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In space-based gravitational wave detection, the estimation of far-field wavefront error of the distorted beam is the
precondition for the noise reduction. Zernike polynomials are used to describe the wavefront error of the transmitted
distorted beam. The propagation of a laser beam between two telescope apertures is calculated numerically. Far-field
wavefront error is estimated with the absolute height of the peak-to-valley phase deviation between the distorted Gaussian
beam and a reference distortion-free Gaussian beam. The results show that the pointing jitter is strongly related to the
wavefront error. Furthermore, when the jitter decreases 10 times from 100 nrad to 10 nrad, the wavefront error reduces for
more than an order of magnitude. In the analysis of multi-parameter minimization, the minimum of wavefront error tends to
Z[5,3] Zernike in some parameter ranges. Some Zernikes have a strong correlation with the wavefront error of the received
beam. When the aperture diameter increases at Z[5,3] Zernike, the wavefront error is not monotonic and has oscillation.
Nevertheless, the wavefront error almost remains constant with the arm length increasing from 10~! Mkm to 10> Mkm.
When the arm length decreases for three orders of magnitude from 10~! Mkm to 10~* Mkm, the wavefront error has only
an order of magnitude increasing. In the range of 10~% Mkm to 10> Mkm, the lowest limit of the wavefront error is from

0.5 fm to 0.015 fm at Z[5,3] Zernike and 10 nrad jitter.
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1. Introduction

There are 90 events of gravitational wave above 10 Hz de-
tected by the ground-based observatories from LIGO, VIRGO
and KAGRA collaborations.[!! The gravitational wave obser-
vatory below 1 Hz is a space-based mission matching the
longer baseline with the order of 10° km-s apart between the
spacecrafts of gravitational wave detection.!”l The less than
10 pm phase of the laser beams is shifted by the gravitational
wave linked the spacecrafts, which is sensitive to the gravita-
tional wave sources, such as super massive black hole binaries,
the galactic white dwarf binaries, etc.>* For this level of pre-
cision, many measurement noises need to be suppressed to en-
hance the signal to noise ratio of gravitational wave sources.
The basic one of the noise sources of the heterodyne inter-
ferometry in the spacecrafts, called tilt-to-length (TTL) cou-
pling, is the coupling between an angular jitter of the interfer-
ing beams and the path length readout, which brings the extra
optical path length into the interferometric measurements.5!
TTL coupling not only affects the phase directly in geomet-
ric and non-geometric form, but also couples with wavefront

errors.[®) Although the transmitted beam obtains initial wave-
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front errors before propagation in space, the truncated wave-
front has the less errors in the receiver aperture after the prop-
agation over long distances.!”] Thus, the tight requirement on
the phase stability of the received wavefront is the precondi-
tion of the noise reduction.!®! A detailed estimation of the re-
ceived wavefront errors should be performed first. Moreover,
one of the major noises in ground-based observatories is also
relevant to TTL coupling.[®! It is obvious that the lower limit
of the received wavefront errors constrains the sensitivity to
the detection of the weaker strain gravitational wave sources.
The TTL couplings between the wavefront misalignment
and some low-order aberrations of the interfering beams are
investigated analytically,[”! which is also extended to higher

(101 Utilizing a Zernike polynomial decomposi-

order modes.
tion of wavefront error, the fast and transparent modeling tech-
niques, that is derived from neglecting a significant number
of unimportant terms in the expansions of Zernike polynomi-
als, for the purpose of estimating TTL noise associated with
various wavefront errors are introduced in Ref. [11], which
indicates that the certain combinations of these Zernikes are
capable of producing noise far below the Laser Interferome-

ter Space Antenna (LISA)™ requirements.!'!! The numerical
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simulation is used to describe the effect of an aberrated trans-
mitting telescope on the light collected by the receiving tele-
scope with Zernike modes.!'?) Via calculations of the wave-
front aberrations in the far field, an end-to-end investigation of
the measurement noise due to the interaction between the tele-
scope jitters and wavefront aberrations is reported in Ref. [13].

