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Dynamics of magnetic microbubble transport in blood vessels
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Magnetic microbubbles (MMBs) can be controlled and directed to the target site by a suitable external magnetic
field, and thus have potential in therapeutic drug-delivery application. However, few studies focus on their dynamics in
blood vessels under the action of magnetic and ultrasonic fields, giving little insight into the mechanism generated in
diagnostic and therapeutic applications. In this study, equations of MMBs were established for simulating translation,
radial pulsation and the coupled effect of both. Meanwhile, the acoustic streaming and shear stress on the vessel wall were
also presented, which are associated with drug release. The results suggest that the magnetic pressure increases the bubble
pulsation amplitude, and the translation coupled with pulsation is manipulated by the magnetic force, causing retention in
the target area. As the bubbles approach the vessel wall, the acoustic streaming and shear stress increase with magnetic
field enhancement. The responses of bubbles to a uniform and a gradient magnetic field were explored in this work. The
mathematical models derived in this work could provide theoretical support for experimental phenomena in the literature
and also agree with the reported models.

Keywords: magnetic microbubbles, targeted drug delivery, ultrasound, magnetic field

PACS: 43.35.+d, 43.25.+y, 47.55.dp DOI: 10.1088/1674-1056/aca14b

1. Introduction
Ultrasound combined with microbubble contrast agents

has been widely demonstrated as a method of improving the
delivery of drugs and genes in vitro and in vivo. However,
the technique is limited by the relatively low delivery efficien-
cies achieved. Encapsulated microbubbles coupled with mag-
netic nanoparticles are referred to as magnetic microbubbles
(MMBs), and are regarded as a recent development with the
potential to greatly improve the efficacy of drug delivery and
procedure sonoporation.[1–4] The shell elasticity allows vol-
ume oscillations in an acoustic field, which can be more easily
controlled by an external magnetic field and demonstrate great
potential as a drug delivery vehicle and multi-modal imaging
tool.[5–7]

Gene transfection enhanced by MMBs was first demon-
strated by Stride et al.,[8] and then confirmed by Mulvana
et al.[9] and Vlaskou et al.[10] One possible mechanism is
that both the concentration and proximity of the MMBs to
the target cells are improved by the magnetic field.[11] How-
ever, this assumption needs to be further confirmed[12–14] and
more experiments are needed. The effects of nanoparticles
on the dynamic and acoustic responses of MMBs have been
characterized.[15,16] The harmonic response and cavitation ac-
tivity have been investigated experimentally.[17,18] Zhao et
al.[19] found experimentally that the magnetic susceptibility is
proportional to the square of MMB radii. Meanwhile, MMBs
also show powerful potential in tumor therapy and targeted
drug delivery.[20,21] Both magnetic nanoparticles and nan-
odrugs can be released from oscillating MMBs.[12,14] Zhang

et al.[2] reported an application in sonothrombolysis and con-
firmed that MMBs can be retained by a rotational magnetic
field against blood flow. Recently, a series of sonodynamic
therapies induced by oscillating MMBs in external fields were
further verified.[22,23] Several specific devices were designed
to maximize the superiority for tumor treatments.[13,24,25]

The kinetics and regulation of MMBs are the basis of its
application. To describe the volume oscillations exposed to
ultrasound, Mulvana et al.[16] conducted a preliminary mod-
elling study. A fixed volume fraction of solid nanoparticles
was used to examine the influence of an additional magnetic
layer. Recently, Zhao et al.[26] developed a multilayer mag-
netic shell model and the nonlinear oscillating characteristics
were numerically evaluated. However, these studies have their
limitations, because they ignore the influence of an applied
magnetic field and non-spherical pulsation. Previous numeri-
cal studies on bubble dynamics in a magnetic field often were
replaced by the dynamic of one or more non-magnetic bub-
bles in magnetic fluids. In this way, Lind[27] simulated the
dynamics of non-spherical MMBs and showed that the mag-
netic susceptibility difference between bubbles and the ambi-
ent fluid can provide an additional means of flow control. Mal-
var et al.[28] formulated a new version of the Rayleigh–Plesset
equation by considering the magnetic stress contribution and
proved that the bubble oscillating motion can be controlled
and its collapse avoided when a high magnetic field is applied.
Chen et al.[29] expanded this work and found that the vibration
amplitude could be enhanced by the magnetic field. Unfortu-
nately, the coupling effect between vibration and translation
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has not been investigated and this incomplete understanding
of the transport mechanism of MMBs makes some phenom-
ena observed from experiments difficult to explain.

