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In view of the complexity of existing linear frequency modulation (LFM) signal parameter estimation methods and
the poor antinoise performance and estimation accuracy under a low signal-to-noise ratio (SNR), a parameter estimation
method for LFM signals with a Duffing oscillator based on frequency periodicity is proposed in this paper. This method
utilizes the characteristic that the output signal of the Duffing oscillator excited by the LFM signal changes periodically
with frequency, and the modulation period of the LEM signal is estimated by autocorrelation processing of the output signal
of the Duffing oscillator. On this basis, the corresponding relationship between the reference frequency of the frequency-
aligned Duffing oscillator and the frequency range of the LFM signal is analyzed by the periodic power spectrum method,
and the frequency information of the LFM signal is determined. Simulation results show that this method can achieve
high-accuracy parameter estimation for LFM signals at an SNR of —25 dB.

Keywords: linear frequency modulation (LFM) signal, Duffing oscillator, frequency periodicity, parameter

estimation
PACS: 07.50.Qx, 05.45.—a

1. Introduction

Linear frequency modulation (LFM) signal is a kind of
nonstationary signal whose frequency changes linearly with
time. Compared with a single-point frequency signal, an LFM
signal has a larger time-bandwidth product and better anti-
intercept characteristics. It has been widely used in communi-
cation, radar, electronic countermeasures and other fields.[!!

Traditional parameter estimation methods for LFM sig-
nals mainly focus on time—frequency (TF) domain analy-
sis, such as the short-time Fourier transform (STFT) method,
Wigner—Ville distribution (WVD) method and correlation ex-
pansion algorithms.”! However, due to the limitations of
time—frequency resolution and cross-terms, these algorithms
perform poorly in anti-noise performance. 34!

In 2004, Peter O’Shea introduced the cubic phase func-
tion (CPF), proposed a parameter estimation method based on
the time—chirp rate (TCR) domain, and obtained the statistical
estimation results of all parameters with only one-dimensional
maximization.[>®1 However, this method can only obtain the
asymptotic optimal estimation of a single-component LFM
signal under a high signal-to-noise ratio (SNR). Multicompo-
nent LFM signal detection may create cross-terms and spu-
rious peaks. In Ref. [7], the product cubic phase function
(PCPF) is used to solve the identifiability problem of spuri-
ous peaks and cross-terms by utilizing the different time de-
pendence of cross-terms and auto-terms. Compared with CPF,
PCPF has a lower threshold SNR, but the estimation accuracy
is slightly reduced. Reference [8] proposed the integrated cu-
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bic phase function (ICPF), which makes use of the property
that the auto-terms in the CPF are distributed along the straight
lines parallel to the time axis in the TCR domain, while the lo-
cations of the cross-terms change with time. By integrating
over these straight lines, the auto-terms are enhanced, and the
cross-terms and spurious peaks are suppressed. On the basis
of the ICPF, Ref. [9] further proposed a coherently integrated
cubic phase function (CICPF). By coherently integrating the
energy of the auto-terms, a —9 dB SNR detection threshold
for a single-component LFM signal was achieved. Zheng et
al.''% proposed a parameterized centroid frequency—chirp rate
distribution (PCFCRD) method for multicomponent LFM sig-
nal analysis. By introducing a constant delay, the correlation
of noise is reduced, and a better estimation result can be ob-
tained at —12 dB SNR.

Since Almeida!'!l proved that fractional Fourier trans-
form (FRFT) can be interpreted as a rotation operator and cor-
responds to a representation of the signal on an orthonormal
basis formed by chirps, FRFT has been widely used in pa-
rameter estimation of chirp signals. In 2003, Qi et al.l'?! re-
alized the detection and parameter estimation of multicompo-
nent LFM signals by using the energy aggregation character-
istics of FRFT under different orders. However, this method is
essentially a two-dimensional search process with high blind-
ness, and the higher the estimation accuracy is, the greater the
amount of calculation needed. Reference [13] proposed an
efficient FRFT algorithm. Using the geometric relationship
between the FRFT rotation angle and the corresponding nor-
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malized projection length, the optimal rotation angle can be
obtained only by two FRFTs, which greatly reduces the cal-
culation time of the algorithm, but the estimation accuracy of
the algorithm is difficult to control. On this basis, Ref. [14]
accurately searched the best order estimated by the efficient
FRFT algorithm, utilizing the better impulse characteristic and
noise resistance of the fourth-order origin moment of the sig-
nal fractional order spectrum, which improved the estimation
accuracy of the algorithm and achieved more accurate esti-
mation results at —10 dB SNR. Reference [15] combined the
quadratic phase function (QPF)! with FRFT. First, a high-
accuracy frequency modulation rate estimate can be obtained
from QPF, and then FRFT is used to estimate the other pa-
rameters, which shortens the operation time of the algorithm
on the premise of ensuring accuracy of parameter estimation.
Guo et al.!"% proposed a new P norm and used Harris hawk
optimization (HHO) to search for the optimal FRFT angle,
which has good noise resistance and stability.

