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The control of complex networks is affected by their structural characteristic. As a type of key nodes in a network
structure, cut vertexes are essential for network connectivity because their removal will disconnect the network. Despite
their fundamental importance, the influence of the cut vertexes on network control is still uncertain. Here, we reveal the
relationship between the cut vertexes and the driver nodes, and find that the driver nodes tend to avoid the cut vertexes.
However, driving cut vertexes reduce the energy required for controlling complex networks, since cut vertexes are located
near the middle of the control chains. By employing three different node failure strategies, we investigate the impact of
cut vertexes failure on the energy required. The results show that cut vertex failures markedly increase the control energy
because the cut vertexes are larger-degree nodes. Our results deepen the understanding of the structural characteristic in
network control.
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1. Introduction
Research on complex networks has developed rapidly

for decades, and is involved in the fields of biological,[1–3]

social,[4–7] traffic,[8–10] and financial systems.[11,12] A com-
plex network consists of nodes, which represent individuals
in the complex system, and links, which symbolize the inter-
actions between individuals. The study of complex networks
is first related to networks structural characteristics,[13–16]

and then refers to the performance and evaluations of
systems.[17–21] If a dynamic system can be driven from any ini-
tial state to any desired state within finite time and inputs, then
this system is controllable, and the minimal number of nodes
that are imposed on external inputs to achieve full control can
be used to measure the controllability of the system.[19] The
minimal number of driver nodes which guarantees the full
control of arbitrary networks has also been discussed.[22] Be-
cause the final goal of studying complex networks is to con-
trol and regulate them, many works have explained the in-
ner relationship between structural characteristics and network
control.[23–29] Furthermore, for practical problems in real con-
trol, control strategies, including energy requiring,[30–34] con-
trol modes,[35] and optimal control,[36–38] have also been con-
sidered. Reference [37] demonstrated that the control energy
is involved with Gramian matrix and proposed optimal algo-
rithm for driver nodes selection. Reference [38] analyzed the
relationship between network structural characteristic and en-
ergy consumption, finding the control energy could be reduced
by placing the driver nodes in a way to shorten the longest con-
trol chains for directed networks. The study of both linear and
nonlinear dynamical systems has advanced network control in

practical applications.[39–42]

A cut vertex is a kind of node whose removal will dis-
connect the network and increases the number of connected
components in a network.[43,44] Due to its significant role in
network topological structures, its removal has a serious im-
pact on network connectivity and robustness.[45–47] For exam-
ple, in transportation systems, the failure of airports, which is
cut vertexes in the corresponding network, will lead to large-
scale congestion in traffic.[48] Due to its vital position in net-
work structure, the role of cut vertex in network controllabil-
ity is also considered. Wang et al.[46] studied the influence of
cut vertex removal on the controllability of network and found
that the failure of cut vertex largely decreases controllability
compared to the removal of other vertexes, and the network
robustness results were similar. However, how cut vertex af-
fects network control, especially for the control energy, has
not yet been explained. According to the previous works on
network control, the influence of nodal structure on network
controllability and control energy is still insufficient and the
role of nodes in control remains to be explored.

In this paper, we discuss the relationship between the cut
vertexes and the driver nodes, and find that cut vertexes are
more likely to be redundant nodes for network control. Se-
lecting cut vertexes as driver nodes is beneficial for the control
energy. In addition, the removal of cut vertexes will largely
increase the control energy since cut vertexes are nodes with
larger degrees. The model and method are introduced in Sec-
tions 2 and 3. Section 4 is our results and Section 5 is conclu-
sion.
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2. Model
We firstly consider a linear time-invariant dynamical sys-

tem with N nodes as[49]

𝑥̇(t) =𝐴𝑥(t)+𝐵𝑢(t), (1)

where 𝑥(t) = (x1(t),x2(t), . . . ,xN(t))T denotes the state of the
nodes at time t. 𝐴 = (ai j)N×N is the adjacency matrix which
represents the interactions between nodes, where ai j repre-
sents the link starting from node i to node j. 𝐵 = (bi j)N×M

is the input matrix, which describes how the external inputs
affect nodes, and 𝑢(t) = (u1(t),u2(t), . . . ,uM(t))T is the vec-
tor of external inputs.

