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Erhu Zhang(张二虎) and Yu Zhang(张钰)†

Department of Applied Physics, School of Science, Xi’an Jiaotong University, Xi’an 710049, China

(Received 8 August 2022; revised manuscript received 4 December 2022; accepted manuscript online 9 December 2022)

As a platform for holding Majorana zero models (MZMs), the two-dimensional planar topological Josephson junction
that can be used as carriers for topological quantum computing faces some challenges. One is a combination of mirror and
time-reversal symmetries may make the system hold multiple pairs of MZMs. The other is that a soft gap dominated by a
large momentum occurs in a clean system. To solve these problems, asymmetric junction can be introduced. Breaking this
symmetry changes the symmetry class from class BDI to class D, and only a single pair of MZMs can be left at the boundary
of the system. We numerically study four cases that create an asymmetric system and find out different superconducting
pairing potential, different coupling coefficients between two-dimensional electron gases (2DEGs) and two superconducting
bulks, different widths of two superconducting bulks make the gap of the system decrease at the optimal value, but make the
gap at the minimum value increases. And the zigzag-shape quasi-one-dimensional junction eliminates the large momentum
parallel to the junction and enhances the gap at the large momentum. However, the zigzag-shape junction cannot increase
the gap at the region of multiple pairs of MZMs in a symmetric system. We show that by combining zigzag-shape junction
with different coupling coefficients, the system can maintain a large gap (≈ 0.2∆ ) in a wide region of the parameter space.
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1. Introduction
As the most promising candidate for topological quan-

tum computing, Majorana zero model (MZM) has received
the widespread attention in recent years.[1–10] Earlier schemes
proposed to create MZMs focus on the one-dimensional sys-
tems with strong spin–orbit interaction and proximity-induced
superconductivity,[11–21] including proximitized semiconduc-
tor nanowires[22–29] and ferromagnetic atomic chains.[30,31]

The existence of MZM is proved by the appearance of zero
bias conductance peak in most experiments.[11–36] Recently,
an alternative promising platform for the creation and ma-
nipulation of MZMs has been proposed, which is a two-
dimensional planar Josephson junction based on a 2DEG with
strong Rashba spin–orbit coupling in proximity to two super-
conducting bulks, as shown in Fig. 1(a). In this system, super-
conducting phase difference ϕ provides an additional control
knob that can enhance the parameter space leading to topo-
logical superconductivity. And the MZMs appear at the end
of the quasi-one-dimensional junction which is between two
superconducting bulks, as shown in Fig. 1(b). At present, sev-
eral groups have fabricated the junctions experimentally and
demonstrated that they support topological superconductivity
over a large range of parameters.[37–44]

However, creating stable MZM in a planar Josephson
junction system also faces challenges, one is the appearance of
multiple pairs of MZMs at the boundary of the system. Sym-
metry classes of tenfold way are characterized by the presence
or absence of time-reversal, particle–hole and chiral symme-

tries. If the Hamiltonian only respects particle–hole symmetry
and the particle–hole operator UP =σyτyK square to 1, the sys-
tem is in symmetry class D. When the Hamiltonian respects
time-reversal, particle–hole and chiral symmetries, the time-
reversal operator square to 1 and the particle–hole operator
square to 1, the system is in symmetry class BDI. The Hamil-
tonian of our model respects time-reversal symmetry without
Zeeman field and with a phase difference of 0 or π . Mean-
while, if the system does not have disorder along the x direc-
tion, which is perpendicular to the junction, the Hamiltonian of
the system commutes with a mirror operator Mx with respect
to the y–z plane. When applying a magnetic field along the
junction and the phase difference between the two supercon-
ducting bulks is not 0 or π , both of these symmetries are bro-
ken, but the Hamiltonian of system commutes with their prod-
uct, i.e., there is an antiunitary effective time-reversal symme-
try operator UT = MxT , where T = iσyK (with K denoting
complex conjugation). In addition, the particle–hole symme-
try presents, and chiral symmetry also presents. The chiral
symmetry is C =−iUTUP. The existence of the three symme-
tries — effective time-reversal symmetry, particle–hole sym-
metry and chiral symmetry — ensure that the system is no
longer D symmetry class but belongs to the higher-symmetry
BDI class. The BDI symmetry class is characterized by an
integer invariant WZ, which represents the number of MZMs
on a single end. Therefore, multiple pairs of MZMs can ap-
pear in the system. And another challenge is soft gap caused
by large momentum. For this system, the gap of low momen-
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tum is min(∆ ,hνF/W ), where νF is the electron Fermi veloc-
ity and W is the width of the junction. While large-momentum
ky closes to kF in a system without disorder, there has a long
trajectories length and a long flight time τF, the gap is approxi-
mately }2/

