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In view of the difficulty in calculating the atomic structure parameters of high-Z elements, the Hartree–Fock with
relativistic corrections (HFR) theory in combination with the ridge regression (RR) algorithm rather than the Cowan code’s
least squares fitting (LSF) method is proposed and applied. By analyzing the energy level structure parameters of the HFR
theory and using the fitting experimental energy level extrapolation method, some excited state energy levels of the Yb I
(Z = 70) atom including the 4f open shell are calculated. The advantages of the ridge regression algorithm are demonstrated
by comparing it with Cowan code’s LSF results. In addition, the results obtained by the new method are compared with the
experimental results and other theoretical results to demonstrate the reliability and accuracy of our approach.
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1. Introduction
The atomic structure data (energy levels, transition prob-

abilities, radiative lifetimes, hyperfine structure constants, the
Landé g-factors, isotope shifts data) of high-Z atoms play
fundamental and critical roles in atomic physics. Accurately
measuring or calculating these characteristics has great sig-
nificance for the understanding of atomic structure and their
ionic states and the applications in some technical fields, such
as biological imaging,[1] medical diagnosis,[2] atomic optical
clocks,[3] etc.

In recent years, with the development of photoionization
detection technology, substantial progress has been made in
the spectral analysis of complex atomic systems.[4–11] How-
ever, from the National Institute of Standards and Technology
(NIST) Atomic Spectra Database, there is no systematic exper-
imental data for high-Z elements, especially lanthanides and
actinides.[12] On the one hand, the high cost of sample prepa-
ration and high radioactivity bring much inconvenience in the
experimental measurement. On the other hand, with the in-
crease of atomic number, complex electron correlation effects
and relativistic effects bring a high computational cost, which
is the major obstacle to calculating the parameters of complex
atomic systems theoretically in fundamental research.

When dealing with a large amount of experimental data,
it is appropriate to use machine learning for data mining and
modeling research instead of expressing physical equations
explicitly in the traditional scientific paradigm. Therefore,
data-driven methods are a good way to obtain more atomic
structure data and improve the accuracy of high-Z atomic data,
avoiding expensive ab initio calculations. Nowadays, widely

used atomic structure packages can be divided into two cat-
egories. The first category includes programs that use non-
relativistic with relativistic corrections methods. For exam-
ple, the Cowan code[13] developed by Cowan in 1968 was
rather primitive, which adopted the single-configuration ra-
dial wave function Hartree–Fock (HF) method. There are also
ATSP2K[14] developed by Fischer et al. in 2007 using a non-
relativistic multiconfiguration HF (MCHF) method, CIV3[15]

developed by Hibbert, etc. The second category of ab initio
packages employ the Dirac equation that considers relativis-
tic effects into account, including the GRASP2K[16] ab initio
package that adopted the multiconfiguration Dirac–Hartree–
Fock method published by Grant et al. in 2013; the FAC[17]

program with many-body perturbation theory developed by
Gu; the MDFGME[18–20] program applys the multiconfigura-
tion Dirac–Fock matrix element method by Desclaux’s group,
etc.

The packages using the multiconfiguration Hartree–Fock
method, e.g., ATSP2K, GRASP2K, etc. are preferable in cal-
culating the low-lying states of light elements. However, for
elements containing nd and nf electrons, these codes are the
same or even less accurate than Cowan code. A major rea-
son is the Cowan code performs semi-empirical approach with
parametric fitting, the least squares method was adopted to fit
the ab initio calculation results and the existing experimental
data by an iterative procedure. As a result, many effects are
incorporated into the ab initio calculation, such as core polar-
ization effects, the relativistic and electron correlation effects.
The semi-empirical method has been widely used because of
its advantages, including a relatively simple calculation model
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and absolute convergence of the iterative process, significantly
improving the calculation accuracy. In 1996, Uylings and co-
workers[21] proposed applying the orthogonal operator method
in spectral analysis. The orthogonal operator method can be
considered an extension and improvement of the traditional
least squares fitting (LSF) method, introducing many small
parameters to account for specific interactions. The orthog-
onal operator method has many advantages. It uses the non-
relativistic approximation with relativistic corrections as a per-
turbation method, the same as the Cowan code. In addition,
small second-order interactions is also considered in the or-
thogonal operator method. However, the orthogonal operator
method is only applicable to the dn, dnl, dnlnl2, and f2 config-
urations so far; for fn configurations with n> 2, the method re-
mains to be developed. Since 1990, the Cowan code has been
cited approximately 150 times per year, covering 58 research
categories ranging from optics, atomic physics, solid state
physics, astronomy, chemistry to nuclear physics.[22] Among
them, his contribution to the calculation of the spectra of tran-
sition elements, including lanthanides and actinides is partic-
ularly outstanding. Liggins et al.[23] used Cowan code calcu-
lated transition probabilities for parity-forbidden Mn II lines
and the mean absolute error (MAE) between computed and
experimental levels is 241 cm−1. Saloman and his co-works
reported neutral vanadium[24] and singly ionized vanadium[25]