If the dynamical system can be driven from any initial
state to any desired state within a finite time by finite exter-
nal inputs, then the system is controllable.[50] According to
the Popov–Belevitch–Hautus (PBH) rank condition in control
theory,[51] the system (1) is controllable if and only if

rank(c𝐼N−𝐴,𝐵) = N, (2)

which is satisfied for any complex number c, where 𝐼N is the
identity matrix of dimension N. To find the set 𝐵 to guarantee
that Eq. (2) is satisfied, the minimal number of driver nodes
ND should equal the value of min{rank𝐵}, and it can be cal-
culated as[22]

ND = max
i
{µ(λi)} , (3)

where λi (i = 1,2, . . . ,N) is the distinct eigenvalues of matrix
𝐴, and µ(λi) = N − rank(λi𝐼N −𝐴) is the geometric mul-
tiplicity of the eigenvalue λi of 𝐴. In practical terms, ND

can be considered as a metric to evaluate the controllability
of networks.[19,22]

Moreover, energy consumption is another critical issue
for controlling in practical applications. In this paper, we focus
on the role of cut vertexes play in control energy and calculate
the energy required to achieve full control of dynamical sys-
tem as E(t0, tf) =

∫ tf
t0 ‖u(t)‖

2dt,[49] where t0 is the initial time
and tf is the final time. Based on the optimal control theory, if
the initial state is x0 = 0 at t0 = 0, the minimal control energy
can be calculated as[31,37,38]

E(tf) = 𝑥T
tf𝐺
−1
c (tf)𝑥tf , (4)

where 𝐺c(tf) =
∫ tf

0 e𝐴t𝐵𝐵Te𝐴
Ttdt is the Gramian matrix and

xtf is the final state. We set tf → ∞ and focus on the control
energy E ≡ E(tf → ∞).[31] To guarantee the stability of the
system, we add self-loop 𝐴ii =−(δ +∑

N
j=1𝐴i j) to each node,

where δ = 0.25 is a small perturbation to ensure that all eigen-
values of 𝐴 are negative.[31]

3. Method
3.1. Cut vertex

The depth-first search is used to identify all the cut ver-
texes Vi (i = 1,2, . . . ,m) in a network.[52] The steps are as fol-
lows. (1) Calculate the number of connected subgraphs Co

in the original network, then remove node i and calculate the
number of connected subgraphs Ci of the current network. (2)
Compare Ci with Co. If Ci >Co, the number of connected sub-
graphs has increased, then node i is the cut vertex and marks
it as Vi. (3) Restore the original network, then repeat the steps
from step (1) for the next node. After all nodes are traversed,
the cut vertex set Vi (i = 1,2, . . . ,m) is collected, and m is the
total number of the cut vertexes.

3.2. Driver nodes

Identifying driver nodes According to the framework
of exact controllability,[22] the minimal number of the driver
nodes ND can be obtained by the maximum geometric multi-
plicity µ(λi) of the adjacency matrix 𝐴. The control matrix
𝐵, which describes how nodes affect external inputs, should
satisfy the equation rank[λ M𝐼N−𝐴,𝐵] =N, where λ M corre-
sponds to the maximum geometric multiplicity µ(λ M). Thus,
identifying the minimum set of driver nodes can be equivalent
to setting rows of 𝐵 to ensure that the matrix [λ M𝐼N −𝐴,𝐵]

is full rank. By implementing an elementary column transfor-
mation on the matrix λ M𝐼N −𝐴, a set of linearly dependent
rows is obtained. Then, inputs are imposed via control matrix
𝐵 on the identified rows to eliminate the linear correlations
and guarantee that the matrix [λ M𝐼N −𝐴,𝐵] is full rank. In
matrix 𝐵, the nodes corresponding to the linearly dependent
rows are the driver nodes.[22] For the same network, there are
different combinations of the driver nodes, however, the mini-
mal number of the driver nodes is identified.

Node categories According to the different control roles,
nodes can be classified into three categories.[22,23] Critical: the
nodes are always selected as driver nodes. Their removal will
lead to the increment of ND. Redundant: the nodes can never
appear in the minimal driver node set. If a redundant node is
selected as a driver node, then ND will be increased. Intermit-
tent: the nodes which are not critical or redundant. They can
be chosen as driver nodes in some control configurations.

4. Result

Since cut vertexes play an important role in the topologi-
cal structure of network, the minimal number of driver nodes
is also determined by the network’s structural characteristics.
We first explore the distribution of the different categories of
nodes in cut vertexes to determine whether there is any rela-
tionship between the driver nodes and the cut vertexes. The
cut vertexes are identified by the deep-first search (see Sub-
section 3.1). For both undirected Erdös–Rényi (ER) random
graphs[53] and scale-free (SF) networks,[54] the distribution of
the node categories is shown in Figs. 1(a) and 1(b). Compar-
ing the distributions of the critical, intermittent, and redundant
nodes in the network, we find that most nodes are redundant.
The cut vertex set consists of only intermittent and redundant
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nodes, in which the predominant node category is the redun-
dant one. Although cut vertexes are essential for network con-
nectivity, the driver nodes are more likely to avoid them. Sim-
ilar results are found for directed Erdös–Rényi (DER) random
graphs and directed scale-free (DSF) networks in Figs. 1(c)
and 1(d).

