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We propose efficient numerical methods for nonseparable non-canonical Hamiltonian systems which are explicit,
K-symplectic in the extended phase space with long time energy conservation properties. They are based on extending
the original phase space to several copies of the phase space and imposing a mechanical restraint on the copies of the
phase space. Explicit K-symplectic methods are constructed for two non-canonical Hamiltonian systems. Numerical tests
show that the proposed methods exhibit good numerical performance in preserving the phase orbit and the energy of the
system over long time, whereas higher order Runge–Kutta methods do not preserve these properties. Numerical tests also
show that the K-symplectic methods exhibit better efficiency than that of the same order implicit symplectic, explicit and
implicit symplectic methods for the original nonseparable non-canonical systems. On the other hand, the fourth order K-
symplectic method is more efficient than the fourth order Yoshida’s method, the optimized partitioned Runge–Kutta and
Runge–Kutta–Nyström explicit K-symplectic methods for the extended phase space Hamiltonians, but less efficient than
the the optimized partitioned Runge–Kutta and Runge–Kutta–Nyström extended phase space symplectic-like methods with
the midpoint permutation.
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1. Introduction
Many mechanical systems can be expressed as non-

canonical Hamiltonian systems, such as the Lotka–Volterra
model,[1] the nonlinear Schrödinger equation,[2–5] the
charged particle system,[6,7] the guiding center system,[8–10]

the Maxwell–Vlasov equations[11,12] and the ideal MHD
formualtion.[13] These models appear in many applications
of areas. The Lotka–Volterra model[1] is the simplest model
of predator–prey interactions and it describes the growth of
animal species. It was first established in mathematical biol-
ogy, then it had been derived independently in the fields of
epidemics, combustion theory and economics, and other dis-
ciplines. The nonlinear Schrödinger equation[2–5] is a very
important completely integrable model in soliton theory. It
appears in many physical areas, such as nonlinear optics,
plasma physics, and bimolecular dynamics. The motion of
charged particles[6,7] in external electromagnetic fields is the
most fundamental equation in plasma physics research. It
contains the fast gyromotion and the slow gyrocenter mo-
tion. If we average out the fast gyromotion from the charged
particle motion, the motion of the gyrocenter is obtained.
The non-canonical Hamiltonian systems are generalizations
of the canonical Hamiltonian systems.[1,14–18] They have non-
canonical symplectic structures which are preserved by the
K-symplectic methods. K-symplectic methods exhibit advan-

tageous energy preservation properties just like the symplec-
tic methods[3,19–23] for Hamiltonian systems. Therefore, K-
symplectic methods are preferred methods for long time simu-
lations of non-canonical Hamiltonian systems. One approach
to constructing K-symplectic methods for a non-canonical
system is to transform the system to a canonical one by a coor-
dinate transformtion[1,14] and use the symplectic method. The
other approach is the generating function method,[15,24] but it
is also inevitable to seek for one coordinate transformation. To
avoid the difficulty of finding the coordinate transformation,
we prefer to use the splitting method for the non-canonical
Hamiltonian systems.

Symplectic methods exhibit superior long-term behavior
compared with standard integrators such as explicit Runge–
Kutta methods. The long-term behaviors include the slower
error growth and the approximate preservation of invariants,
such as the energy and the angular momentum, without secu-
lar drift. Symplectic methods can be classified as the explicit
ones and the implicit ones. If the Hamiltonian can be separated
into several integrable parts, then explicit symplectic meth-
ods can be constructed by composing the analytical solutions
of the sub-Hamiltonians. The typical examples of explicit
symplectic methods are the second-order leapfrog method,[25]

the fourth-order Forest–Ruth method,[26] and the Yoshida’s
fourth-order method.[23] For nonseparable Hamiltonian sys-
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tems, implicit symplectic methods are always available. Im-
plicit symplectic methods have completely implicit symplec-
tic methods including the implicit midpoint rule,[27,28] the im-
plicit Gauss–Legendre Runge–Kutta symplectic method,[29,30]

and the explicit and implicit mixed symplectic methods.[31–34]

The implicit methods are numerically more expensive than the
explicit methods because one of the iteration methods is re-
quired to solve the equations. On the other hand, the implicit
methods perform better in solving stiff equations than that of
the explicit ones.[35]

Recently, a fourth order non-canonical explicit and im-
plicit symplectic integrator for post-Newtonian (PN) Hamilto-
nian of spinning compact binaries was constructed by split-
ting the Hamiltonian to orbital and spin contributions and
the integrator exhibited excellent long-term performance.[31]

Using the canonical spin variables suggested in Ref. [36],
some canonical symplectic methods for PN Hamiltonian of
spinning compact binaries were obtained.[32–34] By split-
ting the Hamiltonian into separable and nonseparable parts,
Zhong et al. developed the fourth-order explicit and im-
plicit mixed symplectic integrators.[32] The explicit leapfrog
method was used to calculate the separable Hamiltonians
while the implicit midpoint rule was used to solve the nonsep-
arable Hamiltonians.[32] Mei et al. discussed the numerical
performances of the Forest–Ruth symplectic method and the
Yoshida symplectic method by several examples including the
PN Hamiltonian formulation of non-spin compact binaries.[33]

For the 10-dimensional PN canonical conservative Hamilto-
nian system, Mei et al. explored the influences of the spin ef-
fects of black hole pairs on the dynamics and showed that the
chaos occurs when the spin–spin effects of the two spinning
bodies were included by combining the numerical tests.[34]

In fact, when the dissipative force 𝐹 is set to zero, the non-
canonical post-Newtonian Hamiltonian of spinning compact
binaries takes the form

𝑋̇ =
∂H
∂𝑃

, (1)

𝑃̇ = − ∂H
∂𝑋

, (2)

𝑆̇a =
∂H
∂𝑆a

×𝑆a, (3)

where 𝑋 are positions, 𝑃 are momenta, 𝑆a (a= 1,2) are spins
and × denotes the usual vector cross product. As we know
that ∂H

∂𝑆a
×𝑆a = 𝑆̃a

∂H
∂𝑆a

where 𝑆̃a is an anti-symmetric matrix,
then the system (1)–(3) becomes a non-canonical Hamiltonian
system or a Poisson system with the expression

Ż = 𝑃 (𝑍)∇H(𝑍), 𝑍 = (𝑋,𝑃 ,𝑆1,𝑆2), (4)

where 𝑃 (𝑍) is an anti-symmetric matrix and satisfies the Ja-
cobi identity which is defined below in Eq. (10). Poisson sys-
tems are generalized non-canonical Hamiltonian systems. The

matrix 𝑃 (𝑍) in Poisson systems can be singular. When the
matrix 𝑃 (𝑍) is nonsingular, the Poisson system becomes the
non-canonical Hamiltonian system.

A class of explicit symplectic integrators based on op-
erator splitting and composing have been developed re-
cently for nonseparable systems, such as the charged par-
ticles around Schwarzschild black holes,[25,37–39] Reissner–
Nordström black holes,[40–42] and Kerr black holes.[43–45] By
splitting the Hamiltonian of Schwarzschild spacetime geom-
etry into four integrable parts whose analytical solutions can
be expressed as explicit functions, second order and fourth or-
der explicit symplectic integrators were constructed.[25] The
same technique was also used to construct explicit symplectic
integrators for charged particles moving around a Reissner–
Nordström black hole with an external magnetic field[40] and
Reissner–Nordström–(anti)-de Sitter black hole with an exter-
nal magnetic field.[41] Second order and fourth order explicit
symplectic integrators were proposed for the Kerr spacetime
geometry by using a time transformation function to obtain
a transformed Hamiltonian where the operator splitting and
composing can be directly used.[45] Following the work of Wu
et al.,[45] explicit symplectic integrators were applied to study
chaos of charged particles around the magnetized Kerr black
hole.[43] How the small changes of parameters effect the dy-
namics of charged particles around the Kerr black holes im-
mersed in an external magnetic field were also investigated.[44]

Furthermore, by using the technique of the time-transformed
explicit symplectic integrators for the Kerr-type spacetimes in-
troduced in Ref. [45], Zhang et al. proposed explicit sym-
plectic integrators for the deformed Schwarzschild black hole
immersed in an external magnetic field and the obtained inte-
grators exhibited good long-term performance for both regular
orbits and chaotic orbits.[38] All the explicit symplectic inte-
grators constructed above are applied to the canonical Hamil-
tonian system

𝑍̇ = 𝐽−1
∇H(𝑍), (5)

where the symplectic matrix 𝐽 is defined in Eq. (11). If
the Hamiltonian H can be separated into two parts H(𝑍) =

H1(𝑍)+H2(𝑍) with 𝑍 = (𝑃 ,𝑄) ∈ R2n, we can define two
differential operators

A =
n

∑
i=1

(
∂H1

∂Pi

∂

∂Qi
− ∂H1

∂Qi

∂

∂Pi

)
, (6)

B =
n

∑
i=1

(
∂H2

∂Pi

∂

∂Qi
− ∂H2

∂Qi

∂

∂Pi

)
. (7)

If the two sub-Hamiltonians have analytical solutions which
can be expressed as explicit functions, then the composing in-
tegrator exphB exphA (𝑍0) is a first order explicit symplec-
tic integrator. Higher order explicit symplectic integrators can
be constructed by composing exphB and exphA . This op-
erator splitting and composing technique can also be applied
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to the non-canonical Hamiltonian system (4) with nonsingu-
lar 𝑃 (𝑍), but the differential operators are defined in a dif-
ferent way. Assuming that we split the Hamiltonian H into
H(𝑍) = H1(𝑍) + H2(𝑍), the two differential operators D1

and D2 acting on a function F are defined as follows:

DiF = ∇F⊤𝑃 (𝑍)∇Hi, i = 1,2. (8)

With the above two operators, if the two sub-Hamiltonians
have explicit analytical solutions, then we know that the
integrator exphD2 exphD1(𝑍0) is a first order explicit K-
symplectic integrator. Higher order explicit K-symplectic inte-
grators can also be constructed by using composing technique.