energy levels. Parametric calculations of the free ion spec-
trum of Er IV have been performed using the Cowan codes by
Chikh et al.,[26] has led to the determination of 168 new en-
ergy levels in Er IV, in addition to the 120 previously known
ones. Inspired by the Cowan code, if the current state-of-the-
art data-driven machine learning (ML) method is integrated
into the calculation of atomic structure parameters, the accu-
racy of the current atomic structure calculation program can
be improved.

Ytterbium (Z = 70) is one of the typical lanthanide ele-
ments, and its neutral atom ground state is 4f146s2 1S0. Two
energy level systems are generated about the neutral Yb ex-
cited states: The 4f14nln′l′ configuration excited by 6s shell
electrons and the 4f13nln′l′n′′l′′ configuration level system ex-
cited by 4 f shell electrons. Yb I has been recognized by some
groups as an excellent atomic optical clock candidate because
of its narrow 4f146s2 1S0 → 4f146s6p 3P0 transition.[27] En-
ergy levels and Landé g-factors, as the most basic features of
atomic structure spectroscopy, have been studied for a long
time. King has measured the spectrum of neutral Yb atoms
using an electric furnace in 1931.[28] Meggers and his col-
leagues studied atomic spectra of rare earth elements, report-
ing the wavelengths and estimated intensities of 1791 lines of
neutral ytterbium in the region from 2155 Å to 31308 Å.[29]

Recently, using microwave and radio frequency resonance
methods, Niyaz et al. observed the transition of ytterbium

from 6s(n+ 3)d 1D2 → 6snl, 4 ≤ l ≤ 6.[30] Besides experi-
mental observations, many groups have developed new the-
oretical methods to calculate the structural parameters of Yb
atoms. Ternovsky et al.[31] applied the method of relativis-
tic many-body perturbation and the Dirac–Kohn–Sham zeroth
approximation combined with the generalized relativistic en-
ergy method , and calculated the energy and width of the
self-ionizing resonance of 4f147s6p, 4f13[2F7/2]6s2np[5/2]2,
4f13[7F7/2]6s2nf[5/2]2. Dzuba and Flambaum[32] developed
and used an efficient version of the multi-electron configu-
ration interaction method, the fast configuration–interaction
method (FCI), to calculate energy levels of some low-lying
states of ytterbium.

In this work, we further develop a more efficient data-
driven method that uses the ridge regression (RR) algorithm
to replace the Cowan code’s LSF method. Taking the relative
energy levels of the Yb I atom as an example, we calculate the
energy levels for the partially excited states of the 6s shell and
4f shell. The results from the LSF method and the RR algo-
rithm are compared with the experimental values, illustrating
the advantages of the RR model in extrapolative prediction.
In addition, the HFR theory in combination with the RR al-
gorithm was used to calculate the energy levels and Landé g-
factors of some highly excited states of the Yb I atom, and
reliable results were obtained.

2. Calculation methods
2.1. Ridge regression algorithm

Ridge regression[33] is an improved linear regression al-
gorithm. Unlike the unbiased estimation of linear regression,
ridge regression acts more like an orthogonal system by adding
a small positive quantity, which is more practical and reliable.

For a given dataset 𝒟, as shown in the following equation,

𝒟=
{(

𝑥(1),y(1)
)
,
(
𝑥(2),y(2)

)
, . . . ,

(
𝑥(i),y(i)

)
, . . . ,

(
𝑥(m),y(m)

)}
,

(1)

where m represents the size of the input dataset; 𝑥(i) represents
a set of input data, y(i) is the true values corresponding to the
sample 𝑥(i), and then start building a linear regression model
to make predictions

hθ (𝑥) = θ0 +θ1x1 +θ2x2 + · · ·+θnxn, (2)

where θi represents the model parameters of linear regression
and xi represents input data. For convenience, x0 = 1 is in-
troduced. For each set of input data 𝑥(i), the ultimate goal is
to make the predicted value hθ

(
𝑥(i)
)

as close as possible to

the true value y(i). To solve this problem, we define the loss
function J(θ).

