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We investigate the scattering of a particle from a trapping potential that is subjected to weak, parity–time symmet-
ric periodic drivings. Using the Floquet theory, we derive the scattering matrix and calculate the transmittance of the
incident particle. When the driving is purely coherent, our calculation recovers the known result and the transmission
spectrum shows the familiar, bound-state-induced Fano resonances. When the driving is purely incoherent, we find the
Fano resonances still occur, but the lineshape of each resonance is reversed compared to the coherent-driving counterpart.
Intriguingly, the transmission resonances disappear when both the coherent and incoherent driving fields are present with
equal amplitudes. This phenomena can be seen as a manifestation of the non-reciprocal coupling of Floquet channels in the
frequency domain. Notably, when the frequency up-conversion is absent, the transmission is such as if there is no driving
at all, even when the driving strength increases.
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1. Introduction
Quantum mechanics postulates the Hermiticity of the

Hamiltonian operator, which ensures real eigen-energies.
Open systems, however, are usually associated with non-
Hermitian Hamiltonians exhibiting complex eigenenergies. In
the seminal work,[1] Bender and Boettcher pointed out that
if a non-Hermitian Hamiltonian is invariant under the com-
bined parity and time-reversal operations, it can also exhibit
entirely real spectra under certain conditions. Such parity–
time reflection symmetric (𝒫𝒯 -symmetric) Hamiltonian can
describe, for instance, an open system with balanced loss and
gain. Over the past few years, there have been significant
interests and ongoing efforts in exploring the 𝒫𝒯 -symmetric
systems. A plethora of novel phenomena with non-Hermitian
analogue have been predicted, such as the 𝒫𝒯 phase transi-
tion, exceptional points and related topological phenomena;
see review[2] and references therein. Notably, with the ad-
vance in engineering gain and loss, 𝒫𝒯 -symmetric physics
have been realized and applied in various settings, including
mechanical[3] and optical platforms,[4–8] cavity systems,[9,10]

lasers,[11,12] and optomechanical systems.[13–16]

Here, we study the systems that are subjected to 𝒫𝒯 -
symmetric periodic driving fields, aiming at the scattering be-
havior in such setups. In the Hermitian case, the study of scat-
tering has played an important role both in the fundamental
physics and in practical applications. We specifically study
the scattering of particle in a one-dimensional (1D) continu-

ous model where the scattering potential is subjected to 𝒫𝒯 -
symmetric drivings. Such a setup, when the driving is ab-
sent, has been a paradigm for exploring the scattering prob-
lem. In the presence of a coherent time-periodic field, the
transport phenomena has also been well studied.[17–23] The
key physics introduced by the coherent oscillating field is that
the scattering involves multi-channel processes, i.e., not only
through elastic process, but also inelastic processes involving
the absorption and emission of the energy quanta from the
oscillating field. This results in important phenomena such
as Fano resonance and quasi-bound states,[23] photon-assisted
tunneling observed in quantum dots and superlattices,[24–27]

and resonance catastrophe.[28] The purpose of this work is to
explore how the transmission property is affected by the non-
Hermiticity of the driving fields. In particular, adding an inco-
herent driving on top of the coherent driving field may break
the reciprocity of coupling between Floquet channels in the
frequency domain, which is expected to enrich the scattering
physics.

The non-Hermitian scattering has been previously studied
in tight-binding lattice models.[29–31] There, it has been shown
that the interplay between the energy band (gap) of the lat-
tice structure and the non-Hermitian driving gives rise to some
exotic transport behavior such as the non-Hermitian Floquet
invisibility.[30] Here, we show that non-Hermitian driving can
induce intriguing scattering phenomena already in a continu-
ous model.
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Specifically, we derive the scattering matrix and calcu-
late the transmission spectrum of the incident particle, based
on the Floquet theory[32] and the extension of the approach
in Ref. [23] to the non-Hermitian driving case. When the
driving is purely coherent, the transmission spectrum shows
the well known, bound-state induced Fano resonances. In
contrast, when the driving is purely incoherent, we find that,
while Fano resonances of the same origin still appear in the
transmission spectrum, the lineshape of each resonance is re-
versed compared to the coherent-driving counterpart. Inter-
estingly, we find the transmission resonances disappear in the
combined presence of coherent and incoherent time-periodic
fields of equal amplitudes. This phenomenon is a manifesta-
tion of the nonreciprocal coupling of Floquet channels in the
frequency domain. Depending on the nonreciprocal direction,
the transmissions show different behavior: when the frequency
up-conversion is absent, the particle transmits in such a way as
if there is no driving at all, even when the driving strength in-
creases. On the other hand, if the frequency down-conversion
is absent, the transmission is enhanced with the increase of
the driving strength. These results further our understanding
of the transport properties in the presence of non-Hermitian
periodic drivings.