The splitting method is widely used to construct explicit
symplectic methods for separable Hamiltonian systems[1,46,47]

and explicit K-symplectic methods for non-canonical Hamil-
tonian systems.[6,48,49] Blanes and Moan used the splitting
method to construct an efficient fourth order symplectic
method for non-autonomous Hamiltonian systems.[46] He et
al. used the splitting method[6] to construct the explicit K-
sympletic methods for the non-canonical charged particle sys-
tem. Zhu et al. constructed the explicit K-symplectic methods
for both the bright solitons motion and the dark solitons mo-
tion of the nonlinear Schrödinger equation.[48,49] The explicit
symplectic methods and K-symplectic methods had been con-
structed for separable systems while the work is much less for
the nonseparable systems. For several subclasses of nonsep-
arable Hamiltonian systems, Pihajoki constructed the explicit
extended phase space symplectic-like methods based on the
idea of extending the phase space by making two copies of it
and using the splitting method.[50] These methods have good
long-term performance in preserving the energy but are not
symplectic both in the original phase space and the extended
phase space because they are combined with coordinate mix-
ing transformations. Inspired by the Pihajoki’s work, several
researchers developed the phase space mixing maps.[51,52] Liu
et al. compared several mixing maps and showed that the
leapfrog method with the sequent permutations of coordinates
and momenta can provide the most accurate results and the
best long-term stable error behaviour.[51] A fourth order ex-
tended phase space explicit symplectic-like method with the
sequent permutations of coordinates and momenta were pro-
posed to solve four-dimensional metric of relativistic core-
shell models with nonseparable Hamiltonian and the dynamics
of chaos of the system was investigated.[53] Then, the mid-
point permutation map was proposed and proved to have bet-
ter performance. Luo et al. developed the midpoint permu-
tation map for the fourth-order Yoshida’s method and showed
that the midpoint permutation is more powerful in restrain-
ing the original phase space and the copying ones than that
of the sequent permutations of coordinates and momenta.[52]

Li et al. developed three fourth order explicit symplectic-like

integrators by combining the extended phase space with the
midpoint permutation and the sequent permutations of coordi-
nates and momenta and got the same conclusion as Luo et al.
that the midpoint permutation has the best performance.[54]

The Yoshida’s fourth order extended phase space symplectic-
like method with the midpoint permutation was applied to
the problem of neutral particles around a Schwarzschild black
hole and the dynamics of generic orbits by using this numer-
ical method was surveyed.[55] Pan et al. also applied the
Yoshida’s fourth order extended phase space symplectic-like
method with the midpoint permutation to solve the coherent
post-Newtonian Euler–Lagrange equations and showed that
the method behaves well in energy and/or angular momentum
conservation over long time.[56] To overcome the short-term
simulation problem of the Pihajoki’s work, Tao imposed a me-
chanical restraint with a control parameter Ω on the two copies
of the phase space and successfully realized the long-term
simulation.[57] The recent literature pointed out that there is
no universal method that can find the best choice of the control
parameter in the Tao’s methods.[26] On the other hand, it was
shown that the fourth order symplectic Yoshida’s method and
Suziki-like method which are constructed based on the Tao’s
idea were inferior to the fourth order nonsymplectic symmetric
Forest–Ruth-like method with the midpoint permutation.[26]

The Tao’s methods were also shown not superior to the ex-
tended phase space symplectic-like methods with the mid-
point permutation proposed by Luo et al.[52] at the same order
in accuracy.[39] Recently, semi-explicit symplectic integrators
for nonseparable Hamiltonian systems, which are symplec-
tic in both the original phase space and the extended phase
space, were proposed.[58,59] These methods have good long-
term performance in preserving the invariants and exhibit the
same and even better efficiency than that of the Tao’s method.
All the articles mentioned above construct symplectic meth-
ods or symplectic-like methods for nonseparable Hamiltonian
systems. Different from them, we concentrate on the nonsep-
arable non-canonical Hamiltonian systems. Our work is based
on the pioneer work of Pihajoki and Tao, we construct the ex-
plicit K-symplectic methods for nonseparable non-canonical
Hamiltonian systems by using the splitting method. As the
non-canonical systems are more complicate than the canonical
systems, in some cases the two copies of the phase space are
not enough to construct explicit K-symplectic methods, thus
we need to make more copies.

Nonseparable systems are important gradients of
non-canonical Hamiltonian systems. The guiding cen-
ter system,[8–10] the reduced magnetohydrodynamics
equations,[60] and the Ablowitz–Ladik model of the nonlin-
ear Schrödinger equation under periodic condition[1] are all
nonseparable non-canonical Hamiltonian systems. Thus, it
is critical to construct K-symplectic methods with long-term
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conservation property for nonseparable non-canonical sys-
tems. The idea is to extend the phase space and make several
copies of the phase space and to impose an artificial restraint
for the several copies of the phase space. The extended phase
space Hamiltonian consists of several copies of the original
Hamiltonian and another Hamiltonian Hc with control param-
eter Ω that are used to control the copies of the variables.
The constructed method is explicit and K-symplectic in the
extended phase space. We extend the non-canonical systems
in two ways according to their structures and analyze in which
situation that the explicit K-symplectic methods can be con-
structed. Then we propose a second-order and a fourth-order
explicit methods which are K-symplectic in the extend phase
space but not K-symplectic in the original phase space. In or-
der to characterize the distance between the new Hamiltonian
Ĥ which is exactly preserved by a p-th order K-symplectic
method and the extended phase space Hamiltonian H̄, we
provide an error analysis on the Hamiltonian. The error anal-
ysis shows that the Ĥ provides an approximation to H̄. To
show the superiority of the K-symplectic methods in struc-
ture preservation and efficiency, we compare them with higher
order explicit Runge–Kutta methods,[61,62] the implicit sym-
plectic methods, the explicit and implicit symplectic methods
for the original nonseparable noncanonical Hamiltonians, sev-
eral other fourth order explicit K-symplectic methods for the
extended phase space Hamiltonians, and several fourth or-
der extended phase space K-symplectic-like methods with the
midpoint permutation.

The paper is organized as follows. Section 2 is focus
on constructing K-symplectic methods for the nonseparable
systems with special structure and analyzing the situation in
which the explicit K-symplectic methods can be constructed.
In Section 3, the nonseparable systems are general systems
and we make several copies of the phase space in order to con-
struct explicit K-symplectic methods. Section 4 provides an
error analysis from the view of Hamiltonian. In Section 5,
all the numerical methods are listed and the numerical results
in two nonseparable systems are provided. Finally, we give a
short conclusion in Section 6.

2. Explicit K-symplectic methods for nonsepara-
ble systems with special structure
Consider the non-canonical Hamiltonian system

𝑍̇ =𝐾−1(𝑍)∇H(𝑍), 𝑧 = (𝑃 ,𝑄)⊤ ∈ R2n, (9)

where the dot · represents the derivative with respect to time
t and the function H is the Hamiltonian. The matrix 𝐾 =

(li j)2n×2n is anti-symmetric, i.e., li j = −l ji. It is nonsingular,
i.e., det𝐾(𝑍) ̸= 0. Meanwhile, it satisfies the Jacobi identity

∂ lab

∂ zc
+

∂ lbc

∂ za
+

∂ lca

∂ zb
= 0, 1 ≤ a,b,c ≤ 2n . (10)

If we replace the matrix 𝐾−1(𝑍) with the constant matrix
𝐽−1 where

𝐽 =

(
𝑂n 𝐼n

−𝐼n 𝑂n

)
, (11)

then the non-canonical Hamiltonian system (9) becomes a
canonical Hamiltonian system Ż = 𝐽−1∇H(𝑍). According
to the Darboux’s theorem,[1,14] there exists a coordinate trans-
formation 𝑦= ζ (𝑍) that transforms the non-canonical Hamil-
tonian system (9) to a canonical Hamiltonian system. We as-
sume that 𝑦 = ζ (𝑍) exists, then the system (9) can be rewrit-
ten as

𝑦̇ =
[

∂ζ (𝑍)

∂𝑍

]
𝐾−1(𝑍)

[
∂ζ (𝑍)

∂𝑍

]⊤
∇H̃(𝑦), (12)

where H(𝑍) = H ∘ζ−1(𝑦) = H̃(𝑦). If the transformation sat-
isfies [

∂ζ (𝑍)

∂𝑍

]
𝐾−1(𝑍)

[
∂ζ (𝑍)

∂𝑍

]⊤
= 𝐽−1, (13)

or [
∂ζ (𝑍)

∂𝑍

]⊤
𝐽
[

∂ζ (𝑍)

∂𝑍

]
=𝐾(𝑍), (14)

then the system (9) becomes a canonical Hamiltonian system
𝑦̇ = 𝐽−1∇H̃(𝑦).

The non-canonical Hamiltonian system (9) has the gen-
eral symplectic structure which is defined by the following 2-
form

W = ∑
1≤i, j≤2n

li j(𝑍)dzi ∧ dz j. (15)

The above 2-form[14] is closed, i.e., dW = 0. The general sym-
plectic structure is also called K-symplectic structure which is
related to the matrix 𝐾(𝑍). The exact phase flow (exact solu-
tion) ϕt(𝑍) of the non-canonical Hamiltonian system is usu-
ally difficult to solve. However, we can use numerical methods
that exactly preserve the K-symplectic structure of the non-
canonical system. This kind of numerical methods is called
K-symplectic methods. It is well known that the exact flow
ϕt(𝑍) is one of the K-symplectic methods. On the other hand,
the Hamiltonian is exactly preserved by the exact phase flow
ϕt(𝑍), i.e.,

dH(ϕt(𝑍))

dt
=

∂H(ϕt(𝑍))

∂ϕt(𝑍)

dϕt(𝑍)

dt

=
(
∇H(ϕt(𝑍))

)⊤
𝐾−1(ϕt(𝑍))∇H(ϕt(𝑍))

= 0, (16)

the last equality holds because 𝐾−1 is an anti-symmetric ma-
trix. Thus H(ϕt(𝑍)) = H(ϕ0(𝑍)) = H(𝑍0). Now we give the
definition of the K-symplectic methods.
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Definition 1 Given a numerical method Gτ : 𝑍 → 𝑍̂, if
its Jacobian satisfies[

∂Gτ(𝑍)

∂𝑍

]⊤
𝐾(Gτ(𝑍))

[
∂Gτ(𝑍)

∂𝑍

]
=𝐾(𝑍), (17)

we call it as a K-symplectic method.[1]

It is a difficult task to construct the K-symplectic methods
for the general non-canonical Hamiltonian systems.[1] How-
ever, we can construct the K-symplectic methods for the sep-
arable non-canonical Hamiltonian systems by using the split-
ting method in some cases. The problem is whether we can use
the splitting method to construct the K-symplectic methods for
the nonseparable non-canonical Hamiltonian systems.

