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The problem of three-dimensional (3D) acoustic scattering in a complex medium has aroused considerable interest of
researchers for many years. An ultrasonic scattered field calculating technique is proposed to study the scattering echo from
strongly scattered materials in a two-layer medium in this work. Firstly, with the high frequency stationary phase method,
the Green’s function of two-layer fluid media is derived. And then based on the idea of integral equation discretization,
the Green’s function method is extended to two-layer fluid media to derive the scattering field expression of defects in
a complex medium. With this method, the scattering field of 3D defect in a two-layer medium is calculated and the
characteristics of received echoes are studied. The results show that this method is able to solve the scattering P wave field
of 3D defect with arbitrary shape at any scattering intensity in two-layer media. Considering the circumstance of water-
immersion ultrasonic non-destructive test (NDT), the scattering sound field characteristics of different types of defects are
analyzed by simulation, which will help to optimize the detection scheme and corresponding imaging method in practice
so as to improve the detection quality.

Keywords: Green’s function method, two-layer media, scattering field, water-immersed detection
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1. Introduction

The accurate calculation of scattered sound field is very
important in producing the map of the acoustical properties of
a region of interest (ROI). This map is very useful in nonde-
structive testing,[1,2] geophysics[3] or medical diagnosis.[4,5]

In many practical cases, the region of interest is not composed
of homogeneous media but of layered media. It is of great in-
terest to improve the calculating capability of layered model
to obtain more information about the inspected region. So far,
to our knowledge, many researches have been done on acous-
tic field calculation in layered media by using angular spec-
trum method,[6,7] multi-Gaussian beam (MGB) model,[8] or
distributed point source method.[9,10] With regard to the cal-
culation of scattered sound field from scatterer in layered me-
dia, there is no analytical expression due to the influence of
boundary conditions.

In the field of medical ultrasound, the difference in acous-
tic impedance between the scatterer and the tissue is not very
great. So, generally, the Born approximation or some other
perturbation approximation methods are considered to primar-
ily simulate the scattering acoustic field.[11] However, in the
field of industrial ultrasonic nondestructive testing, the differ-
ence in acoustic impedance between the scatterer (defect) and
the medium is usually quite great. In this strongly scattering

case, high contrast causes the total field inside the scatterer
to be too different from the incident field, thus the Born as-
sumption is no longer applicable.[12] Darmon et al.[13] and
Huang et al.[14] presented and modified the doubly distorted
Born approximation to handle this problem so as to achieve
the response of both strong and weak scattering inclusions.
However, the modified Born approximation fails to simulate
the scattering field in layered media because it is an analytical
solution and incapable of dealing with layered issues.

Chen and Zheng[15] concerned the numerical solution of
the acoustic scattering problems in a two-dimensional (2D)
two-layer medium, and introduced an uniaxial finite element
perfectly matched layer (PML) method to solve the radiation
conditions. Jiang and Yuan[16] developed an adaptive finite
element PML method and investigated its exponential conver-
gence. Although these purely numerical methods can be very
effective in such complicated cases, it is generally harder to
implement in 3D problem, because its calculation is large and
takes a long time. In addition, the results of finite element
method consist of both the interface echo and scattering echo
caused by objects, which cannot be separated and analyzed
individually.

In order to reduce the computing time, several authors
have adopted semi-analysis methods. Zampolli et al.[17] com-
puted the far field radiated by 3D objects inside layered fluid
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media by using the approximate Green’s function to reduce the
computing time, while this method requires the pressure and
normal particle displacement on the surface of the object as an
input. Boag et al.[18] presented a moment method solution for
the 3D problem of acoustic scattering from homogeneous fluid
bodies. The basic idea[19] of this numerical method is to trans-
form a functional equation into a matrix equation, and then
solve the matrix equation by inversion or elimination, and thus
avoiding carrying out numerical integrations. Combining this
idea with the sound wave equation and the Green’s function,
the sound fields inside and outside the scatterer can be com-
puted straightforwardly and precisely. Obviously, it is feasible
to extend the above method from infinite uniform medium to
a two-layer medium, and the core is the Green’s function in
a layered medium. With this method, the exact 3D scattering
field of object in a two-layer medium can be fast-obtained and
high-accuracy.