2. Model system
We consider a setup as illustrated in Fig. 1, where a prop-

agating particle is transmitting through a non-Hermitian os-
cillating square potential in one dimension. The time evolu-
tion of the particle’s wavefunction ψ(x, t) is governed by the
Schrödinger equation

ih̄
∂ψ(x, t)

∂ t
=− h̄2

2µ

∂ 2ψ(x, t)
∂x2 +V (x, t)ψ(x, t). (1)

Here, h̄ is the Planck constant, µ is the mass of the particle,
and V (x, t) is a time-dependent non-Hermitian potential in the
form

V (x, t) =

{
0, |x|> L/2,

V0 +V1 cosωt − iV2 sinωt, |x| ≤ L/2.
(2)

In Eq. (2), Vα ∈ℛ are real numbers (α = 0,1,2); specifically,
V0 is the amplitude of static potential, while V1 and V2 denote
the amplitudes of coherent and incoherent periodic drivings,
respectively. The coherent and incoherent driving fields have
the same driving frequency ω , so V (x, t) = V (x, t + 2π/ω)

with the period 2π/ω . The non-Hermitian Hamiltonian in
Eq. (1) is 𝒫𝒯 -symmetric. To see this, we directly apply the
parity operator of 𝒫 and time operator of 𝒯 on Eq. (2) and
calculate

𝒫𝒯 −1V (x, t)𝒫𝒯 =V0 +V1 cos
[
ω
(
𝒯 −1t𝒯

)]
−(𝒯 −1 i𝒯 )V2 sin

[
ω(𝒯 −1t𝒯 )

]
=V (x, t) (3)

by virtual of 𝒯 −1t𝒯 =−t and 𝒯 −1 i𝒯 =−i, thus proving the
𝒫𝒯 symmetry of the Hamiltonian. Our goal is to investigate
the transmittance of the particle through the non-Hermitian os-
cillating potential.

⋯
⋯

⋯
⋯

Incident
particle

r1

r0

r-1

t1

t0

t-1

x

hω

↩L/ L/

V
V1cos(ωt) ↩iV2sin(ωt)

Fig. 1. Schematic diagram of Floquet scattering of a particle from a non-
Hermitian oscillating potential. The incident particle interacts with an os-
cillating potential of the form V (x, t) = V0 +V1 cosωt − iV2 sinωt in the
regime x ∈ [−L/2,L/2]. Here V0 is the amplitude of the static potential,
V1 (V2) is the coherent (incoherent) driving amplitude, and ω is the driv-
ing frequency. Transmission (with an amplitude tn) and reflection (with
an amplitude rn) in the Floquet channel En = ε +nh̄ω (n =−∞, . . . ,∞) is
illustrated.

The system described above in the absence of periodic
modulations (V1 =V2 = 0) provides a textbook example for the
exploration of the particle scattering. Cases with a coherent
periodic driving field (i.e., V1 ̸= 0 and V2 = 0) have also been
well studied.[17–23] There, due to the oscillating field, prop-
agating particles can transmit through multiple channels, not
only through elastic process, but also via inelastic processes,
namely the absorption or emission of energy quanta from the
driving field. Below we extend these studies and techniques
beyond the Hermitian realm, and consider the addition of a
weak, incoherent driving field, i.e., |V2| < |V0|. In practice,
such a term can result from, for instance, a periodic gain (e.g.,
an incoherent pump) and loss.

3. Floquet scattering matrix for 𝒫𝒯 -symmetric-
driven potential
To study the scattering behavior of the particle interacting

with the non-Hermitian, driven potential, we rely on the Flo-
quet theory[32] to derive the scattering matrix, along the line
of Ref. [23].

We begin by writing the solution to Eq. (1) as

ψ(x, t) = e−iεt/h̄
φ(x, t), (4)

where φ(x, t) = φ(x, t +2π/ω) = ∑n φn exp(−inωt) is the so-
called Floquet state. In Eq. (4), ε is the quasienergy, which in
general is complex valued for V2 ̸= 0. Substituting Eq. (4) into
Eq. (1), we obtain the Floquet eigenvalue equation

− ih̄
∂φ

∂ t
− h̄2

2µ

∂ 2φ

∂x2 +V (x, t)φ = εφ . (5)

For the 𝒫𝒯 -symmetric system described in Eq. (1), we
are interested in the regime where ε ∈ R is entirely real. Since
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ε is defined up to integer multiples of h̄ω , we restrict the com-
putation to the first Brillouin zone |ε| < h̄ω . Considering the
potential V (x, t) in Eq. (2) is a piecewise function in space,
below we solve Eq. (5) for φ(x, t) separately in three regions,
namely x <−L/2, |x|< L/2, and x > L/2; matching these so-
lutions at the boundaries will provide us the desired scattering
matrix.