Here the form of the matrix 𝐾−1 is assumed as

𝐾−1(𝑍) =

(
𝑂n −𝐾12(𝑃 ,𝑄)

𝐾⊤
12(𝑃 ,𝑄) 𝑂n

)
, (18)

where 𝑂n is the n×n zero matrix. We approximate the flow of
the non-canonical Hamiltonian system with an arbitrary non-
separable H(𝑃 ,𝑄). The Hamiltonian is called separable if
H(𝑃 ,𝑄) = H1(𝑃 ) +H2(𝑄).[1] If the Hamiltonian does not
satisfy the above form, it is called nonseparable.

We aim at constructing higher order explicit K-symplectic
methods of the system (9) with nonseparable H by considering
an augmented Hamiltonian[57]

H̄(𝑝,𝑞,𝑥,𝑦) := HA +HB +ΩHC, (19)

in an extended phase space which is two copies of the origi-
nal phase space. Here HA := H(𝑝,𝑦) and HB := H(𝑥,𝑞) cor-
respond to the two copies of the original Hamiltonian with
mixed-up momentum and position variables, HC :=‖ 𝑝−𝑥 ‖2

2
/2+ ‖ 𝑞−𝑦 ‖2

2 /2 is an imposed restraint, and Ω is a constant
that controls the binding of the two copies.[57] Then the new
system is


𝑝̇

𝑞

𝑥̇

𝑦̇

 =


𝑂n −𝐾12(𝑝,𝑞) 𝑂n 𝑂n

𝐾⊤
12(𝑝,𝑞) 𝑂n 𝑂n 𝑂n

𝑂n 𝑂n 𝑂n −𝐾12(𝑥,𝑦)

𝑂n 𝑂n 𝐾⊤
12(𝑥,𝑦) 𝑂n




∂𝑝H̄(𝑝,𝑞,𝑥,𝑦)

∂𝑞H̄(𝑝,𝑞,𝑥,𝑦)

∂𝑥H̄(𝑝,𝑞,𝑥,𝑦)

∂𝑦H̄(𝑝,𝑞,𝑥,𝑦)

= 𝐾̄∇H̄. (20)

The original initial value problem is {
𝑃̇ =−𝐾12(𝑃 ,𝑄)∂𝑄H(𝑃 ,𝑄), 𝑃 (0) = 𝑃0,

𝑄̇=𝐾⊤
12(𝑃 ,𝑄)∂𝑃 H(𝑃 ,𝑄), 𝑄(0) =𝑄0,

(21)

and the extended system is
𝑝̇=−𝐾12(𝑝,𝑞)∂𝑞H(𝑥,𝑞)−𝐾12(𝑝,𝑞)Ω(𝑞−𝑦), 𝑝(0) = 𝑃 (0),
𝑞 =𝐾⊤

12(𝑝,𝑞)∂𝑝H(𝑝,𝑦)−𝐾⊤
12(𝑝,𝑞)Ω(𝑝−𝑥), 𝑞(0) =𝑄(0),

𝑥̇=−𝐾12(𝑥,𝑦)∂𝑦H(𝑝,𝑦)−𝐾12(𝑥,𝑦)Ω(𝑦−𝑞), 𝑥(0) = 𝑃 (0),
𝑦̇ =𝐾⊤

12(𝑥,𝑦)∂𝑥H(𝑥,𝑞)+𝐾⊤
12(𝑥,𝑦)Ω(𝑥−𝑝), 𝑦(0) =𝑄(0).

(22)

It should be noted that if 𝑝(t) = 𝑥(t) in the extended sys-
tem (22), then the extended system is just the two copies of
the original system, thus we have the same exact solution
𝑝(t) = 𝑥(t) = 𝑃 (t), 𝑞(t) = 𝑦(t) = 𝑄(t) if the same initial
values are imposed on 𝑝, 𝑥, 𝑃 and 𝑞, 𝑦, 𝑄.

Denote the time-τ flow of HA and HB by φ τ
HA

and φ τ
HB

.
HC can be separated into two parts H1

C =‖ 𝑝−𝑥 ‖2
2 /2 and

H2
C =‖ 𝑞−𝑦 ‖2

2 /2. We denote the exact solution of the sub-
system with Hamiltonian H1

C by φ τ

ΩH1
C

and that with H2
C by

φ τ

ΩH2
C

. Then we have the following four subsystems:

subsystem I
𝑝̇= 0,
𝑞 =𝐾⊤

12(𝑝,𝑞)∂𝑝H(𝑝,𝑦),
𝑥̇=−𝐾12(𝑥,𝑦)∂𝑦H(𝑝,𝑦),
𝑦̇ = 0,

(23)

subsystem II 
𝑝̇=−𝐾12(𝑝,𝑞)∂𝑞H(𝑥,𝑞),
𝑞 = 0,
𝑥̇= 0,
𝑦̇ =𝐾⊤

12(𝑥,𝑦)∂𝑥H(𝑥,𝑞),

(24)

subsystem III 
𝑝̇= 0,
𝑞 =𝐾⊤

12(𝑝,𝑞)Ω(𝑝−𝑥),
𝑥̇= 0,
𝑦̇ =𝐾⊤

12(𝑥,𝑦)Ω(𝑥−𝑝),

(25)

and subsystem IV
𝑝̇=−𝐾12(𝑝,𝑞)Ω(𝑞−𝑦),
𝑞 = 0,
𝑥̇=−𝐾12(𝑥,𝑦)Ω(𝑦−𝑞),
𝑦̇ = 0.

(26)
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The problem is that under which situation, the four subsystems
can be solved explicitly and the explicit K-symplectic methods
can be constructed. For the above problem, we have the fol-
lowing theorem.

Theorem 1 In the following situation, the above four
subsystems (23), (24), (25), and (26) can be solved explicitly.

If the elements

𝐾12 = diag(g1(p1,q1),g2(p2,q2), . . . ,gn(pn,qn)),

there exist continuous functions Fi(pi,qi) and Gi(pi,qi) such
that dFi(pi,qi)

d pi
= 1

gi(pi,qi)
and dGi(pi,qi)

dqi
= 1

gi(pi,qi)
, and pi and qi

can be solved in closed forms from the two functions Fi(pi,qi)

and Gi(pi,qi) for each i = 1,2, . . . ,n.[49]

Proof For the proof we refer to the details in Ref. [49].
If all the four subsystems (23)–(26) can be solved explic-

itly, K-symplectic methods can be constructed by composing
the analytical solutions of all the subsystems. To prove this, we
simplify the case with just two subsystems. Assume that the
Hamiltonian H of the non-canonical Hamiltonian system (9)
can be split into two parts, i.e., H = HA +HB, then the sys-
tem (9) can be separated into two subsystems

𝑍̇ =𝐾−1(𝑍)∇𝑍HA, (27)

and

𝑍̇ =𝐾−1(𝑍)∇𝑍HB. (28)

Theorem 2 If we denote the exact solutions (exact flows)
of the two subsystems by φ τ

HA
and φ τ

HB
, then the method

φ τ
HB

∘φ τ
HA

is a first order K-symplectic method.
Proof To prove the method φ τ

HA
∘φ τ

HB
is a K-symplectic

method, we need to prove that it satisfies the Eq. (17) in Defi-
nition 1. Thus we need to prove[∂φ τ

HB
∘φ τ

HA
(𝑍)

∂𝑍

]⊤
𝐾(φ τ

HB
∘φ

τ
HA
(𝑍))

×
[∂φ τ

HB
∘φ τ

HA
(𝑍)

∂𝑍

]
=𝐾(𝑍). (29)

Denote 𝑍̃ = φ τ
HA
(𝑍), then the above Eq. (29) is equivalent to

[∂φ τ
HB
(𝑍̃)

∂ 𝑍̃

∂ 𝑍̃

∂𝑍

]⊤
𝐾(φ τ

HB
(𝑍̃))

×
[∂φ τ

HB
(𝑍̃)

∂ 𝑍̃

∂ 𝑍̃

∂𝑍

]
=𝐾(𝑍). (30)

The above Eq. (30) is equivalent to

[
∂ 𝑍̃

∂𝑍

]⊤[∂φ τ
HB
(𝑍̃)

∂ 𝑍̃

]⊤
𝐾(φ τ

HB
(𝑍̃))

×
[∂φ τ

HB
(𝑍̃)

∂ 𝑍̃

][
∂ 𝑍̃

∂𝑍

]
=𝐾(𝑍). (31)

As φ τ
HB

is the exact solution of the subsystem (28), thus it is
a K-symplectic method, therefore, it satisfies the Eq. (17) in
Definition 1, i.e.,[∂φ τ

HB
(𝑍̃)

∂ 𝑍̃

]⊤
𝐾(φ τ

HB
(𝑍̃))

[∂φ τ
HB
(𝑍̃)

∂ 𝑍̃

]
=𝐾(𝑍̃). (32)

As a result, the Eq. (31) is equivalent to[
∂ 𝑍̃

∂𝑍

]⊤
𝐾(𝑍̃)

[
∂ 𝑍̃

∂𝑍

]
=𝐾(𝑍). (33)

As 𝑍̃ = φ τ
HA
(𝑍), it represents the exact solution of the subsys-

tem (27), thus it is also a K-symplectic method, furthermore,
we know that the Eq. (33) always holds. As a result, we prove
that φ τ

HB
∘φ τ

HA
is a first order K-symplectic method. The proof

is completed.
Remark 1 According to the proof of Theorem 2, if φ τ

HA

and φ τ
HB

are two K-symplectic methods, then the composition
method φ τ

HB
∘φ τ

HA
is also a K-symplectic method.