For least squares linear regression, its loss function is

J (θ) =
m

∑
i=1

(
hθ

(
𝑥(i)
)
− y(i)

)2
. (3)
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Using L2 regularization, the loss function should be mod-
ified as

J (θ) =
m

∑
i=1

(
hθ

(
𝑥(i)
)
− y(i)

)2
+λ

n

∑
j=0

θ
2
j , (4)

where λ is the regularization coefficient, which is generally
related to specific problems such as training data and applica-
tion scenarios, it is necessary to find a better option through
tuning parameters. Using the L2 regularized ridge regression
model, taking into account the coefficient θ j in the prediction
function hθ (𝑥

(i)), it serves as a penalty mechanism to prevent
overfitting of the lines.

2.2. HFR methods

The HFR method combined with the RR algorithm opti-
mizes the Slater radial integral parameters to minimize the av-
erage deviation between the calculated energy levels and the
selected experimental values. Thus, the required calculated
energy levels are obtained. For an atomic system with nuclear
charge number Z0 and electron number N, in atomic units, the
Hamiltonian is

𝐻 =−∑
i

∇
2
i −∑

i

2Z0

ri
+∑

i> j
∑

j

2
ri j

+∑
i

ζi (ri) 𝑙i𝑠i, (5)

where ri = |𝑟i| is the distance of the i-th electron from the
nucleus, ri j =

∣∣𝑟i −𝑟 j
∣∣ is the distance between the i-th and

j-th electrons, and the summation over i > j is over all pairs
of electrons. The first term of the Hamiltonian represents the
kinetic energy term of the electron, the second term is the po-
tential energy term of the Coulomb interaction between the
nucleus and the electron, the third term is the representation of
Coulomb energy term between the electron and the electron,
and the final term is the spin–orbit interaction term introduced
by the relativistic correction. The proportionality factor ζi (ri)

mostly use the expression

ζ (r) =
h̄2

2m2c2
1
r

(
dV
dr

)
for a central field potential V (r) =−qNe/r.

The fitting calculation method is based on the Slater–
Condon theory, which expands the unknown atomic wave
function ψn with a set of known orthonormalized basis func-
tions ϕb (calculated using Hartree–Fock or several more ap-
proximate methods),

ψn = ∑
b

yn
bϕb. (6)

The atomic wave function ψn and the energy En of the atom is
obtained by solving the matrix equation: 𝐻𝑌 n = 𝐸n𝑌 n for
every stationary quantum state n of interest.

According to the Slater–Condon theory[34] used
by the HFR method, for the single configuration

with the electron occupation number wi of the orbital
nili,(n1l1)

w1 (n2l2)
w2 · · ·(nqlq)

wq , its Hamiltonian matrix el-
ement is

𝐻ab = δabEav +
q

∑
j=1

[
∑
k>0

( fk (l jl j))ab Fk (l jl j)+(d j)ab ζ j

]

+
q−1

∑
i=1

q

∑
j=i+1

[
∑
k>0

( fk (lil j))ab Fk (lil j)+∑
k
(gk (lil j))ab Gk (lil j)

]
×
(∣∣li − l j

∣∣≤ k ≤ li + l j
)
, (7)

where Eav is the configuration average energy, Fk (l jl j) is the
Slater direct integral between equivalent electrons, Fk (lil j)

is the Slater direct integral between non-equivalent elec-
trons, Gk (lil j) is the Slater exchange integral between non-
equivalent electrons, ζ j is the radial integral related to the
spin–orbit interaction. The fk, gk, and d j are the angular co-
efficients of the radial integrals Fk, Gk, and ζ j, respectively.
Electrostatic and spin–orbit interaction parameters Fk, Gk, and
ζ j are defined in terms of the radial portion of a single-electron
wave function R(r) as the following equations

Fk (lil j) =
∫

∞

0

∫
∞

0

2rk
<

rk+1
>

×Ri (r1)R j (r2)Ri (r1)R j (r2)r2
1r2

2 dr1 dr2, (8)

Gk (lil j) =
∫

∞

0

∫
∞

0

2rk
<

rk+1
>

×Ri (r1)R j (r2)Ri (r2)R j (r1)r2
1r2

2 dr1 dr2, (9)

ζ j =
α2

2

∫
∞

0

1
r

(
dV
dr

)∣∣R j(r)
∣∣2 dr. (10)