Mathematical study acts an important role in exploring
this mechanism by offering detailed mechanical processes that
would be difficult or impossible to see in vitro or in vivo. In
this work, theoretical models are established to simulate the
dynamics of MMB transport in blood vessels under acoustic
pressure and magnetic fields. In addition, some parameters as-
sociated with drug release are also simulated, especially the
shear stress generated by bubble pulsation, which increases
with the intensity of the applied magnetic field. The study
attempts to provide insight into the details of MMB motion
during targeted transport and support some experimental con-
clusions.

2. Theory and method
2.1. Translation in blood vessels

MMBs transported in blood vessels are capable of tar-
geted delivery and drug release when driven by ultrasound
and magnetic fields. As shown in Fig. 1, typical processes
were summarized as translation, pulsation and drug release.
MMBs can be retained in the tumor region under the guidance
of a magnetic field, and perform drug release behavior in ul-
trasound.

In a steady vessel flow, a single MMB is governed by
three forces, expressed as

meff
d𝑣
dt

= 𝐹M +𝐹buoy +𝐹D, (1)

where meff is the effective mass of the MMB including the
added mass, and the three terms on the right side of Eq. (1) are
the magnetic force, buoyancy and drag force, respectively.

In addition, meff is small enough relative to other factors,
which means the terminal velocity can be rapidly obtained.

The process of MMB transport in the target region is shown
in Fig. 2. When MMBs arrive at the targeted region, 𝐹M is
generated by a linear Halbach array of magnets, which is used
in the experiment work of Barnsley et al.[24] and expressed by

𝐹M =𝑚 ·∇𝐵=
χb

µ0
B

dB
dz

𝑒̂z, (2)

where 𝑚 is the total magnetic moment of the magnetic
nanoparticles, χb is the magnetic susceptibility of the bubbles,
µ0 is the permeability of vacuum space, and B is the magnetic
induction. The expressions χb = (6× 10−6 m)R2, dB/dz =
900e(−0.75zmag/mm)T/m and B = 1.1e(−0.63zmag/mm)T are
cited from the literature.[19,24]

The vessel is assumed to be a laminar cylindrical channel
in the x-axis direction,[24] and the liquid flow rate vF is given
by

𝑣F = 2vA

(
1−
(

y
RC

)2

−
(

z
RC

)2
)
𝑒̂x, (3)

where vA is the mean velocity and RC is the channel radius.
Taking blood as a Newtonian fluid, the drag force 𝐹D is

followed by Stokes’ law and given by viscous drag

𝐹D = 6πηLR(𝑣F−𝑣) , (4)

where ηL is the liquid viscosity, R is the temporary radius and
𝑣 is the velocity vector of the transport MMBs. Only the two
dominant forces 𝐹M and 𝐹D are considered in this model; one
can obtain the result by combining Eqs. (1)–(4), given as

𝑣 = 𝑣F +
𝐹M

6πηLR
= vF𝑒̂x + vz𝑒̂z. (5)

If 𝐹M is uniformly distributed in the local region, the compo-
nent of 𝑣 in z-direction vz is approximated as a constant. This
method has been verified by simulations and experiments in
the literature.[24]

Nano drug

Magnetic particle

Gas

Tumor cell

Magnet

Encapsulated shell
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Pulsation

Drug release

Transport

Blood

flow

Fig. 1. Sketch of MMBs used for targeted drug delivery.
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Fig. 2. Targeted delivery of MMBs in a flowing channel. The channel
radius is RC with a flow in the x-direction, and each bubble is trapped
in the target area marked by the shaded region from x0 to xM. Linear
Halbach array magnets with thickness dmag are fixed at a distance zmag
from the channel center. The dotted lines show the bubble trajectories
under the attraction of the magnets.