If φ τ
HA
,φ τ

HB
,φ τ

ΩH1
C

, and φ τ

ΩH2
C

can be written in close forms
where τ represents the time stepsize, then similar to the proof
in Theorem 2, we can prove the method φ τ

ΩH2
C
∘ φ τ

ΩH1
C
∘ φ τ

HB
∘

φ τ
HA

is a first order explicit K-symplectic method. Denote this
method by Φτ , then

Φτ = φ
τ

ΩH2
C
∘φ

τ

ΩH1
C
∘φ

τ
HB

∘φ
τ
HA
. (34)

The method Φ*
τ represents the adjoint method of Φτ which is

Φ
*
τ = φ

τ
HA

∘φ
τ
HB

∘φ
τ

ΩH1
C
∘φ

τ

ΩH2
C
. (35)

The method Φ*
τ is also a first order K-symplectic method. Ac-

cording to Remark 1, the composition method

Ψ
2

τ ≡ Φ
*
τ/2 ∘Φτ/2

= φ
τ/2
HA

∘φ
τ/2
HB

∘φ
τ/2
ΩH1

C
∘φ

τ

ΩH2
C
∘φ

τ/2
ΩH1

C
∘φ

τ/2
HB

∘φ
τ/2
HA

, (36)

which is a second order explicit K-symplectic method.[63]

Higher order explicit K-symplectic methods can be con-
structed by composing the first order K-symplectic method.

Remark 2 For arbitrary two dimensional nonseparable
non-canonical Hamiltonian system, the four subsystems can
be solved exactly. Thus the K-symplectic methods can be con-
structed in the extended phase space by composing the exact
solution of the four subsystems.

For high dimensional non-separable systems, if the ma-
trix 𝐾−1 has the special structure as Eq. (18) and satisfies
the requirements in the above Theorem 1, then we only need
to make two copies of the phase space to construct explicit
K-symplectic methods. If the matrix does not have the spe-
cial structure, we will show another way to construct explicit
K-symplectic methods in the next section.
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3. Explicit K-symplectic methods for general
nonseparable systems
Let d = 2n, we consider the d dimensional non-

canonical Hamiltonian system (9) with nonseparable Hamil-
tonian H(𝑃 ) = H(p1, p2, . . . , pd). The skew-symmetric ma-
trix 𝐾−1(𝑍) has no special structure. Denote by 𝐾−1 =

(ki j)d×d . We extend the d dimensional phase space to d2 di-
mensional phase space. Denote by 𝑃1 = (p11, p12, . . . , p1d),
𝑃2 = (p21, p22, . . . , p2d), . . . ,𝑃d = (pd1, pd2, . . . , pdd).

We first consider the augmented Hamiltonian with mix-
up variables as follows:

H̄(𝑃1, . . . ,𝑃d) =
d

∑
i=1

H(pd+1−i,1, pd+2−i,2, . . . ,

pd,i, p1,i+1, . . . , pd−i,d)+ΩHc. (37)

Denote by

H1 = H(pd1, p12, p23, . . . , pd−1,d), (38)

H2 = H(pd−1,1, pd2, p13, . . . , pd−2,d), (39)
...

Hd−1 = H(p21, p32, . . . , pd,d−1, p1d), (40)

Hd = H(p11, p22, . . . , pd−1,d−1, pdd), (41)

then H̄ = H1 + H2 + · · ·+ Hd + ΩHc for any 1 ≤ i ≤ d, Hi

takes one variable from Pj, 1 ≤ j ≤ d. The function Hc is a
constraint with

Hc =
d

∑
j=2

‖ 𝑃1 −𝑃 j ‖2
2

2
+

d

∑
j=3

‖ 𝑃2 −𝑃 j ‖2
2

2
+ · · ·

+
d

∑
j=d−1

‖ 𝑃d−2 −𝑃 j ‖2
2

2
+

‖ 𝑃d−1 −𝑃d ‖2
2

2
. (42)

Then the new system is


𝑃̇1

𝑃̇2
...
𝑃̇d

 =


𝐾−1(𝑃1)

𝐾−1(𝑃2)
. . .

𝐾−1(𝑃d)




∂𝑃1H̄(𝑃1,𝑃2, . . . ,𝑃d)

∂𝑃2H̄(𝑃1,𝑃2, . . . ,𝑃d)
...

∂𝑃d H̄(𝑃1,P2, . . . ,𝑃d)

= 𝐾̄∇H̄. (43)

It can be verified that if the conditions 𝑃1(t) = 𝑃2(t) = · · · =
𝑃d(t) hold, the above system (43) is the d copies of the orig-
inal system (9), thus we have 𝑃1(t) = 𝑃2(t) = · · · = 𝑃d(t) =
P(t) if the same initial condition is imposed on 𝑃 and each 𝑃i,
1 ≤ i ≤ d.

The next step is to explicitly solve each subsystem with
the Hamiltonian Hi for 1 ≤ i ≤ d. Here we present the subsys-
tem with H1 = H(pd1, p12, p23, . . . , pd−1,d)

ṗ1i = ki,2(𝑃1)
∂H1
∂ p12

, i = 1,3,4, . . . ,d,
ṗ12 = 0,
ṗ2i = ki,3(𝑃2)

∂H1
∂ p23

, i = 1,2,4, . . . ,d,
ṗ23 = 0,
. . . . . . . . .
ṗd1 = 0,
ṗd,i = ki,1(𝑃d)

∂H1
∂ pd1

, i = 2,3, . . . ,d.

(44)

It can be seen that p12, p23, . . . , pd1 are all constants as their
derivatives are zero. As the Hamiltonian H1 is just a func-
tion of constants p12, p23, . . . , pd1, therefore its partial deriva-
tives are all constants. Thus, whether the d subsystems can be

solved explicitly depends on ki j, i, j = 1, . . . ,d.
For the constraint function ΩHc, we separate it into

ΩHc = ∑
d2

i=d+1 ΩHi with Hd+i = ∑
d
j=2

(p1i−p ji)
2

2 , H2d+i =

∑
d
j=3

(p2i−p ji)
2

2 , . . ., H(d−1)d+i =
(pd−1,i−pdi)

2

2 , i = 1,2, . . . ,d.
Here we only present the subsystem with Hamiltonian ΩHd+1

ṗ11 = 0,
ṗ1i = ki1(𝑃1)Ω(p11 − p21 + p11 − p31 + · · ·+ p11 − pd1),

i = 2,3, . . . ,d,
ṗ21 = 0,
ṗ2i = ki1(𝑃2)Ω(p21 − p11), i = 2,3, . . . ,d,
. . .

ṗd1 = 0,
ṗd,i = ki1(𝑃d)Ω(pd1 − p11), i = 2,3, . . . ,d.

(45)

We can find that p11, p21, . . ., pd1 are all constants.
Theorem 3 In the following situation, the above d2 sub-

systems can be solved explicitly.
If the form of the matrix 𝐾−1 is under the variable

𝑃 = (p1, p2, . . . , pd) is

𝐾−1(𝑃 ) =


0 k12(p1, p2) k13(p1, p3) . . . k1d(p1, pd)

−k12(p1, p2) 0 k23(p2, p3) . . . k2d(p2, pd)
−k13(p1, p3) −k23(p2, p3) 0 . . . k3d(p3, pd)

...
...

... . . .
...

−k1d(p1, pd) −k2d(p2, pd) −k3d(p3, pd) . . . 0

 , (46)
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where 𝐾−1(𝑃 ) = (ki j(pi, p j))d×d and there exist continu-

ous functions Fi j(pi, p j) and Gi j(pi, p j) such that dFi j(pi,p j)

d pi
=

1
ki j(pi,p j)

and dGi j(pi,p j)

d p j
= 1

ki j(pi,p j)
and pi and p j can be solved

in closed forms from the functions Fi j(pi, p j) and Gi j(pi, p j)

for any 1 ≤ i, j ≤ d, i ̸= j.
Proof For the proof we refer to the details in Ref. [64].
Remark 3 By extending the d dimensional phase space

to the d2 dimensional phase space, whether the subsystems
can be solved exactly depends totally on the elements of the
skew-symmetric matrix 𝐾−1.

If all the d2 subsystems can be solved explicitly, then the
first order explicit K-symplectic method can be constructed by
composing all the exact solutions. The higher order explicit
K-symplectic methods can be constructed by composing the
first order K-symplectic method. More specifically, denote the
exact solution of each subsystem by φ τ

Hi
, i = 1,2, . . . ,d2 and

denote τ by the time stepsize, then the first order K-symplectic
method Φτ is

Φτ = φ
τ
Hd2

∘φ
τ
Hd2−1

∘ . . .∘φ
τ
H2

∘φ
τ
H1
. (47)

Its adjoint method Φ*
τ is

Φ
*
τ = φ

τ
H1

∘φ
τ
H2

∘ . . .∘φ
τ
Hd2−1

∘φ
τ
Hd2

. (48)

Meanwhile, we can compose Φτ to obtain a higher order K-
symplectic method

Ψτ ≡ Φαsτ ∘Φ
*
βsτ

∘ . . .∘Φ
*
β2τ

∘Φα1τ ∘Φ
*
β1τ

, (49)

with the coefficients αi = βs+1−i,1 ≤ i ≤ s. Here Φ*
τ is the

adjoint method of Φτ .
In many real problems, the high dimensional problem

can be decoupled into several lower dimensional problems,
thus one can solve the lower dimensional problems. For ex-
ample, the equation for the distribution function f of the
Vlasov–Maxwell equations can be rewritten as a 6n dimen-
sional Hamiltonian system by expressing f as a sum of Dirac
masses[65] and the 6n dimensional system can be decoupled
into n charged particle systems of 6 dimension.

