
Chin. Phys. B 32, 038401 (2023)
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The non-Hermitian systems with the non-Hermitian skin effect (NHSE) are very sensitive to the imposed boundary
conditions and lattice sizes, which lead to size-dependent non-Hermitian skin effects. Here, we report the experimental
observation of NHSE with different boundary conditions and different lattice sizes in the unidirectional hopping model
based on a circuit platform. The circuit admittance spectra and corresponding eigenstates are very sensitive to the presence
of the boundary. Meanwhile, our experimental results show how the lattice sizes and boundary terms together affect the
strength of NHSE. Therefore, our electric circuit provides a good platform to observe size-dependent boundary effects in
non-Hermitian systems.
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1. Introduction

Over the past two decades, non-Hermitian systems have
been widely studied due to their peculiar properties. Contrast
to Hermitian systems, the boundary condition plays an impor-
tant role in non-Hermitian systems. The most fascinating phe-
nomenon is the non-Hermitian skin effect (NHSE),[1] which
describes the accumulation of most of bulk states to the bound-
ary under the open boundary condition (OBC), and it has
been extensively investigated in various systems.[1–18] Sys-
tems with NHSE typically reflect the importance of boundary
conditions, because their energy spectra and eigenstates un-
der OBC are significantly different from those under periodic
boundary condition (PBC). Recently, size-dependent NHSE
has also attracted attention in some coupled non-Hermitian
chains[19–21] and non-reciprocal chains with impurity.[22,23]

And size-dependent NHSE has been explained from the per-
spective of exact solution.[21] In general, for a non-Hermitian
system with NHSE under OBC, we expect a size-dependent
NHSE for this system under generalized boundary conditions.
Therefore, both the boundary conditions and the lattice sizes
have a great impact on the non-Hermitian systems.

The progress of non-Hermitian theory has further pro-

moted the observation of a variety of novel phenomena on
various experimental platforms.[24–36] Due to the flexibility
and simplicity in design and operation, electric circuits have
become a powerful platform to realize non-Hermitian mod-
els and to explore novel phenomena,[37–46] including spon-
taneous breaking of PT symmetry,[47,48] non-reciprocal Su–
Schrieffer–Heeger model,[38,49] and non-Hermitian topologi-
cal phases.[38] However, the size-dependent boundary effect
has rarely been realized and investigated in experiments.

In this paper, we demonstrate the size-dependent bound-
ary effects of a unidirectional hopping model from the per-
spective of analytical results. Then we use LC circuits com-
bined with voltage followers (VF) to provide a useful platform
for observing the size-dependent boundary effects. The key
non-Hermitian component in our circuit is the VF, which im-
plements unidirectional hopping. Through measuring the ad-
mittance spectra and eigenstates of this electric circuit, we
confirm that the system is sensitive to boundary conditions.
Moreover, we also observe the interplay of boundary condi-
tions and lattice sizes on the strength of NHSE. The circuit ex-
hibits a size-dependent boundary sensitivity of NHSE in our
experiment.
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2. The unidirectional hopping model
We introduce a unidirectional hopping model, which is a

minimal non-Hermitian model with size-dependent boundary
effects. The tight-binding Hamiltonian can be described as

H =
N−1

∑
n=1

t|n⟩⟨n+1|+ tδt |N⟩⟨1|, (1)

where N is the number of lattice sites, t denotes the unidi-
rectional hopping amplitude, and δt determines the bound-
ary condition. When δt = 0 the system is under OBC, while
δt = 1 corresponds to PBC. The unidirectional hopping model
is schematically displayed in Fig. 1(a).

The corresponding one-particle eigenvalue equation can
be written as H|Ψ⟩ = E|Ψ⟩, where |Ψ⟩ = ∑n ψn|n⟩ (n =

1, . . . ,N). This eigenvalue equation could be decomposed into
a series of equations that describe the bulk and boundaries of
the system. Thus, the bulk equation can be expressed as

−Eψn + tψn+1 = 0, (n = 1,2, . . . ,N −1), (2)

and the boundary equation is given by

tδtψ1 −EψN = 0. (3)

In consideration of the spatial translational nature of the bulk
equations, we assume that the wave function |Ψ⟩ has the fol-
lowing form:

|Ψ⟩= (ψ1,ψ2, . . . ,ψN)
T = (1,z,z2, . . . ,zN−1)T, (4)

where ψn = zn−1 (n = 1, . . . ,N), and z is a complex function.
After inserting Eq. (4) into Eq. (2), the eigenvalue can be

obtained as

E = tz. (5)