In the HFR method, the single-electron radial wave func-
tion for each specified electron configurations is first calcu-
lated using Hartree–Fock or several more approximate meth-
ods. Next, Eav and the Slater radial integrals for each con-
figuration are calculated. Then, an energy matrix is set up
for each possible value of J, and each matrix is diagonalized
to obtain eigenvalues (energy levels) and eigenvectors. Fur-
thermore, relativistic corrections are limited to calculations of
mass velocity and Darwin corrections. The effects not consid-
ered in ab initio’s calculations are put into the ridge regression
algorithm by treating the integral term in Eq. (7) as variable
parameters. Our problem finally is to minimize the loss func-
tion

R(xl) = ∑
i

(
E i −T i)2

+λ ∑
l

x2
l , (11)

where E i and T i are the calculated values of HFR method and
experimental energy level, respectively, x2

l is the square of ra-
dial integral value. We denote the various energy parameters(
Eav,Fk,Gk,ζ j

)
by the symbols xl , and λ is the regulariza-

tion coefficient. The various energy parameters are generally
considered empirically adjustable quantities determined by the
ridge regression fitted to the observed energy level.
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3. Results and discussion
In this work, we calculated the relative energy levels and

the Landé g-factor values for some excited states of the Yb I
atom and compared them with the experimental data provided
by NIST. In the calculation, the energy level values are rela-

tive to the ground state energy level [Xe]4f146s2, and sorted

in order from low to high energy levels. Taking the configu-

ration 4f136s26p excited by the 4f subshell as an example, we

analyzed the advantages of the ridge regression algorithm, and

then applied this method to highly excited states.

Table 1. Energy levels (in unit cm−1) from experiment, ab initio calculations, and fitting calculations for Yb I 4f136s26p configuration. The data marked
with asterisks (*) represent the energy levels optimized by the LSF method and the RR algorithm.

Fit I Fit II Fit III

Configuration Term J Expt. Ab initio Cowan code This work Cowan code This work Cowan code This work

4f136s26p (7/2, 1/2) 3 32065.3 32277.2 32065.3* 32122.1* 31654.0* 32065.3* 32069.0* 32069.0*
4 32273.6 32371.3 32273.6* 32216.6* 33456.0* 32273.6* 32280.3* 32280.3*

R1
a 165.0 0.0 56.9 885.2 0.0 5.4 5.4

(7/2, 3/2) 5 35178.8 34455.3 32969.5 34355.9 34772.2* 35165.5* 35134.8* 35134.8*
2 35197.0 34500.5 35023.8 34406.9 34839.4* 35210.3* 35205.4* 35205.4*
3 35807.5 34790.8 33314.0 34690.0 39778.9 35482.9 35789.2* 35789.2*
4 36061.0 34967.0 33471.0 34867.9 40314.2 35747.4 36104.5* 36104.5*

R2 899.9 2111.7 996.7 2922.1 225.9 32.5 32.5
(5/2, 1/2) 3 43213.3 46988.0 43331.2 42537.0 42416.3 42343.4 42343.4

2 42531.9 43321.1 49249.4 43443.7 42196.1* 42531.9* 42521.9* 42521.9*
R3 789.2 6717.5 911.8 335.8 0.0 10.0 10.0

(5/2, 3/2) 3 45833.1 48265.1 46007.1 49006.2 45962.9 46218.5 46218.5
1 44834.6 45122.9 47625.7 45297.5 40650.9 45258.9 44877.6* 44877.6*
4 45497.6 45434.4 47998.0 45610.6 43712.0 45728.3 45473.3* 45473.3*
2 45931.9 45654.2 48044.8 45828.1 48632.9 45776.1 45905.1* 45905.1*

R4 234.0 2483.7 281.6 3054.4 293.0 32.4 32.4

aRn is the root-mean-square error (RMSE), R =

√
∑

N
i

(E i−T i)2

N for each term.

Table 2. Slater parameters (in unit cm−1) from ab initio calculations and fitting calculations for Yb I 4f136s26p configuration, where ζf and ζp are radial
integrals of the spin–orbit interaction for f shell electrons and p shell electrons, respectively. The radial integral F2(fp) represents the contribution to
the Hamiltonian matrix elements of the direct Coulomb interaction between non-equivalent f and p electrons. G2(fp) and G4(fp) are exchange Coulomb
interactions between non-equivalent f and p electrons.