(
2meW 2

)
, where me is the effective mass.[45,48] At

present, the topological gap observed in most experiments is
soft gap rather than hard gap.[41–44]

In order to obtain robust topological phase that can
be used in topological quantum computation experimentally,
many researchers put forward several theoretical suggestions.
On the one hand, some asymmetric cases are proposed, such
as applying a transverse in-plane magnetic field, weak disor-
der that breaks the mirror symmetry, different superconduct-
ing pairing potentials and different widths of superconducting
bulks.[45,49] It is beneficial for topological quantum computing
to break the UT symmetry. When BDI symmetry class is bro-
ken, the system reduces to the D symmetry class.[45,49] And
the D class is characterized by a topological invariant WZ2 .
The multiple pairs of MZMs at the boundary of the system hy-
bridize in pairs and turn into the finite-energy modes. Only a
single pair of MZMs can be left on the boundary of the sys-
tem. On the other hand, weak disorder and a zigzag-shape
junction are proposed for the elimination of large momentum
in Refs. [46,48]. However, there are still some problems with
the proposals. According to the Ref. [47], applying a trans-
verse field reduces the gap significantly. Although weak dis-
order can decrease the MZM localization length and make the
topological phase robust, it is impossible to control to the re-
quired precision experimentally.[48] Therefore, it is necessary
to systematically discuss the topological gap of these asym-
metric systems.

In this paper, we summarize the three cases mentioned
above that create an asymmetric system, which are different
superconducting pairing potentials, different widths of two su-
perconducting bulks and zigzag-shape quasi-one-dimensional
junction. In addition, we propose to make the different cou-
pling coefficients between 2DEGs and two superconducting
bulks. We numerically simulate the energy spectra of these
four cases based on the tight binding model, and observe that
multiple pairs of MZMs hybridize because the BDI symmetry
class is broken. Through numerical simulation of topologi-
cal gap at infinite size, we can observe the close of the gap
at phase transition point in BDI topological class and the re-
opening of the gap in D topological class. By comparison, it
can be found that with the increase of the degree of asymme-
try, the topological gap of the system significantly increases
at the gap closing points (which signify the BDI phase transi-
tion), but decreases slightly at the ϕ close to the optimal value,
when the system has different superconducting pairing poten-
tials or different widths of superconducting bulks or different
coupling coefficients. This means that the dependence of topo-
logical gap on ϕ decreases under fixed magnetic field. Rela-

tively speaking, the difference of coupling coefficients has the
most obvious improvement when the degree of asymmetry is
low. In contrast, zigzag-shape junction increases the gap at
the optimal value, but remains a small value at the regions of
multiple pairs of MZMs. Finally, we discuss the case of com-
bination of zigzag-shape junction with different coupling coef-
ficients, and find through numerical simulation that the system
can maintain a large gap in a wide parameter space in this case.
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Fig. 1. (a) Illustration of a planar Josephson junction with different
parameters of the superconducting bulks on different sides. The blue
part represents 2DEG with strong Rashba spin–orbit coupling. The dark
and the light green part represent superconducting bulks covered on the
2DEG. Dark green and light green mean that two superconducting bulks
have different parameters, such as width and coupling coefficient, etc.
When adjusting parameters to make the system enter non-trivial topo-
logical states, MZMs appear at the end of the junction, represented by
two orange dots. And panel (b) shows the local density of states of the
MZMs. The figure was obtained by using a tight-binding model with the
following parameters: W = 5, Ws1 = Ws2 = 5, L = 200, t = 1, α = 0.5,
µ =−2.75, ∆1 = ∆2 = 0.3, EZ = 0.6.