Primarily, our model is based on the one-dimensional
cylindrical channel flow along the x-direction according to
Eq. (3), and the magnetic force is applied in the z-direction.
There is no driving force in the y-direction, so the displace-
ment in the y-direction is ignored. Further, the coordinate
components x(t) and z(t) are obtained by integrating the ve-
locity components in Eq. (5). Taking the original coordinate
position as (x0, y0, z0), x(t) and z(t) can be represented as
follows:[24]

z(t) = z0 + vzt,

x(t) = x0 +2vAt
(

1− 1
R2

C

(
1
3
(vzt)

2 + z0vzt + y2
0 + z2

0

))
. (6)

Due to the strong magnetic force, MMBs are assumed to have
no slippery contact with the channel wall. Thereby, the capture
efficiency is expressed as[24,25]

capture efficiency = 0.601
(

vz

vA

xM

RC

)0.522

×100%. (7)

2.2. Dynamic model of coupled motion

Previous studies have shown that magnetic nanoparti-
cles have little effect on acoustic response, and MMBs are
also not obviously affected by magnetic fields.[16] Donikove’s
model[30] describes the vibration of a thin-shell bubble in an
infinite liquid, represented as

RR̈+
3
2

Ṙ2

=
1

ρL

[
Pg0

(
R0

R

)3γ

− 2σ

R
−4ηL

Ṙ
R
−P0−Pac(t)−S

]
, (8)

where R and R0 are the transient radius and the initial radius,
respectively. Ṙ is the bubble wall velocity, the liquid density
and viscosity are ρL and ηL, respectively, σ is the surface ten-
sion, Pg0 is the equilibrium pressure, γ is the polytrophic ex-
ponent, Pac(t) = Pa sin(2π f t) is the acoustic driving pressure,

and S represents the role of the encapsulated shell and is de-
scribed by

S = 4κ
(
Ṙ/R

) Ṙ
R2 +4ζ

R0

R

(
1

R0
− 1

R

)
, (9)

where κ
(
Ṙ/R

)
=κ0+κ1Ṙ/R is the shell surface viscosity (in

kg·s−1) and ζ is the shell surface elasticity (in N·m−1). The
values of shell parameters κ0, κ1 and ζ are obtained from
the literature,[30] and some observations[17,21,30] show that the
stiffness and viscosity of the shell are related to magnetic parti-
cle concentration. When MMBs move in the vessel,[31,32] the
kinetic energy of the system is contributed by pulsation and
translation, which is defined as

T = 2πρLR3Ṙ2 (1+α +β )+2πρLR3 ẋ2+ż2

6
, (10)

where α= 2RLC
R2

C

(
1− 3

2
RC
LC

)
, β = ε2

1+ε

R
ld

are determined by the

vessel boundary, RC is the channel radius and LC the length, ε

is the curvature of the channel, and ld is the distance between
the bubble center and vessel wall.

Considering the work done by pulsation and external
forces 𝐹ex acting on MMBs, the potential energy[33] of the
system is

U =−4π

3
R3

∆P− (xêx + zêz) ·𝐹ex. (11)

From the right terms of Eq. (8), ∆P includes an additional
magnetic pressure PM, and PM is given by Lind:[27,34]

∆P = Pg0

(
R0

R

)3γ

− 2σ

R
−4ηL

Ṙ
R

−P0−Pac(t)+PM−S, (12)