4. Error analysis
The K-symplectic methods can preserve the K-symplectic

structure of the non-canonical Hamiltonian system. Another
property of the K-symplectic methods is that they can nearly
preserve the Hamiltonian without secular drift over long time.
The Hamiltonian of the non-canonical Hamiltonian system
is also called the energy of the system. Different from the
energy-conserving methods which can exactly preserve the
energy,[66–70] the K-symplectic methods only possess near en-
ergy conservation property. The near energy conservation
property of the K-symplectic methods can be seen from the

following theorem. The theory of backward error analysis
is the main approach to investigating the long-term behavior
of the K-symplectic methods. The main idea of backward
error analysis is to view the numerical solution obtained by
one numerical method as the exact solution of a new sys-
tem with a new vector field that is an approximation of the
original vector field. More specifically, we assume that a nu-
merical method Gτ(𝑍) proceeds a series of numerical solu-
tion 𝑍i, i = 1,2, . . . ,m, where 𝑍i is the value at the i-th time
step. Given a differential equation 𝑍̇ = f (𝑍) and the numer-
ical method Gτ(𝑍), the idea of backward error analysis is to
search for a modified equation

˙̂𝑍 = f (𝑍̂)+ τ f2(𝑍̂)+ τ
2 f3(𝑍̂)+ · · · , Ẑ ∈ R2n, (50)

such that 𝑍n = 𝑍̂(nτ) where 𝑍̂(nτ) is the exact solution of
the modified Eq. (50) at time nτ .

Theorem 4 Assume that the numerical method Gτ(𝑍)

applied to the differential equation 𝑍̇ = f (𝑍) is of order p,
i.e.,

Gτ(𝑍) = ϕτ(𝑍)+ τ
p+1

δp+1(𝑍)+𝒪(τ p+2), (51)

where ϕτ(𝑍) represents the exact solution of the system 𝑍̇ =

f (𝑍), and the term τ p+1δp+1(𝑍) is the leading term of the lo-
cal truncation error, then the modified equation of the method
Gτ(𝑍) satisfies

˙̂𝑍 = f (𝑍̂)+ τ
p fp+1(𝑍̂)+ τ

p+1 fp+2(𝑍̂)+ · · · ,
𝑍̂(0) =𝑍0, (52)

with fp+1(𝑍) = δp+1(𝑍).[1]

Proof For the proof, please see the proof of Theorem 1.2
of Chapter IX in Ref. [1].

If the differential equation is a non-canonical Hamilto-
nian system and the method is a K-symplectic method, then
we have the following theorem.

Theorem 5 If the numerical method Gτ(𝑍) of order p
applied to the non-canonical Hamiltonian system (9) is K-
symplectic, then its modified equation is also a non-canonical
Hamiltonian system with the new Hamiltonian Ĥ. To be spe-
cific, for every initial value 𝑍0 ∈ R2n, there exists a neigh-
borhood U and smooth functions H j : U → R, j = p+ 1, p+
2, . . . such that the modified equation of the method Gτ(𝑍)

satisfies[1]

˙̂𝑍 = K−1(𝑍̂)(∇H(𝑍̂)+ τ
p
∇Hp+1(𝑍̂)

+τ
p+1Hp+2(𝑍̂)+ · · ·), 𝑍̂ ∈U, (53)

the new Hamiltonian Ĥ = H + τ pHp+1 + τ p+1Hp+2 + · · · is
also called the formal energy of Gτ(𝑍).

Proof For the proof, please see the proof of Theorem 3.5
of Chapter IX in Ref. [1].

According to Theorem 5, we know that the difference of
the Hamiltonian H at two adjoint two steps is

H(𝑍n+1)−H(𝑍n) = Ĥ(𝑍n+1)− Ĥ(𝑍n)+𝒪(hp). (54)
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As the values 𝑍n and 𝑍n+1 calculated by the K-symplectic
method Gτ(𝑍) are the exact solutions of the modified Eq. (53),
together with the fact that the Hamiltonian is exactly preserved
by the exact solution, then we know that Ĥ(𝑍n+1) = Ĥ(𝑍n).
Therefore, we obtain that H(𝑍n+1)−H(𝑍n) =𝒪(hp).

The near energy conservation property of the K-
symplectic methods is explained above. But for the K-
symplectic method of the non-canonical Hamiltonian sys-
tem (20) or (43) with a control parameter Ω whose value might
be big, we should further explore the relationship between the
difference of the two Hamiltonians Ĥ − H̄ and the parameter
Ω . So, we want to quantify the magnitude of the leading term
Hp+1 in the formal energy Ĥ for the p-th order K-symplectic
method of the extended phase space Hamiltonian. Take the
first order K-symplectic method Φτ = φ τ

ΩH2
C
∘φ τ

ΩH1
C
∘φ τ

HB
∘φ τ

HA

in Section 2 as an example, then according to Theorem 5, the
formal energy of Φτ is Ĥ = H + hH2 + h2H3 + · · · . Denote
the Lie derivatives of the subsystems with 𝐾̄∇HA, 𝐾̄∇HB,
𝐾̄Ω∇H1

C, and 𝐾̄Ω∇H2
C by DHA , DHB , DH1

C
, and DH2

C
, respec-

tively, then we have[1]

Φτ = exp(τDHA)exp(τDHB)exp(τDH1
C
)exp(τDH2

C
)Id . (55)

By using the BCH formula, we can get

Φh = exp(τD̃)Id , (56)

where

D̃ = DHA +DHB +DH1
C
+DH2

C

+τ

(1
2
[DHA ,DHB ]+

1
2
[DHA ,DH1

C
]

+
1
2
[DHB ,DH1

C
]+

1
2
[DHA ,DH2

C
]+

1
2
[DHB ,DH2

C
]

+
1
2
[DH1

C
,DH2

C
]
)
+ τ

2H̃2 + τ
3H̃3 + · · · . (57)

The Lie bracket is defined by

[D1,D2] = D1D2 −D2D1. (58)

According to the Lemma 3.1 in the Ref. [1], if DHA and DHB

are Lie derivatives of 𝐾̄∇HA and 𝐾̄∇HB, respectively, then
[DHA ,DHB ] is the Lie bracket of 𝐾̄∇{HB,HA} where {HB,HA}
is a Poisson bracket defined by ∇H⊤

B 𝐾̄∇HA. Thus, we can
know that the second term H2 in the modified equation is

H2 =
1
2
{HB,HA}+

1
2

Ω{H1
C,HA}

+
1
2

Ω{H1
C,HB}+

1
2

Ω{H2
C,HA}

+
1
2

Ω{H2
C,HB}+

1
2

Ω
2{H2

C,H
1
C}. (59)

Therefore, we know that H2 is the sum of some Poisson brack-
ets containing two Hamiltonians. Then we can obtain that if

the K-symplectic method is of order p, the second term Hp+1

in the modified Eq. (53) is the sum of some terms of p nested
Poisson brackets containing p+1 Hamiltonians.

For the first order method Φτ , we assume that 𝑝,𝑞,𝑥,𝑦
and H2 are bounded, and the Hamiltonian Ĥ of the modified
equation is conserved by the K-symplectic methods, thus ΩHc

is bounded. As a result, we know that ‖ 𝑝−𝑥 ‖=𝒪(1/
√

Ω)

and ‖ 𝑞−𝑦 ‖=𝒪(1/
√

Ω). Thus, we obtain that

∇H1
C =𝒪(1/

√
Ω), ∇H2

C =𝒪(1/
√

Ω). (60)

Therefore, we know that H2 of the first order K-symplectic
method Φh is of magnitude Ω , i.e., the difference between
H̄ and the formal energy Ĥ of the first order K-symplectic
method Φτ is

Ĥ − H̄ =𝒪(τΩ). (61)

In a similar way, we can prove that the difference between
H̄ and the formal energy Ĥ of the p-th order K-symplectic
method is

Ĥ − H̄ =𝒪(τ p
Ω

(p+1)/2), (62)

because the p nested Poisson brackets contains the p + 1
Hamiltonians, and the total number of ΩH1

C or ΩH2
C that ap-

peared in the Poisson brackets is at most p+1. According to
the above analysis, we know that the formal energy Ĥ of the
p-th order K-symplectic method provides an approximation to
the extended phase space Hamiltonian H̄. Thus the time step-

size constraint is τ ≪ Ω
− p+1

2p . The energy error analysis of the
K-symplectic method for the general nonseparable system in
Section 3 is similar.

The above error analysis is a rough error estimate, the true
error bound may be even smaller. But the error bound provides
a constraint on the time stepsize.

5. Numerical experiments
5.1. Numerical methods

To demonstrate the superiority in the structure preserva-
tion and efficiency of the K-symplectic methods, we com-
pare them with higher order Runge–Kutta methods, the im-
plicit symplectic methods, the explicit and implicit symplectic
methods for the original nonseparable noncanonical Hamilto-
nians, several other fourth order explicit K-symplectic meth-
ods for the extended phase space Hamiltonians, and several
fourth order extended phase space K-symplectic-like methods
with the midpoint permutation. Denote Φτ by the first order
K-symplectic method composed by the exact solution of all
subsystems which is defined in Eqs. (34) and (47).

2ndKSYM: the second order K-symplectic method for
the extended non-canonical Hamiltonian system, which is the
composition of Φτ and its adjoint method is Φ*

τ
[63]

Ψ
2

τ ≡ Φ
*
τ/2 ∘Φτ/2. (63)
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4thKSYM: the fourth order K-symplectic method for the
extended non-canonical Hamiltonian system, which is com-
posed by[71]

Ψ
4

τ ≡ Φα5τ ∘Φ
*
β5τ

∘ . . .∘Φ
*
β2τ

∘Φα1τ ∘Φ
*
β1τ

. (64)

The values of the parameters α1,β1, . . . ,α5,β5 are given as fol-
lows:

β1 = α5 =
14−

√
19

108
, α1 = β5 =

146+5
√

19
540

, (65)

β2 = α4 =
−23−20

√
19

270
,

α2 = β4 =
−2+10

√
19

135
, β3 = α3 =

1
5
. (66)

According to Remark 1, we can prove that both the 2nd-
KSYM method and the 4thKSYM method are K-symplectic
methods. It should be noticed that both the 2ndKSYM method
and the 4thKSYM method are not applied to the original non-
canonical Hamiltonian system, thus they are not K-symplectic
in the original system.