2. Model and formula

Figure 1(a) shows the model of a topological planar
Josephson junction. The bottom layer is the 2DEG with strong
Rashba spin–orbit coupling, the 2DEG is covered with a thin
layer of superconductor on the left and right side. The tight-
binding model of this system can be read as

HTB = H0 +Hsoc +HZ +H∆ , (1)

H0 =−µ∑si jψ
†
i, j,sψi, j,s−t∑(i j,i′ j′)s

[
ψ

†
i, j,sψi′, j′,s+H.C.

]
, (2)
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HSOC = iα ∑s,s′

[
∑

WS1+W+WS2−1
i=1 ∑

L
j=1 ψ

†
i+1, j,sσ

s,s′
y ψi, j,s′

−∑
WS1+W+WS2
i=1 ∑

L−1
j=1 ψ

†
i, j+1,sσ

s,s′
x ψi, j,s′ −H.C.

]
, (3)

HZ = EZ ∑iss′∑
WS1+W
i=WS1+1 ψ

†
i, j,sσ

s,s′
x ψi, j,s′ +H.C., (4)

H∆ = ∆ e−iϕ/2
∑

WS1
i=1 ∑ j ψi, j,↑ψi, j,↓

+∆ e iϕ/2
∑

WS1+W+WS2
i=WS1+W+1 ∑ j ψi, j,↑ψi, j,↓+H.C., (5)

where ψ(i, j,s) is the annihilation operator of an electron with
spin s on site (i, j), and (i j, i′ j′) denotes nearest neighbor. In
Eq. (2), t is the hopping amplitude, µ is the chemical potential
of 2DEG and the superconducting bulks. In the next two equa-
tions, α represents the Rashba spin–orbit coupling strength of
2DEG, EZ represents the strength of Zeeman energy. Here
we argue that superconducting bulks have no Zeeman field ac-
cording to the Meissner effect. EZ exists only in the junction.
And the last equation represents the superconducting pairing
in the 2DEG, which comes from the proximity effect of the left
(right) superconducting bulk. And the superconducting pair-
ing amplitude ∆ is only nonzero when x >W/2 or x <−W/2.
Furthermore, i and j denote the lattice site, while ↑ and ↓ are
the spin indices.

When the model has additional symmetry, it belongs to
the BDI symmetry class. At some EZ, the system undergoes
multiple topological phase transitions with varying phase dif-
ference. In order to observe the information of topological
phase transition more intuitively, we calculate topological in-
variants WZ (BDI) according to the Ref. [50]. The topological
properties are obtained from a corresponding bulk system. To
perform a partial Fourier transform to extend the junction to
infinite length in the y direction. Because the Hamiltonian an-
ticommutes with chiral operator, the Hamiltonian can be writ-
ten in off-diagonal formal

C =

(
1 0
0 −1

)
, H =

(
0 A

A† 0

)
. (6)

The topological invariant WZ of the class BDI can be
calculated from the phase of the determinant of A.
The Hamiltonian is characterized by a function z(k) =

exp(iθ (k)) = Det(A(k))/ |Det(A(k))|. The invariant WZ =

(−i)/π
∫ k=π

k=0 dz(k)/z(k).
We compute WZ2 in the standard way by representing

H(ky) as a matrix M(ky) in Majorana representation[1]

H (ky) =
i
2 ∑ηη ′ss′xx′Mxηs,x′η ′s′ |xηs〉

〈
x′η ′s′

∣∣ . (7)

The topological invariant can be given by

WZ2 = sgn
Pf(M (ky = 0))
Pf(M (ky→ ∞))

, (8)

where Pf denotes the Pfaffian.

3. Results and discussion
In this section, we first discuss the case of different super-

conducting pairing potentials at fixed EZ proposed in Ref. [45],
∆1 is not equal to ∆2. To observe the appearance and dis-
appearance of multiple pairs of MZMs, we select parameters
W = 5, Ws1 = Ws2 = 5, L = 200, t = 1, α = 0.5, µ = −2.75,
which are used in Ref. [45]. In Fig. 2, the energy spectra with
50 eigenvalues versus varying phase difference ϕ were calcu-
lated when ∆1 = ∆2 = 0.3, ∆1 = 0.2, ∆2 = 0.4, and ∆1 = 0.1,
∆2 = 0.5, respectively. It can be seen that the system is non-
trivial in all values of the phase difference when Zeeman field
is 0.6. As shown in Fig. 2(a), when the superconducting pair-
ing potentials are the same, the system belongs to BDI symme-
try class and undergoes more than one phase transition with in-
creasing phase difference. At ϕ < 0.14π , WZ = 3 corresponds
to the emergence of three pairs of MZMs in the topological
gap, and the gap decreases and closes at 0.14π . When the ϕ