In the regions |x| > L/2, we have V (x, t) = 0 and φ(x, t)
can be easily solved. The general solutions are

φ =
∞

∑
n=−∞

(
Ai

n e iknx +Ao
n e−iknx

)
e−inωt , (x <−L/2), (6)

φ =
∞

∑
n=−∞

(
Bi

n e−iknx +Bo
n e iknx

)
e−inωt , (x > L/2), (7)

with kn =
√

2µ(ε +nh̄ω)/h̄. Here Ai
n (Bi

n) labels the ampli-
tude of the incoming plane wave from the left (right) in the n-th
Floquet channel. Note that if ε +nh̄ω < 0, kn becomes imag-
inary, namely the corresponding channel supports an evanes-
cent mode localized in space, instead of a propagating mode.
Moreover, the Ao

n (Bo
n) describes the amplitude of the reflected

(transmitted) wave after the scattering of the particle off the
oscillating potential.

In the region |x|< L/2, where the potential V (x, t) exists,
we solve Eq. (5) by separating the variables φ(x, t) = g(x) f (t),
with f (t +2π/ω) = f (t). We obtain

ih̄
∂ f
∂ t

− [V1 cos(ωt)− iV2 sin(ωt)] f = (E − ε) f , (8)

− h̄2

2µ

∂ 2g
∂x2 +V0g = Eg, (9)

with the constant E introduced during the variable separations.
Equation (8) can be directly solved by integrating over time,
yielding

f (t) = exp[−i(E − ε)t/h̄]

×exp
[
−i

V1

h̄ω
sin(ωt)+

V2

h̄ω
(cos(ωt)−1)

]
, (10)

where we have used f (0) = 1. For our purpose it is useful to
make Fourier expansions of Eq. (10) and write

f (t) = e−i(E−ε)t/h̄ e−V2/h̄ω

×
∞

∑
n=−∞

∞

∑
l=−∞

ilJn

(
V1

h̄ω

)
Jl

(
−i

V2

h̄ω

)
e−i(n−l)ωt ,

where we have used the identity exp(ixsinθ) =

∑n Jn(x)exp(inθ), with Jn(x) the n-th order Bessel function of
the first kind. The time-periodicity of f (t) imposes the con-
dition E = ε +mh̄ω . As such, the general solution to Eq. (9)
can be written as g(x) = ∑

∞
m=−∞(am e iqmx + bm e−iqmx) with

am and bm the coefficients, and qm =
√

2µ(ε +mh̄ω −V0)/h̄.
Collecting the results for g(x) and f (t), we obtain φ(x, t) as

φ =
∞

∑
m,n=−∞

(
am e iqmx +bm e−iqmx

)
hn−m e−inωt . (11)

where we have introduced

hn−m = exp
(
− V2

h̄ω

)
∞

∑
l=−∞

ilJn−m+l

(
V1

h̄ω

)
Jl

(
−i

V2

h̄ω

)
. (12)

Matching Eqs. (6), (7), and (11) at the boundaries, we
now derive the scattering matrix. Specifically, at x = −L/2,
we obtain from the continuity conditions that

Ai
n e−iknL/2 +Ao

n e iknL/2

=
∞

∑
m=−∞

(am e−iqmL/2 +bm e iqmL/2)hn−m,

ikn(Ai
n e−iknL/2 −Ao

n e iknL/2)

=
∞

∑
m=−∞

iqm(am e−iqmL/2 −bm e iqmL/2)hn−m. (13)

Similarly, at x = L/2, we have

Bi
n e−iknL/2 +Bo

n e iknL/2

=
∞

∑
m=−∞

(am e iqmL/2 +bm e−iqmL/2)hn−m,

−ikn(Bi
n e−iknL/2 −Bo

n e iknL/2)

=
∞

∑
m

iqm(am e iqmL/2 −bm e−iqmL/2)hn−m. (14)

Eliminating am and bm in Eqs. (13) and (14), as detailed in the
Appendix A, we arrive at(

𝐴o

𝐵o

)
= 𝑆

(
𝐴i

𝐵i

)
, (15)

with the scattering matrix

𝑆 ≡
(
𝑅 𝑇 ′

𝑇 𝑅′

)
.

In Eq. (15), the vector 𝐴i = [. . .Ai
−1,A

i
0,A

i
1 . . .]

T (𝐵i =

[. . .Bi
−1,B

i
0,B

i
1 . . .]