Furthermore, we examine the role of cut vertexes in net-
work control. We employ three strategies to identify the q
driver nodes in the network with m cut vertexes. Strategy 1: q

driver nodes are chosen randomly. Strategy 2: If q ≥ m (m is
the number of cut vertexes), m driver nodes are chosen based
on the descending order of the nodes’ degree, and the remain-
ing nodes q−m are chosen randomly. If q < m, q driver nodes
are chosen based on the descending order of the nodes’ de-
gree. Strategy 3: If q≥m, all cut vertexes are chosen as driver
nodes, and the remaining vertexes q−m are chosen randomly.
If q < m, q driver nodes are chosen randomly from the cut
vertexes set.
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Fig. 1. Node category distribution. (a) Undirected random graph, (b) undirected scale-free network, (c) directed random graph, and (d) directed
scale-free network. The network size is N = 300, average degree is K = 3, and degree exponent for the undirected scale-free network is γ = 2.5
and for the directed scale-free network is γin = γout = 2.5. N represents all nodes in the network, and C represents the cut vertex set. We obtain
the node categories for 100 networks and obtain the average value of the distribution.
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Fig. 2. Control energy as a function of the number of driver nodes q with different control strategies for undirected random networks. (a) The
network size is N = 300, and the average degree is K = 3. (b) The network size is N = 500, and the average degree is K = 3. (c) The network
size is N = 300, and the average degree is K = 6. (d) The network size is N = 500, and the average degree is K = 6. The insert figure shows the
control energy among random networks with three strategies for different network size. The average degree is K = 3 and q is 85% of network
size. For (a) and (b), the starting point of q is 70% of network size. The error bars represent standard deviations and each data point is the mean
of 100 independent realizations.
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The results show that cut vertexes are significant for the
control energy in random networks (see Fig. 2). Driving cut
vertexes will reduce the energy required compared to driv-
ing randomly chosen nodes or hub nodes. As the number of
driver nodes increases, the differences of control energy ob-
tained by the varied strategies decrease. This is because the
proportion of the cut vertexes in the driver nodes decreases as q
increases. Furthermore, the difference in energy requirements
among networks with the three control strategies is similar for
different network size. The insert figure shows the control en-
ergy is the lowest one as cut vertexes are selected as the driver
nodes with increasing network size. Meanwhile, because the
number of cut vertexes is affected by network density, the en-
ergy gaps among the three strategies are smaller with denser
networks.

Similar results are found for scale-free networks and are
shown in Fig. 3. The control energy is the lowest when driving
cut vertexes is preferred with a small amount of driver nodes q
(q < 230 for Fig. 3(a), q < 150 for Fig. 3(b)). As the number
of driver nodes increases, the energy gap among the three con-
trol strategies is almost gone. In addition, the advantage of cut
vertexes in reducing the control energy is weakened in more
homogeneous network. Due to their structural characteristic,
cut vertexes are the connections of the connected subgraphs
of networks and are more likely to be the intermediate nodes
in control chains. For directed networks, a chain starts from a
driver node and ends at a non-driver node, along the shortest
path between these two nodes is the control chain.[38] Con-
trol energy flows through the control chains, and the longest
control chains (LCCs) determine the control energy. Thus,
shorter LCCs lead to the lower control energy. For undirected
networks, choosing cut vertexes as driver nodes result in the
shorter control chains as well. A control chain starting from
a cut vertex to a non-driver node will be shorter than that of a
chain that starts at a node in one connected subgraph and goes
to a non-driver node in another connected subgraph. Thus, the
control energy is markedly reduced.
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Fig. 3. Control energy as a function of the number of driver nodes q with
different control strategies for undirected scale-free networks. (a) The net-
work size is N = 300, and the degree exponent is γ = 2.5. (b) The network
size is N = 300, and the degree exponent is γ = 3. The average degree for
both networks are K = 6. The error bars represent standard deviations and
each data point is the mean of 100 independent realizations.