In many papers, the wavefront error is estimated at the
given parameters: 2.5 Mkm arm length and 300 mm aper-
ture diameter, etc, which are from LISA configuration. In
this paper, we estimate the changes of far-field propagation
wavefront error with the arm length, the aperture diameter
and the pointing jitter, which are used generally for the grav-
itational wave detection. We use Nijboer—Zernike Theory!!'4]
to describe the diffraction propagation of the transmitted dis-
torted beam. For the first time, the numerical calculation of
the diffraction propagation between two telescope apertures is
performed with the Gaussian beam decomposition (GBD)!!!
based on the numerical calculations. The numerical calcula-
tions are performed using the software package IfoCAD. %]

The results of this paper show that the consistent wave-
front error appears in the different methods between the
Hermite—Gaussian modal decomposition!!”! and GBD at the
same parameters. That justifies the GBD using for the diffrac-
tion propagation of laser beam. More informative results in-
dicate that the wavefront error has no significant difference
above 10* km, but significant increases below 10* km and is
affected remarkably by the aperture diameter and the pointing
jitter. With the aperture diameter varying, the wavefront error
of the different aperture diameters is not monotonic and has
the oscillation.

In Section 2, we introduce the TTL—wavefront distortion
coupling and the expression of distortion wavefront. In Sec-
tion 3, there is detailed description about GBD used for the
propagation of the laser beam as the sum of a series of funda-
mental Gaussian beams. In Section 4, the numerical results are
shown. In Section 5, the estimation of the far-field wavefront
error is summarized as the conclusion.

2. TTL-wavefront distortion coupling and the
expression of distortion wavefront

In space-based gravitational wave detection, the ideal
transmitted beam propagating into the telescope aperture of
another spacecraft (S/C) is described as a truncated Gaussian
beam.[!”] After the extremely far field propagation, the wave-
front of the truncated Gaussian beam is approximated as a
spherical wave. Thus, the received top-hat beam has no ad-
ditional phase shift caused by the jitter of the initial beam,
which is shown in the left part of Fig. 1. However, through
the local telescope system, the wavefront of the transmitted
beam is usually distorted by the various mechanisms. Before

being transmitted to another S/C, the wavefront carries errors
and is not an ideal beam. After far distance propagation, the
shape of the wavefront, which deviates from a spherical wave,
is derived from the initial wavefront errors. That is shown in
the right part of Fig. 1. Generally, this mechanism is called as
TTL—-wavefront distortion coupling, i.e., the jitter of transmit-
ter brings the inconstant wavefront with the received one at the
receiver. The measurement of a laser beam has the additional
phase offset.

Fig. 1. Schematic diagram of how TTL—wavefront distortion coupling
occurs. (a) The ideal transmitted beam with the jitter propagating into
the telescope aperture of another spacecraft. (b) The propagation of
the beam carrying wavefront errors. The truncated wavefront is trans-
formed from the spherical wave (a) to the distorted one (b).
Frits Zernike and Bernard Nijboer developed a diffraction
theory, which provides a description of the aberrated complex
field in the image plane.!'*] Through the aperture of telescope,

the electric field is expressed as
E,(r;0) :Eo(r;O)ei'Qﬁ7 (1)

where E((r;0) is the amplitude of an assumed truncated circu-
lar Gaussian beam

{ efrz/wtz), if r<r,

Eo(r;0) = 2)
0, if r>r,.