In this paper, the relationship between periodic signals
with different frequencies and the output signals of the Duft-
ing oscillator is analyzed. On this basis, a parameter estima-
tion method for LFM signals is proposed based on the peri-
odic variation characteristic of the output signals of the Duft-
ing oscillator excited by LFM signals with frequency. First,
the modulation period is estimated by autocorrelation process-
ing of the output signal of the Duffing oscillator. Second, the
relationship between the reference frequency of the frequency-
aligned Duffing oscillator and the frequency range of the LFM
signal is obtained by the periodic power spectrum method
to determine the frequency information of the LFM signal,
and then the parameter estimation for the LFM signal can be
completed. Due to the inherent high sensitivity of the Duft-
ing oscillator to periodic and quasiperiodic signals and strong
immunity to noise,!!'”! compared with other estimation meth-
ods, the method proposed in this paper is more applicable for
weak signal detection and has great advantages in a low SNR
environment. Simulation results show that stable and high-
accuracy parameter estimation results can be obtained when
SNR > —25 dB SNR.

2. Duffing oscillator signal detection system

The typical Duffing—Holmes oscillator equation is
#(1) 4+ ki(r) — x(1) +x°(1) = F cos(ot), (1)

where x is the displacement, ¢ is the time, k is the damping ra-
tio, —x + x> is the nonlinear restoring force, and F cos(wt) is
the internal reference signal. When k = 0.5 and w = 1 rad/s,
the system has obvious nonlinear dynamic characteristics,
which can be used for signal detection. To apply to the de-
tection of periodic signals with different frequencies, Equa-

[18]

tion (1) can be frequency transformed'® and rewritten into

state equations as follows:

X = Wy, )
{y’a)(ky+xx3+Fcos(a)t)). @

If F =0, the system will finally stop at one of the two
focal points (—1, 1) and (1, —1). Then, with increasing F,
the system will sequentially experience periodic oscillation,
homoclinic orbit, period-doubling bifurcation, chaotic state,
intermittent chaotic state and large-scale periodic state.!!%1°]
The traditional Duffing oscillator signal detection method
mainly uses the phase state transition of the Duffing oscillator
from a chaotic state to a large-scale periodic state. That is, take
F = F; at this time, the system is in a critical chaotic state. If
a weak periodic signal with the same frequency is added to the
system, the system will be converted from chaotic motion to
large-scale periodic motion.

Two periodic signals with amplitude A and frequencies
®; and @ (®; # @) are added into the Duffing oscillator
model

1 (1) 4+ ki1 (£) — x1 (£) + x5 (1)
= Fcos(mt) +Acos(w;t),
%2(1) + kia (1) — x2(1) + 13 (£) ®
= Fcos(@t) +Acos(myt),
(%1(t) —%2(2)) + k(X1 (1) — X2(2))
= (n1(1) =x2(1)) + (1 (1) =33 (1))
= A(cos(wyt) —cos(wit)). 4

Taking x(t) = x (1) —x2(1), X(t) = x1 () —x2(2), %(r) = %1 () —
i(t), Eq. (4) can be expressed as

%(t) + k() — x(2) +23 (1) + 3xx0x
= A(cos(myt) —cos(wit)). )
Substituting Eq. (1) into Eq. (5), we obtain

Fcos(ot) 4+ 3x1xpx = A (cos(ant) —cos(wit)), (6)
3x1x0x = A (cos(mwyt) — cos(wt)) — Feos(wt).  (7)

Because @) # @, A (cos(wpt) —cos(it)) — F cos(wt) # 0.
Therefore, 3x1xx # 0, x; # 0, x # 0, and x # 0.

We can obtain x| # x;; that is, when the frequencies of
the input periodic signals are different, the output signal of the
Duffing oscillator is also different.

Figure 1 shows the time domain diagrams of Duffing os-
cillator output signals when inputting periodic signals with dif-
ferent frequencies. For convenience of observation, we set
k = 0.5, the Duffing oscillator internal reference frequency
o =2xnf, f =100 MHz, F = F, = 0.8259, the frequency of
the input periodic signal fy = 35 MHz, 75 MHz, 100 MHz,
125 MHz, and 165 MHz, and A =1 V.

Figure 1 shows the difference in frequency between the
internal reference signal and the periodic signal with varying
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frequency of the input periodic signal; the Duffing oscillator 3
shows different motion states. Therefore, there is a certain re- 2lge1e 3T ey T 1.
lationship between the output signal of the Duffing oscillator t. s T, ! l I !
and the difference frequency, which is related to the value and 4 1 7y . . : - ! : ! l
sign of the difference frequency. Figure 2 shows the numeri- b ol I B S l .
cal solution obtained when inputting periodic signals with the . . . | ! i
same amplitude is shown. Here, we set k = 0.5, f = 100 MHz, 1} 8 . Y| ' °
F =F, =0.8259, f, =10~ 200 MHz, and A =1 V. ’
() fo 35 MHz 20 10 15 20
‘0 ' | \ | \ ! ' ! ' fo (10 MHz)
) 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 Fig. 2. Numerical solution of the Duffing oscillator excited by periodic
(b) fo=75 MHz signals with different frequencies.
"0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 3. Parameter estimation method for an LFM
: () Jo=100 My I Ty signal with a Duffing oscillator based on fre-
a 0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000 quency periOdiCity
] (6 fo Lo Ee y y y . 3.1. Periodic characteristics of the Duffing oscillator ex-
—o MR ‘ ‘ ‘ | cited by the LFM signal
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
) o166 M When the Duffing oscillator is excited by the LFM signal,
5 X X X if the influence of noise is ignored, its detection model can be
0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