is larger than 0.14π , the gap is reopened, leaving a single pair
of zero energy state, WZ = 1. The dotted lines in Fig. 2(a) rep-
resent the phase transition points of the system. The gap has
been closed and reopened several times and the values of WZ

in different regions are marked in Fig. 2(a), while the values
of WZ are all odd. In order to avoid the influence of finite size
effect on gap, gap is calculated under infinite length and the
closing and opening of gap can be easily observed. The gap of
the system is determined by the lowest energy Andreev bound
state EA. Figures 2(d)–2(f) show the corresponding bulk Egap

(Egap = min(EA(ky))) at different ϕ . When different super-
conducting pairing potentials are given in the model, the BDI
symmetry class reduces to D class, and the zero energy states
are coupled to each other and leave a single pair of zero energy
states. Thus, the system is non-trivial at all values of phase
difference in Figs. 2(b) and 2(c), and the gap is always open.
According to Fig. 2(d), it can be seen that when EZ = 0.6 in the
model, the optimal value of gap appears at ϕ = π , while the
minimum values of gap are at the gap closing points. When
the system belongs to the D symmetry class, the phase differ-
ence ϕ of the optimal value of gap does not change, while the
ϕ of minimum values of gap shift from gap closing points to
ϕ = 2Nπ (N is an integer) with the increase of the degree of
asymmetry, see Figs. 2(e) and 2(f). The different supercon-
ducting pairing potentials make the minimum values of gap
increase, but reduce the optimal value of gap at some extent.
And the higher the degree of asymmetry is, the smaller the op-
timal value of the gap is. In the limiting case, ∆2 = 0. This
system can be seen as the absence of the right side. When
the value of ∆2 is infinitely close to zero, the optimal value
of the gap is much smaller than that of the optimal value of
the symmetry system. These are consistent with the results of
Refs. [45,47].
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(c) ∆1 = 0.1, ∆2 = 0.5. The red lines represent the zero energy states. In panel (a), the black lines represent the appearance and disappearance of the
MZMs with varying ϕ and the dotted lines show the phase transition points of the class BDI system. Panels (d)–(f) are the corresponding bulk Egap
(Egap = min(E(ky)) at different ϕ . The gap of the system is determined by the lowest energy in all ky. When ∆1 = ∆2 = 0.3, the system has several gap
closing points, while ∆1 = 0.2, ∆2 = 0.4, and ∆1 = 0.1, ∆2 = 0.5 the gap is open at all values of ϕ . Other parameters are W = 5, Ws1 =Ws2 = 5, L = 200,
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Fig. 3. Energy spectra as a function of phase difference ϕ with different coupling coefficients between superconducting bulks and junction. The parameters
describing the coupling strength are (a) tc1 = tc2 = 1, (b) tc1 = 1, tc2 = 0.9, (c) tc1 = 1, tc2 = 0.7, (d) tc1 = 1, tc2 = 0. When the coupling coefficient tc2
decreases, the superconducting tunneling rate decreases, which makes the gap induced by the proximity effect smaller, it may be assumed that the coupling
coefficient decreases in the same proportion as the superconducting pairing potential, tc2 = 0.9, ∆1 = 0.3, ∆2 = 0.27. Panels (e)–(h) are the corresponding
bulk Egap with varying ϕ . Other parameters are W = 5, Ws1 =Ws2 = 5, L = 200, α = 0.5, µ =−2.75, ∆1 = ∆2 = 0.3, and EZ = 0.6.

Next, we consider a case that two superconducting bulks
on either side of the junction have different coupling coef-
ficients with the junction. Here, the parameters describing
the coupling strength of the left and the right superconductors
need to be defined, which are represented by tc1 and tc2 (by de-
fault tc1 = tc2 =1 if there is no special indication elsewhere),

i.e., modifying Eq. (2) with the following:

t
L

∑
j=1

[
tc1ψ

†
Ws1, j,s

ψWs1+1, j,s + tc2ψ
†
Ws1+W, j,sψWs1+W+1, j,s +H.C.

