
KDy _ P (s;n)D Ps(t;n)D
Caal — ¢ 5 G LGRS o9

Given a vector o = (0t5)s Where each @ is complex number
for any s € X", define

a) =) a.P(t:n). (55)
Thus,

KD, _ . Dy
Gea(m T = Li(tn) (qncpga<s> “S) '

Now taking the squared modulus and multiply {,ga(t) on both
sides, and then summing over all £ € X", and taking notice of
the relation?*

Z Cpga

where the subscript ¢ runs over the set £”, and 05, 5, = 1 if

Py, (t;n)Ps, (t;n) = SSl,quZ"Cpga(sl), Vsy,8,€ X",

s; = sp and &, 5, = 01if 51 # so, we can obtain

2
¥ yeatt) |C’;D(ﬂ ~Pt.a)
= e oa(s 7Di — 2
= ;q pga(s) 7T 8a) s

This can be rewritten as
Y] 2
—— KDy ’
t Cpga(t)

— Cpga(t)P(t, o)
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2
—q"Cyga(s)os| . (56)

1 i
RITElL
Let A be any complex number. If we take
AK'D;
Epga(t)’

P(t,o) =

then by Eq. (54) we have
AD-
q"Cpga(s)’

Inserting these values into Eq. (56) we obtain

Os =

1 2
—|KDy — AK'D,
Zt: Cpg“(t) | ¢ t|

-1

2
, VA eC.
s Cpga(s)

|Dy — AD

Taking A = 0 and +1 respectively we obtain the desired results
(50) and (51). As for Eq. (52), we take

lD/J‘
Cpga( )’

then similarly by Corollary 1 we can obtain

P(t,a) =

AK'D,
q"Cpga(s)’

s =

Inserting these values into Eq. (56) we obtain

Zég

KDy — D}

D —AK'D,*, vAeC.

g Cpga(S)
Separately taking A = +1 yields the desired result (52). The
proof of Theorem 8§ is completed.

It is unsurprising that the double weight distributions
Cij, C ; of quantum code Q satisfy similar identities described
in Theorem 8, which we list in the following. The proof is also
similar.

Theorem 9 Let Q be an ((n,K)), quantum code and Q'

n ((n,K’"))4 quantum code. Let C; J,CL and Cl’j,C’L be their
double weight wight distributions, respectively. Then we have

K, (ct)
LT (0Gsal) - Lol

/! / ARy
Zc,,gIZK Cc,,ja Zcpgaq ’Z’,;a() 8

/1 // 1
Zcpgf i cfga "L C’écgl’éu G9)

where the subscripts i, j on both sides of the equations run over
integers from O to n, and {,gd’ (i) is given by

Cogd (i) = (g—1)' ('Z) , Yo<i<n. (60)

Proof Let y=¢g— 1. Recall from Eq. (44) that we have

Cl',.]' -

ZPsn}/) (rn}/) s VO<i,j<n

qu r,s=0

Here P;(s;n,7y) is the Krawtchouk polynomial defined in
Eq. (33). By using the relation (34) we have

KC; _ Z (s;n,7)Pi(r;n y)
Cpga' (i) Cpgd'(7)  Cpsd(i Cpga( )
— Z S(:’LY)/ V(J;na’}/) r.s

L Lped ()G (r)

Given a vector o« = (05,73) rs Where each @, is complex number

for any 0 < r,s < n, define

P(i, ), ZO‘” (i;n, V)P (jsn, 7). 61)
Therefore,
KC; ; .
5 - . _P 1, 7a
Lsd Ged () TS

C B
= LA YR ’”)<qncpga/<r>cpgaf<s> “)

and multiply

Now taking the squared modulus
$pga' (i)C,gd'(j) on both sides, and then summing over all
i, j in integers from O to n, and taking notice of the identity

