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Detecting physical laws from data of stochastic dynamical systems
perturbed by non-Gaussian 𝛼-stable Lévy noise
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Massive data from observations, experiments and simulations of dynamical models in scientific and engineering fields
make it desirable for data-driven methods to extract basic laws of these models. We present a novel method to identify
such high dimensional stochastic dynamical systems that are perturbed by a non-Gaussian α-stable Lévy noise. More
explicitly, firstly a machine learning framework to solve the sparse regression problem is established to grasp the drift terms
through one of nonlocal Kramers–Moyal formulas. Then the jump measure and intensity of the noise are disposed by the
relationship with statistical characteristics of the process. Three examples are then given to demonstrate the feasibility. This
approach proposes an effective way to understand the complex phenomena of systems under non-Gaussian fluctuations and
illuminates some insights into the exploration for further typical dynamical indicators such as the maximum likelihood
transition path or mean exit time of these stochastic systems.
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1. Introduction
A variety of practical phenomena are modeled by com-

plex systems[1–3] in the form of ordinary or partial differen-
tial equations plus the stochastic perturbations in climate sci-
ence, neuroscience, and ecology, etc. These models often-
times remain unknown in governing laws but only big obser-
vational or experimental data. In decades, the developments
in machine learning[4] and data science[5] have made the in-
vestigation of these systems through massive noisy data pos-
sible. Williams et al.[6] identified several statistical charac-
teristics (e.g., the leading eigenvalues) in either determinis-
tic or stochastic systems with the employment of the dynamic
mode decomposition (DMD).[7] Boninsegna et al.[8] extracted
the laws of certain stochastic dynamical systems with further
research on extended sparse identification of nonlinear dy-
namics (SINDy).[9–11] Other data-driven approaches to extract
governing equations involve neural fields[12,13] and Bayesian
inference,[14,15] etc.

Almost all methods mentioned above have been applied
to dispose deterministic or Gaussian diffusion process. Typ-
ically, one assumes that the overall force acting on a parti-
cle is the Gaussian thermal noise, which is usually applied
with an exponentially falling probability density tail. Lévy
motion, an appropriate model for non-Gaussian fluctuations,
is widely used in climate change,[16] gene regulation,[17] and
ecology[18] to mimic action of external random forcing. More-
over, the α-stable Lévy noise is associated with systems that
are out of thermal equilibrium with a polynomial “heavy”

tail leading to “jump” events, and it can occur when con-
ditions leading to the standard fluctuation-dissipation theo-
rem are violated.[19] In biology, many models show the gen-
eration of Lévy motions by biological organisms.[20–22] Li
and Duan[23,24] managed to distill key variables in stochas-
tic systems induced by Lévy noise through a novel data-driven
method. The relevant exit problem of this system has also been
discussed.[25]

Much devotion has been made throughout recent decades
for statistics and statistical physics.[26–28] This two fields are
relevant. The key factor is the probability theory, which helps
to construct many interdisciplinary methods. For example,
machine learning (ML) as a statistical tool has really benefitted
the study of statistical physics with its own advantages in par-
ticle physics,[29] cosmology,[30] chemistry, and materials,[31]

etc. ML concentrates on prediction by using general-purpose
learning algorithms to find patterns frequently in rich and un-
wieldy data, and makes minimal assumptions about the data-
generating systems. It can be effective even when the data are
gathered without a carefully controlled experimental design
and in the presence of complicated nonlinear interactions.

In this paper, we devise a method to investigate the laws
of long-term dynamics of a class of complex systems, which
is perturbed by α-stable Lévy noise, from the easily accessi-
ble short-term data. The nonlocal Kramers–Moyal formulas is
applied to extract the drift terms in the corresponding stochas-
tic differential equations. The parameters of the Lévy noise
characterizing its intensity and stability can be approximated
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by the first two moments of the amplitude of the sample paths’
increments. Three examples are shown to discuss details.

2. Theory and method
Consider an n-dimensional system x(t) restricted by the

stochastic differential equation

dx(t) = b(x)dt +σ dLt , x(0) = z, (1)

where b(x) is the drift vector of dimension n, Lt denotes
the α-stable Lévy noise with components independent in ev-
ery direction, the diagonal matrix σ represents the noise in-
tensity, and vector α is the stability parameter. The jump
measure ν of Lt is subjected to

∫
Rn∖{0}(|y|2 ∧ 1)ν(dy) < ∞.