This work focuses on calculating and analyzing the ex-
act scattering echo and 3D scattering field distribution from
defects in a two-layer medium, which is desirable to improve
simulation performance and study the sound scattering behav-
ior of different defects in water-immersed detection. First,
with the method of stationary phase at high frequency, the ana-
lytical expression of Green’s function in two-layer fluid media
is derived, which can be used to calculate the sound field in
layered media. And then, Green’s function method (GFM) is
extended from infinite uniform medium to two-layer media for
calculating the precise scattering sound field. The accuracy
of this proposed method is verified by comparing the results
calculated by the proposed method with those from the finite
element method. Additionally, the advantages and shortcom-
ings are discussed. Finally, we analyze the scattering fields
of different defects in a water-immersed steel medium such as
spherical hole, flat-bottom hole, through-hole, and crack de-
fect, which provides technical guidance for water-immersed
detection.

2. Green’s function in two-layer media

If there is a fluid–fluid interface, and ρ1c1, ρ2 c2 are the
density and sound speed of the first and second layer mediums
respectively as shown in Fig. 1, let sound source point be lo-
cated at 𝑟′ = (x′,y′,z′) in the first layer, and plane z = 0 be the
interface between two layers, perpendicular to the z axis. A
second cylindrical coordinate system is defined at O′, which
is the projection of point 𝑟′ onto plane z = 0. Therefore, the
sound field at point 𝑟 = (x,y,z) is symmetric about the new z
axis, which means that the coordinate θ has no influence on
the result of sound field. Then, we make 𝑟′ = (0,z′),𝑟 = (r,z),

where r =
√
(x− x′)2 +(y− y′)2.
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Fig. 1. Schematic diagram showing geometric relationship when solv-
ing Green’s function of a two-layer fluid medium, with if field point
located in (a) the first layer and (b) the second layer.

It can be seen from Fig. 1 that the Green’s function of the
first layer can be obtained by superposing the incident and re-
flected sound fields generated by the point source, and that of
the second layer is obtained by the sound field refracted from
the point source through the interface.

According to Green’s function in an infinite homoge-
neous medium

G
(
𝑟,𝑟′

)
=

e ik|𝑟−𝑟′|

4π |𝑟−𝑟′|
, (1)

and boundary conditions at fluid–fluid interface, using the
method of stationary phase[20] under high frequency, the rela-
tionship among incident angle, reflection angle, and refraction
angle can be deduced as follows:{

φi = φr,

k1 sinφi = k2 sinφt,
(2)

and then the Green’s function of two-layer fluid media can be
obtained

G
(
𝑟,𝑟′

)
=


e ik1R

4πR +R(φi)
e ik1(r1+r3)

4π(r1+r3)
, z≥ 0,

T (φi)
e i(k1r1+k2r2)

4π

√
(r1+n′r2)(r1+n′r2 cos2 φi/cos2 φt)

, z< 0,
(3)

where n′ = c2/c1,

R(φi) =
ρ2c2 cosφi−ρ1c1 cosφt

ρ2c2 cosφi +ρ1c1 cosφt
,

T (φi) =
2ρ2c2 cosφi

ρ2c2 cosφi +ρ1c1 cosφt
,

where φi and φt are the angles of incidence and refraction re-
spectively, and the relationship among r1, r2, and r3 is shown
in Fig. 1.

It should be noted that the derived Green’s function is
capable of representing the bulk waves radiating inside the
medium, which neglects the lateral waves transmitting along
the interface in far field.
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3. Green’s function method to calculate scatter-
ing echo from scatterer in fluid–fluid media
As shown in Fig. 2, there is an inhomogeneous arbitrar-

ily shaped scatterer located at 𝑟sct in the second layer fluid
medium, and its volume is written as V , illuminated by point
source from 𝑟s in the first layer. The interface between the two
fluid media is in the xoy plane. And the excitation signal of the
point source is F(ω).

f

rb

t

sct

s

ρ1c1

ρ2c2

r
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x

r

o

r

r

V

Fig. 2. Schematic diagram of interface echo calculation in a two-layer
fluid medium.

Given that the sound source point and the receiver trans-
ducer are located in the first layer and the scatterer is inside
the region V in the second layer, the problem is how to calcu-
late the echo signal received by the transducer when the source
point emits sound wave. Apparently, the received signal of the
transducer can be described as the summation of three parts:
direct wave, interface echo and scattering echo.

3.1. Direct wave and interface echo

The transmit paths of the interface echo from source point
O to the receive point 𝑟 are rf, and rb as shown in Fig. 2, and
the values of θ , θ t, rf, rb could be deduced according to the
relationship between 𝑟s and 𝑟 and Eq. (2). Thus, the received
direct wave and interface echo can be written as

Pinter

= F (ω) ·

(
e ik1|𝑟re|

4π |𝑟re|
+

ρ2c2 cosθ −ρ1c1 cosθ t

ρ2c2 cosθ +ρ1c1 cosθ t ·
e ik1(rf+rb)

4π (rf + rb)

)
, (4)

where 𝑟re = 𝑟−𝑟s.

