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We present a faithful and efficient hyperentanglement purification protocol (hyper-EPP) for nonlocal two-photon
systems in spatial-polarization-time-bin hyperentangled Bell states. As the single-photon detectors can detect and herald
the undesirable properties caused by side leakage and finite coupling strength, the parity-check gates and swap gates of
our hyper-EPP in the spatial, polarization and time-bin mode degrees of freedom (DoFs) work faithfully. The qubit-flip
errors in photon systems in three DoFs can be corrected effectively with the faithful parity-check gates and the photon pairs
can be reused to distill high-fidelity ones by introducing the faithful swap gates, which greatly increases the efficiency of
our hyper-EPP. Further, the maximal hyperentanglement can be obtained in principle by operating multiple rounds of the
hyper-EPP.

Keywords: quantum communication, hyperentanglement purification, photon system, multiple degrees of
freedom

PACS: 03.67.–a, 03.67.Hk, 03.67.Dd, 03.65.Ud DOI: 10.1088/1674-1056/aca395

1. Introduction
Quantum entanglement performs an important function

in quantum information processing (QIP) and constitutes an
essential resource for quantum communication and quantum
computing. It has a wide range of applications in quantum key
distribution,[1–6] quantum secret sharing,[7–12] quantum secure
direct communication,[13–21] and so on. Nowadays, hyper-
entanglement, which refers to a quantum system that is simul-
taneously entangled in multiple degrees of freedom (DoFs)
of photon systems,[22–26] has been demonstrated and has at-
tracted widespread attention due to its excellent properties,
including its high capacity, low loss rate, fewer quantum re-
sources, and loss decoherence characteristics. For example,
the time-bin DoF, i.e., two different times of arrival, is a sta-
ble DoF, as it only requires one path for transmission.[22] So
far, hyperentanglement presents lots of unique opportunities
for new kinds of QIP. For instance, it can be used to greatly
improve the channel capacity and the security of quantum
communication in linear photonic superdense coding,[26] en-
tanglement witness,[27] quantum key distribution,[28] one-way
quantum computing,[29] complete and deterministic Bell-state
analysis, [30,31] teleportation-based quantum networking,[32]

linear-optics heralded amplification,[33] hyperparallel quan-
tum gates,[34–39] etc.

In practical long-distance QIP, the security and integrity
of information will be affected by the quantum channel noise,
as well as the distance and efficiency of transmission. In or-
der to overcome the quantum channel noise problem, (hy-

per)entanglement purification provides us with a powerful way
to regain the degraded mixed states into high-quality (hy-
per)entanglement states. Bennett et al.[40] presented the first
entanglement purification protocol (EPP) for quantum sys-
tems, which expends some degraded entangled pairs to im-
prove the purity of the remaining ones by performing lo-
cal operations and classical communications (LOCC). Subse-
quently, entanglement purification has been well developed.
Many important and practical recurrence EPPs,[41–55] deter-
ministic EPPs,[56,57] and measurement-based EPPs[58–60] were
proposed. For example, the recurrence EPPs have been well
developed for linear polarization entanglement[41,42] and non-
linear optical systems,[43–45] atomic systems,[46] hyperentan-
gled systems,[47–51] logic-qubit entangled systems,[52,53] non-
local microwave photon systems,[54] d-level systems,[55] and
so on. Recently, optical EPPs were designed.[61,62] EPP for
optical and atomic systems has been demonstrated experimen-
tally using linear optical elements.[63–65] Hu et al. proposed
an efficient EPP with one polarization-spatial hyperentangled
photon pair, where the efficiency of the EPP is 6600 times
higher than that of the recurrence EPPs utilizing two pairs of
low-fidelity entanglement.[66]

Generally, the parity-check gates can be used in the first
step of the (hyper)EPPs to obtain the effective states of the fi-
nal entanglement, and then the swap gates, which change the
entanglement in a controllable way, will be used to improve
the efficiency of (hyper)EPPs. The interaction between a sin-
gle photon and a charged quantum dot (QD) in an optical mi-
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crocavity can be used to construct parity-check gates (PCGs)
and swap gates for hyperencoded photons. Under the imper-
fect scattering condition, i.e., the nonzero side leakage of the
cavity and the finite coupling strength between the cavity and
the QD, the fidelities and efficiencies of two kinds of gates will
degrade drastically. However, a nonunity-fidelity parity-check
gate will make some errors aimed at the orthogonal parity, and
the imperfect swap gate will lead to an undesirable swapping
process and change the state of the photons, which will in-
evitably cause secondary pollution to the original photon sys-
tems in the (hyper)EPP, and will limit the reliability of the
(hyper)EPP. Therefore, it is of particular importance to con-
struct the faithful (hyper)EPP with unity-fidelity parity-check
and swap gates in practical scattering conditions.

In this paper, we present a faithful and efficient hyper-
EPP for a nonlocal two-photon system in hyperentangled Bell
states with bit-flip errors in the spatial, polarization, and time-
bin mode DoFs assisted by QD-cavity systems. In the first
step, we obtain information on the probability of each Bell
state based on faithful PCGs in three DoFs. In the second step,
we increase the probability of a useful Bell state in one or two
DoFs by consuming some other two-photon systems based on
faithful swap gates. The unity-fidelity PCG and swap gates
are two key tools for implementing our hyper-EPP in a her-
alded way, as the errors coming from practical scattering are
converted into the response of the detectors. Therefore, the
bit-flip errors in three DoFs can be corrected effectively after
several rounds of hyper-EPP. The maximal hyperentanglement
in three DoFs, in principle, can be achieved.

2. Interactions between the photon and the QD
in a single-sided microcavity
As the electronic spin confined in a charged semiconduct-

ing quantum dot (QD) has µs coherence time[67] and ps time-
scale single-qubit manipulation[68,69] easy to control and mea-
sure the spin state, and a QD embedded in an optical micro-
cavity is the best platform for QD-spin QIP.[70] Many studies
have improved the photon–electron–spin interactions by cas-
cading the charged QDs coupled to nanophotonic micropillar
cavities in experiments recently.[69,71,72] As shown in Fig. 1,
a self-assembled In(Ga)As QD is embedded in the center of
an optical resonant microcavity,[73] which can increase greatly
the coupling strength of the QD-cavity. There are two dis-
tributed Bragg reflectors (DBRs) in the top and bottom of the
microcavity respectively, and the bottom DBR is larger than
the top DBR so that the bottom DBR has 100% reflectivity,
while the top DBR has partial reflectivity. Injecting an extra
electron into the QD can create a controlled negative exciton
X−, which comprises two electrons bound to one hole. Due
to Pauli’s exclusion principle, the spin-dependent optical tran-
sitions of the X− are shown in Fig. 1. The electron-spin state

↑ (↓) only interacts with left (right)-circularly polarized pho-
ton |L〉 (|R〉) to transition the state | ↑↓⇑〉 (| ↓↑⇓〉). Here ↑ (↓)
represents the spin state of the extra electron, and its projection
on the z axis is |+ 1

2 〉 (|−
1
2 〉). | ↑↓⇑〉 (| ↓↑⇓〉) represents the

hole-spin state of the negative exciton (X−), and its projection
on the z axis is |+ 3

2 〉 (|−
3
2 〉).