This motion distinguishes itself from the Brownian motion
by the last term σdLt , which characterizes a pure jump pro-
cess involved with certain jump discountinuities in its sam-
ple paths. The jump is controlled by a measure να satisfying∫
Rn∖{0}(|y|2 ∧ 1)ν(dy) < ∞. In this paper, we concentrate on

the small jump 1 < α < 2. For more details about the Lévy
noise, one can see Appendix A.

2.1. Identification of the drift

For a drift term b and the sample path x of the system
stated above, we have the following relationship from the non-
local Kramers–Moyal formulas[24]

lim
t→0

t−1P{x(t)− z ∈ Γ |x(0) = z} ·E[(xi(t)− zi)|x(0) = z;

x(t)− z ∈ Γ ] = bi(z), (2)

where i = 1,2, . . . ,n and Γ is an n-dimensional cube [−δ ,δ ]n.
The formula links the intrinsic laws of the system with the sta-
tistical characteristics. The limit of the ratio of the probability
of process starting at z and falling into Γ with the correspond-
ing conditional expectation at certain direction i, to the time t,
can be represented as the ith component of the drift b at ini-
tial location z. Thus, it provides the cornerstone for numerical
methods to access the drift by short-term integration.

Then we propose a learning framework: In a small-step
integration of length h for the process x(t), we discretize the
initial point as vector Z = [z1,z2, . . . ,zM] uniformly distributed
in an interested domain with totally M starting points and its
image X = [x1,x2, . . . ,xM] at time h. Let M̂ denote the number
of initial points in Z which falls into Γ after integration, and
Ẑ, X̂ be the corresponding sets of initial and terminal points in
Z and X . Let Θ = ( f1, . . . , fK) be a dictionary of basis func-
tions on Rn. Assume that the system has ergodic property and
bi(x)≈ ∑

K
k=1 ci,k fk(x). Furthermore, take

Θ(Ẑ) =

 f1(ẑ1) . . . fK(ẑ1)
...

. . .
...

f1(ẑM̂) . . . fK(ẑM̂)



and
Ei = [x̂i,1 − ẑi,1, . . . , x̂i,M̂ − ẑi,M̂].

According to Eq. (2), we have

Θ(Ẑ)ci = M̂M−1h−1ET
i . (3)

This regression problem needs to be tackled delicately. That
is to say, ci must be targeted exactly not only for its enough
accuracy but also for sparsity. Further simplified Eq. (3) as
Xc = Y, it comes to the iterative sparsity enforcement:

(i) Solve the standard least square problem Eq. (3) as
c̃ = (XTX)−1(XTY) for a preliminary non-sparse solution c̃.

(ii) Set the coefficient of c̃ with the smallest absolute
value, say c̃i, to zero.

(iii) Delete the i-th column of X and c̃ to X* and c̃* and
reach the one-dimension less least square problem Y= X*c̃*.

(iv) Iteratively repeated (i)–(iii) until cross validation in-
dicates an optimal sparsity level of c̃.

The cross validation is set to balance accuracy and pre-
dictivity in the model. For instance, choose a moderate pre-
defined threshold, its magnitude is usually about 0.1%–10%
of the largest coefficient of ci. After each sparsification step,
we set the coefficients below the threshold as zero and delete
the corresponding basis functions. Then the regression prob-
lem is carried out again on the remaining coefficients. The
procedure is iterated until no coefficient below the threshold
exists.

Remark that the choice of the dictionary does affect the
performance of this algorithm, usually the polynomial basis
functions are enough to fit polynomial drift or others easy to
Taylor expand. Due to the uncertainty of the system’s govern
laws in preliminary, for complex drifts a set of basis functions
abundant in forms are necessary. Greedy search[8] is an ideal
but consuming solution. Sometimes we use a set of empirical
functions because this step is not the main point.

2.2. Identification of the Lévy motion

Because h is a small quantity, Eq. (1) can be rewritten as

x(t)− z ≈ b(z)t +σLt . (4)

For the one-dimensional case, due to the characteristic func-
tion of Lt ,

Eexp(i⟨u,Lt⟩) = exp(−t|u|α),

it arrives at
t−1/α Lt

d
= L1.

Substituting it back to Eq. (4) yields

σ
−1t−1/α(x(t)− z)≈ σ

−1b(z)t1−1/α +L1.

When α ∈ (1,2), we have

lim
t→0

σ
−1t−1/α(x(t)− z) d

= L1, (5)
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where d
= denotes the same distribution.