. o . . expressed as
Fig. 1. Output time domain diagrams of the Duffing oscillator excited P

by periodic signals with different frequencies. Input periodic signal fre-

quency (a) fo = 35 MHz; (b) fo = 75 MHz; (c) fo = 100 MHz; (d) { X = my,

V= o(—ky+x— 23 + Foos(or+@)u(t)), O

fo =125 MHz; (¢) fo = 165 MHz.

In summary, the periodic signals with different frequen-
cies correspond to the different output signals of the Duffing  where u(¢) is the input LFM signal. Taking the triangular wave

oscillator. LFM signal as an example, its expression?% is

nTM—TM/4<t SI’lT]\/[—‘y-T]\/[/47

(1) = Acos 27 ( fot+ket?), ©)
U= nTy + Ty /4 <t < nTy + 3Ty /4,

ACOSZTE(f()l—kf(l‘—TM/Z)Z‘)7

where A is the signal amplitude, fy is the signal center fre-  output signals of the Duffing oscillator analyzed in Section 2,

quency, Ty is the modulation period, ks = 2AFy /Ty is the fre-  the modulation period can be estimated using the periodic
quency change rate, and AFy; is the frequency modulation de-  change characteristics of the frequency of the LFM signal.
viation. For the convenience of analysis, the frequency modu- Taking the origin frequency of the LFM signal as gt =
lation deviation is set equal to the modulation bandwidth; then, 27 ftart, the termination frequency is Wenq = 27 feng. Accord-
the origin frequency of the LFM signal is fyar = fo — AFm/2, ing to the frequency relationship between the Duffing oscil-
and the termination frequency is fena = fo + AFm/2. lator internal reference signal and the LFM signal, it can be
At this time, the frequency difference between the inter-  divided into five cases. Figure 3 shows the Duffing oscillator
nal reference signal and the detected LFM signal is |[A®| =
|0 — an| = 27| f — (fo + ket)|. Because the frequency of the
LFM signal changes rapidly with time and the variation range
is usually much larger than 0.03w,'-%* it is difficult to di-

rectly measure the frequency of the LFM signal by using the

output signals under different conditions. We also fix k = 0.5
and F' = F; = 0.8259 and only change the Duffing oscillator in-
ternal reference frequencies f =75 MHz, 100 MHz, 125 MHz,
150 MHz, and 175 MHz. For the input LFM signal, A =1V,
ki = 10* GHz-s ™!, fyart = 100 MHz, and fung = 150 MHz.

phase transition of the Duffing oscillator from a chaotic state Figure 3 shows the following outcomes. (1) When @ <
to a large-scale periodic state. However, for the LFM signal, Wgtart O O > Wend, because the frequency of the input LFM
the frequency changes periodically with time, as does the fre- signal constantly changes within [@sart, ®Wend], the Duffing
quency difference between it and the internal reference signal.  oscillator reference signal frequency  is always outside the
Therefore, combined with the one-to-one correspondence be-  frequency range of the LFM signal, and the phase transition

tween the periodic signals with different frequencies and the  condition in which the Duffing oscillator transitions from a
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chaotic state to a periodic state cannot be satisfied. Therefore,
the Duffing oscillator is always in a chaotic state. (2) When
@ = @gpart OF O = Wepg, With a continuous change in the LFM
signal frequency, the Duffing oscillator reference frequency
will be equal to the LFM signal frequency. Therefore, there
is a period of time Af, in which the difference frequency
|Aw| < 0.03@, and the Duffing oscillator will undergo large-
scale periodic motion. If ® = Wy, periodic motion occurs
between every two modulation cycles; for @ = @Weng, peri-
odic motion occurs in the middle of each modulation period.
(3) When gt < @ < Wepg, it is similar to analysis (2), except
that the reference frequency and the LFM signal frequency are
aligned twice in each modulation cycle. Therefore, the modu-
lation period can be estimated by using the periodic change in
the output signal of the Duffing oscillator.

(a) wW<Wstart
T T

0 1 2 3 4 5
5
(b) w=waun Time (10 s)
1.8 T T
1.6 !
1.4 rf
1.2
1.0 : " : S :

09 1 2 3 4 5
Time (1075 s)

(c) Waran<&)<wend

aialaalulaula

Tlme (10—° s)

Amplitude (V)
=
Shren

o

Time (107° s)

Frequency (MHz)
=
w
o

o 1 2 3 4 s
Time (1075 s)

Fig. 3. Input LFM signal and output envelope signals of the Duffing
oscillator under different frequency relationships. (a) @ < @sart; (b)
0 = Ostart; (€) Dstart < O < Deng; (d) O = Deng; (€) @ > Weng; () time—
frequency representation of the LFM signal.