The wy is the waist radius of the Gaussian beam and r, is the

aperture radius of the telescope. €2, in Eq. (1) is the total phase

departure, which is formed by a set of Zernike polynomials

N n
Qa(pve) = Z Z CZ"ZZ"(P»G)a
n=0m=—n
with
" R (p)cos(mB), if m>0,
Z, (pve) = “m . .
R,™(p)sin(—m0), if m <O,

R‘r:nl(l)) = (—1)("_""')/2/)""'Pf,lff‘{,g‘))/z(l - 2P2)a (3)

where ¢ represents coefficients and Z)' are Zernike polyno-
mals written with Noll indexing.!'8! p = r/r, is restricted to
unit disk (0< p <1), and 0 is the azimuth. n —m > 0 and
is even. Zernike polynomals Z"(p,0) are circle polynomi-
als. R"(p) are the radial polynomials. Pk(a’ﬁ ) is the Jacobi
polynomial of degree k. And R (p) satisfies the orthogonality
relation

1 m m (snn’R‘nm‘ 1
/RL ()R (p)pdp = B (1) )

0 2(n+1)
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When the propagation distance is very far for space-based
gravitational wave detection, and the pointing jitter of S/C is
limited to 1078 rad / v/Hz level, the diffraction integral satisfies
the conditions for Fraunhofer diffraction

eikzeizflzr2
iz
1 /m2r s . .

x// e P eIQa(P-,(’)e*IVPCOS(G*\ﬂ/)pdpdg7 5)
0 Jo

ra

E(ry,z) =

where wo = r, is assumed and v = rork/z.

The expression (5) is computed numerically, which is per-
formed by C++ code in the IfoCAD package.[!°]

In Eq. (5), E(r,y,z) is expressed as A(x,y,z)e @&y,
where A(x,y,7) is the amplitude of E(r,y,z) and O(x,y,7) is
the phase of the wavefront,

E(r7 v, Z) = A(x,y, Z) ei@(x-,y.z)7
{x = rcos(y),

6
y = rsin(y). ©

The phase difference d® (x,y,z) of the wavefront is between
the distorted Gaussian beam E(r, ¥, z) and the given reference
distortion-free Gaussian beam E(r, ,z)

5®(x,y,z):@(x7y,z)—@(x,y,z)0. (7)

3. Gaussian beam decomposition

As the mixture of Zernike polynomials increases, ex-
pression (5) becomes more complex. Via neglecting a sig-
nificant number of unimportant terms in the expansions of
Zernike polynomials and Hermite—Gaussian modal decompo-
sition based propagation of an approximation in the initial
beam, TTL noise associated with various wavefront errors is
estimated in Ref. [11]. Furthermore, the beam decomposi-
tion methods are required for more conveniently simulating
the diffraction of an aberrated or distorted Gaussian beam.

In this paper, the Gaussian beam decomposition (GBD)
is used for the beam profile decomposition to compute the
diffraction propagation including propagation between the op-
tical components. The basic idea of GBD is to describe the
propagation of a beam as the sum of a series of fundamental
Gaussian beam propagation. These Gaussian beams are dis-
tributed on a grid, also called grid beams. Each grid beam
propagates following the ABCD law and has its own intersec-
tion point with optical components. Therefore, GBD can also

be considered as one kind of “fat rays” tracing. GBD was

151 and has been fur-

firstly proposed by Greynolds in 1986,
ther developed in recent years. The further details of GBD
and its computation process can be found in Appendix A.
This paper focuses on the diffraction propagation of aberrated
Gaussian beam by using GBD. We program C++ code to per-
form these calculations numerically. The code is included into

IfoCAD!! package for the first time.

Table 1. List of the parameters for distorted circular Gaussian beam clipped
by a circular aperture centered in the beam waist.