↑↓⇑

↑ ↓

↓↑⇓
ain aoutκ

z

g

γ

κs

Fig. 1. Schematic diagram of the spin selection rule for optical transi-
tions of the negatively charged exciton in a singly charged QD inside a
single-sided optical microcavity.

The Heisenberg equations for the cavity field operator â
and the QD dipole operator σ̂− and σ̂z are given by[73]

dâ
dt

=−
[

i(ωc−ω)+
κ

2
+

κs

2

]
â−gσ̂−−

√
κ âin,

dσ̂−
dt

=−
[

i(ωX− −ω)+
γ

2

]
σ̂−−gσ̂zâ, (1)

where ωc, ωX− , and ω represent the frequencies of the cavity
mode, the X− dipole operator, and the incident photon, re-
spectively. κ , κs, and γ represent the decay rates of the cav-
ity mode, the side leakage, and the negative exciton X−, re-
spectively. Under a weak excitation condition 〈σ̂z〉 ' −1,[73]

where the QD spin dominantly occupies the ground state,
by combining Eq. (1) with the input-output relation âout =

âin +
√

κ â, the reflection coefficient for the QD-cavity system
can be obtained as

rh(ω) = 1−
κ[i(ωX− −ω)+ γ

2 ]

[i(ωX− −ω)+ γ

2 ][i(ωc−ω)+ κ

2 + κs
2 ]+g2 . (2)

When the QD is uncoupled with the cavity, that is, a cold cav-
ity (g = 0), the reflection coefficient becomes

r0(ω) =
i(ωc−ω)− κ

2 + κs
2

i(ωc−ω)+ κ

2 + κs
2
. (3)

The input–output optical process for the interaction between
the single-sided QD-cavity system and circularly polarized
photons is presented below:

|L,↑〉 → rh|L,↑〉, |L,↓〉 → r0|L,↓〉,

|R,↑〉 → r0|R,↑〉, |R,↓〉 → rh|R,↓〉. (4)

3. A parity-check gate
The hyperentangled Bell states of two-photon six-qubit

system AA′ in three degrees of freedom (DoFs) can be written
as

|ϕ〉AA′ = |ϕ〉SAA′ ⊗|ϕ〉
P
AA′ ⊗|ϕ〉

T
AA′ . (5)
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Here, |ϕ〉SAA′ is one of the following four Bell states in the
spatial-mode DoF:

|φ±〉SAA′ =
1√
2
(|a1a′1〉± |a2a′2〉),

|ψ±〉SAA′ =
1√
2
(|a1a′2〉± |a2a′1〉). (6)

|ϕ〉PAA′ is one of the following four Bell states in the polariza-
tion DoF:

|φ±〉PAA′ =
1√
2
(|RR〉± |LL〉),

|ψ±〉PAA′ =
1√
2
(|RL〉± |LR〉). (7)

|ϕ〉TAA′ is one of the following four Bell states in the time-bin-
mode DoF:

|φ±〉TAA′ =
1√
2
(|ll〉± |ss〉), |ψ±〉TAA′ =

1√
2
(|ls〉± |sl〉). (8)

Here, the subscripts A and A′ represent two photons A and A′,
respectively. S, P, and T represent the spatial, polarization, and
time-bin mode DoFs, respectively. |a1〉 (|a′1〉) and |a2〉 (|a′2〉)
are two spatial modes of the photon A (A′). |R〉 and |L〉 stand
for the right-circularly and the left-circularly polarized pho-
tons, respectively. |l〉 and |s〉 stand for the long time-bin and
the short time-bin modes, respectively. For simplicity, in the
following presentations, the above states can be rewritten as
|φ±〉XAA′ ≡ |φ〉

X
AA′ , |ψ

±〉XAA′ ≡ |ψ〉
X
AA′ , (X = S, P, T). Suppose

that the electron spins of three QD-cavity systems are initially
prepared in the states |+〉1 = |+〉2 = |+〉3 = 1√

2
(| ↑〉+ | ↓〉).

The principle of our proposal is given in detail as follows.
Firstly, as shown in the left part of Fig. 2, the photon pair

AA′ is injected into the quantum circuit of the spatial parity-
check gate (S-PCG). The photon A (A′) in spatial mode |a1〉
(|a′1〉) passes directly through a wave-form corrector (WFC),
which maps |R〉 → p

2 (rh − r0)|R〉 and |L〉 → p
2 (rh − r0)|L〉.

Next, the photon A (A′) in spatial mode |a2〉 (|a′2〉) passes
through a circularly polarized beam splitter (CPBS), which
transmits the |R〉-polarized and reflects the |L〉-polarized com-
ponents of the two photons AA′. The component |R〉 (|L〉)
experiences the operations in the sequence HWP67.5◦ →QD1-
cavity system→ HWP22.5◦ (HWP67.5◦ → QD1-cavity system
→ HWP112.5◦ ), and the two components |L〉 and |R〉 will
converge on another CPBS again. The S-PCG is finished.
The HWP22.5◦ , HWP67.5◦ , and HWP112.5◦ represent half-wave
plates oriented at θ = 22.5◦, θ = 67.5◦, and θ = 112.5◦, re-
spectively, and they complete the operations

|R〉 −→ cos2θ |R〉+ sin2θ |L〉,

|L〉 −→ sin2θ |R〉− cos2θ |L〉. (9)

Therefore, the polarized state |L〉 (|R〉) of the photon and the
electron-spin state of the QD before the click of the D1 can be

QD1 QD2

QD3

PCl

PCs

PCl

PCs

D2

D3

D1

HWP22.5O HWP112.5O HWP67.5O HWP45O

CPBSCPBS CPBS WFC
T
-
P
C
G

PCl

PCs

PCl

PCs

T
-
P
C
G

S-PCG P-PCG

a1/a1

a1

a1

a2

a2

a2/a2

′

′

′

a1

a1

a2

a2

′

′

′

≡

Fig. 2. Schematic diagram of a parity-check gate on two-photons in
spatial-polarization-time-bin DoFs. CPBS represents a circularly polar-
ized beam splitter, which transmits the |R〉-polarized and reflects the |L〉-
polarized components of the photon. The red and blue lines represent
the paths of the R-polarized and L-polarized components of the pho-
ton, respectively. WFC represents a wave-form corrector, which maps
|R〉 → p

2 (rh − r0)|R〉 and |L〉 → p
2 (rh − r0)|L〉. PCl (PCs) is a Pockels

cell, which completes a bit-flip operation |R〉 ↔ |L〉 when the l (s) com-
ponent presents. D is a single-photon detector.

denoted by

|R〉|±〉 −→ x|R〉|∓〉+ y|L〉|±〉,

|L〉|±〉 −→ x|L〉|∓〉+ y|R〉|±〉. (10)

