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Rigorous solution to second harmonic generation considering
transmission and reflection of light at air–crystal interface
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Considering the transmission and reflection of TE-polarized pump light at the air–crystal interface, the second har-
monic generation (SHG) in a lithium niobate (LN) crystal is investigated theoretically and systematically in this work.
In previous studies, the theoretical analyses of reflection and transmission of incident wave in the process of nonlinear
frequency conversion were not considered in LN crystal on account of the complicated calculations. First, we establish
a physical picture describing that a beam of light in TE mode transports in the LN crystal considering transmission and
reflection at the crystal surface and generates nonlinear second-order optical polarization in crystal. Then we analytically
derive the reflection coefficient and transmission coefficient of pump light by using the dispersion relationships and elec-
tromagnetic boundary conditions. We construct the nonlinear coupled wave equations, derive and present the small signal
approximation solution and the general large signal solution exactly. Under the transmission model and reflection model,
we find that the conversion efficiency of the second-harmonic wave is obviously dependent on transmission coefficient and
other general physical quantities such as the length of LN crystal and the amplitude of pump light. Our analytical theory
and formulation can act as an accurate tool for the quantitative evaluation of the SHG energy conversion efficiency in an
LN crystal under practical situations, and it can practically be used to treat other more complicated and general nonlinear
optics problems.
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1. Introduction
In recent years, tremendous progress in the field of non-

linear optics technology has been made. Considerable effort
has been dedicated to generating broadband coherent light
sources and ultrafast pulse lasers by using the laser light inter-
acting with nonlinear crystals. Different second-order nonlin-
ear optical effects such as second harmonic generation (SHG),
sum frequency generation (SFG), difference frequency gen-
eration (DFG), and optical parametric oscillation and ampli-
fication allow spectral range to expand to new wavelength
band.[1–16] Two schemes called the birefringence phase match-
ing (BPM)[2,17] scheme and quasi-phase-matching (QPM)[3,8]

scheme have been proposed to achieve high conversion ef-
ficiency. By changing the sign of the second-order nonlin-
ear susceptibility χ(2) to compensate for the phase mismatch-
ing, many periodic,[4,6,18,19] quasi-periodic,[20] chirped,[21]

aperiodic[20,22] structures have been designed. More and more
crystals are used to interact with lasers to give rise to nonlinear
effects.[7,23–25] But, the solution and the discussion for general
nonlinear processes considering reflection and transmission of
fundamental wave (FW) on the crystal surface are still lacking.

The reflection and transmission of incident wave on crys-
tal surface is a very old and classical problem. The reflec-
tion and transmission of incident wave on the crystal surface
and the transmission of incident wave through the crystal can

be found in the classical textbooks.[26–30] It has been well
established that reflection and transmission of light is an in-
dispensable part of linear optics dealing with the light trans-
port across impedance-mismatched air–crystal interface, and
in principle it should also be an important subject for nonlinear
optics when pump light passes across the surface of nonlinear
crystal, thereby triggering off nonlinear frequency conversion.
Unfortunately, the extension from the linear optics problem
about pump light transport across a nonlinear crystal to nonlin-
ear optics problem of various nonlinear frequency conversion
processes (e.g., the second-harmonic generation, SHG) under
pump light illuminating nonlinear crystal, with the air–crystal
reflection and transmission fully considered, is very rare. Be-
cause many nonlinear crystals have a large refractive index, the
air–crystal reflection and transmission cannot be ignored, and
thus it is highly desirable to develop a systematic, complete,
comprehensive theoretical analysis method and process that
can quantitatively evaluate spatiotemporal evolution charac-
teristics of various nonlinear frequency conversion processes
in the frame of the reflection and transmission model.

In this work, we will take SHG for example and eval-
uate the SHG efficiency by using the reflection and trans-
mission model. According to Maxwell’s equations and the
electromagnetic boundary conditions, we will derive a set of
analytical equations to describe the whole process when the
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fundamental-wave (FW) pump light polarized in TE mode,
whose polarization direction is parallel to the crystal axis,
passes across the surface of a z-cut lithium niobite (LN) crys-
tal, is subjected to certain reflection, transmission, and trans-
port in the crystal, and thus inducing the SHG. We want to
obtain some explicit analytical mathematical expressions that
allow us to directly find out the SHG efficiency depending on
various physical parameters in this more complete model con-
sidering the reflection and transmission on the crystal surface
of LN. This kind of solution method is closer to the practi-
cal situation of nonlinear optical experiment, and thus has a
better reference significance than the conventional model and
method of pure nonlinear optics without considering the air–
crystal interface reflection and transmission.

The remainder of this paper is arranged as follows. In
Section 2, we introduce the theoretical model of light trans-
port in the LN crystal with considering transmission and re-
flection of light at air–crystal interface. We exhibit the general
physics image of SHG in an LN crystal when transmission
and reflection occur. In Section 3, we derive the spatiotempo-
ral evolution of electromagnetic fields of the LN crystal in the
TE polarization state, starting from the Maxwell’s equations.
In Section 4, we analyze the reflection and transmission the-
ory according to the mathematical dispersion relations and the
continuous boundary conditions and calculate the reflection
coefficient and transmission coefficient of the incident wave.
In Section 5, we derive the coupled-wave equations of FW
and SHG from wave equation with considering transmission
and reflection of light at the air–crystal interface. In Section 6,
we further derive and present the exact theoretical analytical
solutions with considering the transmission and reflection of
incident TE mode at the crystal surface. We then find that
the conversion efficiency of SHG depends on some important
physical quantities, including the transmission coefficient of
incident wave in both small signal approximation model and
the general large signal model. In Section 7, We take spe-
cific examples to observe intuitively the conversion efficiency
of FW to the second-harmonic wave (SHW) by comparing the
ideal circumstance without reflection loss with the actual cir-
cumstance with reflection loss at the crystal surface. Finally,
in Section 8, we summarize the main results of this work and
draw some conclusions that the SHGs produced in LN crys-
tal are determined by the reflection and transmission at crystal
surface under strict small signal solution and large signal solu-
tion situations, and present an overview of the perspective of
some new directions worthy of consideration for the study of
nonlinear optics.