Parameter Description Value
A wavelength 1064 nm
g beam waist 150 mm
20 distance to the waist 0
P power 1w
ds propagation distance 2.5 Mkm
Ta aperture radius 150 mm

By means of GBD we can obtain the radial electric field
distribution of the transmitted beam at the far field after prop-
agation. We firstly perform the numerical calculations based
on the same parameters as in Sasso’s work,[”! to verify the va-
lidity of the GBD method. These parameters are listed in Ta-
ble 1. The wavefront error generated randomly is constrained
to A /20 peak-to-valley deviation from a plane. The radial
plane radius of the received beam is determined by the jitter
of S/C

r=>L-a, ®)

when L is 2.5 Mkm arm length, and a is 100 nrad jitter, the
receiving plane corresponds to a circular plane with 250 m
radius. On this plane, we compute the phase difference 60
between distorted Gaussian beam and a reference distortion-
free Gaussian beam with Eq. (7). The peak-to-valley phase
difference is calculated by

_ [0Ope.i| + 0O valiey| A

PV
2n

©))

The best-fit coefficients of Zernike polynomials in expres-
sion (3) for the transmitted beam are shown in Table 2. The
results of relevant calculation are shown in Fig. 2, where the
left is the wavefront error at the transmitter, and the right one
is the wavefront error at the receiving plane. It is shown that
PV = 14.116 pm is consistent with the result in the paper.!”}

Table 2. The best-fit Zernike coefficients of distortion, which come from fitting Zernike polynomials to the wavefront at receiver.

zn z8 z;! z} z;? z) 73
o 0. 0. 0. 0.0967293 0.00795719 0.0662892
z;? z;! z} z z9
0.0130634 -0.0565416 -0.0225312 0.0491065 0.0164262
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Fig. 2. Wavefront at the transmitter (a) and the wavefront error (b) at the receiver. The coefficients of Zernike polynomials for the numerical
calculation are listed in Table 2. The transmitted wavefront has A /20 peak-to-valley deviation from a plane. The numerical calculated values
of peak and valley are 32.9119 nm and —20.2904 nm, respectively. The wavefront error described by PV in the right graph is about 14.1 pm.
The numerical calculated values of peak and valley are 8.49655 pm and —5.61987 pm, respectively.

4. Numerical results

Based on the given parameters including propagation dis-
tances in the context, the numerical calculation of wavefront
(WF) error has been verified for consistency. In order to ana-
lyze deeply the lower limit of the far-field wavefront error, the
different parameters, the arm length, the aperture diameter and
the pointing jitter, are also considered.

Firstly, the pointing jitter is chosen as 100 nrad, which
is used at LISA configuration. Besides, the invariant param-
eters are initial wavefront error A /20 and aperture diameter
400 mm. The propagation distance expressed as arm length
is in the range of 10~* Mkm to 10> Mkm for space-based
gravitational wave detection. The Zernikes Z)' are scanned
by changing m and n values. Based on the parameters, the
far-field wavefront error is calculated by IfoCAD!®! package
including GDB method in the context. The numerical results
are shown in Fig. 3.

Initial WF PV =53.2 nm,

Aperture diameter =400 mm,
Jitter = 100 nrad
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Fig. 3. At 100 nrad jitter, PV values of the wavefront error of dis-
torted Gaussian beam at the receiver after propagation, which are rele-
vant to the different Zernikes. The initial wavefront error is constrained
to 53.2 nm. The diameter of the telescope aperture is 400 mm.
As shown in Fig. 3, the PV values of wavefront error
related to the different Zernikes have the remarkable differ-

ence for the several orders of magnitude in picometer. When

Zernikes Z)' are scanned by changing m and n values, it is
found that the main source of wavefront errors is relevant to
low-order aberration (n < 5) and higher-order aberrations be-
come more obvious in shorter arm lengths than long arm. The
lower limit of wavefront error is in the range of 0.1-0.002 pm
related to the arm length from 10~* Mkm to 10 Mkm.