T) denotes the incident amplitudes from the
left (right) in Floquet channels, 𝐴o and 𝐵o denote the cor-
responding reflected and transmitted parts of the scattered
waves. In the scattering matrix 𝑆, 𝑅, and 𝑇 (𝑅′ and 𝑇 ′)
denote the transmission and reflection matrices for a particle
incident from the left (right). Specifically, the matrix element
tnm (rnm) represents the amplitude of the transmitted (reflected)
wave in the n-th Floquet channel for the incoming wave in
the m-th channel. Detailed derivations for 𝑆 is shown in Ap-
pendix A.

Without loss of generality, we assume the particle is inci-
dent from the left with the energy E0 = ε (thus E0/(h̄ω)≤ 1),
so that Ai

n = δ i
n,0 and Bi

n = 0. Using Eq. (15), the transmittance
T of the particle, i.e., its total transmission amplitude can be
calculated as

T = ∑
n

kn

k0
|tn0|2 . (16)
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Here the summation is performed over all Floquet channels
involving propagating modes (i.e., kn ∈ℛ), whereas the local-
ized, evanescent modes (i.e., modes with Im(kn) ̸= 0) do not
contribute to T and are excluded.

Equation (16) is the central equation for our subsequent
analysis of the transmission of a particle, in particular, we will
elucidate the role of non-Hermitian driving (i.e., iV2 sin(ωt)
by comparing the transmission in the presence and absence
of non-Hermitian driving field. We will assume V0 < 0 cor-
responding to a trapping potential, where bound states with
the energy Eb < 0 can exist without external driving. More-
over, we restrict ourselves to the weak driving regimes where
|V1(2)|< |V0| and |V1(2)|/(h̄ω)≤ 1. Note that all energy scales
will be in the unit of ER = h̄2/(2µa2) with a being a typical
length unit of the system. In addition, in our numerical calcu-
lations we only take into account of a finite number of Floquet
channels; where to truncate is determined from the evaluation
of the Bessel function.

4. Scattering from a coherently driven potential
To benchmark our subsequent calculations, we start with

considering V1 ̸= 0 and V2 = 0, corresponding to a Hermitian
oscillating potential,[23] and derive the particle transmission.
In Fig. 2(a), we take V0 = −ER, V1 = 0.1ER, and h̄ω = ER,
and show the transmittance T as a function of the incident
particle’s energy E0. The transmission spectrum in Fig. 2(a)
features a Fano resonance with an asymmetric lineshape,[33]

where a dip is followed by a peak (see the inset of Fig. 2(a)).
The Fano resonance occurs due to the resonant transitions

between the incident channel and the bound state via the ab-
sorption and emission of energy quanta. For the chosen param-
eter, there exists one bound state with Eb ≈−0.19h̄ω in the ab-
sence of driving (see Apendix B), which is within the energy
range [−h̄ω,0]. Thus a resonance occurs when E0 − h̄ω = Eb,
i.e., the incident particle emits one energy quanta h̄ω and
jumps to the bound state with the energy Eb < 0, which does
not contribute to the transmission, giving rise to a dip in the
spectrum; reciprocally, a particle in the bound state can ab-
sorb one energy quanta and be excited to the incident channel,
thus transmitting through. The resonance with the bound state
via emitting h̄ω is evidenced in Fig. 2(b). There, we plot the
transmission probability |t−10|2 as a function of E0/(h̄ω). The
singularity at E0 = h̄ω +Eb clearly indicates the resonant ex-
citation of the bound state.

By modifying the driving frequency and the potential
parameters, multiple Fano resonances occur, as shown in
Fig. 2(c). The number of Fano resonances depends on the
number of bound states whose energy Eb is within the range
[−h̄ω,0]. For the potential parameters and ω used in Fig. 2(c),
there exist three bound states E i

b ∈ [−h̄ω,0] (i = 1,2,3) as de-

tailed in the Appendix, i.e., E1
b ≈ −0.91h̄ω , E2

b ≈ −0.64h̄ω ,
E3

b ≈ −0.24h̄ω . This gives rise to three Fano resonances at
E i

b+ h̄ω in the transmission spectrum as illustrated in Fig. 2(c).
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Fig. 2. Spectral transmittance T through a trapping potential subjected to
a weak coherent driving (i.e., V (x, t) =V0 +V1 cos(ωt), with |V1|< |V0|).
All energy scales are given in the unit of ER = h̄2/(2µa2), with a being
typical length unit of the system. In our calculations, we fix the coherent
driving amplitude V1 = 0.1ER, while varying the static potential param-
eters (V0 and L) and the driving frequency ω . (a) Transmittance T as a
function of the incident energy E0/(h̄ω) for h̄ω = ER, L = a, V0 =−ER.
(b) Transmission probability |t−10|2 in the n = −1 Floquet channel as
a function of E0/(h̄ω). (c) T as a function of E0/(h̄ω) for h̄ω = 4ER,
L = 4.19a, and V0 = −4ER. In all plots, Floquet channels ∈ [−5,5] are
accounted for in the numerical computation. In panels (a) and (c), the
insets zoom in the resonance lineshapes.