2. Physical model
Suppose that a monochromatic FW plane-wave beam is

incident on a z-cut LN crystal from the air in a coordinate

system as shown in Fig. 1(a), where the principal crystalline
orientation of LN is collinear with the coordinate axis. More
specially, the extraordinary crystalline axis of LN is parallel
to the z axis and the ordinary crystalline plane of the crystal
is coplanar with the xoy plane in our system. For simplic-
ity, we consider that the ray propagates along the y axis with
a TE polarization state which involves the field components
(Ez,Hx,Hy). The air has refractive index n0 = 1, relative per-
mittivity εr1 = 1, and relative permeability µr1 = 1. When one
focuses on the transport of FW and its conversion into SHW
via SHG within the LN crystal, it is convenient to look upon
the LN crystal as an infinite crystal, as described in most text-
book about nonlinear optics. In the present situation with con-
sidering the FW transmission and reflection at the front (first)
surface of LN crystal, the crystal can be looked upon as a semi-
infinite crystal and the influence from the back (second) sur-
face can be neglected.

The linear permittivity εr of the LN crystal can be ex-
pressed as

εr=

 εxx 0 0
0 εyy 0
0 0 εzz

=

 n2
o 0 0

0 n2
o 0

0 0 n2
e

 , (1)

where
√

εxx =
√

εyy = no and
√

εzz = ne are the refractive in-
dices, respectively, for ordinary light (o-light) and extraordi-
nary light (e-light) in crystal. The incident wave is z-polarized,
and corresponds to e-light with ne. Moreover, µ1 is the rela-
tive permeability of the LN crystal. More details are explicitly
marked in Fig. 1(b).
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Fig. 1. (a) Schematic diagram of a TE polarization state (polarizes parallel
to the z axis) plane wave incident into a z-cut LN crystal in air, described
by the wave vectors of incident wave, reflection wave, transmission wave
(FW), and SHW. (b) Plan of the propagations of incident wave, reflection
wave, transmission wave (FW), and SHW from air to LN crystal.

When the transmission wave at frequency ω1 propagates
through the LN crystal as FW, it will interact with the LN crys-
tal to generate electric polarization 𝑃 , which contains linear
and nonlinear terms as follows:

𝑃 = ε0
(
χ
(1) ·𝐸+χ

(2) : 𝐸𝐸+χ
(3)...𝐸𝐸𝐸+ · · ·

)
, (2)

where ε0 = 8.85× 10−12 F/m is the vacuum permittivity and
χ(1) is known as the linear susceptibility satisfying εr = 1+
χ(1). The quantities χ(2) and χ(3) represent the second- and
third-order nonlinear susceptibilities, respectively.

The SHG process in the LN crystal originates from the
second-order nonlinear polarization 𝑃

(2)
NL = ε0χ(2) : 𝐸𝐸. The
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FW will excite the nonlinear polarization 𝑃
(2)
NL with frequency

2ω1, and 𝑃
(2)
NL = 𝑃NL(2ω1) = 𝑃 (2)(2ω1)e−iω2t serving as a

new radiation source will generate the SHW at frequency 2ω1.
The nonlinear susceptibility tensor satisfies dil = χ(2)/2 and
relies on various FW electric field components and the corre-
sponding nonlinear polarization components, where i and l are
contracted Cartesian indices. As a result, the explicit formula-
tion of 𝑃 (2)(2ω1) for the SHG can be expressed as

𝑃 (2) (2ω1)

= 2ε0

 0 0 0 0 d31 −d22
−d22 d22 0 d31 0 0
d31 d31 d33 0 0 0




(
Eω1

x
)2(

Eω1
y
)2(

Eω1
z
)2

2Eω1
y Eω1

z
2Eω1

x Eω1
z

2Eω1
x Eω1

y


. (3)

Here, the nonzero nonlinear coefficients are d22 = 2.76 pm/V,
d31 = 5.45 pm/V, d33 = 27.2 pm/V in the LN crystal. Note
that Eω1

x , Eω1
y , and Eω1

z are the complex amplitudes of FW
field components along the principal coordinate directions x,
y, and z, respectively.