Now we introduce a lemma.[32] Let A ∼
Sα/2

(
2γ2(cos(πα/4))2/α ,1,0

)
be a stable random variable

and G ∼ N(0, I) be an standard normal random variable. A
and G are independent of each other. Then the random vector
X = A1/2G is rotationally symmetric with the characteristic
function

E exp(i⟨u,X⟩) = exp{−γ
α |u|α}.

Denote the amplitude of x as R

R = |X |=
√

X2
1 + · · ·+X2

n .

Then
R2 d

= A(G2
1 + · · ·+G2

n).

As a result, the fractional moments of R is expressed as

E[Rp] = E
[
Ap/2(G2

1 + · · ·+G2
n)

p/2
]

= E[Ap/2]E
[
(G2

1 + · · ·+G2
n)

p/2
]

= (2γ)p Γ(1− p/α)

Γ(1− p/2)
Γ((n+ p)/2)

Γ(n/2)
, (6)

in which the Gamma function Γ(z) =
∫

∞

0 tz−1e−tdt and −n <

p < α . Accordingly, we have the following lemma:
Lemma 1 The lnR has moment generating function

Eexp(u lnR) = ERu given by Eq. (6), and its first two mo-
ments are

E(lnR) = ln(2γ)+ γEuler

(
1
α
− 1

2

)
+

1
2

ψ(n/2), (7)

Var(lnR) =
π2

6

(
1

α2 − 1
4

)
+

1
4

ψ
′(n/2), (8)

where the digamma function ψ(z) = Γ′(z)/Γ(z) and Euler’s
constant γEuler =−Γ′(1)≈ 0.57721.

Combined with Eq. (5) (L1 can be seen as a one-
dimensional rotationally symmetric stable random vector), we
obtain

lim
t→0

E
(

ln |x(t)− z|− 1
α

ln t
)

= ln(2σ)+ γEuler

(
1
α
− 1

2

)
+

1
2

ψ(n/2), (9)

lim
t→0

Var
(

ln |x(t)− z|− 1
α

ln t
)

=
π2

6

(
1

α2 − 1
4

)
+

1
4

ψ
′(n/2). (10)

Due to the independence of stochastic components in each di-
rection, the noise parameters of system 1 can be calculated out
individually along each direction. Consider the integration of
small step h in the previous section, denote Zi and Xi for the
points in the ith direction of system 1 in Z and X . According
to these points, we can compute the first two moments as

mi = Ei[(ln |xi(h)− zi|)], (11)

Vi = Vari[(ln |xi(h)− zi|)]. (12)

Next we drop the subscript i for briefness. In Eq. (10), the con-
stant − 1

α
lnh does not affect the variance and the expression is

independent of σ . Thus, the stability index can be calculated
as

α =

[
6

π2

(
V − 1

4
ψ

′(n/2)
)
+

1
4

]−1/2

. (13)

Substituting it back to Eq. (9) yields

σ =
1
2

exp
[

m− γEuler

(
1
α
− 1

2

)
− 1

2
ψ(n/2)− 1

α
lnh
]
. (14)

Remark that this method does not suffer from curse of di-
mensionality due to the transformation to the amplitude R of
the considered data for an arbitrary-dimension system. That
is to say, the increase of dimensionality does not necessarily
require more data.

3. Results
3.1. A one-dimensional system

Consider a one-dimensional stochastic differential equa-
tion with the α-stable Lévy motion

dx(t) = (4x(t)− x3(t))dt + dLα
t . (15)

The drift coefficient b(x) = 4x − x3, and the noise intensity
σ = 1. Lα

t is a scalar, real-value α-stable Lévy motion with
triple (0,0,να). The stability parameter α is set as 1.5 as well
as the jump measure given by

να(dx) = c(1,α)|y|−1−α dx

with

c(1,α) =
αΓ((1+α)/2)

21−α π1/2Γ(1−α/2)
, α ∈ (1,2).

The time step is chosen as h = 0.001. For the initial vector
Z, set M = 5000 initial points uniformly distributed during
[−2.5,2.5]. The Euler scheme for numerical integral to access
X is

xi = zi +σh1/α L1, i = 1,2, . . . ,M,

where L1 ∼ Sα(1,0,0) generated by the program of
Veillette.[33] The cross validation (CV) marks the divergence
of each iterative step’s prediction with the trained model from
the actual test set to choose the optimal sparsity. The param-
eter called CV score δ reflects the internal balance between
accuracy and predictivity of each sparsity. It is defined as an
average of all data groups’ deviations from real data to fit-
ting data within each iterative step in the cross validation pro-
cedure. As a function of the solution size p, it can monitor
whether the learning framework achieves an optimal fitting so-
lution at certain step and should quit timely. Figure 1 shows
the relationship with δ and sparsity index p. The over-fitting
and under-fitting regimes are obvious to easily choose optimal
sparsity at the peak. One can see more details in Ref. [8].
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Fig. 1. The CV score δ to the solution size p for the identification of
the drift of example 1. The inset shows the ratio of two adjacent δ ’s to
p, which peaks sharply at the critical point p = 7.