3rdRK: the third-order explicit Runge–Kutta method
(Heun method).[72] It can be applied to both the extended non-
canonical Hamiltonian system and the original non-canonical
Hamiltonian system.

5thRK: the explicit Runge–Kutta method with effective
order 5 (Butcher method).[62,72] It can be applied to both the
extended non-canonical Hamiltonian system and the original
non-canonical Hamiltonian system.

2ndMIDP: the second-order implicit midpoint rule[27,28]

for the original non-canonical Hamiltonian system (9). This
method is symmetric and symplectic for the Hamiltonian sys-
tems.

2ndSV: the second-order Stömer–Verlet method[1] for the
original non-canonical Hamiltonian system (9). This method
is semi-implicit and symmetric. It is also symplectic for the
Hamiltonian systems. We denote it by SV 2

τ .
4thBPRK: the optimized fourth-order partitioned Runge–

Kutta method for the extended non-canonical Hamiltonian
system proposed in Refs. [39,73]. The method is composed
by

Γ
4

τ ≡ Φα6τ ∘Φ
*
β6τ

∘ . . .∘Φ
*
β2τ

∘Φα1τ ∘Φ
*
β1τ

. (67)

The values of the parameters α1,β1, . . . ,α6,β6 are given as fol-
lows:

β1 = α6 = 0.079203696431196,

α1 = β6 = 0.130311410182166, (68)

β2 = α5 = 0.222861495867608,

α2 = β5 =−0.366713268047426, (69)

β3 = α4 = 0.324648188689706,

α3 = β4 = 0.109688477876750. (70)

4thBRKN: the optimized fourth-order Runge–Kutta–
Nyström method for the extended non-canonical Hamiltonian
system proposed in Refs. [39,73]. The method is composed by

Θ
4
τ ≡ Φα6τ ∘Φ

*
β6τ

∘ . . .∘Φ
*
β2τ

∘Φα1τ ∘Φ
*
β1τ

. (71)

The values of the parameters α1,β1, . . . ,α6,β6 are given as fol-
lows:

β1 = α6 = 0.082984406417405,

α1 = β6 = 0.16231455076687, (72)

β2 = α5 = 0.23399525073150,

α2 = β5 = 0.37087741497958, (73)

β3 = α4 =−0.40993371990193,

α3 = β4 = 0.059762097006575. (74)

4thYOS: the fourth-order Yoshida’s K-symplectic meth-
ods for the extended non-canonical Hamiltonian system.[23]

The method is composed by

ϒ
4
τ ≡Ψ

2
λ3τ

∘Ψ
2

λ2τ
∘Ψ

2
λ1τ

, (75)

where λ1 = λ3 =
1

2−21/3 ,λ2 = 1−2λ1.
4thBPRK–MP: the optimized fourth-order partitioned

Runge–Kutta K-symplectic-like method with the midpoint
permutation.[52] The midpoint permutation is

M :
𝑝+𝑥

2
→ 𝑝= 𝑥,

𝑞+𝑦

2
→ 𝑞 = 𝑦, (76)

for the extended system (20) with two copies. Meanwhile, for
the extended system (43) with d copies, the midpoint permu-
tation is

M :
p11 + p21 + · · ·+ pd1

d
→ p11 = p21 = · · ·= pd1, (77)

p12 + p22 + · · ·+ pd2

d
→ p12 = p22 = · · ·= pd2, (78)

...
p1d + p2d + · · ·+ pdd

d
→ p1d = p2d = · · ·= pdd . (79)

The 4thBPRK–MP method is the fourth-order partitioned
Runge–Kutta method Γ 4

τ combined with the midpoint permu-
tation

MΓ
4

τ = M⊗Γ
4

τ . (80)

It should be noticed that for the method 4thBPRK–MP, the
midpoint permutation is chosen to control the copies of the
variables, thus Ω is no longer needed, therefore Ω = 0 in the
method Γ 4

τ .
4thBRKN–MP: the optimized fourth-order Runge–

Kutta–Nyström K-symplectic-like method with the midpoint
permutation.[52] The 4thBRKN–MP method is the fourth-
order Runge–Kutta–Nyström method Θ 4

τ combined with the
midpoint permutation

MΘ
4
τ = M⊗Θ

4
τ . (81)
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It should be noticed that for the method 4thBRKN–MP, the
midpoint permutation is chosen to control the copies of the
variables, thus Ω = 0 in the method Θ 4

τ .
4thYOS–MP: the fourth-order Yoshida’s symplectic-like

method with the midpoint permutation.[52] The method is the
fourth-order Yoshida’s method ϒ4

τ combined with the midpoint
permutation

Mϒ
4
τ = M⊗ϒ

4
τ . (82)

It should be noticed that for the method 4thYOS–MP, Ω = 0
in the method ϒ4

τ .
4thGAUSS: the fourth order implicit Gauss–Legendre

Runge–Kutta symplectic method[1,29,30] for the original non-
canonical Hamiltonian system (9). It is symmetric and sym-
plectic for the Hamiltonian systems.

4thSVCOMP: the fourth order method composed by
the second-order Stömer–Verlet method for the original non-
canonical Hamiltonian system (9). The method is composed
by

SV 4
τ ≡ SV 2

λ3τ
∘SV 2

λ2τ
∘SV 2

λ1τ
, (83)

where λ1 = λ3 = 1
2−21/3 ,λ2 = 1− 2λ1. It is symmetric and

symplectic for the Hamiltonian systems.
We note here the 2ndMIDP, the 2ndSV, the 4thGAUSS,

and the 4thSVCOMP are applied to the original non-canonical
Hamiltonian system. As they are implicit or semi-implicit
methods, the Newton iteration method is used to solve them.
The tolerance error for both second order methods is 1×10−12

while the tolerance error for both fourth order methods is
1×10−15.

5.2. The first numerical demonstration for Ablowitz–
Ladik model

The Ablowitz–Ladik model is one of the space discretiza-
tion of the nonlinear Schrödinger equation[1,74–76] with the
form of

iẆk +
1
h2 (Wk+1 −2Wk +Wk−1)

+ |Wk|2(Wk+1 +Wk−1) = 0, (84)

where the dot represents the derivative with respect to the time
t and h is the space stepsize. Under the periodic condition
Wk+N = Wk(h = 1

N ), it is an integral system. It is well known
that the integral system possesses an infinite number of con-
served quantities. Nonlinear Schrödinger equation also pos-
sesses an infinite number of invariants, such as the charge, the
momentum, the energy and so on. We list two of them as fol-
lows:

D1 =
∫ +∞

−∞

|W |2 dx, (85)

D2 =
∫ +∞

−∞

{
W

dW
dx

−W
dW
dx

}
dx, (86)

where W represents the conjugate of W . After using the central
difference formula, the above invariants can be approximated

as

F1 = h
N

∑
i=1

Wl+1W l , (87)

F2 =
N

∑
i=1

(WlW l+1 −Wl+1W l). (88)

We denote FI1 and FR1 as the imaginary and the real part of
F1, respectively. The notations for the invariant F2 are similar.

By separating the variable Wk into real and imaginary
parts, Wk = uk + ivk, then we obtain a non-canonical Hamil-
tonian system with[1](

𝑢̇

𝑣̇

)
=

(
O −𝐷

𝐷 O

) (
∂𝑢H(𝑢,𝑣)

∂𝑣H(𝑢,𝑣)

)
= 𝐾−1(𝑢,𝑣)∇H(𝑢,𝑣), (89)

where 𝑢= (u1, . . . ,uN), 𝑣= (v1, . . . ,vn), 𝐷= diag(d1, d2, . . .,
dN) is a diagonal matrix with the elements

dk(𝑢,𝑣) = 1+h2(u2
k + v2

k), k = 1,2 . . . ,N, (90)

and the Hamiltonian is

H(𝑢,𝑣) =
1
h2

N

∑
i=1

(uiui−1 + vivi−1)

− 1
h4

N

∑
i=1

ln(1+h2(u2
i + v2

i )). (91)

It should be noticed that the pair of variables (ui,vi) is not a
pair of canonical variables. We can easily prove that the ma-
trix 𝐾−1(𝑢,𝑣) appeared in the system (89) is anti-symmetric,
nonsingular, and satisfies the Jacobi-identity, therefore this
matrix is a 𝐾 matrix. As a result, the system (89) is a non-
canonical Hamiltonian system. It can also be seen that the
matrix 𝐾−1 satisfies the requirements in Theorem 1. Thus,
we extend the phase space and make the two copies of (𝑢,𝑣).