PM =
∆χ

2µ0
B2

0, (13)

where µ0 is the vacuum permeability, and B0 is the magnetic
field strength and generally taken as 1–2 T.[8,16,27] The mag-
netic susceptibility difference ∆χ is a dimensionless value be-
tween the MMBs and the ambient fluid. 𝐹ex in Eq. (11) de-
notes the external forces acting on the MMBs, and can be writ-
ten as

𝐹ex = −12πηLR((ẋ− vF) 𝑒̂x + ż𝑒̂z)

+FM𝑒̂z +
ρL

4π (2ld)
2 V̇ 2

b 𝑒̂z. (14)

The right terms of Eq. (14) correspond to Levich viscous
drag,[35] magnetic force and secondary Bjerknes force,[36] and
the bubble volume is Vb.

In addition, the Lagrangian quantity of the system is

L = 2πρLR3
(

Ṙ2 (1+α +β )+
ẋ2 + ż2

6

)
+

4π

3
R3

∆P+(xêx + zêz) ·𝐹ex. (15)
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If other dissipative factors are ignored, the Lagrange
equation is expressed as

d
dt

∂L
∂ q̇
− ∂L

∂q
= 0, (16)

taking R, x, z and Ṙ, ẋ, ż as generalized coordinates and veloci-
ties, respectively. This operation yields the equations of MMB
dynamics

RR̈(1+α +β )+
3
2

Ṙ2
(

1+
4
3

α +
4
3

β

)
=

∆P
ρL

+
ẋ2+ż2

4
, (17)

ẍ+
3Ṙẋ
R

=
3Fx

2πρLR3 , (18)

z̈+
3Ṙż
R

=
3Fz

2πρLR3 . (19)

Equations (17)–(19) are the coupled formulas describing the
radial pulsation and translation of MMBs in the vessel. The
contributions of the magnetic field and vessel wall are consid-
ered, such as the magnetic pressure, magnetic force, Bjerk-
nes force, velocity gradient and the system kinetic energy ad-
justed by the vessel wall, which are the main factors in de-
scribing the boundary effect of fluid–solid interaction. This
model has a similar form to the non-magnetic bubbles in a
magnetic fluid,[28,29] and it also agrees with the reported mod-
els of gas bubbles in a channel and near a curved wall.[31,32]

For more complex cases, the reflection and absorption of the
vessel wall, even for non-spherical jets, remain to be further
clarified.

Assuming MMBs vibrating at small amplitudes, the
eigenfrequency[37] is obtained by Eq. (17) as

f ∗0 = f0
1√

1+ 2R0LC
R2

C

(
1− 3

2
RC
LC

)
+ ε2

1+ε

R0
ld

, (20)

f0 =
1

2πR0
√

ρ

√
3γP0+

2(3γ−1)σ

R0
+

4ζ

R0
, (21)

where f ∗0 and f0 correspond to the vessel and infinite environ-
ment, respectively.

2.3. Drug release dynamics

Safely increasing transfection efficiencies in sonopora-
tion (the amount of drug uptake by cells) remains an important
issue and the shear stress caused by microstreaming has been
demonstrated as an effective means. When a drug particle is
detached from a MMB, the force balance relationship[12] is
satisfied:

duP

dt
=

ρL

ρLCA +ρP

duL

dt
− 18ηL

d2
P(ρLCA +ρP)

(uP−uL), (22)

where dP is the particle diameter, uP is the particle velocity,
uL = R2

r2
dR
dt is the liquid velocity induced by bubble vibration,

and CA is the viscous drag coefficient.
The microstreaming, generated by vibrating bubbles

when they approach the wall, can be described by ψ (r,θ) in
spherical coordinates.[38] The dimensionless velocity u∗ is a
function of θ and given by Eq. (24).

ψ (r,θ) =
AR4

0ω

r
cos2

θ sin2
θ , (23)

u∗ =
|u/A|
R0ω

(
r

R0

)3

=

√
sin2 (4θ)

4sin2
θ

+ sin2
θ cos4 θ , (24)

where A is the dimensionless source strength depending on the
oscillation mode of the bubble. To simplify the description, a
dimensionless radial function f (r) = AR3

0ω/r is introduced to
demonstrate the streamline distribution.