]
.

(9)

Other parameters should be fixed in accordance with the pre-
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vious ones. Figure 3 shows that the energy spectra with the
varying phase difference at fixed tc1 = 1 and variable tc2. It
can be seen that the symmetry class reduces to D class so long
as tc1 is not equal to tc2. The gap is always opened at all val-
ues of phase difference and there only has a single pair of zero
energy states. Compared with the case of different supercon-
ducting pairing potentials, as tc2 decreases, the gap at the op-
timal value has a smaller decreasing value. The reduction of
the coupling coefficient means that the transmission probabil-
ity is lower, resulting in a lower Andreev reflection amplitude.
When tc2 < 0.5, the energy spectra with varying ϕ becomes
flat. Figure 3(c) shows spectrum without oscillation. The situ-
ation that tc2 = 0 means that there is no superconducting bulk
on the right side of the system. It is easy to understand that the
phase of a single superconductor has no physical effect.

As a further consideration, the effect of the reduction of
the coupling coefficient in the system may not be so onefold.
When the coupling coefficient tc2 decreases, the superconduct-
ing tunneling rate decreases, which makes the gap induced
by the proximity effect smaller, that is to say, the decrease of
tc2 is accompanied by the decrease of ∆2. Figure 3(d) shows
the spectrum with varying phase difference at tc2 = 0.9 and
∆2 = 0.27. It can be seen that in all values of ϕ , the system
can hold a stable single pair of MZMs, and there has a largest
gap at ϕ = π . As discussed above, this case has little effect on
the gap in the optimal value, it is beneficial to keep the stabil-
ity of the single pair of MZMs and a certain size of the gap by
making the coupling coefficients between the superconducting
bulks and junction different.
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Fig. 4. Energy spectra as a function of phase difference ϕ with different
coupling coefficients between superconducting bulks and junction. The
parameters are Ws1 = 5, (a) Ws2 = 4, (b) Ws2 = 1, ∆1 = ∆2 = 0.3. Pan-
els (c)–(d) are the corresponding bulk Egap with varying ϕ . Other param-
eters are W = 5, L = 200, t = 1, α = 0.5, µ =−2.75, ∆1 = ∆2 = 0.3, and
EZ = 0.6.

The third case we discussed is to make the widths of two
superconducting bulks different, i.e., Ws1 is not equal to Ws2.
As shown in Fig. 4, the different values of Ws also eliminate
the presences of multiple pairs of MZMs, which has the same

mechanism as the two cases mentioned above, and the gap at
the minimum value increases with the decrease of the width of
superconducting bulk. Compared with the different coupling
coefficients, the effect of different widths of superconducting
bulks on gap is weaker, and there has strong dependency be-
tween ϕ and bulk energy before the width of superconducting
bulk decreases to zero. When we take the value of Ws1/Ws2 to
the limit value 0, it is consistent with tc2 = 0.

Through the above discussion, we find that changing the
parameters of the left and the right superconducting bulks
can only make the minimum value of gap larger and close
to the optimal value of gap by the same mechanism, in other
words, they both make the energy spectrum diagram and topo-
logical gap independent of the phase difference in the limit-
ing case.[47] But this class of asymmetry does not eliminate
soft gap due to large momentum. Reference [46] proposed a
zigzag-shape junction with the same mechanism as weak dis-
order, which is to cut off the long trajectories with a large mo-
mentum. Figure 5(a) shows the schematic diagram of zigzag-
shape junction. The peak-to-peak amplitude is denoted by Zx.
The period length of a zigzag-shape is denoted by Zy. Fig-
ures 5(c) and 5(d) show that the spectra of parallel junction
and zigzag-shape junction with varying phase difference at
L = 300, respectively. In order to observe the information of
gap more intuitively, Figs. 5(b), 5(e), and 5(f) are band struc-
tures of the system at ϕ = π . When the straight trajectories
are completely cut off, the energy spectrum becomes insen-
sitive to momentum and the band flattens out (Zx = W ), see
Figs. 5(c) and 5(d). The energy at large-momentum ky ≈ kF

increases and the increased gap reduces the localization length
of the MZM. Thus, the energy splitting caused by the lim-
ited wave function overlap is reduced. In addition, it can be
seen from Figs. 5(c) and 5(d) that the zigzag-shape junction
increases gap significantly only around the optimal value of
gap. For the regions where multiple pairs of MZMs occur in a
symmetric system, gap cannot increase. This case reduces the
topological regions of robust MZMs at fixed EZ.