Here, |±〉 ≡ 1√
2
(| ↑〉± | ↓〉), x = p

2 (rh− r0), y = p
2 (r0 + rh)+√

1− p2, and p2 is the rate of the interaction between the
QD1-cavity system and the incident photon. Obviously, the
left (right)-circularly polarized photon |L〉 (|R〉) possesses two
output modes no matter what the electron-spin state is. If the
output photon |L〉 (|R〉) is transformed into the right (left)-
circularly polarized photon |R〉 (|L〉), it will trigger the D1 and
the electron-spin state of the QD1 will remain unchanged to
be recycled in the next round; if the output photon |L〉 (|R〉)
will remain unchanged, the electron-spin state of the QD is
accompanied by a phase-flip operation |+〉 ↔ |−〉. Based on
Eq. (10), when the D1 in the quantum circuits of the S-PCG
responds, it means that the errors originating from the imper-
fect photon-spin interaction are filtered by the second CPBS
and heralded by the D1. When the D1 is not clicked, the states
of the hybrid system consisting of two photons A (A′) and the
electron spins of three QDs can be written as evolved into

060304-3
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|φ〉SAA′ ⊗|ϕ〉
P
AA′ |ϕ〉

T
AA′ |+〉1|+〉2|+〉3

S-PCG−−−−→ x2|φ〉SAA′ ⊗|ϕ〉
P
AA′ |ϕ〉

T
AA′ |+〉1|+〉2|+〉3,

|ψ〉SAA′ ⊗|ϕ〉
P
AA′ |ϕ〉

T
AA′ |+〉1|+〉2|+〉3

S-PCG−−−−→ x2|ψ〉SAA′ ⊗|ϕ〉
P
AA′ |ϕ〉

T
AA′ |−〉1|+〉2|+〉3. (11)

Based on Eq. (11), we distinguish even-parity state |φ〉SAA′

from odd-parity state |ψ〉SAA′ by the electron-spin state of QD1,
which correspond to |+〉 and |−〉, respectively.

Secondly, as shown in the middle of the quantum circuit
in Fig. 2, the photon pair AA′ is injected into the quantum cir-
cuit of the polarization parity-check gate (P-PCG). After two
photons AA′ pass through the first CPBS, the component |L〉

passes directly through the WFC, and the component |R〉 ex-
periences the operations in the sequence HWP67.5◦ → QD2-
cavity system→HWP22.5◦ . Then the two components |L〉 and
|R〉 will converge on the second CPBS again. The P-PCG is
finished. When the D2 is not clicked, the states of the hybrid
system consisting of two photons A (A′) and the electron spins
of three QDs can be written as

|φ〉SAA′ |φ〉
P
AA′ ⊗|ϕ〉

T
AA′ |+〉1|+〉2|+〉3

S-P-PCG−−−−−→ x4|φ〉SAA′ |φ〉
P
AA′ ⊗|ϕ〉

T
AA′ |+〉1|+〉2|+〉3,

|φ〉SAA′ |ψ〉
P
AA′ ⊗|ϕ〉

T
AA′ |+〉1|+〉2|+〉3

S-P-PCG−−−−−→ x4|φ〉SAA′ |ψ〉
P
AA′ ⊗|ϕ〉

T
AA′ |+〉1|−〉2|+〉3,

|ψ〉SAA′ |φ〉
P
AA′ ⊗|ϕ〉

T
AA′ |+〉1|+〉2|+〉3

S-P-PCG−−−−−→ x4|ψ〉SAA′ |φ〉
P
AA′ ⊗|ϕ〉

T
AA′ |−〉1|+〉2|+〉3,

|ψ〉SAA′ |ψ〉
P
AA′ ⊗|ϕ〉

T
AA′ |+〉1|+〉2|+〉3

S-P-PCG−−−−−→ x4|ψ〉SAA′ |ψ〉
P
AA′ ⊗|ϕ〉

T
AA′ |−〉1|−〉2|+〉3. (12)

Based on Eq. (12), we distinguish even-parity state |φ〉PAA′

from odd-parity state |ψ〉PAA′ by the electron-spin state of QD2,
which correspond to |+〉 and |−〉, respectively.

Thirdly, as shown in the right part of Fig. 2, the photon
pair AA′ are injected into the quantum circuit of the time-bin
parity-check gate (T-PCG), which is composed of the P-PCG
and some PCs in essence. After the component |R〉 and the
photon component |L〉 of the two photons AA′ pass through
the PCs and PCl , respectively, we find that the time-bin state
|l〉 (|s〉) is transformed into the polarized states |R〉 (|L〉) with

the same probability. Therefore, the parity outcome of the
time-bin DoF is reflected through that of the polarized DoF
of the two-photon system resorting to the P-PCG. PCl (PCs)
is a Pockels cell, which completes a bit-flip operation when
the l (s) component presents. Then two components |R〉 and
|L〉 of the two photons AA′ will pass through the PCs and PCl

again, respectively. The T-PCG is finished. When the D3 is
not clicked, the evolutions of the whole system consisting of
two photons A (A′) and the electron spins of three QDs are
described as follows:

|φ〉SAA′ |φ〉
P
AA′ |φ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|φ〉SAA′ |φ〉
P
AA′ |φ〉

T
AA′ |+〉1|+〉2|+〉3,

|φ〉SAA′ |φ〉
P
AA′ |ψ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|φ〉SAA′ |φ〉
P
AA′ |ψ〉

T
AA′ |+〉1|+〉2|−〉3,

|φ〉SAA′ |ψ〉
P
AA′ |φ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|φ〉SAA′ |ψ〉
P
AA′ |φ〉

T
AA′ |+〉1|−〉2|+〉3,

|φ〉SAA′ |ψ〉
P
AA′ |ψ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|φ〉SAA′ |ψ〉
P
AA′ |ψ〉

T
AA′ |+〉1|−〉2|−〉3,

|ψ〉SAA′ |φ〉
P
AA′ |φ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|ψ〉SAA′ |φ〉
P
AA′ |φ〉

T
AA′ |−〉1|+〉2|+〉3,

|ψ〉SAA′ |φ〉
P
AA′ |ψ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|ψ〉SAA′ |φ〉
P
AA′ |ψ〉

T
AA′ |−〉1|+〉2|−〉3,

|ψ〉SAA′ |ψ〉
P
AA′ |φ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|ψ〉SAA′ |ψ〉
P
AA′ |φ〉

T
AA′ |−〉1|−〉2|+〉3,

|ψ〉SAA′ |ψ〉
P
AA′ |ψ〉

T
AA′ |+〉1|+〉2|+〉3

S–P–T-PCG−−−−−−→ x6|ψ〉SAA′ |ψ〉
P
AA′ |ψ〉

T
AA′ |−〉1|−〉2|−〉3. (13)

Based on Eq. (13), we distinguish the even-parity state |φ〉TAA′

from the odd-parity state |ψ〉TAA′ by the electron-spin state of

QD3, which correspond to |+〉 and |−〉, respectively. As for

the time-bin DoF, the time-bin states |l〉 (|s〉)) are transformed

into the polarized states |R〉 (|L〉) with the same probability

by the quantum circuit composed of CPBS and PCl (PCs), so
that the parity state of the time-bin DoF can be obtained by
resorting to the P-PCG.