(35), we can obtain

KC; NG
gd ()8pgd (j) | 71—+~ —P(i,j,a
L e 08 D) | et gay P00
2
CJ_
2n s
=) q7"8ped (r)§y8a —a
= L sl (06 0) | G o)~
This can be rewritten as
1 ) NN
Z Ted )G ()) ‘KCz,] — Cpgd(i)Cpgd (j)P(i, ], (x)’
17]
2
Zm C#v q"Cpgd (r)Cpgd (s) 0| . (62)
P P
Let A be any complex number. Inserting the values
Plij.a) = AK'C] AC:
LJ,0) = o, O = — 2 ;
Cped ()Gpgd (j)" 7 q"Cped (r)Gpgd (s)
/L
P(injaa):%a s = A,K/C;A'S T
Cpgd ()Cpgd () 7 q"Cpgd (r)Cpga(s)

into Eq. (62) and taking A = 0, %1 respectively, we obtain the
desired results (57)—(59). This completes the proof of Theo-
rem 9.

It is conceivable that the weight distributions B;,B;- of
quantum codes Q would satisfy similar identities. For the sake
of simplicity, we do not list the identities here.
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6. Bounds on the complete weight distributions
of quantum codes

The weight distribution and weight enumerators of quan-
tum codes were initially proposed by Shor and Laflamme in
Ref. [9]. The quantum weight enumerators were polynomi-
als with weight distribution as coefficients, and they relate the
weight distributions B, and B;- by the MacWilliams identity.
In the results of Shor and Laflamme, 1) they found a set of lin-
ear equations and inequalities of the weight distributions by
the MacWilliams identity, and proved that these relationships
could be used with linear programming to find bounds on how
good quantum codes can be and to test whether good poten-
tial codes exist. The complete weight distributions contain
information about the weight distributions. Thus the calcu-
lation of the complete weight distributions of quantum codes
is a worthwhile but challenging problem, just like the classical
case. Related research can be referred to Ref. [9].

However, direct calculations are often complicated. We
want to narrow down the value of complete weight distribu-
tion by a special method. For the classical linear code C, the
complete weight distributions A¢ and A;- count the number of
codewords of pattern ¢ from C and its dual code C*, respec-
tively. While the quantities A¢, Ay are difficult to compute
explicitly for general linear codes, estimates of these quanti-
ties were obtained in Ref. [24] showing that for a linear code
C, when the dual code C' satisfies certain conditions, then
Ay is close to a specified quantity with errors explicitly up-
per bounded in terms of parameters of the code. It is known
that such behavior of A, is typical of random codes. Here
we prove that a similar phenomenon holds for quantum codes,
which may give estimates of the complete weight distributions
Dy and Dy . Recall that o = Comp(I) where I = XoZ € £.

Theorem 10 Let Q be an ((n,K,d)), quantum code. De-

fine
TQ):={teX"\{to}|Ds >0}.

Let o > 0 be a constant. Suppose that, for any ¢ = (#y)yxeg €
T(Q), we have

’tx—q72n| <ov/n, VYxcé&. (63)

If n > (20g°)?
DY satisfies

, then for any s € X", the weight distribution

D, —Gpga(s)Kq ™"

_ Gysa(s)' 2 Qn) VA
= qqz/z

1 4
X exp (2a2q2(q2 —-1)+ TP + 2({4”> . (64)

Here for any s € X", {,ga(s) is the multinomial coefficient
defined in Eq. (53).

Remark 5 When the dimension K is close to ¢", and
the component s, of the vector s € X" is close to ¢ >n for
any x € &, then the term on the right side of Eq. (64) is much
smaller in magnitude than the term §,ga(s)Kq™" on the left,
hence under the assumption (63), the complete weight distri-
bution D is close to the quantity {,ga(s)Kg~". Theorem 10
can be considered as a “quantum analogue” of Chan and Xiong
(Ref. [24], Theorem 2) where a similar result on the complete
weight distribution of classical linear codes was obtained.

Remark 6 The set 7(Q) can be characterized easily as
follows: by Eq. (25), we see that D; > 0 if and only if there
is an e € &, with Comp(e) = ¢ such that Tr (¢"P) Tr (eP) # 0,
which is equivalent to Tr (eP) # 0.