According to Nyborg’s theory,[39,40] if the pulsating bub-
ble is close to the vessel wall, the x component of shear stress
on the cells can be quantified by

τxz = 2(ρLηL)
1/2 (π f )3/2 ξ 2

m

R0

(
R0

ld

)5 2δ
(
1−2δ 2

)
(1+δ 2)4 , (25)

where ξm is the pulsating amplitude and δ = x/ld.

3. Numerical simulation
The parameters used in numerical analysis are as follows:

R0 = 2 µm, P0 = 105 Pa, ρL = 103 kg·m−3, σ = 0.085 N·m−1,
ηL = 10−3 Pa·s, Pa = 60 kPa, ∆χ = 0.1, and f = 1 MHz.
Typical parameters of the shells of MMBs are κ0 = 1.45×
10−8 kg·s−1, κ1 = 6× 10−15 kg and ζ = 0.2 N·m−1. More-
over, the drug particles are simulated with dP = 100 nm,
ρP = 3×103 kg·m−3 and CA = 0.5.

3.1. Transport in gradient magnetic field
3.1.1. Magnetic field analysis

The strength and gradient of the magnetic field are essen-
tial for MMB localization. Figure 3(a) plots the fitting curve
of B as a function of zmag given as B = 1.1e(−0.63zmag/mm) T.
It matches the experimental data[24] (blue dots in Fig. 3(a))
very well. The gradient of the magnetic field depends on zmag

and is expected to be dB/dz = 900e(−0.75zmag/mm) T/m (in-
set plot in Fig. 3(a)). The values of B · dB/dz are 18 T2·m−1

and 53.2 T2·m−1 in the literature,[8,11] which agree with our
data of 18.1 T2·m−1 and 54.6 T2·m−1 at zmag = 2.9 mm
and 2.1 mm, respectively. The magnetic force FM acting
on MMBs is related to zmag in Fig. 3(b). A semilog plot
is presented to emphasize the exponential properties of FM

with zmag. The marked data of 100 µm radius at zmag =

4 mm is 2.142× 10−7 N, which agrees with experimental
observations.[19] The FM marked as 8.568×10−11 N for a ra-
dius of 2 µm is about 2500 times for 100 µm. This variation
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follows the rule FM ∼ R2 due to magnetic nanoparticle num-
bers. When MMBs are attracted by magnets, their position
and acting forces are changed with time. Larger bubbles carry
more magnetic particles and produce stronger magnetic force.
In Fig. 3(c), a bubble with 2 µm radius moves from z = 3 mm
to z= 0 mm at the latest and takes 0.09 s, which is much longer
than a larger one. This suggests that the size sorting of MMBs
could be assisted by an external force,[41] and a better oper-
ation on aggregation would be realized by the attached mag-

netic force. Figure 3(d) shows the competition between forces

on a bubble with 2 µm radius at z0 = 3 mm. When the bubble

is close to the magnets, the velocity is gradually accelerated

by the magnetic force, and the drag force is also increased un-

til terminal equilibrium is reached. As expected, the values

of both the added mass force and buoyancy force are smaller

than magnetic and drag forces; this observation supports the

simplification of Eq. (5).
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Fig. 3. Responses of MMBs to the linear Halbach array magnets. (a) Character of gradient magnetic field; (b) relationship of FM ∼ zmag;
(c) transport in z-direction guided by magnets; (d) forces acting on a bubble of R = 2 µm at z0 = 3 mm.