The learning result is shown in Fig. 2. The true drift co-
efficient matches well with the learning one with estimated
values of stability parameter and noise intensity α = 1.4954,
σ = 0.9987 in comparison to the true values α = 1.5, σ = 1.
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Fig. 2. Learned drift of the one-dimensional system.

3.2. A two-dimensional system

Consider a two-dimensional genetic regulatory
network[34] in biology

dk
dt

= ak +
bkkn

kn
0 + kn − k

1+ k+ s
+σ1 dL1

t ,

ds
dt

=
bs

1+(k/k1)p − s
1+ k+ s

+σ2 dL2
t , (16)

where (L1
t ,L

2
t ) is the two-dimensional Lévy motion with in-

dependent scalar symmetric α-stable Lévy motions which
have the same generating triplet (0,0,να). Set the parame-
ters as ak = 0.004, bk = 0.14, bs = 0.68, k0 = 0.2, kl = 0.222,

n = 2, p = 5, σ = σ1 = σ2, and make the scale transforma-
tion with k′ = 10k, s′ = 2s. Thus there are two stable loca-
tions for the deterministic part located at (0.15262,4.3148)
and (1.5732,3.1562), and a saddle on the boundary of attrac-
tion basins. For the stochastic part, set σ = 0.25, α = 1.5.
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Fig. 3. The three-dimensional learning results of (a) b1(k,s) and (b)
b2(k,s) in comparison to the original drift terms.

Fixing the time step h = 0.001 and M = 20000× 20000
mesh points uniformly distributed within [0,3]× [2,7], the
one-step numerical integration is taken as

ki = xi(1) = zi(1)+b1(zi)h+σ1h1/αk L1
1,

si = xi(2) = zi(2)+b2(zi)h+σ2h1/αsL2
1,

i = 1,2, . . . ,M.

The three-dimensional learning drifts are shown in Fig. 3 in
comparison to the original b1 and b2. In order to see the fitting
results more clearly, cross sections are made from different di-
rections in Fig. 4.

The basis functions and their corresponding learning co-
efficients are listed in Table 1. The learning results for differ-
ent α’s are listed in Table 2.

Table 1. Learning results for the drifts of the 2D biological model.

Basis 1 k s k2 ks s2 k3 ks2 k2s s3

b1
a 0.0848 0.2299 0.1701 0 0.1607 –0.0622 –0.1740 0 –0.0524 0

b2
b –0.1719 –0.6779 –0.2431 –0.4175 0 0.1010 0.1862 0 0 –0.0559

aThe original expression is b1(k,s) = 10×
(

ak +
bk(k/10)n

kn
0 +(k/10)n − k/10

1+ k/10+ s/2

)
.

bThe original expression is b2(k,s) = 2×
(

bs

1+(k/(10k1))p − s/2
1+ k/10+ s/2

)
.
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Fig. 4. The cross sections of Fig. 3 for different k’s and s’s. T is short for a true result and L for a learning result.

Table 2. Learning results of the Lévy noise in the 2D system from
different α’s.
XXXXXXXXTrue

Learning
αk αs σ1 σ2

α = 1.2, σ = 0.25 1.1993 1.2012 0.2517 0.2512
α = 1.4 1.3977 1.4006 0.2487 0.2524
α = 1.5 1.5167 1.4862 0.2572 0.2517
α = 1.6 1.6183 1.6231 0.2532 0.2488
α = 1.8 1.8233 1.7943 0.2506 0.2483

3.3. A three-dimensional system

Consider the three-dimensional classic Lorenz system

dx1 = 10(−x1 + x2)dt +2dL1,t , (17)

dx2 = (4x1 − x2 − x1x3)dt +2dL2,t , (18)

dx3 = (−8/3x3 + x1x2)dt +dL3,t . (19)

Then σ1 = 2, σ2 = 2, σ3 = 1. Set α1 = 1.2, α2 = 1.4,
α3 = 1.5. For the identification, fix h = 0.001 and choose Z
distributed uniformly within [−2,2]× [−2,2]× [−2,2] with a
mesh 400×400×400. The results are listed in Tables 3 and 4,
which are comparable with the original data in Eqs. (17)–(19).