From the above analysis, if autocorrelation processing is
performed on the output signal of the Duffing oscillator, there
may be three results, as shown in Fig. 4.

(1) Taking ®mig = (Ostart + Deng ) /2, when 0.9@0pig < 0 <
1.1wpig, because the frequency of the LFM signal is aligned
twice with the reference frequency of the Duffing oscillator in

a single modulation period, the autocorrelation function will
show a half-periodic characteristic; that is, the average value
of the interval between the two adjacent local maximum points
is approximately half of the modulation period, as shown in
Fig. 4(a). However, with a decrease in the input signal ampli-
tude, this half-periodic characteristic will be rapidly replaced
by the periodic characteristic, as shown in Fig. 4(b). When
the SNR decreases, the periodic characteristic gradually dis-
appears, as shown in Fig. 4(c).

(2) When gt < @ < 0.9@59 or 1.10mig < @ < Weng,
the output signal shows good periodic characteristics, as
shown in Fig. 4(b). In the same way, the periodic characteristic
also disappears as the SNR decreases, as shown in Fig. 4(c).

(3) When ® < Wgart O @ > Weng, although the Duffing
oscillator maintains chaotic motion from beginning to end, the
amplitude of its output signal will decrease with an increase in
the difference frequency, and the degree of chaos of the sys-
tem will also change. The Duffing oscillator output signal still
shows periodic variation characteristics. After autocorrelation
processing, the modulation period can be obtained, as shown
in Fig. 4(b). However, this periodic characteristic is not only
related to the SNR but also shows a strong correlation with the
amplitude of the input signal. When the input signal is very
weak, it no longer shows periodic characteristics, as shown in
Fig. 4(c).

5
S —
6f(a) 1
4t 1
2| C L | ]
0 Lot : e SO R
0 2 4 6 8 10
5 X105
6 107 — ——
4[(P) 1
ol ]
ol n ) . . . A n ]
0 2 4 6 8 10
X105 X105
4l . . . . . . . . 7
O L 1 1 1 1 1 1 1 1 1 1
0 2 4 6 8 10
x10°

Fig. 4. Autocorrelation function of the Duffing oscillator output signals
under different conditions: (a) the half-periodic characteristic; (b) the
periodic characteristic; (c) the others.

We set k = 0.5, F = F, = 0.8259, k¢ = 10* GHz-s™!,
fstart = 100 MHz, and fen,g = 150 MHz. Table 1 shows the
influence of the amplitude of the input triangular wave LFM
signal on the autocorrelation function under different condi-
tions. Table 1 shows that the emergence of the half-periodic
characteristic depends strongly on the strength of the detected
LFM signal. When the amplitude of the input detected LFM
signal is less than 0.42 V, the half-periodic characteristic will
disappear, so it cannot be used for the detection of weak sig-
nals.
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Table 1. Influence of the detected signal amplitude on the autocorrelation function.

Amplitude of input LFM signal with a noise free background (V)

(0]

1.5 0.5 0.42 0.41 0.1 0.05 0.04 0.01 0.009 0.008
0.90miq < ® < 1.10pig Half* Half Half Cycle® Cycle Cycle Cycle Cycle Cycle None*®
WOsart < O < 0.9Wy;

start = @mid OF Cycle Cycle Cycle Cycle Cycle Cycle Cycle Cycle Cycle None
L10mig < © < Wend
O < Wstart OR @ > Wepg Cycle Cycle Cycle Cycle Cycle None None None None None
The half-periodic characteristic as shown in Fig. 4(a). ®The periodic characteristic as shown in Fig. 4(b).
“The characteristic disappears, as shown in Fig. 4(c).
Table 2. Influence of the SNR on the autocorrelation function.
o SNR (dB)
0 -10 —16 -17 —18 —20 -27 —28
Wstart < O < Wend Cycle Cycle Cycle Cycle Cycle Cycle Cycle None
® < Wsgart OF @O > Wend Cycle Cycle Cycle None None None None None

Fixing the amplitude of the input signal as A = 0.05 V, the
autocorrelation function no longer has half-periodic character-
istics, so the above two cases (1) and (2) can be combined into
one, i.e., Wgart < @ < Wepq. Table 2 shows the influence on the
autocorrelation function of the Duffing oscillator output sig-
nal excited by the triangular wave LFM signal under different
SNRs.

The Duffing oscillator excited by the sawtooth LFM sig-
nal has frequency alignment at most once in a modulation pe-
riod, so it only has periodic characteristics, not half-periodic
characteristics. Only the influence of the input SNR on the au-
tocorrelation function needs to be considered. Similar to the
triangular wave LFM signal, when the input SNR is low, only
in the case of W < @ < Weyg does the autocorrelation func-
tion show periodic characteristics.