Fit I Fit II Fit III

Parameters Ab initio Cowan code This work Cowan code This work Cowan code This work

Eav 38565.6 39467.2 38565.6 39659.1 38755.0 38796.9 38796.9
ζf 3111.8 4243.5 3190.1 2320.3 2947.7 2903.0 2903.0
ζp 1514.7 625.1 1552.8 1170.4 2141.1 2136.2 2136.2
F2 (fp) 2396.6 2102.2 2396.6 24744.7 2396.6 4474.6 4474.6
G2 (fp) 566.1 6214.3 580.3 6412.3 566.1 1046.8 1046.8
G4 (fp) 500.8 1211.0 513.4 0.0 1715.6 1027.2 1027.2

First, we use Cowan code’s ab initio method to calcu-
late energy levels of the configuration 4f136s26p. The re-
sults of all possible terms are listed in Table 1. To evaluate
the accuracy of the calculations, for each term we introduce

the root mean squared errors (RMSE): R =

√
∑

N
i

(E i−T i)2

N ,
where T i is the experimental energy levels from NIST, E i is
the theoretical levels, and N is the number of energy levels.
The smaller the root mean square errors, the higher the accu-
racy. Clearly, Cowan code’s ab initio method is almost ac-
ceptable. However, it is not highly accurate to identify the
energy levels of lanthanide elements compared to the experi-
mental results, with the RMSE ranging from 165.0 cm−1 to
899.9 cm−1 (Table 1). Such large R is because the inter-
actions between atoms cannot be fully considered in Cowan

code’s ab initio calculation based on the HFR theory. To
compensate for these shortcomings of Cowan code’s ab ini-
tio method, we perform experimental values fitting using
the LSF method and RR algorithms. The radial integrals
(Eav,ζf,ζp,F2(fp),G2(fp),G4(fp)) are considered simply as
adjustable parameters. Those parameter values are determined
empirically to give the best possible fit between the calculated
eigenvalues and the experimental energy levels. With two ex-
perimental energy levels of the state (7/2,1/2)3,4 as fitted en-
ergy levels, we calculate the energy levels of configuration
4f136s26p through Cowan code’s LSF and RR methods, re-
spectively. As shown in fit I of Table 1, Cowan code’s LSF
method can accurately fit the (7/2,1/2)3,4 energy levels, with
R1 of 0. It is a pity that the other energy levels are highly
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inaccurate. The corresponding of R2,R3,R4 is 2111.7 cm−1,
6717.5 cm−1, and 2483.7 cm−1, obviously greater than that
of ab initio, with the value of 899.9 cm−1, 789.2 cm−1, and
234.0 cm−1. It should be stressed that the regularization term
of the RR model limits the Hamiltonian parameters from be-
ing overly modified, resulting in more reasonable energy lev-
els. The R, apart from the term (7/2,1/2), is all smaller than
that of LSF and in good agreement with the results of Cowan
code’s ab initio. As reflected by R, our calculated results sug-
gest that two experimental values cannot effectively improve
the accuracy of energy level calculation. Therefore, five ex-
perimental energy levels are further considered. The resulting
energy levels are displayed in fit II of Table 1. Comparing the
data in fit I of Table 1, the R shows that the increased number
of experimental levels helps optimize parameters and improve
the accuracy of RR methods. The values of R1,R2,R3,R4 indi-
cate that the results obtained from our developed RR method

are optimal. Such evidence confirms that the RR model has
a better generalization ability when experimental data are ab-
sent. The fitted calculation energy levels using Cowan code’s
LSF are wildly inaccurate due to the overfitting caused by the
least squares method. Compared to the fit I of Table 1, the R
is almost unchanged. Considering the number of adjustable
parameters (here is 6), we considered at most 10 experimental
energy levels to minimize the error caused by overfitting. As
expected, the results in fit III of Table 1 reveal that the over-
fitting errors caused by the least squares method have been
minimized when the number of experimental energy levels is
up to 10. In other words, the calculation accuracy has been sat-
urated. Thus, the result of the Cowan code is the same as that
of this work in fit III. Moreover, as shown in fit II and fit III of
Table 1, the variation in R suggests that the RR algorithm can
provide more accurate results than Cowan code’s LSF method
when the observed energy levels are absent.

Table 3. Energy levels (in unit cm−1) from experiment, ab initio calculations, and fitting calculations for Yb I 4f146snl configurations. The data marked
with asterisks (*) represent the energy levels optimized by the LSF method and the RR algorithm.