3.2. Scattering echo

In some strongly scattering cases, the Born assumption is
no longer applicable to calculating the scattering echo. Aim-
ing at this problem, the GFM is proposed to deduce the accu-
rate solution of the scattering field.

Without considering the interface echo, we directly calcu-
late the scattering echo received by the transducer in two-layer
media in this subsection. Suppose that the sound speed inside
the scatter is csct and wave number is ksct = ω/csct, both of
which are a function of coordinate 𝑟sct. The wavenumber of

the layered media is written as k, k = ω/c, where c equals c1

in the first layer medium, and c2 in the second layer medium.
Thus the acoustic pressure P inside and outside the scatterer is
governed by the following equation:{ (

∇2 + k2
sct
)

P = 0, 𝑟 ∈V,(
∇2 + k2

)
P = 0, 𝑟 /∈V.

(5)

Now, we come to define an inhomogeneous coefficient S to
characterize the internal properties of the scatterer, and S
equals 0 outside the scatter, such that

S =

 1− k2
sct

k2 = 1− c2

c2
sct
, 𝑟 ∈V,

0, 𝑟 /∈V.
(6)

Then equation (5) can be written as(
∇

2+k2)P = k2SP, (7)

where P is the sum of incident and scattered sound fields, i.e.,

P = Pi +Ps, (8)

with Pi denoting the incident sound field, thus there exits(
∇2+k2

)
Pi = 0, and equation (7) changes into the following

form: (
∇

2+k2)Ps = k2SP. (9)

Combining the above equation and the Green’s function, the
solution of the scattered sound field can be obtained to be

Ps (𝑟) =−k2
∫

V
G(𝑟,𝑟sct)S (𝑟sct)P(𝑟sct) d3𝑟sct, (10)

where P(𝑟sct) is the total field inside the scatterer 𝑟sct, accord-
ing to Eq. (8), P(𝑟) can be written as

P(𝑟) = Pi (𝑟)− k2
∫

V
G(𝑟,𝑟sct)S (𝑟sct)P(𝑟sct) d3𝑟sct. (11)

With regard to a sound source with intensity F , the incident
field Pi can be written as

Pi (𝑟) = FG(𝑟,𝑟s), (12)

where G(𝑟,𝑟s) represents the Green’s function at 𝑟 inspired
by source point 𝑟s, and is given by Eq. (3).

There is sound pressure P(𝑟) both on the left and right
sides of Eq. (11), which makes it difficult to calculate P(𝑟).
In the Born approximation, the pressure P(𝑟) inside the inte-
gral sign is assumed to be the incident sound pressure Pi(𝑟) in
order to simplify the calculation. This perturbation approxi-
mation can be effective in the weak scattering model. More-
over, the Born approximation or some modified approximation
methods[13] are limited to the frequency and the size of scat-
terer.

By using the method of moments,[21] the precise solution
of strongly scattering problems can be obtained. As shown
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in Fig. 3, the region inside the scatterer is discretized and di-
vided into M grids. During the discretization, the volume of
the grid is small enough so that the scattering intensity in each
small grid can be taken as a constant. Therefore, equation (11)
could be discretized into

Pm = Pim− k2
M

∑
m′=1

G(𝑟m,rm′)Sm′Pm′∆Vm′ , (13)

where Pm is total sound field at the m-th grid of the region,
m = 1, 2, . . . , M, 𝑟m′ is the position coordinate of the m′-th
grid, Sm′ and ∆Vm′ are the scattering intensity and volume of
the m′-th grid, respectively.

ρ1c1

ρ2c2

z

x

d

o

m

m'

i
φ

φ

t
φ ρ

r2

r1

y
m'm

rfm'mrbm'm

r

α

Fig. 3. The 3D model of GFM to calculate scattering echo.