3. Electromagnetic solution of TE mode trans-
port
Our analysis is naturally based on the original Maxwell’s

equations because of the electromagnetic features of light
waves. As a consequence, the spatiotemporal evolution[31]

of electromagnetic fields with frequency ω1 can be calculated
from

∇×𝐸 = iω1µ0µr𝐻, ∇×𝐻 =−iω1ε0εr𝐸. (4)

Here µ0 = 4π × 10−7 H/m is permeability in vacuum and µr

is the relative permeability of medium, which is 1 for current
situation. Considering TE mode light passing across the sur-
face of LN and transporting along the y axis, equation (4) is
reduced to

∂Ez

∂y
= iω1µ0µrHx,

∂Ez

∂x
=−iω1µ0µrHy,

∂Hx

∂y
−

∂Hy

∂x
= iω1ε0εrEz. (5)

It is found that the electric field for the incident wave, reflec-
tion wave, and transmission wave are expressed as

Eiz = Ei e ikiyy e−iω1t , Erz = Er e−ikryy e−iω1t ,

Etz = Et e iktyy e−iω1t . (6)

Here, Ei, Er, and Et denote the amplitude of incident wave,
reflection wave, and transmission wave, whose wave vectors
are ki = kiy, kr = kry, and kt = kty, respectively. Since the in-
cident wave, reflection wave, transmission wave for FW light
and SHW light maintain the same polarization direction in the
considered model, we can directly calculate and represent the
electromagnetic fields in the scalar form.

4. Reflection and transmission of incident wave
on LN crystal surface

When the normal incidence occurs, the incident wave, re-
flection wave, and transmission wave field are expressed in
Eq. (6). By substituting Eq. (6) into Maxwell’s equation (5),
the corresponding magnetic fields can be obtained as follows:

Hix =
kiyEiz

ω1µ0µr1
, Hrx =−

kryErz

ω1µ0µr1
, Htx =

ktyEtz

ω1µ0µ1
. (7)

At the same time, we can obtain a series of simple dispersion
expressions below:

k2
iy = k2

00µr1εr1, k2
ry = k2

00µr1εr1, k2
ty = k2

00µ1ε
ω1
zz , (8)

where k00 = ω1/c indicates the wave vector of incident wave
in vacuum, and ε

ω1
zz is the relative permittivity of transmitted

FW light in the crystal.
The following continuous boundary conditions are used

to describe the matching of tangential components of the elec-
tromagnetic field on the interface y = 0:

Eiz|y=0 +Erz|y=0 = Etz|y=0, Hix|y=0 +Hrx|y=0 = Htx|y=0. (9)

Substituting Eqs. (7) and (8) into Eq. (9), and considering
that the optical system of homogeneous medium has transla-
tional symmetry (described as kiy = kry) in the yoz plane, we
can calculate the field reflection coefficient and transmission
coefficient when the TE mode with frequency ω1 reaches the
LN surface. The result is simply the well-known Fresnel’s for-
mula

rω1 =
Er

Ei
=

1−nω1
e

1+nω1
e

, (10)

tω1 =
Et

Ei
=

2
1+nω1

e
, (11)

where nω1
e =

√
µ1ε

ω1
zz refers to the refractive index of light

wave with frequency ω1 in the crystal.
Further, we consider the energy transfer in the presence

of reflection and transmission. The energy flux of the wave
can be calculated by defining an average pointing vector as
follows:

𝑆 =
1
2

Re[𝐸∗×𝐻]. (12)

In this regard, combining Eq. (6) with Eqs. (7) and (12), we
have

𝑆i =
kiy |Ei|2

2ω1µ0µr1
ey, 𝑆r =−

kry |Er|2

2ω1µ0µr1
ey,

𝑆t =
kty |Et|2

2ω1µ0µ1
ey. (13)
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In order to distinguish the pump light from the generated
SHW light in the crystal, the field amplitude of the transmitted
wave Et is written as E10 (y) and the field amplitude of the gen-
erated SHW is denoted as E20 (y). The FW energy transmitted
to LN crystal is obtained as follows:

I1(y) = |𝑆t|=
1
2

ε0cn1 |E10 (y)|2 , (14)

where n1 = nω1
e is the refractive index of FW in the LN crystal.

In the same way, the energy of wave with the other fre-
quency ω2 is

I2(y) =
1
2

ε0cn2 |E20 (y)|2 , (15)

where n2 = nω2
e is the refractive index of SHG in the LN crys-

tal. According to Eq. (13), the reflectivity and transmittance
of the incident wave are obtained as follows:

R =

∣∣∣∣Sry

Siy

∣∣∣∣= |rω1 |
2 =

(
1−nω1

e

1+nω1
e

)2

,

T =

∣∣∣∣Sty

Siy

∣∣∣∣= kty

kiy

µr1

µ1
|tω1 |

2 =
4nω1

e(
1+nω1

e
)2 . (16)

The expressions of Eq. (16) are the field energy reflec-
tion coefficient and transmission coefficient which are related
to the refractive index of the FW light polarized in TE mode.
The refractive index can be obtained by Sellmeier formula,[32]

which shows that it has different values for different wave-
lengths of the incident wave, namely it has obvious disper-
sion. As can be seen from Fig. 2, there appear clear changes
in the energy reflection coefficient and transmission coeffi-
cient with respect to the wavelength in a range of 800 nm–
1300 nm, and this is purely attributed to, and thus also re-
flects the dispersion nature of the LN crystal. As displayed in
Fig. 2(a), the reflection coefficient decreases with wavelength
increasing monotonically. In contrast, the transmission co-
efficient increases with wavelength increasing monotonically.
As shown in Fig. 2(b), the reflectivity and transmittance of
field energy change with the wavelength increasing in a sim-
ilar trend, which satisfies the law of conservation of energy.
From the figure, it is easy to identify the quantity of the reflec-
tion coefficient and transmission coefficient, or the reflectivity
and transmittance at a fixed incident wavelength of FW pump
light. Despite the small variations for different wavelengths, to
be more exact, the incident wave energy is reflected by about
14%, while the transmission of wave energy decreases from
100% in the ideal case to about 86% due to the reflection of
FW light on the surface of LN crystal, which will yield a no-
ticeable effect on the SHG efficiency. The results are consis-
tent with law of conservation of energy: the more the trans-
mission, the less the reflection is.
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Fig. 2. (a) Calculated reflection coefficient and transmission coefficient of
incident wave field amplitude from air to LN crystal surface. (b) Calculated
reflectivity and transmittance of incident wave field energy from air to LN
crystal surface.