Fit I Fit II

Configuration Term J Expt. Ab initio Cowan code This work Cowan code This work

4f146s2 1S 0 0.0 0.0 0.0* 0.0* 0.0 0.0
4f146s6p 3P 0 17288.4 11235.3 17269.9* 17288.4* 17288.4* 17288.4*

1 17992.0 11668.9 17930.3 18009.0 17908.8 17908.8
2 19710.4 12626.1 19924.4 20421.9 19710.4* 19710.4*

1P 1 25068.2 26035.3 25132.0* 25068.5* 25068.2* 25068.2*
R1

a 5651.2 116.2 355.8 32.2 32.2
4f145d6s 3D 1 24489.1 20789.3 24489.1* 24489.1* 24489.1* 24489.1*

2 24751.9 21257.1 24780.3 24834.2 24751.9* 24751.9*
3 25270.9 22128.8 27069.3 26865.7 25275.2 25275.2

1D 2 27677.6 27658.7 27677.7* 27678.5* 27677.7* 27677.7*
R2 2990.7 899.3 798.4 2.2 2.2

4f146s7p 3P 0 38090.7 33330.9 38090.7* 38090.7* 38067.6* 38067.6*
1 38174.2 33421.3 38174.2* 38174.2* 38204.9* 38204.9*
2 38552.0 33639.9 38350.2 38373.0 38544.6* 38544.6*

1P 1 40564.0 35109.1 43119.1 39849.0 40563.7* 40563.7*
R3 4978.2 1281.5 368.5 19.6 19.6

4f146s6d 3D 1 39808.7 35330.3 39808.7* 39808.7* 39807.6* 39807.6*
2 39838.0 35389.7 39838.0* 39838.0* 39839.3* 39839.3*
3 39966.1 35526.8 61110.0 39887.1 39966.2* 39966.2*

1D 2 40061.5 35893.0 61154.1 40571.3 40061.3* 40061.3*
R4 4385.4 14932.9 257.9 0.9 0.9

aRn is the root-mean-square error (RMSE), R =

√
∑

N
i

(E i−T i)2

N for each term.

For the fitting calculation of configuration 4f136s26p us-
ing different methods, we also analyzed the radial integral pa-
rameters of its Hamiltonian matrix elements (Table 2). Six
slater parameters (Eav, ζf, ζp, F2(fp), G2(fp), G4(fp)) are con-
sidered simply as adjustable parameters. The increased num-
ber of experimental levels results in well-defined parameters
and improved accuracy of predicted energy levels. From the
results given by the Cowan code, we find that some parame-
ter values are too large or equal to zero (fit I and fit II). Sig-
nificantly, the physical meanings of the slater parameters are

trimmed excessively. The overfitting phenomenon caused by
the least square method is the main reason that leads to these
unreasonable parameters. Compared with Cowan code’s LSF
method, the parameter values given by the RR algorithm are
more reasonable and stable. Consequently, Slater parameters
with rational physical meaning can provide more accurate en-
ergy levels.

In Table 3, we also calculate the energy levels of 4f146snl
configurations using different methods. We see that Cowan
code’s ab initio method results are not accurate enough. From
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fit I, the results of RMSE can fully demonstrate the advan-
tages of the ridge regression model. The RMSE of the RR
algorithm is smaller than that of the LSF method when fit-
ting the same number of experimental data. Importantly,
more physically meaningful results have been obtained. For
configuration 4f146s6d, in fit I, we fit two experimental en-
ergy levels of 3D1,

3D2. The energy level results of terms
1D2,

3D3 from Cowan code’s LSF method are 61154.1 cm−1

and 61110.0 cm−1, respectively, which have very large devi-
ations (about 2000 cm−1) from experimental and ab initio re-
sults. The inaccurate results are caused by the overfitting. To
keep the function prediction more consistent with the results
of the added experimental data, large errors in the prediction
results. The RR algorithm effectively avoids this overfitting,
with R4 is 257.9 cm−1. Undoubtedly, the accuracy can also
be greatly improved when more experimental levels are fitted,

with the values of R1,R2,R3,R4 are less than 40 cm−1 (fit II).
Based on the ridge regression model, in the case of few

data, the ab initio results can be modified to a certain extent
for different excited states to optimize the Hamiltonian. We
use this method to perform fitting calculations for energy lev-
els and Landé g-factors of other excited states, and compared
with other work, which are summarized in Tables 4 and 5 (odd
and even parities, respectively). All the experimental energy
levels taken from NIST of these excited states were included
in the fitting procedure. As shown in Tables 4 and 5, our calcu-
lated levels fit well with the experimental results coming from
NIST, with the absolute errors (∆E), apart from individual lev-
els (namely, (7/2,3/2)2,3 and (7/2,5/2)2,4,6 of 4f135d6s2),
are less than 50 cm−1. Interestingly, it can be seen that our
results relative to the existing experimental data are distinctly
better than the previous theoretical reports (Tables 4 and 5).