In the case of the scattterer located in the second layer,
the G(𝑟m,𝑟m′) is derived as follows:

G(𝑟m,𝑟m′) =
e ik|𝑟m−𝑟m′ |

4π |𝑟m−𝑟m′ |

+R(φm′m)
e ik(rf

m′m+rb
m′m)

4π
(
rf

m′m + rb
m′m

) , (14)

where rf
m′m and rb

m′m are the sound wave transmit path and in-
cident path from point 𝑟m′ to point 𝑟m, and φm′m is the angle
of incident as shown in Fig. 3. All values in Eq. (14) could be
obtained according to Eq. (2). It should be noted that the value
of G(𝑟m,𝑟m′) becomes divergent when m=m′. Now we make

gmm′ = k2G(𝑟m,𝑟m′)∆Vm′ . (15)

So if m = m′,

k2
∫

∆V

e ik|𝑟m−𝑟′|

|𝑟m−𝑟′|
d3𝑟′ = (1− ika) e ika−1, (16)

where a is the radius of the m-th grid which satisfies ∆Vm =

(4π/3)a3.
Therefore, the value of gmm′ can be obtained to be

gmm′ =


k2 e ik|𝑟m−𝑟m′ |

4π |𝑟m−𝑟m′ |
∆Vm′ + k2 ·

ρ1c1φm′m−ρ2c2 cosφ t
m′m

ρ1c1φm′m +ρ2c2 cosφ t
m′m
· e ik

(
rf
m′m+rb

m′m

)
4π
(
rf

m′m + rb
m′m

)∆Vm′ , m 6= m′,

e ika(1− ika)−1+ k2 · ρ1c1−ρ2c2

ρ1c1 +ρ2c2
· e i·2krmd

8πrmd
∆Vm′ , m = m′,

(17)

where rmd is the vertical distance between the interface and the
center of the m-th grid.

So equation (13) can be written in the form of matrix

𝑃 = 𝑃i−𝑄𝑃 , (18)

where

𝑃 = (P1,P2, . . . ,Pm, . . . ,PM)T , (19)

𝑃i = (Pi1,Pi2, . . . ,Pim, . . . ,PiM)T , (20)

𝑄=


g11S1 g12S2 . . . g1MSM
g21S1 g22S2 . . . g2MSM

...
...

. . .
...

gM1S1 gM2S2 . . . gMMSM

 . (21)

𝑄 is a square matrix, and means that the total field 𝑃 inside
the scatterer is given by

𝑃 = (𝐸+𝑄)−1𝑃i, (22)

where 𝐸 is a unit matrix. In this way, the integral equation (11)
can be transformed into a matrix equation and solved by inver-

sion, simplifying the calculation while ensuring the accuracy
to the greatest extent.

Once we obtain the accurate solution of sound pressure
𝑃 inside the scatterer, the scattering sound field of the receive
point can be obtained. Discretizing equation (10) leads to the
following expression of the scattering field at received point 𝑟
in the first layer:

Ps (𝑟) =−k2
M

∑
m=1

G(𝑟,𝑟m)SmPm∆Vm. (23)

Supposing that there are N receiving points located in the first
layer, Gmn = G(𝑟n,𝑟m) can be used to represent the Green’s
function at the n-th receiving point inspired by the m-th grid in-
side the scatterer. Thus the source point is at the second layer,
and the receiving point is at the first layer. According to the
reciprocal relationship[22] in sound field, the Green’s function
can be given by

G(𝑟n,rm) =
ρ1

ρ2
G(𝑟m,rn) . (24)
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Here the source point 𝑟m and the receiving point 𝑟n are located
in different media, so Gmn is convergent. Defining the matrix
concluding the Green’s function such that gmn = k2Gmn∆Vm

and Q′mn = gmnSm, the scattered sound field at the receiving
point 𝑟 can be written as a matrix

𝑃s = (Ps (𝑟1) ,Ps (𝑟2) , . . .Ps (𝑟n) , . . . ,Ps (𝑟N))
T , (25)

and Q′mn in the form of matrix

𝑄′ =


g11S1 g12S2 . . . g1NSM
g21S1 g22S2 . . . g2NSM

...
...

. . .
...

gM1S1 gM2S2 . . . gMNSM

 . (26)

Therefore, we can obtain the accurate scattering field in fluid–
fluid model:

𝑃s =−𝑄′ (𝐸+𝑄)−1𝑃i. (27)

4. Model validation
As mentioned before, a cosine envelope function modu-

lated by Hanning window is chosen as an excitation source in
an attempt to simulate the realistic scattering field, which can
be written as

fe (t) =


1
2

{
1+ cos

[
2π

tc

(
t− tc

2

)]}
×cos

[
2π f0

(
t− tc

2

)]
·w(t) , 0≤ t ≤ tc,

0, t < 0, t > tc,

(28)

where f0 is the center frequency, tc is the pulse duration, and
w(t) is the Hanning window. In the simulation, the parameters
are selected as tc = 5/ f0.