5. Scattering from a purely incoherently driven
potential

What will happen when, instead of a coherent driving,
the static potential is subjected to a purely incoherent driv-
ing V2 ̸= 0? We address this question in this section. Mathe-
matically, this corresponds to adding a purely imaginary term
−iV2 sin(ωt) on top of the otherwise static potential V0.

We first choose V0 = −ER and h̄ω = ER similar as in
Fig. 2(a), so that without driving there exists one bound state
within the range [−h̄ω,0]. Like its coherent-driving counter-
part, a transmission resonance [Fig. 3(a)] is found to occur at
the incident energy E0 = Eb + h̄ω . In contrast to Fig. 2(a),
however, the Fano lineshape is reversed: the dip (peak) in
Fig. 2(a) turns into a peak (dip) in Fig. 3(a).
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Such a reversed lineshape cannot be achieved in the
purely coherent driving case through modifying V1 cos(ωt) to
V1 sin(ωt). Rather, this is likely induced by the purely incoher-
ent nature of the driving: mathematically, an incoherent driv-
ing iV2 sin(ωt) can be seen as a coherent driving multiplied
by “i”. This multiplication does not change the resonant tran-
sition between the incident channel and the bound state, but
introduces a relative phase shift π/2, which switches the sign
of the Fano parameter[33,34] compared to the coherent coun-
terpart, reversing the lineshape. This conjecture is supported
by Fig. 3(b), where we choose the same V0 and ω as Fig. 2(c),
but now under the incoherent driving. We see that, still, three
Fano resonances occur near E0 =E i

b+ h̄ω (i= 1,2,3), but each
resonance lineshape (inset) is reversed compared to their coun-
terpart in Fig. 2(c).
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Fig. 3. Spectral transmittance T through a trapping potential subjected
to a weak incoherent driving (i.e., V (x, t) =V0 − iV2 sin(ωt), with |V2|<
|V0|). In our calculations, we fix the driving amplitude V2 = 0.1ER, while
varying the static potential parameters (V0 and L) and the driving fre-
quency ω . (a)–(b) Transmittance T as a function of the incident energy
E0/(h̄ω) for (a) h̄ω = ER, L = a, and V0 = −ER, and (b) h̄ω = 4ER,
L = 4.19a, and V0 = −4ER. In all plots, Floquet channels ∈ [−5,5] are
accounted for in the numerical computation. In panels (a) and (b), the
insets zoom in the resonance lineshapes.

6. Scattering from a complex-driven potential
In this section, we consider the case when both coher-

ent and incoherent periodic drivings are present. In Fig. 4,
we illustrate the transmission spectrum, fixing other param-
eters to be the same as in Fig. 2(a). For |V2/V1| < 1, when
the coherent driving dominates, we see that the transmission
spectrum is qualitatively similar as Fig. 2(a). This includes
the single Fano resonance near E0 = Eb + h̄ω , corresponding
to the bound state with Eb ≈ −0.19h̄ω , as well as the similar
lineshape as in Fig. 2(a), with the dip followed by the peak
(yellow curve). In contrast, for |V2/V1| > 1, when the inco-
herent driving dominates, we see that the Fano lineshape is
reversed (purple curve).
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channels ∈ [−5,5] are taken into account in the numerical calculations.

0

1

0

1

0 0.2 0.4 0.6 0.8 1.0

0 0.2 0.4 0.6 0.8 1.0

1

0.5

V/V/↩.

V/ER/

V/ER/.

V/ER/.

V/ER/.

V/ER/.

V/ER/.

V/V/↩.

V/V/↩.

V/V/↩.

V/V/↩.

T
T

T

E0/↼hω↽

E0/↼hω↽

(a) V/V/

(b) V/V/↩

(c) E0/↼hω↽/.

Fig. 5. Behavior of spectral transmittance T at V2 =±V1. (a), (b) Spectral
transmittance T as a function of E0/(h̄ω) for various amplitude V1, when
(a) V2 = V1 and (b) V2 = −V1. For other parameters, we use h̄ω = ER,
L = a, and V0 = −ER. (c) T for V1/ER = 0,0.2,0.4,0.6,0.8,1, when
V2/V1 =−0.8,−0.9,−1,1.1,1.2. We choose E0/(h̄ω) = 0.5. In all plots,
Floquet channels ∈ [−10,10] are accounted for in the numerical calcula-
tions.