5. Nonlinear coupled-wave theory of SHG in LN
crystals
As mentioned above, there are a linear part and a nonlin-

ear part in the polarization P, which leads to the fact that the
electric displacement vector D composed of E and PNL also
involves two parts. We have

D = ε0εr ·E +PNL, (17)

where εr is described by Eq. (1). It is not too difficult to substi-
tute D into Maxwell’s equations and reach the following wave
equation which describes the evolution behavior of nonlinear
wave field in crystal:

∇
2E−µ0ε0εr

∂ 2E
∂ t2 = µ0

∂ 2PNL

∂ t2 . (18)

5.1. Case 1: ω1 +ω1→ ω2

Our derivation starts from the well-established wave
equation, which is described by Eq. (18). We first consider
the process in which the FW excites the SHW in the crystal.
In this case, the wave equation can be rewritten as

∇
2E2−µ0ε0εr

∂ 2E2

∂ t2 = µ0
∂ 2PNL (2ω1)

∂ t2 . (19)

Here, E2 denotes the field of SHW, and PNL (2ω1) is the non-
linear polarization serving as the secondary radiation source of
SHW. Note that we only consider TE polarization mode par-
ticipating in the nonlinear interaction between FW and SHW.
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The forward propagating SHW light has a form of plane wave
as

E2 = E20 (y) e ik2yy e−iω2t . (20)

Here E20 (y) is the field amplitude of SHW, varying with the
distance slowly; k2y is the propagation wave vector of SHW
obtained from k2y = n2ω2/c.

Further, we assume the complex amplitude of SHW to be
E20 (ω2,y) in the form of

E20 (ω2,y) = E20 (y) e ik2yy. (21)

We use the slowly varying amplitude approximation
(SVA)[33] ∂ 2E20 (y)/∂y2 � k2y∂E20 (y)/∂y to study the am-
plitude of wave varying very slowly in the range of a single
wavelength. Then equation (20) is substituted into the left-
hand side of Eq. (19), yielding the resulting equation

∇
2E2−µ0ε0εr

∂ 2E2

∂ t2 = 2ik2y
∂E20 (y)

∂y
e ik2yy e−iω2t . (22)

Again, the wave function for the transmitted FW light is
assumed to be

E1 = E10 (y) e ik1yy e−iω1t , (23)

where E10 (y) varying with the distance slowly is the field am-
plitude of FW, and k1y is the corresponding propagation wave
vector in Eq. (23) and calculated from k1y = k1 = n1ω1/c, and
E10 (ω1,y) is the complex amplitude of FW and given by

E10 (ω1,y) = E10 (y) e ik1yy. (24)

Notice that the electric field has only the z-component
in the process that the normal incident TE propagation mode
travels through the LN crystal. From Eq. (3), the induced po-
larization 𝑃 (2) (2ω1) arising from SHG process can be calcu-
lated. There is only z-component in the nonlinear polariza-
tion PNL (2ω1). For convenience, we use the scalar to express
PNL (2ω1) as

PNL (2ω1)=2ε0d33E2
10 (y) e i2k1y y e−iω2t . (25)

When this is substituted into the right-hand side of Eq. (19),
the result is

µ0
∂ 2PNL (2ω1)

∂ t2 =−2ω2
2 d33

c2 E2
10 (y) e i2k1yy e−iω2t , (26)

which leads to the first coupled-wave equation as expressed
below:

∂E20 (y)
∂y

=
id33ω2

n2c
E2

10 (y) e i∆kyy, (27)

where ∆ky denotes the phase mismatch between FW and SHW,
and is defined as

∆ky = 2k1y− k2y. (28)

Various methods have been developed to overcome the phase
mismatch in quadratic nonlinear process.

5.2. Case 2: ω2−ω1→ ω1

The SHW generated in the nonlinear LN crystal is cou-
pled with the FW to generate a new nonlinear polarization
𝑃NL (ω1), which serves as the new radiation source of FW.
The wave equation of the nonlinear wave used in this case is

∇
2E1−µ0ε0εr

∂ 2E1

∂ t2 = µ0
∂ 2PNL (ω1)

∂ t2 . (29)

Here E1 is the field generated through the coupling between
FW and SHW, and has the same form as Eq. (23). The slowly
varying amplitude approximation (SVA) ∂ 2E10 (y)/∂y2 �
k1y∂E10 (y)/∂y has been used once again here to solve
Eq. (29). The left-hand side of Eq. (29) becomes

∇
2E1−µ0ε0εr

∂ 2E1

∂ t2 = 2ik1y
∂E10 (y)

∂y
e ik1yy e−iω1t . (30)

It is a fairly necessary matter to calculate the nonlinear polar-
ization 𝑃NL (ω1) = 𝑃 (2)(ω1)e−iω1t .

The complex amplitude 𝑃 (2)(ω1) is given by

𝑃 (2)(ω1) = 4ε0dil : 𝐸20 (ω2,y)𝐸10 (−ω1,y) .