Then we insert the ansatz of wave function Eq. (4) and ex-
pression of eigenvalue Eq. (5) into boundary equation Eq. (3),
and we have

δt − zN = 0. (6)

The above equation gives rise to the solution of z:

z = N
√

δt e iθ
(

θ =
2mπ

N
, m = 1,2, . . . ,N

)
. (7)

Accordingly, the energy spectrum can be re-expressed as

E = t N
√

δt e iθ , (8)

and the eigen wavefunctions can be re-written as

|Ψ⟩=
(

1, N
√

δt e iθ ,( N
√

δt e iθ )2, . . . ,( N
√

δt e iθ )N−1
)T

. (9)

In non-Hermitian systems, energy-degenerate points with
states coalescence are called exceptional points (EPs). When
δt = 0, all eigenvalues are degenerate at E = 0, and all eigen-
states fuse into a highly localized state (1,0, . . . ,0)T indepen-
dent of lattice size N. Therefore, δt = 0 corresponds to Nth-
order EP. It is obvious that the NHSE occurs in this case since
all bulk states are localized at the left edge. When δt = 1
(PBC), we have |z| = 1, which indicates that all eigenstates
are extended states independent of lattice size N. When δt ̸= 0
and δt ̸= 1, there are NHSE due to |z| = | N

√
δt | ̸= 1, and the

strength of NHSE is related to boundary coupling δt and lat-
tice size N. We can see that the more |z| deviates from 1, the
greater the strength of NHSE becomes. More specifically, the
strength of NHSE increases with the decrease of δt and the de-
crease of N for the case of 0 < |z| < 1, which is the case this
paper focused on from 0 < δt < 1.

3. Realization of unidirectional electric circuit
In this section, we employ circuit components including

capacitors, inductors, and VFs to realize a unidirectional elec-
tric circuit lattice, as illustrated in Fig. 1(b). In this circuit,
the value of C0 (and C1) is the same for all sites, except for
the last site. In the last site, the value of C2 can be adjusted
in order to vary the boundary conditions. In other words, we
may set C2 = 0 to achieve OBC and set C2 = C1 to show the
PBC. Additionally, as discussed in the follows, it is required
that C1 +C0 =C2 +C3.

In general, capacitors and inductors are used as reciprocal
devices, and they satisfy

C
d𝒱
dt

= ℐ, L
dℐ
dt

= 𝒱. (10)

The key unidirectional hopping effect is implemented with
the help of VF. According to the characteristics of high in-
put impedance and low output impedance of VF, we get the
current and voltage relation as

𝒱R = 𝒱L, ℐL = 0, (11)

where 𝒱R, 𝒱L, and ℐL are shown in Fig. 1(b).
Here, we consider the case of applying alternating cur-

rent (AC) source with frequency ω = 2π f . The current and
the corresponding voltage response may have the following
form:

ℐ(t) = I e iωt , 𝒱(t) =V e iωt . (12)

According to the Kirchhoff’s law, the circuit system is funda-
mentally described by[50]

Im = ∑
n

gmn(Vm −Vn)+wmVm, (13)

where Im and Vm are the input current and voltage at node m,
respectively. gmn is the corresponding conductance when the
current flowing out of node m towards node n, and wm is the
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conductance when the current flowing out of node m towards
the ground. In a compact form, the circuit lattice can be de-
scribed by the admittance matrix (or the circuit Laplacian) as

𝐼(ω) = 𝐽(ω)𝑉 (ω), (14)

where the current and voltage vectors are defined as 𝐼 =

(I1, I2, . . .) and 𝑉 = (V1,V2, . . .), respectively, and 𝐽 is the ad-
mittance matrix (or the circuit Laplacian).

Therefore, the N×N admittance matrix for the circuit lat-
tice shown in Fig. 1(b) can be obtained as

𝐽(ω) =−iω



µ1 C1 0 0 · · · 0 0
0 µ1 C1 0 · · · 0 0
0 0 µ1 C1 · · · 0 0
0 0 0 µ1 · · · 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · C1

C2 0 0 0 · · · 0 µ2


, (15)

where µ1 =
1

ω2L − (C1+C0), µ2 =
1

ω2L − (C2+C3). When the
relationship between capacitors C2 +C3 =C1 +C0 is satisfied,
the equation above becomes

𝐽(ω)

= −iω



0 C1 0 0 · · · 0 0
0 0 C1 0 · · · 0 0
0 0 0 C1 · · · 0 0
0 0 0 0 · · · 0 0
· · · · · · · · · · · · · · · · · · · · ·
0 0 0 0 · · · 0 C1

C2 0 0 0 · · · 0 0


− iωµ(ω)𝐼N×N ,

= 𝐽(ω)− iωµ(ω)𝐼N×N , (16)

where µ(ω) = µ1 = µ2 = 1
ω2L − (C1 +C0), 𝐼N×N denotes

an N ×N identity matrix. By comparing Eqs. (16) and (1),
we find that there is a mapping between H and 𝐽 with t ∼

(−iωC1). In this paper, we call both 𝐽 and 𝐽 the admittance
matrix because they differ by only one identity matrix term,
and they share the same eigenvetors. Therefore, this electric
circuit is suitable for investigating the size-dependent bound-
ary effects of the unidirectional hopping model.