It turns out that when V1 =V2, the Fano resonance disap-
pears (see Fig. 4). To understand this phenomenon, we note
that when V1 = V2, one can rewrite V (x, t) = V0 +V1 e−iωt

(|x|< L/2). Such a driving couples the Floquet channel n with
the channel n+1, but not the channel n−1, i.e., the coupling
is upward nonreciprocal in the frequency domain. This means
that when the particle interacts with the potential V (x, t), it can
only absorb n= 1,2, . . . energy quanta to jump into the Floquet
channels with higher energies E0 +nh̄ω , whereas the recipro-
cal processes involving emissions of energy quanta to drop to
the lower-energy channels are absent. Hence the resonance
of an incident particle with the bound state cannot occur, ex-
plaining the disappearance of the resonant transmission. In ad-
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dition, for V1 =V2, we anticipate that when increasing V1, the
transmittance increases due to the growing number of (higher-
energy) channels that contribute to the transmission, as seen in
Fig. 5(a).

As well, for V1 = −V2, we have V (x, t) = V0 +V1 e iωt

(|x| < L/2), and the transmission emission is anticipated to
disappear due to the nonreciprocal coupling of Floquet chan-
nels, as shown in Fig. 5(b). However, the transmission ex-
hibits different behavior compared to the case V1 = V2. The
V (x, t) =V0 +V1 e iωt (|x|< L/2) couples Floquet channels in
the frequency domain in a downward nonreciprocal fashion,
i.e., channel n is coupled only to channel n−1. As such, tran-
sitions from the incident channels to higher energy channels
via the absorption of nh̄ω are absent, and an incident particle
can only emit n = 1,2, . . . energy quanta to jump into the chan-
nels with energies E0 − nh̄ω < 0. Since these lower-energy
channels do not support propagating modes and thus do not
contribute to the transmission, the transmission is independent
of the specific value of V1, as if there is no driving at all, as
demonstrated in Fig. 5(b), supplemented with Fig. 5(c) for the
transmission behavior in the vicinity of V1 =−V2.

7. Concluding discussion
In summary, we have investigated the 1D scattering of a

particle off a 𝒫𝒯 -symmetric, oscillating potential. Based on
the Floquet theory, we have derived the scattering matrix and
calculated the transmittance. For a potential subjected to a
purely incoherent periodic driving, we find the bound-state in-
duced Fano resonance in the transmission spectrum; however,
the incoherent nature of the driving gives rise to a reversed
Fano lineshape compared to the coherent-driving counterpart.
Intriguingly, when the coherent and incoherent drivings have
equal amplitude, we find the transmission resonances disap-
pear, which originates from the non-reciprocal coupling of
Floquet channels in the frequency domain. In particular, we
find that when the complex driving fields are such that makes
the downward frequency conversion process absent, increas-
ing the driving amplitude enhances the transmission, whereas
when the upward conversion is absent, the incident particle
transmits through the potential as if there is no driving at all.

We remark that the cases |V1| = |V2| are intimately con-
nected to the exceptional point (EP) of a Floquet matrix in the
frequency domain. An intuitive picture is best illustrated for
V0 = 0, in the absence of the static trap, so that the system is
only subjected to a 𝒫𝒯 -symmetric driving. In this case, |V1|=
|V2| exactly corresponds to the EP of the Floquet transmission
matrix 𝑇 , which at this point well approximates the Jordan
standard form and can be interpreted as a synthetic lattice with
nonreciprocal nearest neighbor couplings. Our manuscript has
focused on the case |V0|> |V1|, |V2|, since we are interested in
the scenario where there exists static bound state. Nonetheless,
although the 𝑇 matrix does not take the Jordan standard form,

the aforementioned EP physics still leaves a fingerprint in the
transmission behavior, namely through the significant changes
in the Fano resonance lineshapes across the point |V1| = |V2|:
When |V1|> |V2|, the Fano profile is a dip followed by a peak;
when |V1|< |V2|, the Fano profile is a peak followed by a dip;
exactly at |V1|= |V2|, the Fano resonance disappears.

Based on the current understandings, interesting direc-
tions in the future include the design of scattering matrix in
the context of lattice models, such as non-Hermitian topologi-
cal arrays,[2,35–43] as well as to the case when there exists non-
equilibrium bound states.[23]

Appendix A: Derivation of the scattering matrix
In this section, we present a detailed derivation for the

Floquet 𝑆 matrix in Eq. (15) of the main text, extending the
approach in Ref. [23] to the case with 𝒫𝒯 -symmetric driving.