3.2. Parameter estimation method for LFM signals based
on frequency periodicity

Based on the frequency periodicity analyzed in Subsec-
tion 3.1, the modulation period of the LFM signal can be ob-
tained by the autocorrelation function of the Duffing oscillator
output signal. Because the half-period characteristic depends
strongly on the strength of the input LFM signal and the fre-
quency range of the LFM signal cannot be completely covered,
it is greatly limited. Therefore, this paper mainly uses the pe-
riodic characteristic of the autocorrelation function to estimate
the parameters of the weak LFM signal; that is, the modulation
period Ty is calculated from the interval between the adjacent
local maximum points of the autocorrelation function.

Combined with the analysis in Subsection 3.1, when the
reference signal frequency of the Duffing oscillator is within
the frequency variation range of the LFM signal, s <
® < @end, the signal always occurs for a period of time Ar
in each modulation period, making the difference frequency
|Aw| < 0.03@ when the Duffing oscillator moves periodically.
Generally, the power spectrum of a chaotic signal has many
peaks, which are distributed widely and continuously, and the
peak value is small, while for the periodic signal, it contains

fewer peaks, with a concentrated distribution and high peaks.
Therefore, the power spectrum method can be used to dis-
tinguish the signal state. We can adopt the method in which
the output signal is divided into several sections, and then the
maximum estimated value of the power spectrum of each fi-
nite length signal can be calculated. If there is a finite length
signal x, in a modulation period whose power spectrum esti-
mated value is much larger than that of the other finite length
SIgNX... Xp—2,Xp—1,Xn+15Xn+2..., it can be preliminarily consid-
ered that this section signal corresponds to the periodic motion
state of the Duffing oscillator. Of course, chaotic state signals
may also have large peaks, but these peaks are usually irregu-
lar, much smaller than those of periodic signals, and may occur
at any position in a modulation period. Therefore, the chaotic
state and periodic state can be discriminated twice by the inter-
val between the occurrence of the maximum estimated value

of the power spectrum to reduce the probability of false judg-

ment.
(a)
12
i
0 50 100 150 200 250
(b)
14 T T T T
12
10
0 50 100 150 200 250
1 3 (c)
0 50 100 150 200 250
1‘8‘ (d)
0 50 10 150 200 250
(e)
14 : : : :
13
10 1 1 1 1
0 50 10 150 200 250
(f)
12
i
0 50 100 150 200 250

Fig. 5. Maximum values of the power spectral density function of the
output signal under different conditions. (a) Triangular wave LFM sig-
nal, ® = Wsgrr; (b) triangular wave LEM signal, W < @ < @end;
(c) triangular wave LFM signal, ® = @epq; (d) sawtooth wave LFM
signal, ® = Wsart; (€) sawtooth wave LFM signal, Wstart < @ < Wend;
(f) sawtooth wave LFM signal, ® = @epg-
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Figure 5 shows the maximum estimation values of the
power spectral density function of the Duffing oscillator out-

put signal when the reference frequency is Wsgar < @ < Wepq-

We set k = 0.5, F = F. =0.8259, f = 100 MHz, 125 MHz,
150 MHz, A = 1V, the modulation frequency fiy1 = 100 kHz,
Sstart = 100 MHz, and fenq = 150 MHz.

| Set a Duffing oscillator array with different
reference frequencies, taking F=F

An LFM signal 5() | Input the LFM signal into the
under low SNR Duffing oscillator array

i o x(1)

A 4

Autocorrelate the output

Calculate the power spectral density functions of x(7),
signals x(7)

taking the maximum estimation value as Prax(?)

i Rx()
- - - - Prnax (1)
Adjust the reference frequency range of Find the local maximum points R; of the
theDuffing oscillator array autocorrelation function Rx(?). v
A

R; is mapped to Pmax(?), getting Pray; (1) for
a single modulation period Ty;

N

The number of R;
is greater than 1

P (1)

Yes
A 4

A

Calculate the interval between adjacent R;, the

Calculate the maximum
modulation period 7y is obtained after averaging

value P; of each Pray;(7)

7z

The interval between

adjacent P; is equal to 7

Yes
A 4

<
<

Determine all frequency-
aligned Duffing oscillators

v

Take the P; position as the starting point
of the modulation period

.

Judge the P; position of other frequency -aligned
Duffing oscillators in the modulation period

P; position meet the
origin and termination frequency
termination condition;

—No

Yes
A 4

Calculate the center frequency , frequency
modulation deviation and frequency change rate

v

the parameter estimation for an LFM
signal is realized

End
Fig. 6. Flow chart of the parameter estimation method for the LFM signal based on frequency periodicity with low SNR
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According to Figs. 5(a) and 5(d), in a single modulation
period, if @ = Wy, for the output signal of the Duffing os-
cillator excited by either the triangular wave or the sawtooth
wave LFM signal, its periodic maximum power spectrum es-
timation value appears at the beginning of each period; if
M = Menq, for the output signal of the Duffing oscillator ex-
cited by the triangular wave LFM signal, the periodic maxi-
mum power spectrum estimation value appears in the middle
of each period, while for the output signal of the Duffing os-
cillator excited by the sawtooth wave LFM signal, the periodic
maximum power spectrum estimation value appears at the end
of each period. Through the interval and position of the pe-
riodic maximum estimation value of the power spectrum, we
can find the frequency-aligned Duffing oscillators whose ref-
erence frequency is within the frequency range of the LFM
signal, and then the origin and termination frequency of the
LFM signal can be determined. Finally, the parameter estima-
tion of the LFM signal is completed.