It can be expanded to

𝑃 (2)(ω1) = 4ε0

 0 0 0 0 d31 −d22

−d22 d22 0 d31 0 0
d31 d31 d33 0 0 0



×


0
0

E20 (ω2,y)E10 (−ω1,y)
0
0
0

 , (31)

where the complex amplitude of the SHW field and the FW
field come from Eqs. (21) and (24), respectively. And equa-
tion (31) brings us PNL (ω1) in the scalar form as

PNL (ω1) = 4ε0d33E20 (y)E∗10 (y) e i(k2y−k1y)y e−iω1t . (32)

The right-hand side of Eq. (29) becomes

µ0
∂ 2PNL (ω1)

∂ t2

= −4d33ω2
1

c2 E20 (y)E∗10 (y) e i(k2y−k1y)y e−iω1t . (33)

Therefore, the second coupled-wave equation we need has the
following simple form:

∂E10 (y)
∂y

=
2id33ω1

n1c
E20 (y)E∗10 (y) e−i∆kyy. (34)

Equations (27) and (34) constitute the coupled-wave equations
describing the SHG in LN crystal.
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6. Exact solutions of SHG in nonlinear LN crys-
tal under reflection and transmission model
Through the calculation above, we know that when the

light in TE polarization mode is normally incident on the sur-
face of the LN crystal, the nonlinear frequency conversion pro-
cess generated by the transmitted FW light can be completely
described by the coupled-wave equations (27) and (34). Now
we continue to solve the coupled-wave equations explicitly to
establish the quantitative relation of FW and quantitative rela-
tion of SHW with the full consideration of the reflection and
transmission of FW light at air–crystal interface. There are
two kinds of theories dealing with coupled-wave equations,
namely small signal approximation theory and general large-
signal theory.

6.1. Smallsignal approximation theory of SHG under re-
flection and transmission model

Under the small-signal approximation theory, we think
that the FW pump intensity at frequency ω1 varies little with
transmission distance, so that the intensity (or amplitude) of
the pump wave can be treated as an invariant. In other words,
the coupling process is considered to be one that does not con-
sume the energy of the pump light. So we have

∂E10 (y)
∂y

= 0. (35)

By using Eq. (35), we just need to solve Eq. (27) in the cou-
pled wave equations . We can integrate both sides of Eq. (27)
from 0 to y, obtaining

E20 (y)−E20 (0) =
id33ω2

n2c
E2

10 (0)
1

i∆ky

(
e i∆kyy−1

)
, (36)

where y is the length of the crystal.
The initial boundary conditions of FW and SHW are

E20 (0) = 0, E10 (y) = E10 (0) . (37)

The output amplitude of the SHG field can be given by

|E20 (y)|2 =
d2

33ω2
2 y2

n2
2c2 |E10 (0)|4 sinc2(

∆kyy
2

). (38)

Using Eqs. (14) and (15), we can rewrite the connec-
tion channels between amplitude and intensity of incident FW,
transmitted FW, and generated SHW orderly.

I00(0) =
1
2

ε0n0c |E00 (0)|2 , I1(0) =
1
2

ε0n1c |E10 (0)|2 ,

I1(y) =
1
2

ε0n1c |E10 (y)|2 , I2(y) =
1
2

ε0n2c |E20 (y)|2 . (39)

The definition of transmission coefficient tω1 from
Eq. (11) leads to

|E10 (0)|= tω1 |E00 (0)| . (40)

Combining Eq. (39) with Eq. (40), the relation between the in-
tensity of incident wave and the transmitted wave can be given
as follows:

I1(0) = t2
ω1

n1I00(0). (41)

Therefore, the conversion efficiency of FW to SHW under
the reflection and transmission model is determined by

η =
I2(y)
I00(0)

=
8d2

33ω2
1 y2t4

ω1
I00(0)

ε0n2c3 sinc2
(

∆kyy
2

)
, (42)

which gives us an obvious conclusion that the reflection and
transmission of incident wave on LN crystal surface is one
of the important factors determining the conversion efficiency
of SHG. On the other hand, it is not difficult to see that the
conversion efficiency of FW to SHW is dependent on various
factors including the transmission distance y, initial intensity
I00 (0) of the incident wave, and the phase mismatch ∆ky be-
tween FW and SHW.

6.2. General large signal theory of SHG under reflection
and transmission model

In contrast to the case of the small-signal approximation,
there is a consumption of FW energy in general large signal
theory. This is the so-called general pump power depletion
situation. The energy is converted between the pump FW and
the generated SHW. In this case, the pump amplitude cannot
be considered as a constant , so

∂E10 (y)
∂y

6= 0. (43)

Meanwhile, the initial boundary conditions are

E10 (0) 6= 0, E20 (0) = 0. (44)

In this situation, two coupled wave equations in Eqs. (27)
and (34) need to be solved simultaneously. We make a discus-
sion on the phase mismatch and the condition for phase match-
ing first. As we have discussed above, the phase mismatch is
closely related to the wave vector mismatch, and given by

∆ky =
2π

λ2
(n1−n2) . (45)

Equation (45) indicates that the wavelength (frequency) of in-
cident wave has an effect on the phase mismatch through af-
fecting the refractive index of light in the crystal. The key to
achieving the complete phase matching is to meet the equality
of the refractive index between FW and SHW in the LN crys-
tal, which unfortunately cannot be realized under the condition
of simple normal incidence of TE polarization mode.