Secondly, the pointing jitter is changed as 10 nrad, de-
creased by an order of magnitude. The aperture diameter is
chosen as 300 mm. As shown in Fig. 4, with a smaller jitter,
the PV values of wavefront error are depressed by 1 to 2 or-
ders of magnitude, covering the whole arm length range. Fur-
thermore, the trend of PV values has not much changes with
arm length increasing. In the arm length range of 0.1 Mkm
to 10 Mkm, the main sources of wavefront errors are relevant
to Z[2,0], Z[2,£2], Z[4,0] and Z[4,%2], corresponding to de-
focus, astigmatism, primary spehrical, and 2nd astigmatism,
respectively. In this case, the lower limit of wavefront error is
from 0.5 fm to 0.015 fm.

Initial WF PV =53.2 nm,

Aperture diameter = 300 mm,
Jitter =10 nrad
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Fig. 4. Similar results to Fig. 3 with 10 nrad jitter and 300 mm aperture
diameter.
Finally, the effect of different telescope apertures is con-
sidered. The aperture diameters vary from 200 mm to 500 mm.
The 100 nrad and 10 nrad jitter are both used. Referring to the
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results from Figs. 3 and 4, the chosen Z[5,3] is almost relevant
to the least PV values of wavefront error among the Zernikes
in the arm length range of 0.1 Mkm to 10 Mkm. As shown in
Fig. 5, with the aperture diameter increasing, the wavefront er-
ror is not monotonic and has the oscillation. Two groups of the
broken lines are relevant to the different jitters. The lower lines
are relevant to the 10 nrad jitter. The lowest limit of wavefront
error is near 0.01 fm consistent with the results in Fig. 4. As
an inference, the aperture diameter selection is not easy to be
fixed at the range for reducing the wavefront error.

Initial WF PV deviation = 53.2 nm,
Zernike term: Z[5,3]
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Fig. 5. At Zernike Z[5,3], PV values of the wavefront error of propa-
gated beam with the telescope aperture diameter increasing at the trans-
mitter.

When the distance of laser beam propagation is very long,
the change of wavefront error is tiny. That result is shown in
Fig. 6(a). Two groups of the lines are relevant to the 100 nrad
and 10 nrad jitter, respectively. The wavefront error is very
slightly increasing in the arm length range of 10~! Mkm to
103> Mkm. The different aperture diameters of 240 mm and
500 mm bring an order of magnitude increasing in wavefront
error.

The magnitude of the gravitational wave is the strain
h = 8L/L characterized the change of the proper distance be-
tween the space—time points. In the heterodyne interferometry,
the wavefront plane of the laser beam is like the scale of a ruler
to measure the distance. The wavefront error means the scale
error of a ruler. Thus, PV/L values have effect on the mea-
sured magnitude of gravitational wave. The relation between
the best arm length L of S/Cs and the detectable frequency f.
of gravitational wave source is expressed as the transfer fre-
quency f. = 5o (C is the light speed).!!”) Thus, the change
of PV/L with arm length increasing is transformed into the
transfer frequency decreasing. These calculations are shown
in Fig. 6(b). The upper and lower bounds of PV/L values are
relevant to the aperture diameters of 500 mm and 240 mm.
As shown in Fig. 6(b), the PV/L values increase with transfer
frequency increasing and the lowest limit of PV/L is relevant
to the 10 nrad jitter. Thus, as an inference, the decrease of

the wavefront error brings the sensitivity to gravitational wave
sources increasing.

Initial WF PV deviation =53.2 nm,
Zernike term: Z[5,3]
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104 10-3 102 10—t 100
Transfer frequency (Hz)

Fig. 6. (a) PV values relevant to the arm length from 10~! Mkm to
103 Mkm. (b) The calculated PV/L values with the transfer frequency
increasing.

5. Conclusion

In space-based gravitational wave detection, TTL-
wavefront distortion coupling is one of the major noise
sources. In the paper, we estimate the wavefront error, which
is derived from the transmitted beam being distorted by var-
ious mechanisms. The initial wavefront error generated ran-
domly is constrained to A/20. Zernike polynomials are used
for the description of the aberrated wavefront of the transmit-
ted beam. In the analysis of multi-parameter minimization, the
minimum of wavefront error tends to Z[5,3] Zernike in some
parameter ranges. Some Zernikes have a strong correlation
with the wavefront error of the received beam. By means of
Gaussian beam decomposition, we obtain the radial electric
field distribution of the transmitted beam at the far field af-
ter propagation. The phase difference between the distorted
Gaussian beam and a reference distortion-free Gaussian beam
is calculated by the peak-to-valley values.