Proof Plugging the values

os =Kqg " Vs€ X" P(t,a) = K84,

into both sides of Eq. (56), and noting that Dy, = 1, we obtain
the identity

K?D? Z C,,ga(s)Kq_”)Z.

t2t, Cpga S C;ga(s)

Denoting
{pga” = min{Cyga(t) : Dy # 0},
t#t

then we have
1
Cpga( )

e TP p (ZDt)z'

Using Y, Dy = ¢"K~
(replace g by ¢ in Ref. [24], Theorem 4)
q

— g Cexp( 402 (P — 1)+ - L
$pgar 2402 12n)’

we obtain the desired result.

(s~ cpga<s>1<q-")2

1141 and the bound of {,ga* given by

2n P-1
<(27n) 7

We can find a similar result for the double weight distri-
bution of quantum codes.

Theorem 11 Let Q be an ((n,K,d)), quantum code. For
any e € £, define

D(Q) = {(i,)I0 <i,j <n,(i,j) #(0,0) and C;;>0}.

Let @ > 0 be a constant. Suppose that, for any (¢1,1,) € D(Q),
the components #1,#, satisfy

b~ (1—g7")n| < ava,

Then for any 0 < r,s < n, the double weight distribution C,{
satisfies

Crs - Cpga/(r) Cpga/(s)inn

1/2 2,2
< Gpgd (025 () (2”") exp (“"1+ ) (66)
q q

fork=1,2. (65)
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Here the terms {,gd’(r), §,gd' (s) are defined in Eq. (60).

Remark 7 Again in Eq. (66), when the dimension K is
close to ¢", and the components r,s are not too large or both
small in values so that {,ga’(r){,gd’ (s) is relatively large, then
the term on the right side of Eq. (66) is much smaller in mag-
nitude than the term {,ga’(r)§,gd'(s)Kg™" on the left, hence
under the assumption (65), the double complete weight distri-
bution C;; is close to the quantity {,gd’(r){,gd’(s)Kg™". The
set D(Q)' can be characterized as follows: similar to Eq. (25),
we see that C;; > 0 if and only if there is an e € &, with
wt, (e) = i,wt,(e) = j such that Tr (e"P) Tr(eP) # 0, which
is equivalent to Tr (eP) # 0.

Proof Plugging the values

0y =Kqg 2" Y0O<rs<n, P(i,j,a)=K80d;o,

into both sides of Eq. (62), and noting that Cy o = 1, we obtain
the identity
K>C;

g’ Cpga' (i)Cpga' ()

2
(€~ Gped ()6pa' (NKg ™)
Denoting

min {G,8d/ ()5 (j) : Coj # 0},

a** —
St (i,)#(0.0)

then we have
1
Cpga (r)Cpgd (s)

K 2 / / K? :
< X < Gl G 0 (R6)
Cpga ij W ! Cpga ; "

(C#s —§pgd'(s) gpga/(r)inn)z

Using ¥, ;Cij = ¢"K~'*! and the bound of {,ga** given by
(see Ref. [57], Lemma 3.2)

20%¢°

, a)

g—1 3n

we obtain the desired result.
We remark that, while the conditions (63) and (65) look

quite restrictive for quantum codes Q, in the next section we

q2n

Cpga**

< (27n)q 'exp (

show that a large family of quantum stabilizer codes obtained
by the Hermitian construction from primitive narrow-sense
BCH codes satisfy these conditions.

7. The complete weight distributions of quan-
tum BCH codes

Classical BCH codes are one of the most important
classes of cyclic codes used in practice due to their good na-
ture. BCH codes containing their (Euclidean or Hermitian)
dual codes can be used to construct a family of quantum sta-
bilizer codes named quantum BCH codes.P85 In Ref. [25],

Ketkar et al. introduced non-binary quantum BCH codes from
narrow-sense primitive BCH codes, puncturing BCH codes
and extending BCH codes. Some earlier studies can be seen
in Refs. [1,60,61]. The construction methods were derived in
Refs. [62,63] for quantum convolutional BCH codes. Lai et
al. gave the MacWilliams identity for quantum convolutional
codes, which applies to quantum convolutional BCH codes.
In addition, the weight distribution of quantum BCH codes
under Hermitian construction is closely related to that of clas-
sical BCH codes.[%*! The weight distribution of classical BCH
code has also been studied in Refs. [65,66]. In 2019, estimates
of the complete weight distribution for classical linear codes
were obtained in Ref. [24] and it was proved that they were
satisfied by classical BCH codes. In this section, we show that
the conditions (63) and (65) are satisfied by quantum BCH
codes.