We take N = 4 and denote the two copies of (𝑢,𝑣) by
𝑃 = (p1, p2, . . . , p8) and 𝑄 = (q1,q2, . . . ,q8). Thus we con-
sider the augmented Hamiltonian

H̄ := H1 +H2 +ΩHc, (92)

where

H1 := H(p1, . . . , p4,q5, . . . ,q8), (93)

H2 := H(q1, . . . ,q4, p5, . . . , p8), (94)

Hc =
‖ 𝑃 −𝑄 ‖2

2
2

=
8

∑
i=1

(pi −qi)
2

2
. (95)

Then the augmented Hamiltonian is separated into 10 subsys-
tems, with H1, H2, and H j+2 = (pi−qi)

2

2 , j = 1,2, . . . ,8. Here
we only present the exact solution of the first subsystem with
the Hamiltonian H1
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pi = pi0, i = 1,2,3,4,

p j =

√
1+h2 p2

j−4,0
h tan

(
th ∂H1

∂ p j−4,0

√
1+h2 p2

j−4,0 + arctan
(

hp j0√
1+h2 p2

j−4,0

))
, j = 5,6,7,8,

q j =

√
1+h2q2

j+4,0
h tan

(
− th ∂H1

∂q j+4,0

√
1+h2q2

j+4,0 + arctan
(

hq j0√
1+h2q2

j+4,0

))
, i = 1,2,3,4,

qi = qi0, i = 5,6,7,8,

(96)

where h is the space stepsize and pi0, qi0 are the initial values of pi, qi. As the Hamiltonian H1 is the function of constants
pi0,qi+4,0, i = 1,2,3,4, therefore their partial derivatives with respect to its arguments are all constants. The others subsystems
can also be solved explicitly, therefore the explicit K-symplectic methods can be constructed by composing the exact solution of
all the subsystems.
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Fig. 1. The energy evolutions of the 2ndKSYM method, the 3rdRK method, the 4thKSYM method, and the 5thRK method. Subfigures (a) and
(b) display the relative energy error of the augmented Hamiltonian H̄ for the four methods with Ω = 20 and the time stepsize τ = 0.001. In
the first two subfigures the energy error is represented by |H̄ − H̄0|/|H̄0|. Subfigures (c) and (d) display the relative energy error of the original
Hamiltonian H with Ω = 20 and τ = 0.001. In the last two subfigures the energy error is represented by |H −H0|/|H0|.
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two copies for the variables u1 and u3 obtained by the 2ndKSYM method. Subfigures (c) and (d) display the differences between the two copies
for the variables v1 and v3 obtained by the 4thKSYM method. Here the time stepsize is τ = 0.001 and Ω = 20, the final time is T = 1000.
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The initial condition is u10 = 0.2, u20 = 0.4, u30 =

0.3, u40 = 0.5, v10 = 0.3, v20 = 0.2, v30 = 0.3, v40 = 0.2.
The two copies of the variable (𝑢,𝑣) have the same initial
condition. The energy evolutions of the augmented Hamilto-
nian H̄ obtained by the 2ndKSYM, 4thKSYM, 3rdRK, and
5thRK methods are displayed in Fig. 1. The energy errors
of the K-symplectic methods oscillate with small amplitudes
while the energy errors of the Runge–Kutta methods increase
without bound as can be seen from Fig. 1. The explicit K-
symplectic methods have shown their significant advantages
in energy conservation over long-term simulation compared
with the higher order Runge–Kutta methods. The energy er-
rors of the original Hamiltonian H(p1, . . . , p8) in the first copy

of variables obtained by the two explicit K-symplectic meth-
ods are also shown in Fig. 1. As can be seen from Fig. 1 that
the energy errors can be bounded at very small intervals. This
shows that the explicit K-symplectic methods can also pre-
serve the original Hamiltonian over long time. The two copies
of the variable (𝑢,𝑣) are also compared. We show the differ-
ences between the two copies of u1, u3, v1, v3 in Fig. 2. The
errors in the two copies of u1, u3, v1, v3 obtained by the two
explicit K-symplectic methods are all bounded by small num-
bers. We display the evolutions of the invariants FI1 and FI2
obtained by the 2ndKSYM method and the 4thKSYM method
in Fig. 3. As can be seen from Fig. 3 that the imaginary part of
the invariants F1 and F2 are both bounded well over long time.
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and (0.9,0.5,0.6,0.3,0.2,0.4,0.2,0.7). In subfigure (b), the initial values for orbit 1, 2 and 3 are two copies of (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8),
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(b) Ω = 4 is an appropriate choice.
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As the control parameter Ω is dependent on the algo-
rithms and the initial conditions. We plot the dependence
of the maximal relative energy error on the parameter Ω for
both the 2ndKSYM method and the 4thBRKN method when
solving three orbits in Fig. 4. The three orbits correspond to
three different initial conditions. It is shown in Fig. 4(a) that
Ω = 32 is an appropriate choice for the 2ndKSYM method.
Thus, one of the initial condition in Fig. 4(a) and the cho-

sen Ω are used to compare the computational efficiency of
the 2ndKSYM method, the 2ndMIDP method, and the 2ndSV
method. The results are shown in Fig. 5(b). It is also shown in
Fig. 4(b) that Ω = 4 is an appropriate choice for the 4thBRKN
method. One of the initial condition in Fig. 4(b) and the chosen
Ω are used to compare the computational efficiency of all the
fourth-order methods and the results are shown in Figs. 5(c)
and 5(d).
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Fig. 5. The log–log plot for the computational efficiency for each method over the interval [0,T ]. In subfigure (a), the time stepsize τ for the
2ndKSYM and 3rdRK method is τ = 0.001/2i, i = 0,1,2,3, the τ for the 4thKSYM and 5thRK method is τ = 0.008/2i, i = 0,1,2,3, the initial
value is (0.2,0.4,0.3,0.5,0.3,0.2,0.3,0.2), Ω = 20 and T = 100. In subfigure (b), the time stepsize τ for the three methods is τ = 0.001/2i,
i = 0,1, . . . ,4, the initial value is (0.3,0.5,0.1,0.6,0.2,0.3,0.5,0.1), Ω = 32 and T = 100. In subfigures (c) and (d), the time stepsize τ for these
methods is τ = 0.008/2i, i = 0,1,2,3, the initial value is (0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8), Ω = 4 and T = 100.

Figure 5 shows the computational efficiency of all the

methods listed in the Subsection 5.1. Figure 5(a) displays the

computational efficiency of the 2ndKSYM, the 4thKSYM, the

3rdRK, and the 5thRK method. It is shown that under the

time stepsize τ = 0.001, the energy error of the 2ndKSYM

method is about six orders of magnitude smaller than that of

the 3rdRK method. Under all the stepsizes, the energy errors

of the 2ndKSYM method are much smaller than those of the

3rdRK method. The CPU time of the 2ndKSYM method is

a bit bigger than that of the 3rdRK method applied to the ex-

tended non-canonical Hamiltonian system. The energy errors

of the 3rdRK method applied to the original system and the

extended system are nearly the same, while the CPU time of

the 3rdRK method applied to the original system is less. It can

also be seen that the energy errors of the 4thKSYM method

are also much smaller than those of the 5thRK method un-

der all the stepsizes. The reason why the energy error of

the 2ndKSYM method at the top point is less than that of

the 4thKSYM method at the top point is that the time step-

size for the 2ndKSYM method is much less. And the reason

why we choose larger stepsizes for the 4thKSYM method is to

clearly show the order of the method. Figure 5(a) shows that

the K-symplectic methods exhibit much better energy behav-

ior than the higher order Runge–Kutta methods. Figure 5(b)

shows the computational efficiency for the three second order

methods. One method is said to be more efficient than the

other method if it takes less CPU time to obtain the same or-

der magnitude of error. As is shown in Fig. 5(b) that to obtain

the same energy error, like 10−6, the CPU time of the 2nd-

KSYM method is much less than those of the 2ndMIDP and

the 2ndSV methods. This shows that the 2ndKSYM method

is more efficient than the 2ndMIDP method and the 2ndSV

method. The computational efficiency of all the fourth-order

methods are displayed in Figs. 5(c) and 5(d). As can be seen

from Fig. 5(c) that although the energy error of the 4thKSYM

method is larger than that of the 4thBPRK method at the same
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stepsize, but to obtain the same order magnitude of energy er-
ror, the CPU time of the 4thKSYM method is less than that of
the 4thBPRK method. This shows that the 4thKSYM method
is more efficient than the 4thBPRK method. The energy er-
ror of the 4thKSYM method is nearly the same as that of
the 4thBRKN method, but its CPU time is less than that of
the 4thBRKN method. This also exhibits that the 4thKSYM
method is more efficient than the 4thBPRK method. When
we compare the 4thKSYM method with the 4thBPRK–MP
method and the 4thBRKN–MP method, the CPU time of the
4thKSYM method is larger than those of the two methods,
but the energy error of the 4thKSYM method is slightly small.
The reason why the 4thKSYM method takes more CPU time is
that the number of subsystems is two times of the 4thBPRK–
MP and the 4thBRKN–MP methods. Displayed in Fig. 5(d)
is the comparison between the 4thKSYM method and the oth-
ers fourth order methods. As can be seen from Fig. 5(d) that
the 4thKSYM method can not only obtain less energy error,
but also take less CPU time than the 4thGAUSS, the 4thYOS,
the 4thYOS–MP, and 4thSVCOMP methods. This shows that
the 4thKSYM method exhibits much better efficiency than the
others four methods.
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Fig. 6. The error of variables u1 and v2 between solution in the origi-
nal phase space and that in the extended phase space. The initial value
is (0.2,0.4,0.3,0.5,0.3,0.2,0.3,0.2) and Ω = 20. Subfigure (a) displays
the error between the original u1 and the first copy of u1, subfigure (b)
displays the error between the original v2 and the second copy of v2.

We also plot the errors between the solution in the origi-
nal phase space and that in the extended phase space in Fig. 6.
The initial value of the extended system is the two copies of
the original ones. The both solutions are calculated by using
the ode45 function in Matlab. The relative tolerance and the
absolute tolerance are set to be 10−12 and 10−12, respectively.
As can be seen from Fig. 6 that there is no difference between
the solution in the original phase space and that in the extended
phase space for the Ablowitz–Ladik model.