Table 3. Learning results for the drifts of the 3D Lorenz system.

Basis 1 x1 x2 x2
1 x1x2 x2

2 x3
1 x2

1x2 x1x2
2 x3

2

b1 0 –9.9567 9.9412 0 0 0 0 0 0 0
b2 0 3.9869 –1.0012 0 0 0 –1.0023 0 0 0
b3 0 0 0 –2.6642 0 0.9988 0 0 0 0

Table 4. Learning results of the Lévy noise in the 3D system.

Parameters α1 α2 α3 σ1 σ2 σ3

True 1.2 1.4 1.5 2 2 1
Learning 1.1934 1.4036 1.4965 1.9958 2.0128 0.9983

4. Summary
In this paper, we have proposed a framework to extract the

physical laws from data of n-dimensional stochastic dynami-
cal systems perturbed by a sort of non-Gaussian noise called
α-stable Lévy noise.

Specifically, the nonlocal Kramers–Moyal formulas pro-
vide a theoretical basis to approximate the drift term via the
short-term evolution data and then a machine learning method
is performed to solve the subsequent regression problem. Sec-
ondly, the link between the first two moments of the ampli-
tude of increment of the sample paths and the noise parame-
ters (stability parameter and noise intensity) is explored. Thus
we have established a bridge between the system’s short-term
evolution data and the long-term governing factors. Several
examples are shown to illustrate the feasibility and some de-
tails. In a one-dimensional double-well potential system, we
conduct the fitting process and briefly analyze the avoidance
of the under-fitting and over-fitting situations. A 2D genetic
regulatory network and the classic 3D Lorenz system are then
investigated with several different sets of noise parameters.
This data-driven method are rather simple and robust. How-
ever, it still remains some challenges to be further dealt with
such as situations where the stability parameter ranges be-
tween 0 < α ≤ 1 or the category of the Lévy noise alters to
n-dimensional rotationally symmetric case.

Overall, this data-driven method is rather rapid and con-
venient for both avoidance of the “curse of dimensionality”
and direct expressions in terms of the first two moments of the
amplitude of the sample paths’ increments. It does not need
much data and the run time is short. For the Gaussian white
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noise case, there are also corresponding well-known Kramers–
Moyal formulas to construct the identification algorithm. We
believe its promising applications in physical fields.

Appendix A: Lévy process

An n-dimensional Lévy motion Lt is a stochastic process
which satisfies:

(i) L0 = 0, almost sure.
(ii) Independent increments: For any t1 < t2 < · · · <

tn−1 < tn and any n, the random variables Lt2 −Lt1 , . . . ,Ltn −
Ltn−1 are independent.

(iii) Stationary increments: Lt −Ls and Lt−s have the same
distribution.

(iv) Stochastically continuous sample paths: Lt → Ls in
probability as t → s for any s ≥ 0.

The characteristic function for a pure jump n-dimensional
Lévy process is defined as

E exp(iuTLt) = exp
[

t
∫
Rn∖{0}

(
e iuTy −1− iuTyχ|y|≤1

)
ν(dy)

]
,

where χS is the indicator function of S. The jump measure ν

defined on Rn∖{0} is subject to∫
Rn∖{0}

(|y|2 ∧1)ν(dy)< ∞,

which actually characterizes the jump frequency and size for
the sample paths of this process.

A popular type of the Lévy motion is the α-stable Lévy
motion, which is defined by imposing an extra stability re-
striction on increments of the process in the original defini-
tion. Usually its distribution is denoted as Sα(δ ,β ,λ ), where
α ∈ (0,2] is called the stability parameter, δ ∈ (0,∞) the
scaling parameter, β ∈ [−1,1] the skewness parameter and
λ ∈ (−∞,∞) the shift parameter.

In this paper, we consider an α-stable Lévy motion that
is symmetric (β = 0) and independent in every direction with
the kernel να

i (y) in the i-th direction written as

ν
α
i (y) =

Cαi

|y|1+αi
, (A1)

where αi is the i-th argument of α and the intensity constant

Cαi =
αiΓ((1+αi)/2)

21−αiπ1/2Γ(1−αi/2)
, (A2)

where Γ is the Gamma function.
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