Another noteworthy point is that too short Zy makes the
angle between the junction and the magnetic field larger, de-
creasing the gap of low momentum, as shown in Fig. 6(a).
However, too long Zy cannot cut off the long trajectories with
a large momentum, as shown in Fig. 6(c). The optimal value
of Zy should be between 3W and 10W , as shown in Fig. 6(b).

Although the zigzag-shape junction eliminates the soft
gap caused by large momentum, the gap with low momen-
tum is still limited by the width of junction. Figure 7 shows
the band structures of the narrow junction. It can be seen that
when the width of junction is smaller than that of the coher-
ence length, the gap can reach 0.06 even in the case of the
straight junction.[51,52] When the width of junction is small,
the gap of the zigzag-shape junction can also remain near 0.06.
Therefore, a zigzag-shape junction can be constructed to main-
tain the optimal value of gap for both wide and narrow junc-
tion.
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Finally, we numerically simulate Egap as a function of
Zeeman field and phase difference, as can be seen in Fig. 8.
Figure 8(a) shows Egap versus Zeeman field and phase differ-

ence in the symmetry case. The results of superconducting

pairing potential, coupling coefficient and the width of super-

conducting bulks are similar. Taking only the superconduct-

ing pairing potential as an example, Fig. 8(b) shows the Egap

versus Zeeman field and phase difference when ∆1 = 0.5 and

∆2 = 0.1, respectively. In Fig. 8(b), the gap in the topological

region is weakly dependent on Zeeman field and phase differ-

ence, and it is a stable and broad topological region. For the

zigzag-shape junction, the topological gap only increases in a

small region of the parameter space and the gap cannot be im-

proved in the regions where multiple pairs of MZMs occur in

a symmetric system, as can be seen in Fig. 8(c).[46] Consider

further the case where asymmetry is combined with a zigzag

junction. According to the above discussion, the coupling co-
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efficient can significantly increase the gap when the degree of
asymmetry is low. Figure 8(d) is obtained by combining the
zigzag-shape junction with different coupling coefficients. It

can be seen that in this case, the system can obtain the gap that
the value can reach 0.2∆ and large robust topological phase
region.
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Fig. 8. The gap is shown as a function of the Zeeman energy EZ and phase difference ϕ (a) in the symmetry case, (b) in the different superconducting
pairing potentials, i.e., ∆1 = 0.5, ∆2 = 0.1, (c) in the zigzag-shape junction, Zx = W , Zy = 6W , (d) in the combination of zigzag-shape junction and
different coupling coefficients, i.e., tc1 = 1, tc2 = 0.5. Other parameters are W = 5, Ws1 =Ws2 = 5, L = 200, t = 1, α = 0.5, µ =−2.75, ∆1 = ∆2 = 0.3.
We insert partial number of MZMs in the figures.

4. Conclusion
We summarize four cases to enhance the topological gap

of MZMs in planar Josephson junctions. For the ideal topolog-
ical superconductor for quantum computing, we hope to have
a single pair of MZMs at the ends of the junction and a large
topological gap. Different superconducting pairing potentials,
coupling coefficients and widths of junction can break the ad-
ditional symmetry and increase the minimum value of gap.
They reduce the dependence of the single pair of MZMs and
topological gap on phase difference. According to the above
discussion, it is easy to see that a significant improvement of
gap can occur with a low degree of asymmetry by adjusting
the coupling coefficient. Zigzag-shape junction can improve
the size of the gap by eliminating large momentum. Both
the wide junction and narrow junction can maintain a lager
value of gap. However, the options of zigzag-shape junction
require a certain level of material preparation, and the choice
of ideal gap depends on the period of Zy and the size of Zx.
In addition, the zigzag-shape junction does not improve the
gap in the regions where multiple pairs of MZMs occur in a
symmetric system, which makes the robust topological phase
region smaller. Therefore, we propose to combine the zigzag-
shape junction with different coupling coefficients to obtain
large gap and robust topological phase region. Our numeri-
cal simulation provides a new possibility for the experimental
preparation of stable single pair of MZMs.
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