7.1. Hermitian construction of quantum stabilizer codes

Quantum stabilizer codes may be constructed from Her-
mitian self-orthogonal codes over F ». Interested readers may
see the review!>! for more details.

For any @« = (x1,...,%,),Yy = (¥1,---,n) € IFZZ, the Her-
mitian inner product (x,y),, is defined as

n
<$7y>h = Z-xlyi‘
i=1
Here we denote X = x9.
Let C be an [n, k]| 2 linear code (linear over FF ). The Her-
mitian dual of C is given by

ch={¢ €F|(c,c)p=0 Ve e Cl.

Suppose that C is Hermitian self-orthogonal, that is, C C C1#.
The Hermitian construction/?! shows how C can be used to
construct a quantum stabilizer code Q C C?". It is known that
dimQ = 2k —n. The complete weight distributions of Q are
closely related to those of the codes C and C+. To be more
precise, we need some notations.

First, let (8, 8) be a normal basis of IF > over IFy. Via the
1-1 map ¢ : Ffi — F > given by (a|b) — a8 + b, we identify
> with the set £.

Next, the complete weight of ¢ = (cy,...,c,) € IF’;Z is
defined in the usual way: for any x € F,», r(c) denotes the
number of components of ¢ which are equal to x, that is,
re(e) =#{1 <i <n|c; = x}. The complete weight of ¢ is then
given by the vector

Comp(c) = (rx(c))xquz'

It is known that the complete weight distributions of Q are
nothing but the classical complete weight distributions in-
duced by C and C*#.1?!l That is, for any ¢ € X",

Dy =#{c e C|Comp(c) =1},
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Dy = #{c € | Comp(c) = t}.

The double weight distributions of Q are also related to those
of C and C by using the relation (20).

7.2. Primitive narrow-sense BCH codes

Classical BCH codes are one of the most important
classes of cyclic codes used in practice. Recall that a cyclic
code C of length n over F, with ¢ elements and ged(n,q) = 1
is called a BCH code with designed distance 0 > 0 if its gen-
erator polynomial is of the form

gx)=[[x=B%), Z=CoU---UCpi55. (67

€2

Here Cy = {xg’ (mod n)|j € Z} denotes the g-cyclotomic
coset of x modulo n, f is a primitive n-th root of unity in some
extension of IF,. It is called narrow-sense if » = 1, and primi-
tive if n = ¢ — 1 for some positive integer m.

Primitive narrow-sense BCH codes over qu can be used
to construct quantum stabilizer codes because of the following
result: (7]

Lemma 2 Let C be a primitive, narrow-sense BCH code
of length n = ¢*™ — 1 over F,» with m > 2. Then ctr c Cif

and only if its designed distance § satisfies
8 < Smax =" — 1= (¢* — 1) Ap.
Here A,, = 1 if m is even, and A4,, = 0 if m is odd.
7.3. Quantum stabilizer codes from primitive narrow-

sense BCH codes

Let C be a primitive, narrow-sense BCH code of length
n=q"" — 1 over F > with m > 2. Assume that the design dis-
tance 0 > 2 satisfies

8 < Smax = ¢" M — 1 (¢% — 1) Ay

Lemma 2 implies that C# C C. Let Q be the quantum stabi-
lizer code obtained from C and C-#. Then the complete weight
distributions of Q are given by

Dy = #{c € i |Comp(c) = t} ,
Dy = #{c€ C|Comp(c) =t}.
Now we verify that the complete weight distribution Dy of the
code Q satisfies the condition (63).
The generator polynomial of C is g(x) given by Eq. (67)

where b = 1 and f is a primitive element of Fjon. Let us as-
sume that g(x) is of the form

t
glx) = Za,-x’, a; € F o Vi,
i=0

then the parity-check polynomial of C*# can be given explic-

itly as®7]
t
g =) a",
i=0
that is,
g =TT (x-B").
€2

Thus, the values f forz € Z=C;U---UCs_; are the nonze-
ros of C. Since each ¢>-cyclotomic coset C, corresponds to
one irreducible polynomial over F 2, by the well-known Del-
sartes theorem!?868] we have