Our starting point is Eqs. (1)–(5). In the regions |x|> L/2,
accounting for incoming waves also from the right, we have

φ =
∞

∑
n=−∞

(
Ai

n e iknx +Ao
n e−iknx

)
e−inωt , (x <−L/2), (A1)

φ =
∞

∑
n=−∞

(
Bi

n e−iknx +Bo
n e iknx

)
e−inωt , (x > L/2), (A2)

where Ai
n (Bi

n) denote the amplitudes of the wave in the n-th
Floquet channel from the left (right). In the regions |x|< L/2,
the solution is still given by Eq. (11) in the main text.

Next, we exploit the boundary conditions to connect the
wavefunctions in different regimes. At x =−L/2, we have

Ai
n e−iknL/2 +Ao

n e iknL/2

= ∑
m

(
am e−iqmL/2 +bm e iqmL/2

)
hn−m, (A3)

ikn(Ai
n e−iknL/2 −Ao

n e iknL/2)

= ∑
m

iqm

(
am e−iqmL/2 −bm e iqmL/2

)
hn−m, (A4)

where hn−m is defined in Eq. (12). Similarly, at x = L/2, we
have

Bi
n e−iknL/2 +Bo

n e iknL/2

= ∑
m

(
am e iqmL/2 +bm e−iqmL/2

)
hn−m, (A5)

−ikn(Bi
n e−iknL/2 −Bo

n e iknL/2)

= ∑
m

iqm

(
am e iqmL/2 −bm e−iqmL/2

)
hn−m. (A6)

From Eqs. (A3) and (A5), we express the outgoing am-
plitudes Ao

n and Bo
n as

Ao
n = ∑

m
(am e−iqmL/2 +bm e iqmL/2)hn−m e−iknL/2

−Ai
n e−iknL, (A7)

Bo
n = ∑

m
(am e iqmL/2 +bm e−iqmL/2)hn−m e−iknL/2

−Bi
n e−iknL. (A8)
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Substituting above expressions into Eqs. (A4) and (A6) re-
spectively, we obtain

2knAi
n e−iknL/2 = ∑

m

[
(kn +qm)am e−iqmL/2

+(kn −qm)bm e iqmL/2
]
hn−m, (A9)

2knBi
n e−iknL/2 = ∑

m

[
(kn −qm)am e iqmL/2

+(kn +qm)bm e−iqmL/2
]
hn−m. (A10)

Addition of Eqs. (A9) and (A10) gives the following infinite
matrix equation:

2kn(Ai
n ±Bi

n)e−iknL/2 = ∑
m
(am ±bm)

[
(kn +qm)

×e−iqmL/2 ± (kn −qm)e iqmL/2
]
hn−m. (A11)

For clarity, let us introduce the following notations:

C±
m = am ±bm,

(𝑀±
s )n,m =

[
(kn +qm)e−iqmL/2 ± (kn −qm)e iqmL/2

]
hn−m,

(𝑀r)n,m = 2kn e−iknL/2
δn,m,

(𝑀±
c )n,m = e−i(kn±qm)L/2hn−m,

(𝑀i)n,m = e−iknL
δn,m.

Using these notations, equation (A11) can be recast into a
compact form as

𝐶± =
(
𝑀±

s
)−1 ·𝑀r ·

(
𝐴i ±𝐵i

)
. (A12)

The coefficients am and bm can thus be straightforwardly found
as

𝑎 =
1
2

[(
𝑀+

s
)−1 ·𝑀r ·

(
𝐴i +𝐵i

)
+
(
𝑀−

s
)−1 ·𝑀r ·

(
𝐴i −𝐵i

)]
=

[
(𝑀+

s )
−1

+(𝑀−
s )

−1

2

]
·𝑀r ·𝐴i

+

[
(𝑀+

s )
−1 − (𝑀−

s )
−1

2

]
·𝑀r ·𝐵i,

𝑏 =

[
(𝑀+

s )
−1 − (𝑀−

s )
−1

2

]
·𝑀r ·𝐴i

+

[
(𝑀+

s )
−1

+(𝑀−
s )

−1

2

]
·𝑀r ·𝐵i.