Finally, we measure the states of three-electron spins in
the orthogonal basis {|+〉k, |−〉k} (k = 1,2,3). If the elec-
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tron spin is in the state |+〉k, (k = 1,2,3), the two photons
AA′ are projected into the spatial-mode (polarization or time-
bin) even-parity state |φ〉SAA′ (|φ〉PAA′ or |φ〉TAA′ ); if the elec-
tron spin is in the state |−〉k, (k = 1,2,3), the photons AA′

are projected into the spatial-mode (polarization or time-bin)
odd-parity state |ψ〉SAA′ (|ψ〉PAA′ or |ψ〉TAA′ ). That is, the S–P–
T-PCG for the two-photon system is three individual proce-
dures, S-PCG, P-PCG, and T-PCG. When the Dk (k = 1,2,3)
in the quantum circuits of the S–P–T-PCG responds, it means
that the errors originating from the imperfect photon-spin in-
teraction are filtered by the second CPBS and heralded by the
Dk (k = 1,2,3). Therefore, the fidelity of the S–P–T-PCG gate
is near unity in principle owing to the practical reflection coef-
ficient being a global coefficient, which means the efficiency
of the S–P–T-PCG gate is η = |x|12.

4. Swap gate
4.1. P–P-swap gate between the polarization states of two

photons

The polarization–polarization swap (P–P-swap) gate aims
to swap the polarized states of two photons without affecting
the spatial-mode and time-bin states. Suppose that the elec-
tron spin of a QD is initially prepared in the state |+〉 and two
photons AB are prepared in an arbitrary state

|ϕABe〉= |ϕ〉PA⊗|ϕ〉PB⊗|ϕ〉YA⊗|ϕ〉YB⊗|+〉. (14)

Here,

|ϕ〉PA = α1|R〉+α2|L〉, |ϕ〉PB = β1|R〉+β2|L〉,

|ϕ〉YA = (γ1|a1〉+ γ2|a2〉)⊗ (δ1|l〉+δ2|s〉),

|ϕ〉YB = (ε1|b1〉+ ε2|b2〉)⊗ (ε1|l〉+ ε2|s〉). (15)

The complex coefficients conform to the normalization princi-
ple, i.e., |P1|2 + |P2|2 = 1 (P = α,β ,γ,δ ,ε,ε).

First, the photon pair AB is injected into the quantum
circuit as shown in Fig. 3(a). After two photons AB pass
through the CPBS1, the component |R〉 passes directly through
the WFC1, and the component |L〉 experiences the operations
in the sequence HWP67.5◦ →QD-cavity system→HWP112.5◦

(blue line). Then the two components |L〉 and |R〉 will con-
verge on the CPBS2 again. When the D′1 is not clicked, the
state of the whole system is transformed from |ϕABe〉 to

|ϕ〉1 = x2(
α1β1|RR〉AB|+〉+α1β1|RL〉AB|−〉

+α1β1|LR〉AB|−〉+α1β1|LL〉AB|+〉
)

⊗|ϕ〉YA⊗|ϕ〉YB . (16)

Then, after the photon pair AB passes through the half-
wave plate HWP22.5◦ , a Hadamard operation He, which com-
pletes the transformations | ↑〉 → (| ↑〉+ | ↓〉)/

√
2 and | ↑〉 →

(| ↑〉− | ↓〉)/
√

2, is performed on the electron spin of the QD
by using a π/2 microwave pulse.[68,69] Then the two photons
AB repeat the above operation again (red line). That is, the
two photons AB pass through the CPBS3, the component |R〉
passes directly through the WFC2 and the component |L〉 ex-
periences the operations in the sequence HWP67.5◦ → QD-
cavity system → HWP112.5◦ . Then the two components |L〉
and |R〉 will converge on the CPBS4. After the two pho-
tons AB pass through the half-wave plate HWP22.5◦ again, a
Hadamard operation He is applied on the electron spin of the
QD again. When the D′2 is not clicked, the state of the whole
system becomes

|ϕ〉2 = x4[(β1|R〉+β2|L〉)A(α1|R〉+α2|L〉)B| ↑〉

+(β1|R〉−β2|L〉)A(α1|R〉−α2|L〉)B| ↓〉
]

⊗|ϕ〉YA⊗|ϕ〉YB . (17)

Finally, we measure the electron-spin state of the QD-cavity
system with the basis {| ↑〉, | ↓〉}. If the measurement result of
the electron-spin state is | ↑〉, the state of the two photons is
transformed into

|ϕAB〉 = x4(β1|R〉+β2|L〉)A(α1|R〉+α2|L〉)B

⊗|ϕ〉YA⊗|ϕ〉YB . (18)

If the measurement result is | ↓〉, phase-flip operations σP
z =

|R〉〈R| − |L〉〈L| are performed on the polarized DoF of the
two photons A and B to obtain the above same state shown
in Eq. (18). Obviously, the polarized states of the photons
A and B exchange perfectly with single-qubit feedback based
on the outcomes of the electron spin. In our P–P-swap gate,
the click of the single-photon detector heralds the failure of
the gate. Once the P–P-swap gate succeeds, its fidelity ap-
proaches unity, owing to the practical reflection coefficient be-
ing a global coefficient in the final state. The efficiency of the
P–P-swap gate is ηP = |x|8.

4.2. P–S-swap gate between the spatial and polarized
states of one photon

The polarization–spatial swap (P–S-swap) gate aims to
swap the polarized and spatial states of one photon without af-
fecting its time-bin state. Suppose that the initial state of the
photon A is |ϕ〉PA⊗|ϕ〉YA shown in Eqs. (14) and (15). We in-
ject photon A into the quantum circuit as shown in Fig. 3(b).
After photon A passes through the quantum circuit composed
of CPBS5, HWP45◦ , and CPBS6 in turn, the state of photon A
is transformed into

|ϕA〉1 = (γ1|R〉+ γ2|L〉)(α1|a1〉+α2|a2〉)⊗|ϕ〉TA. (19)

Obviously, the polarized and spatial states of photon A ex-
change perfectly with linear optics only.
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Fig. 3. (a) Schematic diagram of the P–P-swap gate between the polarization states of photon A and photon B. (b) Schematic diagram of the P–
S-swap gate between the polarization and the spatial DoFs of one photon. (c) Schematic diagram of the P–T-swap gate between the polarization
and the time-bin mode DoFs of one photon. (d) Schematic diagram of the S–S-swap gate between the spatial states of photon A and photon B.
(e) Schematic diagram of the T–T-swap gate between the time-bin mode states of photon A and photon B. The solid lines represent the path of
photon A and the dotted lines represent the path of photon B. Active switch (AS) completes the flip of the time-bin mode state |l〉 ↔ |s〉. C is
the path coupler to combine the two modes, which acts as a quantum eraser to erase the path information without destroying the polarization
information. The HWP45◦ completes the bit-flip operation |R〉 ↔ |L〉.