3.1.2. Transport trajectory

In a vessel of RC = 0.25 mm, MMBs moving from x0 =

0 mm to xM = 2 mm along the x axial direction are manip-
ulated by the linear Halbach array magnets. For mean flow
velocities of vA = 20 mm·s−1 and 40 mm·s−1, trajectories
are shown in Figs. 4(a) and 4(b), respectively, and each hor-
izontal line corresponds to a starting position. As an exam-
ple for comparison, the black line is retained at x = 2 mm
for 40 mm·s−1 and x = 1 mm for vA = 20 mm·s−1. Higher
velocity vA produces a horizontal displacement with a longer
distance. Smaller distance to the magnets leads to better cap-
ture of MMBs with a shorter horizontal displacement, while
higher flow velocity weakens the capture efficiency. The red
line in Fig. 4(c) is the fitting curve from Eq. (7) that matches
the calculated results (statistics from a large number of tracks),
indicating that capture efficiency decreases as vA increases,
and the capture behavior observed in experiments can also be
quantified by Eq. (7).[24,25] In other words, Eq. (7) can serve
as a simple method to predict the capture efficiency without
calculating tracks. The distance to the magnets is also an es-
sential parameter in MMB capture. The relationship between

translation velocity vz and separation distance zmag is shown in
Fig. 4(d), Eq. (5) shows an exponential relationship between
them, and the marked data represent the speed at several spe-
cific distances. Above all, the trajectories of MMBs can be
established by the model shown in Eq. (6), and the capture
efficiency between calculation and the analytical formula has
been well verified.

3.1.3. Capture efficiency

MMBs can be localized at the target region when they are
attracted by a gradient magnetic field. Capture efficiency is
studied by Eq. (5) using the control variable method. These
parameters include the component of transport velocity in the
z direction vz, mean velocity vA, vessel radius RC and mag-
net length xM; the results are shown in Figs. 5(a)–5(d). When
RC = 0.25 mm, the efficiency increases with improved vz and
xM (Figs. 5(a) and 5(b)) and decreases with vA (Fig. 5(c)), so a
higher moving velocity and longer magnets can be more effi-
cient, whereas a stronger flow velocity has the opposite effect.
However, if vA and xM are constant, smaller RC and larger vz

are more effective as shown in Fig. 5(d).
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3.2. Pulsation in uniform magnetic field

3.2.1. Pulsation in unbound case

To study MMBs pulsating in a uniform magnetic field,
first, the unbound case without the vessel wall constraint
was simulated. The R–t curves with code testing are shown
in Fig. 6(a); the parameters used here are R0 = 1.4 µm,
f = 3 MHz and Pa = 100 kPa. The prediction of the pro-

posed model (green line) matches well with the data (red
circles) in the literature.[30] To highlight the effect of the
shell, an unshelled bubble was used for comparison data (blue
line). The shell effect reduces the amplitude and increases
the harmonics.[42] Figure 6(b) shows the vibration of MMBs
(R = 2 µm, Pa = 60 kPa and f = 1 MHz) in magnetic fields
of B0 = 1 T, 1.5 T and 2 T. The vibration amplitude increases
with B0 and one possible mechanism is that magnetic field pro-
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motes acoustic response. Similar results were found in Lind’s
theoretical analysis of non-spherical bubbles in a magnetic
liquid,[27] and it is also supported by violent bubble oscilla-
tion manipulated by external fields in a magnetic fluid[28,29]

and electric medium.[43] Moreover, after removing the ultra-
sonic field at 6.5 µs, damping oscillations of MMBs are also
displayed, and the final static radius is increased with the in-
tensity of magnetic field.

As shown in Fig. 6(c), the oscillation amplitude near
the resonance frequency increases significantly with magnetic
field intensity. Considering B0 = 0 T, the maximum amplitude
corresponding to the frequency is 2.6 MHz, which agrees with

the 2.63 MHz calculated by Eq. (24) using ζ = 0.2 N·m−1.
Meanwhile, the resonant peak shifts from 2.6 MHz to 1.4 MHz
after applying B0 = 2 T, and the resonance frequency drops
because the magnetic field increases the final static radius.
Figure 6(d) depicts the curve of magnetic pressure PM for
∆χ = 0.01, 0.05 and 0.1; the larger the susceptibility differ-
ence is, the faster PM increases with B0 improvement. Con-
versely, bubbles in liquid oxygen with susceptibility 0.0035
have a smaller magnetic pressure of 1.4 kPa at B0 = 1 T,[34]

which directly supports the idea that magnetic pressure is de-
termined by the magnetic field and susceptibility difference
between MMBs and the ambient fluid.
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3.2.2. Resonance frequency