However, as a feasible scheme, phase matching can
be readily implemented by using the first-order quasi-phase
matching (QPM) periodic structure of lithium niobate crystal
(PPLN), and the scheme can solve the coupled wave equations
by using the general large-signal theory. In this scheme, the
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crystal structure is redesigned and the second-order nonlinear
polarization coefficient χ(2) of the crystal is changed so that it
can provide the reciprocal lattice vectors (RLVs) exactly equal
to ∆ky for compensating for the phase mismatch successfully.
The new nonlinear polarization coefficient is called the first-
order effective nonlinear polarization coefficient χm.[34] When
the first-order QPM condition is satisfied, χm has the value of

χm = 2χ
(2)/π = 4d33/π. (46)

We define the new phase mismatch quantity ∆km as

∆km = ∆ky−Gm, (47)

where ∆km = 0 if the phase matching condition is achieved. In
this condition, we can obtain the following nonlinear coupled-
wave equations from Eqs. (27) and (34):

∂E10 (y)
∂y

=
iω1

n1c
χmE20 (y)E∗10 (y) , (48)

∂E20 (y)
∂y

=
iω1

n2c
χmE2

10 (y) . (49)

Combing the two equations above, we obtain

∂ |E10 (y)|2

∂y
+

n2

n1

∂ |E20 (y)|2

∂y
= 0. (50)

We integrate both sides of the equation and make use of the
initial boundary conditions from Eq. (44). Finally, we obtain

|E10 (y)|2 = |E10 (0)|2−
n2

n1
|E20 (y)|2 . (51)

We next take the absolute values of both sides of Eq. (49) and
take Eq. (51) into account, then we obtain

∂ |E20 (y)|
∂y

=
ω1

n2c
χm

(
|E10 (0)|2−

n2

n1
|E20 (y)|2

)
. (52)

Furthermore, we integrate the left side and right side of
Eq. (52) and use the integral equation∫ dx

a2− x2 =
1
a

tanh−1
( x

a

)
, (53)

which gives the output field of the generated SHW as follows:

|E20 (y)|2

=
n1

n2
|E10 (0)|2 tanh2

(
ω1

n2c

√
n2

n1
χm |E10 (0)|y

)
. (54)

Then equations (51) and (54) are then combined and thus
yielding

|E10 (y)|2 = |E10 (0)|2 sech2
(

ω1

n2c

√
n2

n1
χm |E10 (0)|y

)
. (55)

Not only the relations listed in Eq. (39) between the in-
tensity and amplitude of wave but also the transmission coef-
ficient tω1 are utilized to calculate conversion efficiency.

Finally, we find that in the case of the first-order quasi-
phase matching, the conversion efficiency of FW to SHW
propagation in a nonlinear LN crystal, when considering
the air–crystal reflection and transmission, are explicitly ex-
pressed as

η1 =
I1(y)
I00(0)

= n1t2
ω1

sech2
(

ω1

n2c

√
n2

n1

4d33

π
tω1 |E00 (0)|y

)
,

η2 =
I2(y)
I00(0)

= n1t2
ω1

tanh2
(

ω1

n2c

√
n2

n1

4d33

π
tω1 |E00 (0)|y

)
.

(56)

It is quite clear that the form of the rigorous solution con-
tains the transmission coefficient of incident FW light, and this
verifies that the reflection and transmission of incident wave
cannot be neglected.

7. Results and discussion
7.1. Small signal solution of SHG under reflection and

transmission model

We discuss and analyze the small signal solution of
Eq. (42) of SHG under the reflection and transmission model
by considering a practical example. For comparison, an LN
crystal and a PPLN with first-order quasi-phase matching
structure are explored. In our example, the wavelength and
amplitude of the incident pump FW light beam are set to
800 nm and E00 = 4×106 V/m. When the light beam is inci-
dent from the air into LN crystal, the corresponding refractive
index in crystal is 2.176 for the FW and 2.332 for the SHW.
In crystal, the phase mismatch between FW and SHW is equal
to 2.4488 µm−1 where the wavelength is set to 800 nm so that
shorter distance is selected to clearly observe the oscillatory
characteristics of the curves. We will explore the intensity of
light at a defined position in a crystal. The propagation length
of LN is set to 0.1 mm for LN and 0.8 mm for PPLN. We
investigate the evolution of the SHW conversion efficiency η

with the propagation distance y, and comparisons are made be-
tween the models without and with considering the air–crystal
reflection and transmission of pump FW light denoted with
lines in different colors, as illustrated in Figs. 3(a) and 3(b),
respectively.