4.3. P–T-swap gate between the polarized and time-bin
states of one photon

The polarization-time-bin swap (P–T-swap) gate is used
to swap the polarized and the time-bin states of one photon
without affecting the spatial state. The photon A is injected
into the quantum circuit as shown in Fig. 3(c). First, after pho-
ton A passes through the CPBS7, the component |R〉 passes
through the PCs, and the component |L〉 passes through the
PCl . Then the two components |L〉 and |R〉 will converge
on the CPBS8. Finally, the photon A in the low path passes
through active switches (AS),[74] which complete the flip of
the time-bin state, i.e., |l〉 ↔ |s〉, and converge on the upper
path by the path coupler C,[75] and the system state of photon
A becomes

|ϕA〉2 = (δ1|R〉+δ2|L〉)A(α1|l〉+α2|s〉)B⊗|ϕ〉SA. (20)

Obviously, the polarized and time-bin states of photon A can
be exchanged perfectly with linear optics and AS.

4.4. S–S-swap gate between the spatial states of two pho-
tons

The spatial-spatial swap (S–S-swap) gate aims to swap
the spatial states of two photons without affecting the polar-
ized and time-bin states. Suppose that the initial states of the

photons AB and the electron spin are the same as the P–P-
swap gate shown in Eqs. (14) and (15). The S–S-swap gate
can be realized by using the P–P-swap gate and some S–P-
swap gates shown in Fig. 3(d). In detail, Alice first swaps the
polarized states and the spatial states of photon A with the S–
P-swap gate and performs the same operation on photon B.
Second, Alice swaps the polarized states between photons A
and B with the P–P-swap gate. Finally, Alice swaps the polar-
ized states and the spatial states of photons A and B with the
P–S-swap gates again. After these operations, the state of the
photon pairs becomes

|ϕAB〉 = x4(ε1|a1〉+ ε2|a2〉)(γ1|b1〉+ γ2|b2〉)

⊗|ϕ〉PA⊗|ϕ〉PB⊗|ϕ〉TA⊗|ϕ〉TB. (21)

The fidelity of our S–S-swap gate approaches unity, the same
as the P–P-swap gate, and the efficiency of the S–S-swap gate
is also ηS = |x|8.

4.5. T–T-swap gate between the time-bin states of two pho-
tons

The time-bin-time-bin swap (T–T-swap) gate aims to
swap the time-bin states of two photons without affecting the
spatial-mode and polarized states. The T–T-swap gate can be
realized by using the P–P-swap gate and some P–T-swap gates
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shown in Fig. 3(e), which is similar to the initialization of the
S–S-swap gate, only replacing the S–P-swap gate with the P–
T-swap gate. After these operations, the state of the photon
pairs becomes

|ϕAB〉 = x4(ε1|l〉+ ε2|s〉)A(δ1|l〉+δ2|s〉)B

⊗|ϕ〉SA⊗|ϕ〉SB⊗|ϕ〉PA⊗|ϕ〉PB. (22)

Similarly, the fidelity of our T–T-swap gate approaches unity,
the same as the P–P-swap (or S–S-swap) gate, and the effi-
ciency of the S–S-swap gate is also ηT = |x|8.

5. The hyper-EPP for two-photon six-qubit hy-
perentangled Bell states
In this section, we show our hyper-EPP for mixed hyper-

entangled Bell states of two-photon systems. Practical trans-
mission of photons in hyperentangled Bell states for high-
capacity quantum communication suffers from noise, and both
the bit-flip and phase-flip errors will occur randomly. Usu-
ally, the phase-flip error can be transformed into the bit-flip
error using a bilateral local operation. Therefore, we only dis-
cuss the purification for bit-flip errors of two-photon hyper-
entangled mixed states below. After the transmission of qubits
over noisy channels, two two-photon systems AB and A′B′ in
mixed hyperentangled Bell states in the spatial, polarization,
and time-bin DoFs with bit-flip errors are described as

ρAB = [FS|φ〉SAB〈φ |+(1−FS)|ψ〉SAB〈ψ|]

⊗[FP|φ〉PAB〈φ |+(1−FP)|ψ〉PAB〈ψ|]

⊗[FT|φ〉TAB〈φ |+(1−FT)|ψ〉TAB〈ψ|],

ρA′B′ = [FS|φ〉SA′B′〈φ |+(1−FS)|ψ〉SA′B′〈ψ|]

⊗[FP|φ〉PA′B′〈φ |+(1−FP)|ψ〉PA′B′〈ψ|]

⊗[FT|φ〉TA′B′〈φ |+(1−FT)|ψ〉TA′B′〈ψ|]. (23)

Here, the subscripts AB and A′B′ represent two pairs of pho-
tons shared by two remote parties, Alice and Bob. Alice
holds photons A and A′, and Bob holds photons B and B′.
The initial state of the two identical two-photon six-qubit sys-
tems ABA′B′ is expressed as ρ0 = ρAB ⊗ ρA′B′ , which can
be viewed as a mixture of 64 maximally hyperentangled pure
states. Our faithful and efficient hyper-EPP for two-photon
hyperentangled systems with the bit-flip errors in three DOFs
is divided into two purified steps.

5.1. The first step of our hyper-EPP with S–P–T-PCGs

After Alice performs S–P–T-PCG on the two photons
AA′ in three DoFs, and so does Bob on his BB′, the out-
comes of the parity are divided into eight cases as shown in
Table 1. In case 1, the states of the two pairs of photons AA′

and BB′ are both of the same parity (i.e., even or odd) in three

DoFs, which corresponds to the state of identity combinations
|φ〉SAB⊗ |φ〉SA′B′ or |ψ〉SAB⊗ |ψ〉SA′B′ in the spatial-mode DoF
with the probability F2

S or (1−FS)
2, respectively, the state of

identity combinations |φ〉PAB⊗ |φ〉PA′B′ or |ψ〉PAB⊗ |ψ〉PA′B′ in
the polarized DoF with the probability F2

P or (1−FP)
2, respec-

tively, and the state of identity combinations |φ〉TAB⊗ |φ〉TA′B′
or |ψ〉TAB⊗ |ψ〉TA′B′ in the time-bin DoF with the probability
F2

T or (1−FT)
2, respectively. For simplicity, the above states

can be described as |M〉XAB ⊗ |N〉XA′B′ , M = N ∈ {φ ,ψ} and
X ∈ {S,P,T} of case 1. Similarly, the states |M〉XAB⊗|N〉XA′B′ ,
M 6= N ∈ {φ ,ψ} (X ∈ {S,P,T}), M = N (X ∈ {S,T}) and
M 6= N (X = P), M = N (X ∈ {S,P}) and M 6= N (X = T),
M = N (X ∈ {P,T}) and M 6= N (X ∈ {S}) (X = S), M = N
(X = S) and M 6= N (X ∈ {P,T}), M = N (X = T) and M 6= N
(X ∈ {S,P}), and M = N (X = P) and M 6= N (X ∈ {S,T})
correspond to case 2, case 3, case 4, case 5, case 6, case 7,
and case 8 in Table 1, respectively, and the outcomes of the
parity in three DoFs. In detail, if the two two-photon systems
AA′ and BB′ are in even-parity modes in three DoFs in case 1,
the state of the four-photon system ABA′B′ is in a new mixed
state composed of the six states

|Φ〉S1 =
1√
2
(|a1b1a′1b′1〉+ |a2b2a′2b′2〉)ABA′B′ ,

|Φ〉S2 =
1√
2
(|a1b2a′1b′2〉+ ||a2b1a′2b′1〉)ABA′B′ ,

|Φ〉P1 =
1√
2
(|RRRR〉+ |LLLL〉)ABA′B′ ,

|Φ〉P2 =
1√
2
(|RLRL〉+ |LRLR〉)ABA′B′ ,

|Φ〉T1 =
1√
2
(|llll〉+ |ssss〉)ABA′B′ ,

|Φ〉T2 =
1√
2
(|lsls〉+ |slsl〉)ABA′B′ , (24)

with the probabilities of 1
2 F2

S , 1
2 (1−FS)