In summary, the process of parameter estimation for the
LFM signal based on frequency periodicity under low SNR is
as follows:

1) Set a Duffing oscillator array with different reference
frequencies, taking F' = F.

2) Input the LFM signal to be measured, and then auto-
correlate the output signals x(¢) of all Duffing oscillators and
obtain Rx(r) after taking the envelope.

3) Find the local maximum points of the autocorrelation
function Rx(r).
greater than 1, it can be considered that the reference fre-

If the number of local maximum points is

quency of the Duffing oscillator meets Wit < @ < Wepg. The
modulation period Ty of the LFM signal can be calculated
from the interval between adjacent local maximum points.

4) Calculate the power spectral density functions of the
output signal x(¢) in sections and then take the maximum esti-
mation value as Pyax (7).

5) Map the local maximum point of Rx(¢) to Ppax (), ob-
taining the corresponding modulation period 7y; and Pray;(?)

for a single modulation period 7y;.

6) Calculate the maximum value P; of each Ppj(7) and
its position in Ppayi(?), respectively. If the interval between ad-
jacent P; is equal to Ty, the reference frequency of the Duffing
oscillator meets Wyt < O < Weng.

7) Combined with the results of steps 3) and 6), all fre-
quency aligned Duffing oscillators are determined. Find the
one whose reference frequency is the smallest and take the po-
sition of P; as the starting point of the modulation period.

8) We further judge the P; position of other frequency-
aligned Duffing oscillators in the modulation period. If the
origin and termination frequency determination conditions of
the LFM signal are met, the center frequency, frequency mod-
ulation deviation and frequency change rate of the LFM signal
can be obtained. In contrast, it is necessary to change the inter-
nal reference signal frequency of the Duffing oscillator array
and return to step 1) to execute again.

The specific flow chart is shown in Fig. 6.

3.3. Applicability analysis

Combined with the analysis in Subsection 3.1, the pa-
rameter estimation method for the LFM signal based on fre-
quency periodicity proposed in Subsection 3.2 estimates the
parameters of the LFM signal only related to the strength of
the measured signal and SNR. To further analyze the scope
of applicability of this method to the spectrum estimation of
LFM signals, the frequencies of triangular wave LFM signals
are estimated at different frequency change rates, and the re-
sults are shown in Table 3. Because this method needs to use
the periodic change characteristic of the frequency of the mea-
sured LFM signal, the length of the measured signal must be
at least equal to double the modulation period. Therefore, the
modulation frequency fy and center frequency fj are fixed,
and only the frequency modulation deviation AFy is changed
to control the frequency change rate ;. In addition to the pa-
rameters listed in Table 3, we set k = 0.5, F = F. = 0.8259,
andA=1V.

Table 3. Estimation results of triangular wave LFM signals at different frequency change rates.

Frequency modulation deviation AFy/ fo

fvm (kHz)  fo (MHz)  Estimation results (MHz)

0.02 003 0.04 005 0.1 1 4 41 42 43 44 45
o o Foan = - o 0 0 O O O O O
Jend - - - o o o o o O o o -
1 1 f start - - - O O O O O - O - -
f end - - - O O O O O - O - -
10 10 f start - O O O O O O O - O - -
Jend - o o o o o o o - O -
100 100 foan - 0O O 0O 0O 0O O O O -
Jfend - O o o0 o o O o o o - -

The frequency cannot be measured. °The frequency can be measured.

The frequency change rate k¢ is normalized under differ-
ent modulation frequencies fj. According to the analysis in
Table 3, when 0.05 < k¢ < 4.1, this method can obtain accurate

estimation results. When k¢ > 4.1, due to the rapid change in
frequency and the extremely short existence time of the peri-

odic state, it is difficult to meet the duration required for phase
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state distinguishment by the power spectrum method, resulting
in the failure of frequency identification. When k¢ < 0.05, be-
cause there is a frequency measurement range of (1 +0.03)
for the traditional Duffing oscillator, i.e., difference frequency
0 < |Aw| < 0.03w, the Duffing oscillator performs intermit-
tent chaotic motion, so all Duffing oscillators within the fre-
quency range of the LFM signal can always perform intermit-
tent chaotic motion. At this time, if the output signal is an-
alyzed by the power spectrum method, there is an uncertain
shift in the position of the local maximum point in a single
modulation period, which will lead to large errors in the re-
sults. This method is also no longer applicable to the measure-
ment of frequency range.

In addition, the frequency of the sinusoidal FM signal also
meets the periodic variation characteristic, so the method pro-
posed in this paper is feasible for estimating the modulation
period of the sinusoidal FM signal, but its frequency change
rate kr will change with time, and there are extreme cases
where ks = 0 and ks =
method to measure the frequency range.