In the experiment, a circuit consisting of multiple units
arranged in a one-dimensional chain is realized on printed cir-
cuit board (PCB), as illustrated in Fig. 1(c). In the design of
PCBs, we have used the circuit boards with four layers, one
for signal transmission, two for the supply of direct current
voltage for the operational amplifier (OpAmp), and one for
grounding. For each site of the lattice, the unit inside the red
box in Fig. 1(b) consists of an LC circuit, a capacitor and a
VF. The capacitor provides the coupling between the adjacent
nodes and the VF ensures the unidirectional signal transmis-
sion. To conveniently adjust boundary coupling and lattice
size, we use the circuit unit with 10 antennae shown in the left
panel of Fig. 1(c) to realize the unit of model, and then insert
it into the main circuit board described in the right panel of
Fig. 1(c). In order to reduce the crosstalk between two ad-
jacent inductors, we purposely increase the distance between
two lattice sites to about 4 cm. Because the VF is an active cir-
cuit element, it pumps energy into the system and might cause
self-oscillation. The caution measures are taken to prevent
these self-oscillations by including some damping resistors
and shunt capacitors in the circuits, which are not displayed
in Fig. 1(b). In the implementation of the VF, we choose
OpAmp OP07, and its gain bandwidth product is 600 kHz.
In order to maintain the stability of unity-gain stability for VF,
we adjust the self oscillation frequency of the circuit to about
700 kHz, so the OP07 will not generate gain for self oscillation
frequency.

1
2 3

4
t

N

N↩

N↩ N↩

N↩

tδt

(a) (b)

(c)

C1 C1 C2

C0
C0 C0 C3L L L L

N

Voltage follower

IR

VRVL

Fig. 1. (a) Schematic diagram of the unidirectional hopping model. (b) Schematic diagram of electrical circuit for realizing the unidirectional hopping
model. (c) The printed circuit board (PCB) for realizing the unidirectional hopping model. In the right panel: the overall structure of the circuit board. In
the left panel: circuit unit with 10 antennae needs to be plugged into the right circuit board. The circuit unit represents the unit inside the red box in (b).
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4. Observation of NHSE with different bound-
ary conditions

In this section, we provide a more detailed description
about the admittance band measurement and show the results.
As discussed in the previous section, the eigenvalues j̃(ω)

and eigenvectors ψ of the admittance matrix 𝐽(ω) behave
similarly to those of H. In practice, it is more convenient
to perform impedance measurements than to measure admit-
tance. Thus, in experimental measurements, we measure the
impedance matrix G first and then perform matrix inversion to
obtain the admittance matrix 𝐽(ω) (or 𝐽(ω)). The impedance
matrix 𝐺 is defined as

𝑉 (ω) =𝐺(ω)𝐼(ω). (17)

If we apply an input AC current I( f ) at a specified node n of
the circuit, the corresponding elements of the impedance ma-
trix can be obtained as

Gmn =
V n

m

In
= (𝐽−1)mn, (18)

where V n
m represents the voltage response at node m when the

only input current is given by In at node n. Then we can obtain
the admittance matrix 𝐽(ω) according to the relation 𝐽(ω) =

𝐺−1(ω), and we have 𝐽(ω) = 𝐽(ω)+ iωµ(ω)𝐼N×N .
In the experiment, the AC current is provided by an AC

voltage source (NF Wave Factory1974) connected to the PCB

through a resistance of R = 2 kΩ, while a lock-in amplifier
(Zurich Instruments UHF) is employed for the measurement
of voltage response of the other nodes. We measure a steady
state response, so that the voltage response of each node is pro-
portional only to its associated impedance eigenvalue instead
of being affected by dynamical damping. The measurement
frequency is set as 100 kHz.

Here, we have built a circuit chain with N = 10 to study
the influence of boundary conditions. In this case, we set
C0 = 10 nF, C1 = 220 nF, L = 220 µH, and the strength of
boundary coupling is adjusted by changing C2 and C3. The
parameters of the components used for the circuit implemen-
tation are shown in Table 1.