As can be seen from Fig. 3, according to the small sig-
nal approximation theory, the energy conversion efficiency of
SHW in LN crystal changes with the propagation distance,
showing the characteristic of periodic oscillation due to phase
mismatching, while the energy conversion efficiency of SHW
in PPLN crystal presents a monotonically increasing trend
with the propagation distance as the phase mismatching van-
ishes. Yet, the differences in the quantity of conversion effi-
ciency between the two models under the ideal condition and
the actual condition are distinctly observable in both LN and
PPLN.
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Firstly, in the LN crystal, the curve profiles resemble the
squared term of the sinc function in Eq. (42). The amplitude of
the SHW efficiency depends on the wavelength if the incident
light intensity and crystal length are both fixed in the anal-
ysis model, while the oscillation period relies on the phase
mismatch determined by the wavelength essentially and the
propagation length as well. Moreover, we can find an opti-
mal length for the LN crystal interacting with optical wave
to evaluate the highest SHG conversion efficiency. The fea-
ture can be disclosed that the influence from reflection will
not bring about the period change of oscillation. Secondly,
it is apparent that the conversion efficiency of the SHW de-
creases from 1.76×10−7 to 1.31×10−7 for LN crystal (both
obviously are very small, Fig. 3(a)) but from 6.86% to 5.11%
for QPM PPLN crystal (both are modestly large, Fig. 3(b))
when the laser beam transports a distance of 0.8 mm within
the crystal due to the energy consumed for the reflection on
the crystal surface in LN crystal at the wavelength of 800 nm.
It implies that reflection and transmission cannot be neglected
in the discussion on nonlinear frequency conversion of pump
light wave. This example gives an intuitive way to confirm that
the air–crystal transmission coefficient plays an important role
in manipulating SHG as an indispensable optical parameter.
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Fig. 3. Conversion efficiency of FW to SHW under the small signal
approximation theory on (a) LN crystal surface where reflection and
transmission are ignored in ideal condition and considered in actual
condition; (b) the first-order quasi-phase matching PPLN crystal sur-
face where reflection and transmission are ignored in ideal condition
and considered in actual condition.

7.2. General large signal solution of SHG under reflection
and transmission model

Our discussion on large signal solution starts from the an-
alytical expressions of Eq. (56). In order to highlight the ef-
fect of reflection and transmission of incident wave more in-
tuitively, we compare the models without and with consider-
ing reflection and transmission of wave on the PPLN crystal
surface as seen in Figs. 4(a) and 4(b), respectively. It should
be noted that the crystal under consideration has a first-order
QPM structure. Here the incident wave has a wavelength of
800 nm, generating SHW at 400 nm in the PPLN crystal. We
select y = 10 mm to discuss the changes of the FW intensity.
The amplitude of incident wave is E00 = 4×106 V/m.
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Fig. 4. Conversion efficiency between FW and SHW in general large signal
theory on the first-order quasi-phase matching PPLN crystal surface without
(a) and with (b) considering reflection and transmission.

Unlike the case of the small signal solution, the FW can
be converted into the SHW significantly in the current large
signal solution when the phase matching condition is satisfied.
For the case that the reflection effect on the crystal surface is
negligible, the energy of FW tends to transfer to the generated
SHW fully if the FW propagates about 10 mm. However, for
the case that reflection effect is considered, about 86.3% en-
ergy can be converted if the FW propagates the same distance.
The point where the FW energy equals the SHW energy has a
right shift because of the role of optical wave reflection. The
comparison between the two figures indicates that under the
condition of first-order quasi-phase matching, the FW needs
to travel a longer distance in the nonlinear crystal material to
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realize entirely nonlinear frequency conversion due to the re-
flection and transmission of incident wave on the PPLN sur-
face. The reflection phenomenon brings about spatial delayed
response in the SHW coupling process.

8. Conclusions and perspective
In this work, we present a series of rigorous solution of

coupled wave equations for SHG, fully considering the reflec-
tion and transmission for FW pump light passing through the
air–LN crystal interface. Both the small-signal approximation
solution and the general large-signal solution are discussed.
The results indicate that the conversion efficiency of SHG de-
pends on transmission coefficient of incident wave visibly and
other general physical quantities. It should be noticed that in
many previous researches of nonlinear optics, such a reflection
and transmission effect was neglected, thereby greatly simpli-
fying the solution of nonlinear optics. Yet, our present the-
oretical solution indicates that considering the reflection and
transmission at the air–crystal interface does not add any extra
burden to nonlinear optics problems.

Our theoretical solution involves several major steps.
Firstly, we consider the electromagnetic boundary conditions
and translational symmetry of homogeneous medium, and ob-
tain both the reflection coefficient and transmission coefficient
of field amplitude, reflectivity and transmittance of field en-
ergy. Secondly, under the reflection and transmission model,
our derivation starts from the electromagnetic field wave equa-
tions rooting in Maxwell’s equations and we obtain the non-
linear coupled-wave equations. The phase mismatching is also
calculated and discussed. Thirdly, under the reflection and
transmission model, we derive the small-signal approximate
theory and the general large-signal theory from the coupled-
wave equations. We obtain the small-signal approximation
solution and general large-signal solution about transmission
coefficient, where the conversion efficiency of the SHW is reg-
ulated by the transmission coefficient. It directly reveals that
the relation between the nonlinear frequency conversion and
the reflection and transmission of light wave.

We use the new theory to treat several practical examples,
which show that the reduction of incident wave energy, caused
by the air–crystal reflection effect, leads the SHW conversion
efficiency to decrease. We compare the situations where the
reflection and transmission are considered and neglected re-
spectively, and find that the light loss caused by the first air–
crystal surface reflection is significant and observable. Note
that our model can be directly extended and applied to treating
the second crystal–air interface when light goes across a crys-
tal. These practical examples intuitively highlight the nega-
tive effects of reflection and transmission on nonlinear pro-

cess. Our work clearly show that the transmission coefficient
of incident wave is an important index to evaluate the conver-
sion between FW and SHW in the LN crystal and cannot be
ignored. Our new physical model and the analytical theory are
clear, simple, and easy to use. At the same time, our work
also proposes a new direction worthy of consideration for the
study of nonlinear optics. In future studies, the current theory
developed for the simple TE mode (the scalar-wave nonlin-
ear optics for LN crystal) can be extended to treating the TM
mode nonlinear optics, which is more complex and has more
polarization components, for exploring and achieving a more
complete theoretical system model. Moreover, in addition to
LN crystals, there are other popular and widely used crystals,
such as barium borate (BBO), lithium tantalite (LiTaO3), etc.,
which are also worth studying.