2, 1
2 F2

P , 1
2 (1−FP)

2,
1
2 F2

T , 1
2 (1−FT)

2, respectively. If the two two-photon systems
AA′ and BB′ are in odd-parity modes in three DoFs in case 1,
the state of the four-photon system ABA′B′ is in a new mixed
state composed of the six states

|Ψ〉S1 =
1√
2
(|a1b1a′2b′2〉+ |a2b2a′1b′1〉)ABA′B′ ,

|Ψ〉S2 =
1√
2
(|a1b2a′2b′1〉+ |a2b1a′1b′2〉)ABA′B′ ,

|Ψ〉P1 =
1√
2
(|RRLL〉+ |LLRR〉)ABA′B′ ,

|Ψ〉P2 =
1√
2
(|RLLR〉+ |LRRL〉)ABA′B′ ,

|Ψ〉T1 =
1√
2
(|llss〉+ |ssll〉)ABA′B′ ,

|Ψ〉T2 =
1√
2
(|lssl〉+ |slls〉)ABA′B′ , (25)
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with the probabilities of (1/2)F2
S , (1/2)(1− FS)

2, (1/2)F2
P ,

(1/2)(1− FP)
2, (1/2)F2

T , and (1/2)(1− FT)
2, respectively.

The odd-parity states |Ψ〉S1 and |Ψ〉S2 can be transformed
into |Φ〉S1 and |Φ〉S2 with the same probability as the even-
parity ones in turn by performing bit-flip operations σS

x =

|b1〉〈b1|+ |b2〉〈b2| on the two photons A′B′ in the spatial DoF.

As can those in the polarization and the time-bin mode DoFs
(σP

x = |R〉〈L|+ |L〉〈R| and σT
x = |l〉〈s|+ |s〉〈l|). In this way,

Alice and Bob obtain similar outcomes when they both get ei-
ther an even parity or an odd parity with S–P–T-PCGs. We
only discuss the case where the system is in the even-parity
state below.

Table 1. The results of the parity with S–P–T-PCGs on the photons AB and A′B′ in three DoFs and the output states of the two photons AB
corresponding to their probabilities.

AB and A′B′

Case DoF Bell states Parity mode State Probability State Probability

S |φ〉SAB⊗|φ〉SA′B′ or |ψ〉SAB⊗|ψ〉SA′B′ same |φ〉SAB F2
S |ψ〉SAB (1−FS)

2

1 P |φ〉PAB⊗|φ〉PA′B′ or |ψ〉PAB⊗|ψ〉PA′B′ same |φ〉PAB F2
P |ψ〉PAB (1−FP)

2

T |φ〉TAB⊗|φ〉TA′B′ or |ψ〉TAB⊗|ψ〉TA′B′ same |φ〉TAB F2
T |ψ〉TAB (1−FT)

2

S |φ〉SAB⊗|ψ〉SA′B′ or |ψ〉SAB⊗|φ〉SA′B′ different |φ〉SAB FS(1−FS) |ψ〉SAB FS(1−FS)

2 P |φ〉PAB⊗|ψ〉PA′B′ or |ψ〉PAB⊗|φ〉PA′B′ different |φ〉PAB FP(1−FP) |ψ〉PAB FP(1−FP)

T |φ〉TAB⊗|ψ〉TA′B′ or |ψ〉TAB⊗|φ〉TA′B′ different |φ〉TAB FT(1−FT) |ψ〉TAB FT(1−FT)

S |φ〉SAB⊗|φ〉SA′B′ or |ψ〉SAB⊗|ψ〉SA′B′ same |φ〉SAB F2
S |ψ〉SAB (1−FS)

2

3 P |φ〉PAB⊗|ψ〉PA′B′ or |ψ〉PAB⊗|φ〉PA′B′ different |φ〉PAB FP(1−FP) |ψ〉PAB FP(1−FP)

T |φ〉TAB⊗|φ〉TA′B′ or |ψ〉TAB⊗|ψ〉TA′B′ same |φ〉TAB F2
T |ψ〉TAB (1−FT)

2

S |φ〉SAB⊗|φ〉SA′B′ or |ψ〉SAB⊗|ψ〉SA′B′ same |φ〉SAB F2
S |ψ〉SAB (1−FS)

2

4 P |φ〉PAB⊗|φ〉PA′B′ or |ψ〉PAB⊗|ψ〉PA′B′ same |φ〉PAB F2
P |ψ〉PAB (1−FP)

2

T |φ〉TAB⊗|ψ〉TA′B′ or |ψ〉TAB⊗|φ〉TA′B′ different |φ〉TAB FT(1−FT) |ψ〉TAB FT(1−FT)

S |φ〉SAB⊗|ψ〉SA′B′ or |ψ〉SAB⊗|φ〉SA′B′ different |φ〉SAB FS(1−FS) |ψ〉SAB FS(1−FS)

5 P |φ〉PAB⊗|φ〉PA′B′ or |ψ〉PAB⊗|ψ〉PA′B′ same |φ〉PAB F2
P |ψ〉PAB (1−FP)

2

T |φ〉TAB⊗|φ〉TA′B′ or |ψ〉TAB⊗|ψ〉TA′B′ same |φ〉TAB F2
T |ψ〉TAB (1−FT)

2

S |φ〉SAB⊗|φ〉SA′B′ or |ψ〉SAB⊗|ψ〉SA′B′ same |φ〉SAB F2
S |ψ〉SAB (1−FS)

2

6 P |φ〉PAB⊗|ψ〉PA′B′ or |ψ〉PAB⊗|φ〉PA′B′ different |φ〉PAB FP(1−FP) |ψ〉PAB FP(1−FP)

T |φ〉TAB⊗|ψ〉TA′B′ or |ψ〉TAB⊗|φ〉TA′B′ different |φ〉TAB FT(1−FT) |ψ〉TAB FT(1−FT)

S |φ〉SAB⊗|ψ〉SA′B′ or |ψ〉SAB⊗|φ〉SA′B′ different |φ〉SAB FS(1−FS) |ψ〉SAB FS(1−FS)

7 P |φ〉PAB⊗|ψ〉PA′B′ or |ψ〉PAB⊗|φ〉PA′B′ different |φ〉PAB FP(1−FP) |ψ〉PAB FP(1−FP)

T |φ〉TAB⊗|φ〉TA′B′ or |ψ〉TAB⊗|ψ〉TA′B′ same |φ〉TAB F2
T |ψ〉TAB (1−FT)

2

S |φ〉SAB⊗|ψ〉SA′B′ or |ψ〉SAB⊗|φ〉SA′B′ different |φ〉SAB FS(1−FS) |ψ〉SAB FS(1−FS)