First, the shell effect on resonance frequency f0 is shown
as an unbound case in Fig. 7(a). The hybrid shell has
higher surface elasticity compared with an uncoated bubble
and yields a higher f0. The prediction of the green line with
ζ = 0.3 N·m−1 aligns with the experimental data,[44] and the

discrepancy decreases with increasing bubble size. More-
over, f0 can also be used to evaluate the shell elasticity.[45]

As shown in Figs. 7(b) and 7(c), a larger RC and further dis-
tance ld yield a lower resonance frequency. Moreover, f ∗0 / f0

decreases greatly with increasing R and the observed rule is
consistent with the literature,[46,47] indicating the reliability of
this model.
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3.2.3. Pulsation near vessel wall

Oscillating MMBs near the wall were used to verify the
validity of the model. The red circles in Fig. 8(a) represent
the data carried by Garbin[48] and the green line is the pre-
dicted result of this model. The two results almost coincide
and the deviation may be attributed to uncertain ld or non-
spherical pulsation. In contrast, a bubble far away from the
wall is seen as a free one, shown as a blue line; a shorter
period and larger amplitude imply that boundary constraints
suppress oscillations.[49,50] As shown in Fig. 8(b), the bound-
ary constraint causes a resonance frequency decrease, and the
magnetic field obviously alters the oscillatory response when
compared with the unconstrained case as shown in Fig. 6(c).
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magnetic fields, Rmax (solid line) and Rmin (dashed line).

3.3. Coupled motion

The coupled motion of MMBs near the vessel wall is
shown in Fig. 9(a). The three cases have similar trends. There
is a much stronger response in the case of both fields than in
the other cases, which could be ascribed to the synergistic ma-
nipulation. On the other hand, the pulsation in both fields is
consistent with the non-spherical jet behavior near the vessel
wall,[27] indicating that the volume vibration is improved, and
then non-spherical deformation and jet generation. However,
further studies on jet behavior go beyond our spherical hypoth-
esis of MMBs. If the MMBs are far from the vessel wall and
ld = 20 µm, Fig. 9(b) displays the translational motion. The

motion toward the wall is weaker in the acoustic field than in
the magnetic field, which can be described by the Bjerknes
force decays with (ld)2. The difference between the red and
blue lines is attributed to the fact that the Levich drag in both
fields is twice the Stokes drag in the magnetic field. There-
fore, a rapid translation of the red line is observed at the initial
stage and then the blue line approaches quickly as the MMBs
approach the wall. This indicates that the translation of MMBs
away from the vessel wall is mainly controlled by the magnetic
force, while near the wall it is the Bjerknes force. Moreover,
the combined application of magnetic and ultrasonic fields is
shown with a shorter horizontal distance x(t). The capture
of MMBs can be improved by the synergistic effect between
magnetic force and Bjerknes force.
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3.4. Transport distance of drug particles

MMBs carrying drugs and magnetic nanoparticles have
the potential to improve localized drug delivery and tumor
therapy.[11–13] It is assumed that the slight deformation of the
vessel wall is replaced by a rigid wall. In Fig. 10(a), the evo-
lution of transport distance vs. time by solving Eq. (18) and
Eq. (23) is compared with the reported trajectory.[12,14] Over-
all, the similar trend in both results confirms that the model can
predict the drug release well. Figures 10(b), 10(c), 10(d) show
the influences of B0, Pa and R0 on the transport distance, re-
spectively. A stronger magnetic field, higher acoustic pressure
and suitable bubble radius provide a further transport distance
and allow better drug release. The ultrasound triggers MMBs