Table 4. Yb I odd-parity excited state fitting calculated energy levels (in unit cm−1), Landé g-factor values, where ∆E (in unit cm−1) and ∆g are absolute
errors between experimental and theoretical energies and Landé g-factors, respectively.

Level Landé g

Configuration Term J Expt.[12] This work Other work ∆E Expt.[12] This work ∆g

4f146s6p 3P 0 17288.4 17288.4 17820e 0.0 0.000
17760f

17670g

17265h

1 17992.0 17908.8 18264e 83.2 1.49282 1.488 0.00482
18450f

18305g

18327h

2 19710.4 19710.4 20049e 0.0 1.5 1.501 0.001
20251f

19886g

19895h

1P 1 25068.2 25068.2 24316e 0.0 1.035 1.013 0.022
25967f

25597g

4f135d6s2 (7/2,3/2) 2 23188.5 23339.9 24806e 151.4 1.45 1.461 0.011
25028g

24831h

5 25859.6 25852.5 26343g 7.1 1.04 1.023 0.017
3 27445.6 27309.2 27064e 136.4 1.22 1.223 0.003

27431g

27185h

4 28184.5 28150.4 28013g 34.1 1.14 1.137 0.003
(7/2,5/2) 6 27314.9 27035.7 27205g 279.2 1.16 1.167 0.007

2 28196.0 28358.0 27354g 162.0 1.02 1.023 0.003
1 28857.0 28857.8 29380e 0.8 1.2635 1.272 0.0085

30071g

29610h

4 29775.0 29885.2 28975g 110.2 1.09 1.091 0.001
3 30207.4 30215.0 29133g 7.6 1.08 1.091 0.011
5 30524.7 30556.1 29172g 31.4 1.18 1.176 0.004

(5/2,5/2) 0 36047.2 0.000
1 39156.9 0.768
5 39660.1 1.035
2 40499.2 0.918
3 41784.5 40189.34b 0.979
4 42349.4 1.045
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Table 4. Continued.

(5/2,3/2) 4 37291.3 35882.92b 0.827
2 38593.0 0.933
1 41961.5 0.96
3 40740.8 39053.09b 0.874

4f146s7p 3P 0 38090.7 38067.6 38504f 23.1 0.000
1 38174.2 38204.9 38572f 30.7 1.14 1.497 0.357
2 38552.0 38544.6 38962f 7.4 1.5 1.501 0.001

1P 1 40564.0 40563.7 39311f 0.3 1.01 1.005 0.005
4f146s5f 1F 3 42680.6 43297.51a 1.045

3F 4 42652.3 43319.48b 1.251
3 43456.6 43254.78a 1.039
2 43433.9 43433.8 0.0 0.68 0.666 0.014

4f146s8p 3P 0 43614.3 43616.9 2.6 0.000
1 43659.4 43656.4 3.0 1.48 1.469 0.011
2 43805.7 43805.9 0.2 1.49 1.501 0.011

1P 1 44017.6 44017.8 0.2 1 1.033 0.033
4f146s11p (1/2,1/2) 0 48192.7 0.000

1 48212.1 48198.6 13.5 1.49
(1/2,3/2) 2 48215.5 1.501

1 48258.5 48271.9 13.4 1.011
4f146s6f 1F 3 45143.7 45858.57b 1.01b 1.000

3F 2 45956.3 45956.3 0.0 0.72 0.666 0.054
3 46169.9 45938.90b 1.084
4 46360.1 45695.89b 1.22b 1.251

4f146s9p 3P 0 46082.2 46068.5 13.7 0.000
1 46078.9 46095.4 16.5 1.34 1.481 0.141
2 46184.2 46182.0 2.2 1.5 1.501 0.001

1P 1 46370.3 46369.6 0.7 1.07 1.02 0.05

aRef. [35], bRef. [36], cRef. [37], dRef. [38], eRef. [32], fRef. [39], gRef. [40], hRef. [41].

Table 5. Yb I even-parity excited state fitting calculated energy levels (in unit cm−1), Landé g-factor values, where ∆E (in unit cm−1) and ∆g are absolute
errors between experimental and theoretical energies and Landé g-factors, respectively.