-1 _,\\"!
cltn = { (Tr]qu’n/qu ( Z a;p ]>) ‘ ai € F pom Vi}. (68)

i=1 j=0
Here TrquM /Fp denotes the standard trace map from F > to
Fg.
Lemma 3 The code C satisfies the following property:
forany b € F > and any c € C*n\ {0}, we have

‘rb(c) —cfzn’ < (1 —qu) (6 —1)v/n.
Proof According to Eq. (68), let a = (ay,...,as_1) €
]Fj{ ! be a nonzero vector corresponding to the codeword

ccCth Forany b € F 2, we want to count
=l
rp(c) _#{OS] <n-—-1 ‘ TrFqu/]qu <,§{ a;p > _b}.

Since as j runs over integers from 0 to n — 1, the elements B‘]
runs over the set FZM :=F,n \ {0}, we have

6—-1
TI']qum/qu ( Z a,-x’) = b} — 50_]1,.

}’b(C) = #{X € Fq2m
i=1

Let f(x) = Z?;ll a;x'. We can obtain

rp(c) = Z - Z CPTr"z/”{t(iﬂTrqzm/‘lz f(x))} — 80.b-

2
xG]qum 4q IGqu

The term corresponding to t = 0 is ¢*"/q* = (n+1)/¢>.
Hence we have

1 —th n+1
r;,(c) =~ Z ngqu/p( 1b) Z CpTqum/p(ff(x)) + - 50").
q te]F:;2 x€F o q

The Weil bound yields!®°]

Z CpTrqzm/p(tf(x)) < (5 . 2)qm _ (5 B Z)W

XG]qum

Thus we have

1

¢ —
2

1
2 (5-2)Vat T+ <1 - qz)
< (1-¢7) -1V

This proves Lemma 3.

Iry(c) —q *n| <
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In conclusion, we can summarize the complete weight
distributions of quantum BCH codes as follows.

Theorem 12 Let C be a primitive, narrow-sense BCH
code of length n = ¢*" — 1 over F,» with m > 2 and the de-
signed distance J satisfies 2 < § < Opax = qm“m —1—(¢*—
1)A,y. Then Ct+ C C. Let Q be the quantum stabilizer code
obtained from C by the Hermitian construction. Then the com-
plete weight distributions of Q satisfy Theorem 10 with the
constant

a=(1—g ) (5-1).

Remark 8 By using the relation (20), it is easy
to see that the double weight distributions of Q also sat-
isfy the condition (65) with the constant o given by o =
(1—¢7") (1-=g7%)4*(8 — 1), so Theorem 11 is also satisfied
by this quantum BCH code for this value o. We omit the de-
tails.

8. Conclusion

In summary, we have extended a previous study on the
complete weight distributions of quantum codes and obtained
several new results: (1) We provide a new proof of the
MacWilliams identities for the complete weight distributions
of quantum codes. (2) We use linear programming methods
to obtain new information about the weight distributions of
quantum MDS codes and the double weight distributions of
asymmetric quantum MDS codes. (3) We establish new iden-
tities concerning the complete weight distributions of two dis-
tinct quantum codes. (4) We provide estimates of the complete
weight distributions of quantum codes under special condi-
tions. (5) We study quantum BCH codes obtained by the Her-
mitian construction from primitive, narrow-sense BCH codes
and show that they satisfy these special conditions.

Here we list two open questions we encountered when
this paper was written.

(i) We can only partially determine the double weight dis-
tributions of asymmetric quantum MDS codes. Can these dou-
ble weight distributions be determined completely in general,
or to what extent they may be determined?

(i) Quantum BCH codes can be constructed from the
CSS construction by primitive, narrow-sense BCH codes of
relatively small designed distance. What are the properties of
their complete weight distributions? The only thing we know
is that they do not satisfy the special condition (63) and hence
Theorem 10 does not apply.
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