4.1. Scattering echo in fluid–fluid model

Considering the fluid–fluid case, we select gasoline and
water as the first layer medium and the second layer medium,
respectively, and their parameters are listed in Table 1. The

source point is located in the first layer at point O. The hori-
zontal distance between the source and the defect can be writ-
ten as Rx , which is supposed to be small in order to achieve
a small incident angle to study the P wave propagation behav-
ior, and here we make Rx equal 0 firstly. The depth between
the source point and the interface is set to 11 mm, and that be-
tween the source point and the scatterer is set to 16 mm, and
parameters of the media are listed in Table 1. The radius of the
scatterer is set to 0.22λwater, which implies ka = 1.4. And the
side length of the small discretized grid is set to 1/16 λwater, so
the number of the small grids equals 203. According to these
parameters, the spectrum of scattered echo signal Ps at any re-
ceiving point in the first layer can be obtained from Eq. (27).

Table 1. Parameters of fluid–fluid media.

Medium Material
Density Velocity Depth

(kg/m3) (m/s) (mm)

First layer medium gasoline 700 1250 11

Second layer medium water 1000 1500 –

Scatterer steel 7850 5778 16

-5 0 5
x (mm)

-20

-15

-10

-5

0

5

z
 (

m
m

)

Source point

Upper medium

Spheroidal
scatterer

Lower medium

PML

Fig. 4. The FEM simulation model for scattering field of defects in
fluid–fluid media.
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Fig. 5. Scattering echoes from steel sphere in the second layer of fluid–fluid model at different frequencies calculated by two methods: GFM
(solid line) and finite element method (dashed line).
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In order to verify the correctness of Ps, the scattering
echo received at the source point is calculated by using the
two methods: GFM and time-domain finite element method
(FEM). The FEM model is shown in Fig. 4, in which a spher-
ical scattering object is located in a two-layer fluid space and
a source point is considered. The whole computation domain
needs to be divided into the meshes each with a size smaller
than λ/5, which makes transient calculation of the 3D model
in this paper almost impossible. In order to simplify the cal-
culation of FEM model, in this paper a simple 2D model is
adopted, with the point source located just above the defect
of the second layer. There is a layer of PML surrounding the
computational domain that absorbs all the waves that propa-
gate from the inside computational domain. The thickness of
PML is 1 mm, and there are 12 layers of divided grid inside
the PML.

Results in different values of center frequency f0 are ob-
tained, which are shown in Fig. 5. As shown in the figure,
the normalized time-domain echo signal obtained by inverse
Fourier transform of Ps is the solid black line and the FEM re-
sult is plotted in blue dashed line. There are two wavelets in
the received signal, where the first received signal is the inter-
face echo and the second signal is the scattering echo. It can be
observed that results from the two methods are in good agree-
ment with each other, which demonstrates the correctness of
GFM.

4.2. Scattering echo in fluid–solid model

The proposed GFM model is suitable for the calculation
of defect echo of fluid–fluid model, where the field to be cal-
culated is sound pressure of scattered P wave. While, in the ul-
trasonic nondestructive testing, a commonly encountered case
is the defect echo in fluid–solid model. In the case of fluid–
solid model, the sound wave becomes both P wave and S wave
when they transmit into the solid medium. Generally, due to
the smaller angle of incidence in practical test, the energy of S
wave in the solid converted from the P wave in the fluid is less.
Therefore, the S wave can be ignored in order to simplify the
problem, we can ignore the S wave and mainly investigate the
propagation behavior of P wave.[23] On this premise, the fluid–
solid model can be regarded as a fluid–fluid model, where the
GFM model can be used to calculate the P wave echo. The
accuracy of the GFM result is evaluated bycomparing that of
the reslus from the FEM model.

The FEM fluid–solid model considered is shown in Fig. 6,
and the acoustic parameters of the media are listed in Table 2.
The fluid medium is surrounded by a 0.75-mm-thick PML
layer, and there are also 12 layers of grid inside the PML. The
boundary of the solid medium is structured as a low-reflecting
boundary. In this way, the calculation area can be consid-
ered as an infinite fluid–solid layered medium, and there is

no boundary reflection echo in the received signal. In the cal-
culation results of FEM model, the first received echo after the
interface echo is intercepted as the P wave echo from the solid
layer. Because of the slower speed of the S wave, the echo of
the S wave traveling behind that of the P wave is omitted.

Table 2. Parameters of fluid–solid media.

Medium Material
Density Velocity Depth
(kg/m3) (m/s) (P wave) (mm)

First layer medium water 1000 1500 9
Second layer medium steel 7850 5778 –

Scatterer air 1.29 340 29
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Fig. 6. FEM simulation model for scattering field of defects in fluid–
solid media.