Using the above equation for the coefficients am and bm,
we obtain from Eqs. (A7) and (A8) that the outgoing wave-
amplitudes in the left and right are, respectively,

𝐴o =𝑀+
c ·𝑎+𝑀−

c ·𝑏−𝑀i ·𝐴i

=

(
1
2

{
𝑀+

c ·
[(
𝑀+

s
)−1

+
(
𝑀−

s
)−1
]

+𝑀−
c ·
[(
𝑀+

s
)−1 −

(
𝑀−

s
)−1
]}

·𝑀r −𝑀i

)
·𝐴i

+

(
1
2

{
𝑀+

c ·
[(
𝑀+

s
)−1 −

(
𝑀−

s
)−1
]

+𝑀−
c ·
[(
𝑀+

s
)−1

+
(
𝑀−

s
)−1
]}

·𝑀r

)
·𝐵i

=𝑀AA ·𝐴i +𝑀AB ·𝐵i, (A13)

𝐵o =𝑀−
c ·𝑎+𝑀+

c ·𝑏−𝑀i ·𝐵i

=

(
1
2

{
𝑀−

c ·
[(
𝑀+

s
)−1

+
(
𝑀−

s
)−1
]

+𝑀+
c ·
[(
𝑀+

s
)−1 −

(
𝑀−

s
)−1
]}

·𝑀r

)
·𝐴i

+

(
1
2

{
𝑀−

c ·
[(
𝑀+

s
)−1 −

(
𝑀−

s
)−1
]

+𝑀+
c ·
[(
𝑀+

s
)−1

+
(
𝑀−

s
)−1
]}

·𝑀r −𝑀i

)
·𝐵i

=𝑀BA ·𝐴i +𝑀BB ·𝐵i, (A14)

where we have

𝑀AB =𝑀BA =
1
2

{
𝑀−

c ·
[(
𝑀+

s
)−1

+
(
𝑀−

s
)−1
]

+𝑀+
c ·
[(
𝑀+

s
)−1 −

(
𝑀−

s
)−1
]}

·𝑀r.

Finally, collecting Eqs. (A13) and (A14), we arrive at the
general expression(

𝐴o

𝐵o

)
=

(
𝑀AA 𝑀AB
𝑀BA 𝑀BB

)(
𝐴i

𝐵i

)
,

which is Eq. (15) in the main text.

Appendix B: Bound state in the absence of driv-
ing

In this section, we solve the bound states in the static case
without driving (i.e., V1 = 0 and V2 = 0). Assuming V0 < 0,
we look for the bound state solution with the energy E < 0
following the standard procedures.

Outside the potential well (|x| > L/2), the stationary
Schrödinger equation reads

∂ 2

∂x2 ψ(x) =−2µE
h̄2 ψ(x) = β

2
ψ(x),

with β =
√
−2µE/h̄. Further considering the boundary con-

ditions ψ(±∞) = 0, we have

ψ(x) =

{
Ae−βx, (x > L/2),
Beβx, (x <−L/2),

where A and B are to be determined in the following.
In the trapping potential (i.e., |x|< L/2), we have

∂ 2

∂x2 ψ(x) =
−2µ(E −V0)

h̄2 ψ(x) =−k2
ψ(x),

with k =
√

2µ(E −V0)/h̄. Note the solution has definite par-
ity.
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(i) For the even parity solution ψ(x) ∝ cos(kx), the conti-
nuity condition at x = L/2 gives

(cos(kx))′|x=L/2 =−(Ae−βx)′|x=L/2,

cos(kx)|x=L/2 =−Ae−βx|x=L/2.

This gives β = k tan(kL/2), which can be rewritten as

η = ξ tan(ξ ), (B1)

where we have defined ξ = kL/2, η = βL/2. According to
the definitions of k and β , we further have

ξ
2 +η

2 = (kd/2)2 +(βd/2)2 =−µV0L2

2h̄2 . (B2)

We numerically find the even-parity bound states via the
graphic solutions shown in Fig. B1, as represented by the in-
tersections of the function (B1) (blue curve) and the func-
tion (B2) (red curve).

(ii) For the odd parity solution ψ(x) = sinkx, the proce-
dures are similar as above, except that Eq. (B1) is replaced by

η =−ξ cotξ . (B3)

Intersections of the function (B2) (red curve) with Eq. (B3)
(black curve) provide us solutions of the bound states with the
odd parity; see Fig. B1.

-4 -3 -2 -1 0
0

2

4

6

η

E/ER

ξ2⇁η2/↩

ξtan↼ξ↽/η

−ξcot↼ξ↽/η

µV0L
2

h2

Fig. B1. Graphic solutions for the bound states in the presence of a trap-
ping potential with L = 4.19a and V0 = −4ER. The blue curve denotes
the function (B1), the black curve denotes the function (B3), while the
red curve denotes the function (B2). Intersections of the red curve with
the blue (black) curve gives the energies E of the even-parity (odd-parity)
bound-states. Here, three bound states are shown whose energy E is in
the energy regime [−4ER,0]; their energies are read off as E ≈−0.96ER,
E ≈−2.57ER, and E ≈−3.64ER, respectively.
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