Level Landé g

Configuration Term J Expt.[12] This work Other work ∆E Expt.[12] This work ∆g

4f146s2 1S 0 0.0 0.0 0g 0.0 0.000
4f145d6s 3D 1 24489.1 24489.1 27622e 0.0 0.5 0.499 0.001

25108f

27568g

27584h

2 24751.9 24751.9 27632e 0.0 1.16 1.164 0.004
25368f

27217g

27678h

3 25270.9 25275.2 27812e 4.3 1.34 1.334 0.006
25891f

27747g

27763h

1D 2 27677.6 27677.7 28125e 0.1 1.01 1.003 0.007
28353f

28071g

28156h

4f146s7s 3S 1 32694.7 32694.7 33092f 0.0 2.01 2.002 0.008
1S 0 34350.6 34350.6 34755f 0.0 0.000

4f146s6d 3D 1 39808.7 39807.6 1.1 0.5 0.499 0.001
2 39838.0 39839.3 1.3 1.16 1.143 0.017
3 39966.1 39966.2 0.1 1.33 1.334 0.004

1D 2 40061.5 40061.3 0.2 1.03 1.024 0.006
4f136s26p (7/2,1/2) 3 32065.3 32069.0 3.7 1.23 1.259 0.029

4 32273.6 32280.3 6.7 1.063
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Table 5. Continued.

(7/2,3/2) 5 35178.8 35134.8 44.0 1.200
2 35197.0 35205.4 8.4 1.05 1.057 0.007
3 35807.5 35789.2 18.3 1.08 1.088 0.008
4 36061.0 36104.5 43.5 1.200

(5/2,1/2) 3 42343.4 42413.58d 0.799
2 42531.9 42521.9 10.0 0.965

(5/2,3/2) 3 46218.5 46236.27b 1.021
1 44834.6 44877.6 43.0 0.66 0.499 0.161
4 45497.6 45473.3 24.3 1.037
2 45931.9 45905.1 26.8 0.811

4f146s8s 3S 1 41615.0 41615.0 0.0 2.02 2.002 0.018
1S 0 41939.9 41939.9 0.0 0.000

4f146s7d 3D 1 44311.4 44302.3 9.1 0.499
2 44313.1 44314.1 1.0 1.157
3 44357.6 44345.3 12.3 1.32 1.334 0.014

1D 2 44380.8 44401.1 20.3 1.1 1.010 0.09
4f146p2 3P 0 42436.9 42447.5 10.6 0.000

1 43805.4 43763.7 41.7 1.47 1.501 0.031
2 44760.4 44806.1 45.7 1.34 1.436 0.096

1D 2 47821.8 47819.8 2.0 1.04 1.065 0.025
1S 0 49935.2 48344.42c 0.000

4f146s8d 3D 1 46445.0 46451.6 6.6 0.49 0.499 0.009
2 46467.7 46459.7 8.0 1.12 1.156 0.036
3 46480.7 46482.0 1.3 1.35 1.334 0.016

1D 2 46519.5 46405.45c 1.011
4f145d2 3F 2 47634.4 47634.4 0.0 0.668

3 47860.2 47860.3 0.1 1.02 1.084 0.064
4 48130.4 1.25

1D 2 50036.9 1.048
3P 0 50404.0 0.000

1 50492.5 1.501
2 50697.6 1.45

1G 4 51319.5 1.000
4S 0 56283.8 0.000

aRef. [35], bRef. [36], cRef. [37], dRef. [38], eRef. [32], fRef. [39], gRef. [40], hRef. [41].

4. Conclusion
For the Yb I atom, we proposed and used the HFR the-

ory in combination with the RR algorithm to calculate 94 en-
ergy levels, including the even-parity configurations 4f146s2+

4f145d6s + 4f146s7s + · · · and the odd-parity configurations
4f146s6p + 4f135d6s2 + 4f146s7p + · · · . There are 66 exper-
imental energy levels added, and these experimental energy
levels fully consider the electron correlation effects. For con-
figurations contain 4f closed-shell electrons, the absolute error
between the calculated energy level and the NIST experimen-
tal value is less than 50 cm−1, and the relative is less than
0.1%. Among them, the 4f135d6s2 configuration has an av-
erage absolute error less than 300 cm−1 and a relative error
less than 1.0%. Moreover, reliable predicted data are made for
energy levels that are experimentally unattainable. This work
demonstrates that the ridge regression model has a stronger
generalization ability when the amount of data is insufficient,
and the predicted data is more reliable. It is expected that a
more accurate machine learning model will be applied to the
atomic structure calculation.
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