+oo, s0 it is difficult to use the proposed

4. Simulation experiment
4.1. Contrastive analysis

Experiment 1 Set A =1V, f;\y = 0.1 Hz, ks = 1 Hz/s,
fo=20Hz, f=256Hz,k=0.5, F = F. =0.8259, f =5 Hz,
10 Hz, 15 Hz, 20 Hz, 25 Hz. The parameter estimation results
when SNR = —18 ~ —10 dB of the Duffing method and the
PCFCRD!"%! are shown in Fig. 7.

100 (a)

80 _._PCFCRD[H)]
f —6— Dulffing
S 60
j&al
0
= 40
aet

20

0
-18 —17 —-16 —15 —14 —13 —12 —11 —10
SNR (dB)
0.10
(b) —o—PCFCRDI10]

0.08 —6— Duffing
<
G
© 0.06
jSal
=

0.04
jaet

0.02

0

-18 —-17 -16 —15 —14 —-13 —12 —11 —10
SNR (dB)
Fig. 7. Root mean square error (RMSE) of the frequency change rate

for the LFM signal by two methods with different SNRs: (a) axis range
=0~ 100; (b) axis range = 0 ~ 0.1.

Compared with the PCFCRD, the Duffing method pro-
posed in this paper has better noise immunity and stability for
the parameter estimation of LFM signals, so it has great ad-
vantages in a low-SNR environment. Although the estimation
accuracy under high SNR is not as good as that of PCFCRD,
the estimation accuracy at —15 dB is much higher than that of
PCFCRD. At the same time, the estimation results are stable
with an SNR of —18 ~ —10 dB and basically unaffected by
noise.

Considering the computational complexity, PCFCRD
needs to search the peak value of the signal energy in the cen-
troid frequency—chip rate (CFCR) domain, which is blind and
requires a large amount of computation. In contrast, the Duff-
ing method proposed in this paper avoids a one-dimensional
search process, thereby saving computational effort.

Experiment 2 Comparing the parameter estimation re-
sults of the proposed method with the P-norm method, !¢’
the root mean square error (RMSE) of the parameter esti-
mation results, including the frequency change rate and cen-
ter frequency, by the two methods under different SNRs are
shown in Fig. 8. The signal parameters are A =1V, fiy =
1 Hz, ks = 100 Hz/s, fo = 200 Hz, and sample frequency
fs = 8000 Hz. The Duffing oscillator relevant parameters are
k=0.5, F =F =0.8259, f =100 Hz, 150 Hz, 200 Hz,
250 Hz, and 300 Hz. Because the ¢P-norm method has good
noise robustness only when the SNR > —5 dB and its detec-
tion accuracy decreases significantly when the SNR falls be-
low —5 dB, only the estimation results when the SNR > —5 dB

are compared.

(a) —e— Ip-norm(16) —e— Duffing
0.25
) 0.20
S 0.15
2
E 0.10
0.05
0
92019 181716151050 5 10 15 1
SNR (dB)
05 (b) —e—Ip-norml1l —e— Duffing
< 0.4
-
o
€3]
0
=0
~

/‘20/x9/x8/ﬂ/x6/x5/x0 ~50 5 10 15 y»
SNR (dB)
Fig. 8. RMSE of parameter estimation for the LFM signal by two meth-
ods with different SNRs: (a) RMSE of the center frequency; (b) RMSE
of the frequency change rate.
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The parameter estimation results of the proposed method
with the Duffing oscillator based on frequency periodicity
in this paper are obviously better than those of the /P-norm
method, regardless of the estimation accuracy or stability. The
estimation accuracy differences at —19 dB and 15 dB are
small.

In order to verify the computational complexity of this
method, the computing times for the Duffing method and ¢P-
norm method are shown in Table 4. The simulation results
show that the calculation time of the Duffing method is not
much different from that of the /P-norm method, and even

slightly less.

Table 4. Computing time of two methods.

Method Computing time (s)
2.192

1.628

£P-norm

Duffing

40 (a
( )—‘—Improved efficiency FRFT algorithm/!4]

—6— Dulffing
30

20

10

Relative error of fy (%)

0 ¢ <
~15-14 13121110 -9 -8 -7 -6 -5

SNR (dB)

40 (P

—o— Improved efficiency FRFT algorithm[!4l
—&— Dulffing
30

20

10

Relative error of k (%)

G o——o
151413 121110 -9 -8 T -6 -5
SNR (dB)
Fig. 9. RE of parameter estimation for the LFM signal by two meth-

ods with different SNRs: (a) RE of the center frequency; (b) RE of the
frequency change rate.

Experiment 3 Set the signal parameters A =1V, fi =
1 Hz, k¢ = 1000 Hz/s, fo = 1500 Hz, and f; = 5000 Hz and the
Duffing oscillator parameters k = 0.5, F = F. = 0.8259, and
f=1000Hz, 1500 Hz, 2000 Hz, 2500 Hz, and 3000 Hz. Com-
paring the parameter estimation results of the Duffing method
with the efficient FRFT improved search algorithm, !4/ the rel-
ative error (RE) of the center frequency and frequency change
rate by the two methods with different SNRs are shown in
Fig. 9. Because the FRFT algorithm is no longer applicable
when SNR = —15 dB, we only compare the estimation results
with SNRs of —15 ~ 5 dB.