5.3. The second numerical demonstration for gyrocenter
system

Gyrocenter system[8–10] plays a fundamental role in
plasma physics research. Many neoclassical phenomena in
tokamak experiments, such as the bootstrap current, are under-
lied by gyrocenter dynamics. As is mentioned above, the gy-

rocenter motion is obtained by averaging out the fast gyromo-
tion from the charged particle dynamics. It is a non-canonical
Hamiltonian system

𝑍̇ =𝐾−1(𝑍)∇H(𝑍), 𝑍 = (x,y,z,u)⊤, (97)

with the Hamiltonian H = 1
2 u2 +µ|B(𝑋)|+ϕ(𝑋) and

𝐾−1(𝑍) =
1

a12b3 −a13b2 +a23b1

×


0 −b3 b2 a23
b3 0 −b1 −a13
−b2 b1 0 a12
−a23 a13 −a12 0

 . (98)

Given a vector potential 𝐴(𝑋) = ( f ,g,h)⊤, the magnetic field
is 𝐵(𝑋)=∇×𝐴(𝑋), 𝑏(𝑋)= (b1,b2,b3)

⊤ = 𝐵(𝑋)
|𝐵(𝑋)| and the

elements in 𝐾−1(𝑍) are

a12 = gx − fy +u
(

∂b2

∂x
− ∂b1

∂y

)
, (99)

a13 = hx − fz +u
(

∂b3

∂x
− ∂b1

∂ z

)
, (100)

a23 = hy −gz +u(
∂b3

∂y
− ∂b2

∂ z
). (101)

We set the magnetic field to 𝐵(𝑋)= (0,0,sec2(xy)). The
scalar potential is chosen as 𝜙(𝑋) = 10−2

√
x2 + y2 + z2. As

the Hamiltonian is not separable, and the matrix 𝐾−1 does
not have the special structure as (18), thus we make four
copies of the phase space (x,y,z,u). Denote the four copies
of (x,y,z,u) by 𝑃 = (p1, p2, p3, p4), 𝑄= (q1,q2,q3,q4), 𝑅=

(r1,r2,r3,r4), and 𝑊 = (w1,w2,w3,w4). The exact solution
to the first subsystem with Hamiltonian H1 can be solved ex-
plicitly

pi = pi0, i = 1,3,4,

p2 =
1

p10
arctan

(
∂H1
∂ p10

p10t + tan(p10 p20)
)
,

q1 =
1

q20
arctan

(
− ∂H1

∂q20
q10t + tan(q10q20)

)
,

qi = qi0, i = 2,3,4,
ri = ri0, i = 1,2,3,

r4 = r40 − ∂H1
∂ r30

t,

wi = wi0, i = 1,2,4,

w3 = w30 +
∂H1
∂w40

t,

(102)

where pi0, qi0, ri0, wi0 represent the initial values of pi, qi, ri,
wi for i = 1,2,3,4. As the Hamiltonian H1 is the function of
the constants p1, q2, r3, w4, therefore the partial derivative of
H1 with respect to each argument is also a constant. The oth-
ers subsystems can also be solved explicitly, thus the explicit
K-symplectic methods can be constructed.

The initial condition is x0 = 0.003, y0 = 0.002, z0 = 0.004
and u0 = 0.005. The four copies of the original variables x, y,
z, u have the same initial condition. The orbits in p1− p2 plane
obtained by the 2ndKSYM method and the 3rdRK method are
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displayed in Fig. 7. The orbit obtained by the second order K-
symplectic method is a closed circle while the orbit obtained
by the third order Runge–Kutta method spirals outwards and
loses accuracy as can be seen from Fig. 7. The relative en-
ergy errors of the augmented Hamiltonian H̄ obtained by the
four methods are also shown in Fig. 7. The energy errors of
the K-symplectic methods can be bounded at small intervals
along time while those of the higher order Runge–Kutta meth-
ods increase linearly along time. The K-symplectic methods
have shown their superiorities in preserving the orbit and the
energy over long-term simulation compared with the higher
order Runge–Kutta methods. The evolutions of the original H
for the two K-symplectic methods are shown in Fig. 8. The
energy errors of the two methods oscillate at vey small ampli-
tudes as can be seen from Fig. 8. The explicit K-symplectic

methods have the property of preserving the original Hamilto-
nian over long time. The differences between the four copies
in the original variables x, y, z, u are displayed in Fig. 9 and
they are all bounded by very small numbers. Displayed in
Fig. 10 is the orbits projected on (x,y) plane obtained by the
two K-symplectic methods under different magnitudes of elec-
tric field E =−∇ϕ . The phase orbits are all closed ellipses. It
can be seen that the orbit obtained by the 4thKSYM method
under the ϕ(𝑋) = 100

√
x2 + y2 + z2 is a bit more accurate

than obtained by the 2ndKSYM method. As can be seen from
Fig. 10 that the value of y changes rapidly when the electric
field turns large. The periods of the orbits are 13.1, 3.4, 1.8,
1.5, and 1.3 when the coefficients in the ϕ(𝑋) are 10−3, 10−2,
10−1, 10−1/2, and 100, respectively. This shows that the larger
electric field accelerates the motion of the guiding center.
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Fig. 10. The phase orbit obtained by the 2ndKSYM and the
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Figure 11 shows the dependence of the maximal relative
energy error on the parameter Ω for the 2ndKSYM method
and the 4thBPRK method when solving three orbits. The
three orbits correspond to three different initial conditions.
It is shown in Fig. 11(a) that the energy error is nearly the
same no matter how big the Ω is, thus we choose Ω = 18.
One of the initial condition in Fig. 11(a) and the chosen Ω

are used to compare the computational efficiency of the 2nd-
KSYM method, the 2ndMIDP method, and the 2ndSV method
and the results are shown in Fig. 12(b). As can be seen from
Fig. 11(b) that Ω = 6 is an appropriate choice for the 4thBPRK
method. One of the initial condition in Fig. 11(b) and the
chosen Ω are used to compare the computational efficiency
of all the fourth-order methods and the results are shown in
Figs. 12(c) and 12(d).

Figure 12 shows the computational efficiency of all the
numerical methods. Figure 12(a) displays the computational

efficiency of the 2ndKSYM, the 4thKSYM, the 3rdRK, and
the 5thRK method. It is shown that to obtain the same or-
der magnitude of energy error, the CPU time of the 2nd-
KSYM method is less than that of the 3rdRK method applied
to the extended phase space Hamiltonian. Thus the 2ndKSYM
method is more efficient than the 3rdRK method applied to
the extended phase space Hamiltonian. It can also be seen
from Fig. 12(a) that the 4thKSYM method is more efficient
than the 5thRK method applied to the extended phase space
Hamiltonian. The K-symplectic methods are less efficient than
the higher-order Runge–Kutta methods applied to the origi-
nal non-canonical Hamiltonian system. Figure 12(b) shows
the computational efficiency for the three second order meth-
ods. As shown in Fig. 12(b) that the energy error of the 2nd-
MIDP method is less than that of the 2ndKSYM method at
each time stepsize. But to obtain the same order magnitude of
error, like 10−10, the CPU time of the 2ndKSYM method is
less than that of 2ndMIDP method. This exhibits that the 2nd-
KSYM method is more efficient than the 2ndMIDP method.
As shown in Fig. 12(b) that the 2ndKSYM method is more ef-
ficient than the 2ndSV method. The computational efficiency
of all the fourth order methods are displayed in Figs. 12(c)
and 12(d). It can be seen from Fig. 12(c) that the 4thKSYM
method is more efficient than the 4thBPRK method and the
4thBRKN method. It is also shown in Fig. 12(c) that both
the energy error and the CPU time of the 4thBPRK–MP and
the 4thBRKN–MP methods are less than those of 4thKSYM
methods. The reason why the 4thKSYM method takes more
CPU time is that more subsystems are required to be calcu-
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lated. Thus, the 4thBPRK–MP method and the 4thBRKN–MP
method are more efficient than the 4thKSYM method. Dis-
played in Fig. 12(d) is the comparison between the 4thKSYM
method and the others fourth order methods. As can be seen
from Fig. 12(d) that the 4thKSYM method is more efficient
than the 4thGAUSS method and the 4thYOS method. Fur-
thermore, the energy error of the 4thKSYM method is much
less than that of the 4thYOS method under the same stepsize.
On the other hand, although at the same stepsize, the energy
error of the 4thKSYM method is about two orders of mag-
nitude smaller than that of the 4thYOS–MP method, but the
CPU time of the 4thKSYM method is nearly four times of
the 4thYOS–MP method. This is because the 4thYOS–MP

method calculates less subsystems and only need triple com-
position of Ψ 2

τ . Figure 12(d) also shows that the 4thKSYM
method exhibits much better efficiency than the 4thSVCOMP
method.

We also plot the errors between the solution in the origi-
nal phase space and that in the extended phase space in Fig. 13.
The initial value of extended system is the four copies of the
original ones. The both solutions are calculated by using the
ode45 function in Matlab. The relative tolerance and the ab-
solute tolerance are set to be 10−12 and 10−12, respectively.
Figure 13 shows that the errors in two variables between the
solution in the original phase space and that in the extended
phase space are bounded by the machine precision.
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between the original x and the first copy of x, subfigure (b) displays the
error between the original z and the second copy of z.

6. Conclusion

We propose explicit K-symplectic methods for non-
canonical Hamiltonian systems with nonseparable Hamilto-
nian. The idea is to extend the original phase space to sev-
eral copies of the phase space and to impose a mechanical re-
straint on the copies of the phase space. Explicit K-symplectic
methods have been constructed for two non-separable non-
canonical Hamiltonian systems and are compared with higher
order explicit Runge–Kutta methods. The numerical results
show that the K-symplectic methods have superiority in phase
orbit tracking and energy conservation over long-term simu-
lation compared with the higher order Runge–Kutta methods.
The differences between the several copies of the variables are
also bounded by the K-symplectic methods. The numerical
results also show that the 2ndKSYM method is more efficient
than the 3rdRK applied to the extended systems, the 2ndMIDP
method and the 2ndSV method applied to the original systems.
Meanwhile, the 4thKSYM method is more efficient than the
5thRK applied to the extended systems, the 4thBPRK and the
4thBRKN methods for the extended systems and the 4thYOS,
the 4thGAUSS, and the 4thSVCOMP methods for the original
systems. The energy error of the 4thKSYM method is much
less than those of the 4thYOS and the 4thYOS–MP methods
under the same time stepsize. The numerical results also show
that the 4thKSYM method is less inferior to the 4thBPRK–
MP and 4thBRKN–MP in efficiency because less subsystems
are required be calculated in the latter two methods, but their
energy errors are nearly in the same magnitude. Thus, the
2ndKSYM method and the 4thKSYM method are suitable for
long-time simulations of nonseparable noncanonical Hamilto-
nian systems.
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