8 P |φ〉PAB⊗|φ〉PA′B′ or |ψ〉PAB⊗|ψ〉PA′B′ same |φ〉PAB F2
P |ψ〉PAB (1−FP)

2

T |φ〉TAB⊗|ψ〉TA′B′ or |ψ〉TAB⊗|φ〉TA′B′ different |φ〉TAB FT(1−FT) |ψ〉TAB FT(1−FT)

Subsequently, Alice and Bob detect the photons A′ and B′

in the spatial, polarization, and time-bin mode DoFs with the
single-photon measurement devices, shown in Fig. 4, respec-
tively. The states |Φ〉S1 , |Φ〉S2 , |Φ〉P1 , |Φ〉P2 , |Φ〉T1 , and |Φ〉T2 are
changed into the states

|Φ〉S1′ =
1

2
√

2
(|a1b1〉+ |a2b2〉)AB(|a′1b′1〉+ |a′2b′2〉)A′B′

+(|a1b1〉− |a2b2〉)AB(|a′1b′2〉+ |a′2b′1〉)A′B′ ,

|Φ〉S2′ =
1

2
√

2
(|a1b2〉+ |a2b1〉)AB(|a′1b′1〉− |a′2b′2〉)A′B′

+(−|a1b2〉+ |a2b1〉)AB(|a′1b′2〉− |a′2b′1〉)A′B′ ,

|Φ〉P1′ =
1

2
√

2
(|RR〉+ |LL〉)AB(|RR〉+ |LL〉)A′B′

+(|RR〉− |LL〉)AB(|RL〉+ |LR〉)A′B′ ,

|Φ〉P2′ =
1

2
√

2
(|RL〉+ |LR〉)AB(|RR〉− |LL〉)A′B′

+(−|RL〉+ |LR〉)AB(|RL〉− |LR〉)A′B′ ,

|Φ〉T1′ =
1

2
√

2
(|ll〉+ |ss〉)AB(|ll〉+ |ss〉)A′B′

+(|ll〉− |ss〉)AB(|ls〉+ |sl〉)A′B′ ,

|Φ〉T2′ =
1

2
√

2
(|ls〉+ |sl〉)AB(|ll〉− |ss〉)A′B′

+(−|ls〉+ |sl〉)AB(|ls〉− |sl〉)A′B′ . (26)

After the two photons A′B′ are detected by single-photon de-
tectors, if the two photons A′B′ are in the even-parity mode in
the spatial DoF (in the polarization or time-bin mode DoFs),
the first purification step of the hyper-EPP is realized directly.
If they are in the odd-parity state in three DoFs, the first step of
the hyper-EPP is realized after performing a phase-flip opera-
tion σS

z = |b1〉〈b1|− |b2〉〈b2| on photon B in the spatial DoF,
σP

z = |R〉〈R|−|L〉〈L| on photon B in the polarization DoF, and
σT

z = |l〉〈l|− |s〉〈s| on photon B in the time-bin DoF, respec-
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tively. Thus we obtain the states |φ〉SAB and |ψ〉SAB with proba-
bility F2

S and(1−FS)
2, the states |φ〉PAB and |ψ〉PAB with prob-

ability F2
P and(1−FP)

2, and the states |φ〉TAB and |ψ〉TAB with
probability F2

T and (1−FT)
2, respectively. The same applies

to the cases 2–8 shown in Table 1. In case 2, the states of
the photons AA′ and BB′ are of different parity in three DoFs.
However, Alice and Bob should discard the photon pair AB in
this case, as photons AB are now in a mixed state composed
of the correct and bit-flip-error states with equal probability
FX (1−FX ) (X ∈{S,P,T}) in each DoF. Cases 3–8 can be used
in the second step of our hyper-EPP with swap gates below.

S
-
P
-
T
-
P
C
G

C

C

BS

a↼b↽

a↼b↽

a↼b↽

a↼b↽

A↼B↽

A′↼B′↽

′′

′ ′

PCl

PCs

PCl

PCs

Fig. 4. The first step of our hyper-EPP with S–P–T-PCGs. BS is a 50:50
beam splitter.

5.2. The second step of our hyper-EPP with swap gates

For two-photon systems created in cases 3–8 by the first
step of our hyper-EPP, the higher-fidelity hyperentangled pho-
tons in three DoFs will be created by the second step of
our hyper-EPP with swap gates, which can pump the higher-
fidelity states into the same photon pair. This will be used to
improve the efficiency of our hyper-EPP. In general, there are
six possible purified combinations shown in Table 2.

Suppose that Alice and Bob share the states of two pho-
ton pairs AB and A′B′ from cases 3 and 8, respectively, after
the first purified step shown in Table 1. Obviously, AB is cre-
ated from case 3 with higher fidelity in both the spatial and
time-bin DoFs, while A′B′ is created from case 8 with higher
fidelity in the polarized DoF only. Alice performs a fidelity-
unity P–P-swap gate on her photons A and A′, and Bob per-
forms a fidelity-unity P–P swap gate on the photons B and B′

as shown in Fig. 3(a). Using the two P–P swap gates, Alice
and Bob complete the purification process of the photon pair
AB, by replacing the lower-fidelity polarized state of AB with
the higher-fidelity polarized state of A′B′. Now, all the spatial,
polarized, and time-bin DoFs of photon pair AB are of higher
fidelities, which are the same as those in case 1 in principle.
Similarly, if Alice and Bob share the states of two photon pairs
AB and A′B′ from cases 8 and 3, respectively, Alice (Bob) per-
forms the fidelity-unity S–S-swap gate and T–T-swap gate on
her (his) photons A and A′ (B and B′) in the spatial and time-
bin DoFs in turn to get the same outcome as in case 1. The
same applies to the other combinations shown in Table 2. In
a word, the purpose of the second purified step is to improve

the probability of the even-parity Bell state in one or two DoFs
by costing some other two-photon systems. Thus, by the swap
gates, the fidelities of the two-photon system AB in three DoFs
are significantly improved.

Table 2. The six combinations and the corresponding operations of
swap gates.

AB A′B′ S–S-swap P–P-swap T–T-swap

case 3 case 8
√

case 8 case 3
√ √

case 4 case 7
√

case 7 case 4
√ √

case 5 case 6
√

case 6 case 5
√ √

5.3. Fidelity and efficiency of our hyper-EPP

After two purified steps, the first round of our hyper-EPP
process is completed and the state of the two-photon system
AB is changed into

ρAB =
[

fS|φ〉SAB〈φ |+(1− fS)|ψ〉SAB〈ψ|
]

⊗
[

fP|φ〉PAB〈φ |+(1− fP)|ψ〉PAB〈ψ|
]

⊗
[

fT|φ〉TAB〈φ |+(1− fT)|ψ〉TAB〈ψ|
]
, (27)

where fS =
F2

S
F2

S +(1−FS)2 , fP =
F2

P
F2

P +(1−FP)2 , and fT =
F2

T
F2

T+(1−FT)2 .