Table 1. Parameters of inductances and capacitances correspond to dif-
ferent boundary couplings.

Inductance (µH) Capacitance (nF) Boundary coupling
L C0 C1 C2 C3 δt

220 10 220

10 220 0.0454
30 200 0.136

100 130 0.454
220 10 1

After measuring the G(ω) matrices, the admittance ma-
trices 𝐽(ω), the corresponding eigenvalue j(ω) and eigen-
function ψ are obtained by numerical diagonalization. Fur-
ther, for 𝐽(ω), the eigenvalues can be obtained as j̃(ω) =

j(ω)+ iωµ(ω), while the eigenvetors of 𝐽(ω) are the same
as those of 𝐽(ω).
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Fig. 2. (a) Eigenvalues of the admittance matrix 𝐽(ω) with different boundary coupling δt . The hollow circles represent theoretical data, while
the solid diamonds represent experimental data. (b) |z| as a function of δt for different N from theory, which reflects the strength of the NHSE.
(c)–(f) The profile of all eigenstates with δt = 0.0454, δt = 0.136, δt = 0.454 and δt = 1, respectively. Common parameters: N = 10, f = 100 kHz.

In Fig. 2, we present the eigenvalues and eigenstates of
the admittance matrix 𝐽(ω) with different boundary couplings
δt including theoretical data and experimental data. From
Fig. 2(a), we find that the absolute values of the eigenvalues
increase as δt increases due to |E|= |t||z|. The behavior of |z|

as a function of δt for different N is illustrated in Fig. 2(b). As
shown in Fig. 2(c), when δt = 0.0454, NHSE is the most ob-
vious. As δt increases from δt = 0.0454 to δt = 1, the strength
of the skin effect gradually weakens, accompanied by the in-
crease of the absolute values of the eigenvalues, just as pre-
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dicted by the theory. The closer |z| is to 1, the closer the eigen-
states is to the extended states. δt = 1 corresponds to the PBC,
at which eigenstates become extended states and |z| = 1. So
we have observed that the eigenstates change from NHSE to
extended states when δt increases from δt = 0.0454 to δt = 1.
The experimental data are in good agreement with the theoret-
ical data. Therefore, this observation explicates the sensitivity
of the admittance spectrum with respect to the boundary con-
ditions.

There are two main factors affecting the measurement re-
sults, one is the circuit noise, the other is device errors. Dur-
ing these experiments, we have adopted a series of methods
to obtain the satisfactory results shown in these figures. Due
to the influence of the circuit noise on measurement results, it
is important to improve the signal to noise ratio (SNR). In our
experiments, the noise sources mainly come from two parts,
one is self-oscillation and the other is the thermal white noise.
In order to reduce the effects of noise, we enhanced the signal
of the AC source on one hand, and we employed the lock-in
amplifier to measure the voltage response on the other hand.

It is inevitable that there are parameter errors in the man-
ufacturing process of circuit devices. The device errors are
mainly caused by the fact that the actual values of these de-
vices such as capacitances and inductances are not exactly
equal to the nominal values. We use the following two steps to
reduce the impact of the device errors. Firstly, for these circuit
units with the same nominal parameters, we carefully select
these circuit units whose actual parameters are close to each
other and insert them into the main circuit board. Secondly,
we make uniform correction below 2% for all inductances and
capacitances in the original data. In fact, when comparing the
experimental and theoretical data of the eigenvalues 𝐽(ω) in
Fig. 2, we have considered the device errors below 2% from
capacitances and inductances, which is a reasonable correc-
tion. Here, we take the case of N = 10, δt = 0.0454 as an
example to display the correction of device errors in detail. As
shown in Fig. 3(a), we present the eigenvalues of the admit-
tance matrix 𝐽(ω) including theoretical data and experimen-
tal data from original data. However, there is a shift between
the theoretical data and experimental data, thus it is difficult
to compare. After accounting for the device errors of 1.5%
to all capacitance and 0.54% to all inductances, the experi-
mental data are in great agreement with the theoretical data as
shown in Fig. 3(b). In Table 2, we give the specific correction
data of the capacitances and inductances for the results shown
in Fig. 2 corresponding to N = 10 with different δt . In addi-
tion, in the process of obtained eigenstates ψ , the experimental
data obtained from the original data agree with the behavior
predicted by the theory. Therefore, the results we present are

reliable.
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1
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Fig. 3. Eigenvalues of the admittance matrix 𝐽(ω) with N = 10,
δt = 0.0454, f = 100 kHz. The hollow circles represent theoretical data,
while the solid diamonds represent experimental data. (a) The results
are obtained from the original data. (b) The results are obtained after
accounting for the device errors of 1.5% to capacitances and 0.54% to
inductances.