According to the previous findings,[46] the failure of cut

vertex affects the robustness and controllability of network.
Here, we explore the effect of cut vertex failure on network
control energy. To disable cut vertexes (CV-preferred), we ex-
ecute the following steps. (1) Identify all cut vertexes in the
current network by the depth-first search (see Subsection 3.1)
and mark them as Vi. (2) Calculate the number of connected
subgraphs C

′
i in the current network if each cut vertex Vi is

removed. (3) Disable a fraction of the cut vertexes based on
the descending order of the C

′
i value, remove all the edges con-

nected with them, and then calculate the control energy needed
to steer all nodes from the initial state to the final state. (4) Re-
peat the steps from step (1) until there are no more cut vertexes
in the current network.

In addition, we employ another two node-failure
strategies[55,56] to compare the effect of nodal failures on con-
trol energy. (1) Random: disable nodes randomly and remove
all the edges connected with them. (2) Degree-preferred: dis-
able nodes based on the descending order of the nodes’ degree
and remove the corresponding edges. The other steps for re-
peatedly calculating the control energy and disabling nodes in
the current network are all similar to those of the CV-preferred
strategy. Furthermore, the number of disabled nodes at each
step must be the same for all three strategies, and then the
comparison of the control energy can be valid.

The results in Fig. 4 show that the sparse random net-
work requires more energy to drive the whole network with
the degree-preferred failure strategy. However, it is easiest
to control the network with the random failure strategy. For
dense network, with a proper fraction of disabled nodes, the
control energy for the driving network is the lowest with the
CV-preferred failure strategy (see Fig. 4(b)). Similar results
can be found for scale-free networks, and they are shown in
Figs. 4(c) and 4(d). The network costs less energy to achieve
full control with the Random failure strategy, while the energy
requirements are higher for networks with CV-preferred and
degree-preferred failure strategies. For more homogeneous
network (see Fig. 4(d)), the difference in control energy among
the networks with the three failure strategies is smaller.

To explain the result of the CV-preferred strategy in
Fig. 4, the average degree of the failed nodes in the failure pro-
cess is investigated. We define ∆k = (kf− ka)/ka to describe
the degree difference between the failed nodes and the other
nodes in network. kf is the average degree of failed nodes at
each step of node-failure process and ka is the average degree
of all nodes at each step of node-failure process. For each
strategy, we calculate ∆k at the first step of failure t = tf, the
intermediate step t = ti, and the last step t = tl. Figure 5 shows
the results of random network and scale-free network, and it
illustrates that cut vertexes are nodes with larger degrees in the
network. The gap of ∆k between the random strategy and the
CV-preferred strategy is small, leading to a small difference in
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control energy, which is shown in Fig. 4(b). For the scale-free
network, ∆k of the random strategy is always small. While
for the CV-preferred and the degree-preferred strategies, ∆k is
large at the first step then decreases markedly in the following
steps. Thus, the gap of ∆k between the random strategy and
the others two strategies is large, resulting in the large energy
gap as shown in Fig. 4(c).
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Finally, we test our results on real networks.[57,58] Fig-
ure 6 shows the control energy for driving real networks with
the different control strategies. The results are similar to those
of the synthetic networks, where driving cut vertexes favors
control energy. With an increasing number of inputs, the dif-
ference in the energy required with the three control strategies
disappears.
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Fig. 6. Control energy as a function of the number of driver nodes q with dif-
ferent control strategies for real networks. (a) Game characters. A network
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network size is N = 107, and the number of edges is L = 353. (b) Dolphins.
An undirected social network of frequent associations is observed among
62 dolphins.[58] The network size is N = 62, and the number of edges is
L = 159. The error bars represent standard deviations and each data point is
the mean of 100 independent realizations.

5. Conclusion
Considering that cut vertexes play a vital role in the net-

work structure, we discover the correlation between cut ver-
texes and driver nodes and explore the influence of cut ver-
texes on the network control energy. Our results show that the
minimal driver node set, based on exact controllability frame-
work, tends to avoid cut vertexes. However, compared with
random nodes and hub nodes, driving cut vertexes can reduce
control energy. Imposing inputs on cut vertexes will shorten
the control chains, which determine the control energy. Fur-
thermore, being the larger-degree nodes in network, the cut
vertexes’ failure affects the control energy more than the fail-
ure of random nodes. Finally, the results are verified on real
networks. Though our results indicate the role of cut vertexes
play in controlling, some specific control constraints need to
be taken into account in the future, such as the control time
and control trajectory. Moreover, nodal dynamics is simpli-
fied in our model and how does it impact the controllability
and control energy is still a crucial issue for controlling which
remains to be solved . In conclusion, this work bridges the gap
between structural characteristics and network control, and it
will be helpful for understanding the nodal importance in op-
timal control.
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