In Fig. 7, there are normalized echo signals of fluid–solid
model at the frequencies of f0 = 2 MHz and f0 = 3 MHz. The
results show the interface echo at t = 12 µs and the P wave
defect echo at t = 18.9 µs. It can be seen from the results that
the proposed method can calculate both the scattering echo of
defects in fluid–fluid model and the P wave scattering echo of
defects in fluid–solid model, and the results are accurate and
reliable.

The computations are carried out on an Intel Core 10700
platform, with a CPU clock speed of 2.9 GHz. The CPU time
for the echo computation with GFM does not exceed 30 s.
While the finite element model needs to draw a grid for the
whole acoustic radiation area, which takes a lot of computing
time (about 30 min at f0 = 2 MHz). The GFM has advantages
in both calculation efficiency and precision.

The characteristic S in Eq. (6) can be used to determine
whether the scattering behavior is weak or strong. Scattering
echoes under different S conditions are shown in Fig. 8, by us-
ing the GFM and Born approximation method. It can be seen
from the figure that when S =−0.2, the waveform of Born ap-
proximation is consistent with that of the exact solution. While
if the scattering intensity becomes larger, the waveform and
amplitude of the scattering echo of Born approximation devi-
ates from those from the GFM solution, which are the accurate
values of scattering echo. It can be observed that Born approx-
imation induces an erroneous time delay in strong scattering
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problem, the phenomenon of which was pointed out in infi-
nite homogenous medium in previous research.[13] Since the
acoustic properties of air hole are quite different from those of
steel, the acoustic scattering field calculated by Born approx-
imation is not reasonable. It is necessary to use the accurate
solution to calculate the scattering echo of defects from the
second layer medium, and GFM can solve this problem of de-
fects with arbitrary shape at any scattering intensity.
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(a) f0=2 MHz (b) f0=3 MHz
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Fig. 7. Scattering echoes from air sphere in the second layer of fluid–solid
model at different frequencies calculated by two methods: GFM (solid line)
and finite element method (dashed line).

The comparison of the above results proves that the GFM
has the ability to calculate the scattering ultrasounds by arbi-
trarily shaped, 3D rigid bodies in water-immersed steels. The
basic idea of this method is equation discretization, and the
application of the Green’s function in two-layer fluid media.
Its disadvantages are that the computational complexity and
storage requirements rises dramatically as the total number of
divided defect grid. Nevertheless, it is verified by plenty of
tests that the calculation of GFM are faster than other existing
numerical methods if the total number of defect grids is less
than 3000, which is enough to be utilized to solve the scatter-
ing problem in non-destructive evaluation.
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Fig. 8. Echoes of spherical hole with different scattering intensities in
water-immersed steel calculated by Born approximation and GFM method
at S =−0.2 (a) and −0.9 (b).

5. Characteristic analysis of scattering field of
typical defects

As can be seen from the above analysis, the GFM can be
used to calculate the P wave scattering echo of defects in a
layered medium with high speed and accuracy. Furthermore,
another advantage of GFM is that the scattering echo can be
deduced according to Eq. (27) directly which does not contain
the interface echo, so the characteristic analysis of the scatter-
ing field is not influenced by the interface echo.

The characteristics of the sound field scattered from de-
fects in water immersed steel are analyzed by GFM in this
section. The defect types studied are shown in Fig. 9, they be-
ing spherical hole, flat-bottom hole, through-hole, and crack
defects. It is assumed that the sound source point is located in
the first layer and the defect in the second layer. The center
frequency of the excitation signal is set to 2 MHz.

Sphere hole Flat bottom hole

x

z

y

(a)                    (b)                    (c)                      (d)

Horizontal hole      Crack

Fig. 9. Schematic diagrams of different types of defects.

5.1. Scattered field of spherical hole, flat-bottom hole, and
through-hole

Acoustic parameters of the layered medium in Table 2 are
selected to calculate the scattering echo. We make the vertical
depth between the source point and the fluid–solid interface
equal 20 mm, and that between the interface and the center of
the defect equal 25 mm. The value of Rx is set to zero. The
radii of the sphere and cylinder are both set to 4 mm as shown
in Fig. 9, and the height of the cylinder is set to 8 mm, making
sizes of the two defects close to each other. The vertical cylin-
der in Fig. 9(b) can be regarded as a flat-bottom hole defect,
and the horizontal one in Fig. 9(c) a through-hole defect.