There is little difference in parameter estimation accuracy
between the improved efficiency FRFT algorithm and the pro-
posed method in this paper at high SNRs, but the proposed
method has obvious advantages at low SNRs. In addition, its
estimation of fj and k¢ is relatively stable, while the estimation
accuracy of the FRFT algorithm decreases significantly under
—11 dB.

The computing time for the Duffing method and efficient
FRFT improved search algorithm is shown in Table 5. Al-
though the calculation time of the Duffing method is more than
that of the efficient FRFT improved search algorithm, it is still

a simple and efficient method with lower computational cost.

Table 5. Computing time of two methods.

Method Order error Computing time (s)
0.01 0.101
FRFT 0.01 0.138
0.001 0.192
Duffing - 1.526

4.2. Weak LFM signal detection with low SNR

To further verify the effect of the method proposed in Sec-
tion 3 on the parameter estimation of weak LFM signals with
low SNR, simulation experiments are carried out. The param-
eters to be measured mainly include the modulation frequency,
center frequency and frequency change rate of triangular wave
and sawtooth wave LFM signals.

Table 6. Parameter estimation results of the LFM signal with different SNRs.

Triangular wave

Sawtooth wave

SNR (dB) ke ke
v (us)  fm (kHz)  fo (MHz) - v (us)  fm (kHz)  fo (MHz) -
Value (GHz:s™")  Error (%) Value (GHz-s™")  Error (%)
+oo 9.9999 100.00 125 10000 0 9.9999 100.00 125 5000.0 0
0 9.9999 100.00 125 10000 0 9.9999 100.00 125 5000.0 0
-10 9.9999 100.00 125 10000 0 10.001 99.991 125 4999.6 0.008
—20 9.9999 100.00 125 10000 0 9.9999 100.00 125 5000.1 0.002
=25 9.9980 100.02 125 10002 0.02 9.9999 100.00 125 5000.1 0.002
—26 10.017 99.832 125 9983.2 0.168 9.9999 100.00 - - -
—27 9.6900 103.20 - - - 9.6466 103.66 - - -
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An array composed of five Duffing oscillators with dif-
ferent frequencies of the internal reference signal is con-
structed, setting k = 0.5 and F = F;, = 0.8259, and the ini-
tial reference frequencies f are set to 75 MHz, 100 MHz,
125 MHz, 150 MHz and 175 MHz. The parameters of the
input signal to be measured are set as follows: A = 0.05V,
fm =100 kHz, fo = 125 MHz, f; = 10 GHz, triangular wave
ki = 10* GHz-s™!, and sawtooth wave kf = 5000 GHz- s~ .

In this paper, the SNR detection threshold is obtained by
adjusting the noise strength. When the signal amplitude A =
0.05 V, the noise strength is taken as 6> = 0.00125, 0.0125,
0.125, 0.395, 0.5, and 0.6265, and corresponding SNRs of
0 dB, —10 dB, —20 dB, —25 dB, —26 dB, and —27 dB are
obtained. According to the steps in Subsection 3.2, the sim-
ulation is carried out with different SNRs, and the parameter
estimation results of the LFM signal are shown in Table 6.

Experiments show that the proposed method in this paper
can effectively estimate the modulation frequency, center fre-
quency and frequency change rate of LFM signals with differ-
ent SNRs, and the SNR detection threshold can reach —25 dB.
Compared with the triangular wave LFM signals, the sawtooth
wave LFM signals have a sudden change in frequency from the
termination frequency to the origin frequency between every
two modulation cycles, which will result in a sudden change
in the motion state of the Duffing oscillator. At this time, if
the power spectrum method is used to distinguish the motion
state of the Duffing oscillator, there may be an error in the
frequency estimation of the LFM signal because this method
uses the average power spectrum estimation value in a period
of time as the judgment basis. Therefore, the parameter esti-
mation of the triangular wave LFM signal is better than that of
the sawtooth wave LFM signal. Although the detection accu-
racy decreases at —26 dB, the relative error of the frequency
change rate is only 0.168%, and higher-accuracy parameter
estimation results can still be obtained.

5. Conclusion

In this paper, we have analyzed the relationship between
the output signals of the Duffing oscillator and the input peri-
odic signals with different frequencies. Then, based on the pe-
riodic variation characteristics of the output signal of the Duft-
ing oscillator excited by the LFM signal, this paper proposes a
parameter estimation method for the LFM signal with a Duft-
ing oscillator based on frequency periodicity. This method

utilizes the periodic change in the Duffing oscillator output
signal with the frequency change in the LFM signal to esti-
mate the modulation period first, and then the periodic power
spectrum method is used to distinguish the motion state of the
Duffing oscillator. The relationship between the reference fre-
quencies of frequency-aligned Duffing oscillators and the fre-
quency range of the LFM signal is determined. Furthermore,
the estimated values of the central frequency, frequency devi-
ation and frequency change rate of the LFM signal are also
obtained. Therefore, high-accuracy parameter estimation for
the LFM signal at —25 dB SNR is realized.
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