094302-8



Chin. Phys. B 32, 094302 (2023)

with violent vibrations and liquid microstreaming improves
the drugs separated from MMBs. For the latter two graphics,
the displacement of released drug particles corresponds well

with Guillaume’s observations,[14] and the existing difference
may be explained by the simplified velocity distribution and
non-spherical oscillation.
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3.5. Acoustic streaming

Acoustic streaming pattern and direction are usually related to the acoustic driving frequency and amplitude. Streamlines
help clarify the trajectory of drug release.[14] Simulated results are shown in Fig. 11(a). Compared to Marmottant’s pattern,[51] our
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calculation provides a surprisingly similar streamline distribu-
tion away from the bubble center. It is beneficial to understand
the process of drug particle release from oscillating MMBs.
The non-dimensional release velocity u∗ as a function of spa-
tial angle θ is shown in Fig. 11(b). The release velocity u∗ is
strongly dependent on the streaming direction and distribution;
its maximum value is obtained at θ = 0. Figure 11(c) is shear
stress distribution on vessel wall when the bubble oscillates at
a distance ld, the negative stress means an opposite direction.
At the position of x/R0 = 0.3, the variation in shear stress with
driving frequency is shown in Fig. 11(d); the maximum value
corresponds to the resonance frequency being driven. This in-
dicates that the combined magnetic and ultrasonic fields could
improve shear stress, which may generate sonoporation to en-
hance transfection,[8,27] and the sonothrombolysis test implies
that a better lysis rate is achieved by more cavitation nuclei
retained in magnetic targeting region.[11]

3.6. Therapy effect analysis

As noted above, the behavior of MMBs driven by
external fields was numerically analyzed, and the results
are consistent with the experimental data in the literature.
Experiments[8,11,12] reported that the differences in aggregated
drug particles in the tumor area caused by external fields
eventually lead to different therapeutic effects.[12,13] Lind[27]

suggested that a stronger jet formed by the combined appli-
cation of acoustic–magnetic fields and the generated high-
speed collapse is most likely to maximize cell poration and
gene/drug delivery. Our observations indicate that the mag-
nitude of shear stress near the vessel wall was increased un-
der applied external fields. In contrast, a uniform magnetic
field is verified to weaken the oscillating gas bubble with-
out coated magnetic particles, and is supported by inhibition
of sonoluminescence[52–54] and reduction of the blood–brain
barrier opening volume.[55] These facts could serve as con-
trary evidence to approve the model in this work; fiercer pul-
sation of MMBs is achieved by combined acoustic and mag-
netic fields. A higher shear stress caused oscillating MMBs
in the combined acoustic and magnetic fields, which aligns
with the results[11–13] in sonothrombolysis and tumor therapy.
The magnetic force makes more MMBs stay in the target area
and magnetic pressure improves the pulsation amplitude. The
higher shear stress on the vessel wall is expected to enhance
drug delivery efficiency.

4. Conclusions
An analytical model of single MMBs, which are trans-

ported in blood vessel and exposed to ultrasound and magnetic
fields, was established. Our simulation includes translation,
vibration and coupled motion of both. Vibration streaming,
shear stress and their effects related to particle capture are also

predicted. The results suggest that both transport and pulsation
are well manipulated by the magnetic field due to the mag-
netic force and magnetic pressure. The effects of the vessel
wall and external fields on the resonance frequency are further
evaluated. Acoustic streaming near the vessel wall is demon-
strated; some parameters related to drug release are quantified
and consistent with the experimental data in the literature. In
summary, a combined application of ultrasound and magnetic
fields not only improves the capture of MMBs in the targeted
region but also increases the shear stress near the vessel wall,
which may enhance the permeability of the tissue, thus leading
to better drug uptake. These results provide better understand-
ing of the mechanism of MMBs in clinical applications and
can be used to optimize the delivery strategy.
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