In the paper, the variant parameters, the arm length, the
aperture diameter and the pointing jitter, are considered. The
pointing jitter is very sensitive to the wavefront error, i.e., 10
times decrease from 100 nrad to 10 nrad brings more than an
order of magnitude reduction in the far-field wavefront error.
With the aperture diameter varying, the wavefront errors of
the different aperture diameters are not monotonic and have
the oscillation. It implies that the aperture diameter is not
easy to be fixed at the range for reducing the far-field wave-
front error. The wavefront error is very slightly increasing
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from 10~! Mkm to 10> Mkm arm length at Z[5,3] Zernike and
10 nrad jitter. In the range of 10~* Mkm to 10* Mkm, the low-
est limit of wavefront error changes from 0.5 fm to 0.015 fm
at Z[5,3] Zernike and 10 nrad jitter. All the results imply that
the decrease of the wavefront error brings the increase of the
sensitivity to gravitational wave sources.

Appendix A: Gaussian beam decomposition

The basic idea of GBD is to describe the propagation of a
beam as the sum of a series of fundamental Gaussian beams.
The propagation of Gaussian beam can be easily computed.
Therefore, the implementation of GBD is to find the coef-
ficient of each chosen fundamental Gaussian beam, and su-
perimpose these fundamental beams to reconstruct the electric
field. An illustration is shown in Fig. Al.

C\‘ Grid beam
. Initial wavefront D Window

Fig. A1l. A simple illustration of GBD method. The green one is funda-
mental grid Gaussian beam, which is arranged in window. The window
in the graph is chosen to be square. The blue one is the wavefront to be
decomposed.

By taking enough sampling points in space, the problem
can be expressed as solving a system of linear equations

Bc =W, (AL)

where W represents the complex electric field sampled from
the wavefront to be decomposed. c is the coefficient vector of
fundamental Gaussian beams, and B is the set of N x N funda-
mental Gaussian beams in space

c1
[ wi
. wa
c= . , W= i , (A2)
WNxN
CNxN
bi(x1)  ba(xi) byxn (1)
bi(xza)  ba(x2) byxn(22)
B= . . ) . (A3)
bi(xnxn) ba(xnxn) -+ bnsw(Twxw)

Fundamental Gaussian beams are chosen on a grid of NxN
in the plane area, which is called window. Fundamental Gaus-
sian beams are placed on the center of each grid, also known as
grid beams. On the window, there are various options for grid,
the simplest being an square. The size of the window should
be large enough to cover the entire beam spot, otherwise the
decomposition accuracy will be highly affected because of in-
formation loss. It should be noted that choosing grid in the
plane is not essential, but is a simple and practical way. In
Ref. [20], methods of taking grid points were discussed on
curved surfaces.

Considering the uniqueness of the solution to the system
of matrix linear equations, matrix B should be determined.
Therefore the number of space data points x; should be no
less than the number of grid beams NxN. Another relevant
parameter for the chosen of grid beams is the waist factor fiys.
It determines both the waist of all grid beams and the tightness
of the arrangement between grid beams

D
fws’

where D is the interval between two adjacent grid beams, de-

Wog = (A4)

termined by the window size and the grid beam number

D==.

N (A5)

In this paper, the relevant parameters of GBD chosen in simu-
lations are all based on Table Al.

Table A1l. List of the parameters for GBD.

Parameter Description Value
n grid number of the GBD 200x200
L window size of the GBD %ra
fws waist factor of the GBD 0.75
s grid shape of the GBD square
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