The received defect echo signals of spherical hole and
flat-bottom hole are shown in Fig. 10, where the interface
echoes are not considered. Comparison between the two re-
sults in Fig. 10(a) reveals difference in echo amplitude be-
tween the two defects. This is because the scattering surface
of cylinder is quite different from that of sphere. With regard
to the two defect types of similar size and different shapes, the
upper surface of the cylinder is plane and directly facing the
backscattering receiver point, which results in very concen-
trated energy of the scattered sound field. While the surface
of the spherical hole scatters the sound energy backward to a
larger area, making the scattering echo energy dispersed and
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widely distributed. In addition, it can be seen from Fig. 10(b)
that the waveform durations of the signal are significantly dif-
ferent. The scattering echo of the spherical hole lasts longer,
and the waveform changes a lot compared with the incident
waveform. This is caused by the superposition of the scattered
waves from different positions on the sphere, which arrive at
the receiving point at different times.
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Fig. 10. Scattering echoes of defects in different shapes at the same po-
sition (solid line: spherical hole; dashed line: flat-bottom hole) for (a)
original waveform and (b) normalized waveform.

Figure 11 shows the scattering sound fields of spherical
hole and flat-bottom hole in the xoy plane, expressed in the
unit of dB. The black curve in the figure is the contour line of
the sound field dropping 3 dB down. The comparison of the re-
sults shows that the scattering sound field of the spherical hole
is more widely distributed, while that of the flat-bottom hole
is concentrated. This characteristic is affected by the shape of
the scattering object, which can be simulated by the proposed
GFM.

The results in the above analysis are for the case of Rx = 0,
which means the source point is located right above the defect.
However, the sound source may not be located right above the
defect in practice. Figure 12 shows the scattering sound fields
in the case of Rx = 10 mm, where the defect is located at the
position (x = 10 mm, y = 0, z = 45 mm) and other param-
eters are the same. As can be seen from the results in the
figures, the maximum position of the received scattered sound
field shifts rightwards due to the oblique incident of the sound
wave on the defect surface. The distribution of the scattered
sound field of the spherical hole is more dispersed than that
of the flat-bottom hole, and the 3 dB falling envelope of the
spherical hole becomes more irregular than that of flat-bottom
hole.
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Fig. 11. Scattered sound fields of defects in different shapes at Rx = 0
for (a) spherical hole and (b) flat-bottom hole.
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Fig. 12. Scattered sound fields of defects in different shapes at Rx =
10 mm for (a) spherical hole and (b) flat-bottom hole.

Keeping these parameters unchanged, we set Rx = 0 and
the radius of the flat-bottom hole r0 = 2 mm and r0 = 5 mm
respectively. The waveform of received echo are shown in
Fig. 13. Figure 13(a) shows that the two echoes have the
same arriving time and extremely different pressure ampli-
tudes, and the amplitude of the flat-bottom hole with radius
r0 = 5 mm is higher. Figure 13(b) indicates that the normal-
ized echo waveforms of flat-bottom in different sizes are ba-
sically the same and the duration for the case of r0 = 5 mm
is slightly longer. The wavelet behind the scattering echo is
a secondary scattering echo after the primary scattering echo
that is reflected from the steel–water interface and reaches the
flat-bottom hole. The secondary scattering echo of the flat-
bottom hole with r0 = 5 mm increases significantly.
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Fig. 13. Scattering echoes of flat-bottom holes with different sizes at
the same position (solid line: r0 = 5 mm; dashed line: r0 = 2 mm) for
(a) original waveform and (b) normalized waveform.
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Fig. 14. Scattering echoes of through-holes with different sizes at the
same position (blue line: r0 = 4 mm; black line: r0 = 2 mm)

Defect echoes of throughholes with different radii are
shown in Fig. 14. The comparision among the waveforms in
Fig. 14, the blue line waveform in Fig. 10(b) and the dashed
line in Fig. 13(b) shows that if r = 2 mm, the waveform of
through-hole is similar to that of flat-bottom holes. While
for r = 4 mm, the echo waveform becomes similar to that of
the spherical hole. As the through-hole radius changes from
2 mm to 4 mm, the echo amplitude increases significantly
and the waveform duration becomes longer. By observing the
amplitude of the blue line in Fig. 14 and received signals in
Fig. 10(a), it can be seen that if the defect sizes are close to
each other, the echo amplitude of through hole is larger than
that of the spherical hole and smaller than that of the flat-
bottom hole. This indicates that the scattering echo of the

through-hole has the properties of both spherical hole and bot-
tom hole. In the x direction, there appear curved scattering and
energy dispersed, meanwhile in the y direction the scattering
is planar and energy is concentrated.