Table 2. The specific correction data of the device errors related to the ca-
pacitances and inductances for the results shown in Fig. 2 corresponding to
N = 10 with different δt .

δt = 0.0454 δt = 0.136 δt = 0.454 δt = 1

L L+0.0054 L+0.0051 L+0.005 L+0.007

Ci Ci −0.015 Ci −0.002 Ci Ci −0.005

5. Observation of the size-dependent NHSE

The circuit platform does not only show NHSE with dif-
ferent boundary conditions, but also can simulate the interplay
of boundary hopping terms and lattice sizes. Using the same
method, we have built circuit boards of N = 6, 10, and 18 lat-
tice sites with δt = 0.136 and 0.0454. The experimental and
theoretical results are shown in Fig. 4. The hollow circles rep-
resent theoretical data, while the solid diamonds represent ex-
perimental data. Similarly, the results shown in Fig. 4 are also
obtained after considering the device errors of capacitances
and inductances, and the specific correction data are given in
Tables 3 and 4.

In this case, we also set C0 = 10 nF, C1 = 220 nF,
L = 220 µH. For the case of δt = 0.0454 with C2 = 10 nF,
C3 = 220 nF, the absolute values of the eigenvalues increase as
N increases, as illustrated in Fig. 4(A). The data in Figs. 4(a1)–
4(c1) indicate that the strength of NHSE becomes decreasing
as N increases. In Figs. 4(B) and 4(b1)–4(b3), we also display
the eigenvalues and eigenstates with different lattice sites for
the case of δt = 0.136 with C2 = 30 nF, C3 = 200 nF. Both
examples demonstrate the existence of size-dependent NHSE.
Meanwhile, when boundary coupling δt deviates from 1, the
size-dependent NHSE becomes more obvious. Comparing the
data in Figs. 4(a1)–4(a3) and Figs. 4(b1)–4(b3), we find that
the eigenstate for the case of δt = 0.136 tends to the extended
state faster than those for the case of δt = 0.0454 with the in-
crease of size. The experimental data are in great agreement
with the theoretical data.
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Fig. 4. (A) Eigenvalues of the admittance matrix 𝐽(ω) with different lattice sites when δt = 0.0454. The hollow circles represent theoretical data, while
the solid diamonds represent experimental data. (a1)–(a3) The profile of all eigenstates with N = 6, N = 10, and N = 18 when δt = 0.0454, respectively.
(B) Eigenvalues of the admittance matrix 𝐽(ω) with different lattice sites when δt = 0.136. The hollow circles represent theoretical data, while the
solid diamonds represent experimental data. (b1)–(b3) The profile of all eigenstates with N = 6, N = 10, and N = 18 when δt = 0.136, respectively.
Common parameter: f = 100 kHz.

Table 3. The specific correction data of the capacitances and induc-
tances for the results shown in Fig. 3 corresponding to δt = 0.0454 with
different N.

N = 6 N = 10 N = 18
L L+0.0048 L+0.0054 L+0.0048
Ci Ci −0.01 Ci −0.015 Ci −0.015

Table 4. The specific correction data of the capacitances and induc-
tances for the results shown in Fig. 3 corresponding to δt = 0.136 with
different N.

N = 6 N = 10 N = 18
L L+0.0045 L+0.0051 L+0.0048
Ci Ci +0.01 Ci −0.002 Ci −0.01

6. Conclusion
Using the simplest but prototypical non-Hermitian model

(unidirectional hopping model), we present the size-dependent
boundary effects by realizing the corresponding electric cir-
cuits. In general, there is NHSE when one-dimensional non-
reciprocal chain is under OBC. Here, we have observed the
NHSE even when the system has a tiny boundary perturbation
δt → 0. As δt (0 < |δt |< 1) increases, the strength of NHSE
gradually decreases. When δt = 1 (PBC), all bulk states be-
come extended states as expected. Moreover, we confirmed a
size-dependent NHSE in our circuit. For a fixed boundary cou-
pling δt , large size N has an effect of repression on the strength
of NHSE. As our experimental results show, while the system
may exhibit NHSE for a finite size N, the NHSE may disap-
pear in the large size limit as N → ∞ for a fixed δt . Therefore,
the behavior of eigenstates for our system in the thermody-
namic limit is similar to those under PBC. Electric circuits can
be used to explore more uncharted territory with an unprece-
dented degree of tunability and measurability. For instance, it
also provides a potential scheme for further research of critical
skin effect in the future.
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