Now, we discuss the fidelity and efficiency of our hyper-EPP.
The fidelity of the final state is F ′ = fS× fP× fT, which is
larger than the initial fidelity F = FS × FP × FT as we have
assumed FS > 0.5, FP > 0.5, and FT > 0.5. By iterating our
hyper-EPP process, the fidelity of the state of the two-photon
system can be improved dramatically. The fidelities of the fi-
nal state are shown in Fig. 5(a) iterating n = 1, 2, 3 times for
the case with FS = FP = FT = F .

0.5 0.6 0.7 0.8 0.9 1.0
0

0.2

0.4

0.6

0.8

1.0
(a)

n/

n/ η

ηn/

0.5 0.6 0.7 0.8 0.9 1.0
0

0.2

0.4

0.6

0.8

1.0
(b)

F F

F
h
y
p
e
r-
E
P
P

E
h
y
p
e
r-
E
P
P

Fig. 5. (a) The fidelity of our hyper-EPP. The green line, red double dash
line and blue dotted line represent the reliability of n = 1, 2, 3 iterations
when FS = FP = FT = F , respectively. (b) The efficiency of our hyper-
EPP with the same conditions.

The efficiency of an EPP is defined as the probability of
obtaining a high-fidelity entangled photon system from a pair
of photon systems transmitted over a noisy channel without
photon loss. The efficiency of our hyper-EPP after the first
step in the first round is

η1 = ηKSKPKT. (28)

After the second step, the efficiency of the first round of the
hyper-EPP process is

η2 = η1 +η
2[ηP min{K′SKPKT,KSK′PK′T}
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+ηS min{KSK′PKT,K′SKPK′T}

+ηT min{KSKPK′T,K
′
SK′PKT}], (29)

where KX = F2
X + (1−FX )

2, K′X = 2FX (1−FX ), (X = S, P,
T). Figure 5(b) shows the efficiencies η1 and η2 of our hyper-
EPP for the cases with FS = FP = FT = F and η = ηS = ηP =

ηT = 1, respectively. It is easily found that the efficiency η2

in Fig. 5(b) of our hyper-EPP is greatly increased. For the ini-
tial fidelities 0.6 < FS,FP,FT < 0.75, η2 > 2η1. Obviously,
the initial fidelities in three DoFs are smaller, and the second
purified step with quantum swap gates plays an important role
in the first round of the hyper-EPP process. Besides, as in all
quantum operations, the S–P–T-PCGs, and P–P (S–S or T–T)-
swap gates will work with a near-unity fidelity, the hyper-EPP
here will be performed faithfully and work without the influ-
ence of infidelity.

6. Discussion
The unity-fidelity PCG and the swap gates are two core

tools for realizing the faithful hyper-EPP on a two-photon sys-
tem in the polarization, spatial, and time-bin mode DoFs. The
failure of the S–P–T-PCG for photon systems in three DoFs
can be heralded by the responses of the single-photon de-
tectors in three QD-cavity systems. Since the errors coming
from practical scattering in these quantum circuits are con-
verted into the failure of detection, the fidelity will be unity,
in principle, when the S–P–T-PCG succeeds. So will that of
our P–P-swap, S–S-swap, and T–T-swap gates.

The efficiency is defined as η = ηout/ηin, where ηout rep-
resents the number of the output photons and ηin represents
the number of the input photons. The efficiency of the PCG
for the two-photon system in each DoF whether odd or even
parity ηPCG = | p2 (rh− r0)|4, shown in Fig. 6(a), is largely con-
strained by the practical QD-cavity union. The efficiencies
of our P–P-swap, S–S-swap, and T–T-swap gates are equal to
ηswap = ηS = ηP = ηT = | p2 (rh − r0)|8, shown in Fig. 6(b).
It can be seen from Figs. 6(a) and 6(b) that the efficiencies
are further improved with the increase of parameters g/

√
κγ

and p2. For example, the efficiency of the PCG is improved
from ηPCG = 93.99% to ηPCG = 97.27% as the parameter
increases from g/

√
κγ = 4 to g/

√
κγ = 6 for the fixed pa-

rameter p2 = 1, and the efficiency of the swap gate increases
from ηswap = 88.34% to ηswap = 94.61%. Similarly, the effi-
ciency could be further increased by increasing the QD-cavity
coupling strength and suppressing the cavity side leakage as
shown in Figs. 7(a) and 7(b). For example, the efficiency of
the PCG is improved from ηPCG = 98.90% to ηPCG = 99.60%
as the parameter increases from g/κ = 3 to g/κ = 5 for the
fixed parameter κs/κ = 0, and the efficiency of the swap gate
increases from ηswap = 97.81% to ηswap = 99.2%. The effi-
ciencies of the PCG and swap gate are ηPCG = 81.93% and

ηswap = 67.12%, respectively, when the parameters for the
fixed parameter κs/κ = 0.05 and g/κ = 5. Therefore, we
can optimize the QD-cavity system by improving the cou-
pling strength of the QD-cavity system and suppressing the
cavity side leakage, which can achieve the high efficiency of
our scheme.
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Fig. 6. (a) The efficiency of the PCG and (b) the efficiency of the swap
gate with parameters κs � κ and ω = ωc = ωX− . The green line, red
double dash line and blue dotted line represent the efficiency with p2 = 1,
0.9, 0.8, respectively.

0 1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1.0
(a)

0 1 2 3 4 5 6
0

0.2

0.4

0.6

0.8

1.0
(b)

η
P
C
G

η
S
W
A
P

g/κ g/κ

κs/κ=0
κs/κ=0.05
κs/κ=0.1

κs/κ=0
κs/κ=0.05
κs/κ=0.1

Fig. 7. (a) The efficiency of the PCG and (b) the efficiency of the swap
gate with parameters γ = 0.1κ , ω = ωc = ωX− , and p = 1. The green
line, red double dash line and blue dotted line represent the efficiency
with κs/κ = 0, 0.05, 0.1, respectively.

7. Summary
In summary, we have presented a faithful and efficient

hyper-EPP for a two-photon system in the spatial, polariza-
tion, and time-bin mode DoFs, resorting to unity-fidelity S–P–
T-PCG and the swap gates, which consists of two steps. First,
we pick out the effective components (except case 2) from the
original mixed state based on S–P–T-PCGs in the first purifi-
cation step. Interestingly, the useful photon pair obtained from
case 1 directly completes the first round of our hyper-EPP. By
introducing the swap gate to realize the swapping operation
between different photon pairs, two parties in quantum com-
munication can reuse the original photon pairs of cases 3–8
in the first purification step to distill again high-fidelity ones,
which significantly improves the efficiency of our hyper-EPP.
The fidelities of the S–P–T-PCGs and swap gates used in the
two steps are unity, in principle, in practical scattering. The
imperfections, such as the finite side leakage of the micro-
cavity and the finite coupling between the QD and the cav-
ity mode, will only reduce the efficiencies in a heralded way,
but not affect the fidelities. This makes our hyper-EPP work
faithfully for high-capacity long-distance quantum networks.
The maximal hyperentanglement state can be achieved by per-
forming multiple rounds of the hyper-EPP in principle. Fur-
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thermore, our hyper-EPP could be extended directly to purify
multiphoton systems.
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