Figure 15 shows the sound field distributions of three dif-
ferent types of defects in the x direction, and their sizes are
chosen to be similar to each other: radii equal 4 mm and
heights of the cylinder equal 8 mm. The θr of abscissa axis
indicates the angle between oz axis and the line connecting
receiving point and defect center. The straight line in the fig-
ure indicates the −6 dB dropping height of the scattered echo.
Now define the 6-dB scattering angle as twice the angle when
the amplitude drops to half half the maximum value. From the
result it can be calculated that the 6-dB scattering angles of the
three different defects are 2π/7, π/4, and π/9, respectively.
The attributes of the three defects are different, which leads to
the magnitudes of the 6-dB scattering angles of these three
kinds of defectsare in the following order: spherical hole’s
greater than through-hole’s greater than flat-bottom hole’s.
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Fig. 15. Distributions of scattered sound fields of different types of de-
fects on the x axis (solid line: spherical hole, dashed line: transverse
hole, dotted line: flat-bottom hole).

5.2. Scattered field of crack defect

The GFM can also calculate the scattered echo of defects
in other shapes like crack defect. Now, the crack defect is as-
sumed to be parallel to the ox axis, and its length to be 14.4 mm
(5 times the wave length in steel). Figure 16 shows the spatial
distribution of the scattering field of crack defect. The black
curve in the figure represents the contour line of the sound field
dropping 3 dB down. According to the −3-dB envelope in the
figure, the influence of defect shape on the scattering field can
be seen clearly from the figure.

Keeping the position of the source point unchanged, the
phenomena of acoustic wave incident on the defect from dif-
ferent angles are revealed by changing the crack inclination
angle θd. Figure 17(a) shows the schematic diagram of simu-
lation model, where the components of the whole model keep
still in the y direction. In order to analyze the characteristics
of the received scattering sound field of cracks at different an-
gles, five inclination angles are set in equal intervals within
π/9 for cracks of the same length, and the results are obtained
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by simulation. The distributions of scattering sound fields on
the x axis of crack defects with different inclination angles are
shown in Fig. 17(b).
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Fig. 16. Scattering sound field of water immersed crack defect.
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Fig. 17. (a) Schematic diagram of sound field simulation of crack de-
fect and (b) distribution of scattering sound fields on the x axis of crack
defects with different inclination angles.

As can be seen from the curves in the figure, if θd = 0,
the crack is parallel to the x axis, and the sound field distribu-
tion is symmetric in the x direction. The maximum value of
the scattering sound pressure is located above two ends of the
crack, and the pressure amplitude right above the center of the
crack decreases slightly. If the crack defect becomes inclined
with a non-zero angle θd, the maximum value of the scatter-
ing sound pressure is located above the right end of the crack.
Moreover, the scattered sound field of the crack presents a dis-
tribution form: low in the left and high in the right. As θd

increases, the peak position gradually shifts leftwards, and the
amplitude at the left end gradually decreases. The−6-dB drop
width changes slightly as θd increases. The above analyses

show that the inclination angle of crack to be measured has a
very significant influence on the received sound field, and the
general direction of the crack located just below the probe can
be judged according to the distribution of the scattered sound
field.

From the above results and analyses, it can be seen that
this proposed method can be used to calculate the scattered
sound fields of spherical hole, through hole, flat-bottom hole,
and other defects under 3D conditions, which is helpful in im-
proving the understanding of the scattering characteristics of
different defects, and developing more reasonable detection
schemes for different types of defects in nondestructive test-
ing.

6. Conclusions
In this work, the Green’s function in two-layer fluid me-

dia is derived by using the method of stationary phase at high
frequency. According to the sound wave equation and the
Green’s function, an efficient method of computing the pre-
cise scattering field of arbitrarily shaped scatterer in two-layer
media is derived. This method can be used to calculate both
weak scattering and strong scattering problem where there ex-
ists a dramatic change of acoustic impedance. The main ad-
vantage of this method is an easy numerical implementation
and a good computation speed. Furthermore, it is proved that
the scattering echo in fluid–solid model can also be calculated
by using the Green’s function presented here. Scattering fields
of defects in water-immersed steel with different shapes and
sizes are calculated and discussed. The proposed GFM and
its result can enhance the understanding of scattering echoes
from defects with different types in layered media and help im-
prove the performance of water-immersed nondestructive test
techniques.

Actually, the method proposed here may have poten-
tial applications in research of scattering field in transversely
isotropic or anisotropic medium if the analytical expression of
Green’s function is obtained. Moreover, this method may be
useful if it is combined with some ultrasonic imaging meth-
ods, for instance, the CS inverse scattering framework method
proposed in Refs. [24,25]. or total focusing method proposed
in Ref. [26]. This method may also be helpful in investigating
the performances of ultrasonic imaging of layered media.
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