Acknowledgements
Project supported by the National Natural Science

Foundation of China (Grant No. 11974119), the Science
and Technology Project of Guangdong Province, China
(Grant No. 2020B010190001), the Guangdong Innovative
and Entrepreneurial Research Team Program, China (Grant
No. 2016ZT06C594), and the National Key Research and De-
velopment Program of China (Grant No. 2018YFA 0306200).

References
[1] Franken P A, Hill A E, Peters C W and Weinreich G 1961 Phys. Rev.

Lett. 7 118
[2] Franken P A and Ward J F 1963 Rev. Mod. Phys. 35 23
[3] Fejer M M, Magel G A, Jundt D H and Byer R L 1992 IEEE J. Quan-

tum Electron. 28 2631
[4] Armstrong J A, Bloembergen N, Ducuing J and Pershan P S 1962 Phys.

Rev. 127 1918
[5] Miller G D, Batchko R G, Tulloch W M, Weise D R, Fejer M M and

Byer R L 1997 Opt. Lett. 22 1834
[6] Ni P, Ma B, Wang X, Cheng B and Zhang D 2003 Appl. Phys. Lett. 82

4230
[7] Zhu S, Zhu Y, Qin Y, Wang H, Ge C and Ming N 1997 Phys. Rev. Lett.

78 2752
[8] Chen B Q, Hong L H, Hu C Y, Zhang C, Liu R j and Li Z Y 2018 J.

Opt. 20 034009
[9] Ma B, Wang T, Sheng Y, Ni P and Wang Y 2005 Appl. Phys. Lett. 87

251103
[10] Sheng Y, Dou J, Ma B, Cheng B and Zhang D 2007 Appl. Phys. Lett.

91 011101
[11] Berger V 1998 Phys. Rev. Lett. 81 4136
[12] Chen Y, Dang W, Zheng Y, Chen X and Deng X 2013 Opt. Lett. 38

2298
[13] Xu P, Ji S H, Zhu S N, Yu X Q, Sun J, Wang H T, He J L, Zhu Y Y and

Ming N B 2004 Phys. Rev. Lett. 93 133904
[14] Qin Y, Zhang C, Zhu Y, Hu X and Zhao G 2008 Phys. Rev. Lett. 100

063902
[15] Chen B Q, Zhang C, Hu C Y, Liu R and Li Z 2015 Phys. Rev. Lett. 115

083902
[16] Boyd R W 2020 Nonlinear Optics (San Diego: Academic Press)
[17] Herman W N and Hayden L M 1995 J. Opt. Soc. Am. B 12 416
[18] Feng D, Ming N B, Hong J F, Yang Y S, Zhu J S, Yang Z and Wang Y

N 1980 Appl. Phys. Lett. 37 607
[19] Peng L H, Hsu C C and Shih Y C 2003 Appl. Phys. Lett. 83 3447

050301-9

https://doi.org/10.1103/PhysRevLett.7.118
https://doi.org/10.1103/PhysRevLett.7.118
https://doi.org/10.1103/RevModPhys.35.23
https://doi.org/10.1109/3.161322
https://doi.org/10.1109/3.161322
https://doi.org/10.1103/PhysRev.127.1918
https://doi.org/10.1103/PhysRev.127.1918
https://doi.org/10.1364/OL.22.001834
https://doi.org/10.1063/1.1579856
https://doi.org/10.1063/1.1579856
https://doi.org/10.1103/PhysRevLett.78.2752
https://doi.org/10.1103/PhysRevLett.78.2752
https://doi.org/10.1088/2040-8986/aaaa3a
https://doi.org/10.1088/2040-8986/aaaa3a
https://doi.org/10.1063/1.2138352
https://doi.org/10.1063/1.2138352
https://doi.org/10.1063/1.2754365
https://doi.org/10.1063/1.2754365
https://doi.org/10.1103/PhysRevLett.81.4136
https://doi.org/10.1364/OL.38.002298
https://doi.org/10.1364/OL.38.002298
https://doi.org/10.1103/PhysRevLett.93.133904
https://doi.org/10.1103/PhysRevLett.100.063902
https://doi.org/10.1103/PhysRevLett.100.063902
https://doi.org/10.1103/PhysRevLett.115.083902
https://doi.org/10.1103/PhysRevLett.115.083902
https://doi.org/10.1364/JOSAB.12.000416
https://doi.org/10.1063/1.92035
https://doi.org/10.1063/1.1622786


Chin. Phys. B 32, 050301 (2023)

[20] Arie A and Voloch N 2010 Laser Photon. Rev. 4 355
[21] Chen B Q, Ren M L, Liu R J, Zhang C, Sheng Y, Ma B Q and Li Z Y

2014 Light Sci. Appl. 3 e189
[22] Sheng Y, Ma D, Ren M, Chen B, Roppo V, Li Z, Koynov K and Kro-

likowski W 2012 J. Phys. D 45 365105
[23] Yang F, Wang Z, Zhou Y, Li F, Xu J, Xu Y, Cheng X, Lu Y, Bo Y,

Peng Q, Cui D, Zhang X, Wang X, Zhu Y and Xu Z 2009 Appl. Phys.
B-lasers Opt. 96 415

[24] Chen B Q, Zhang C, Liu R J and Li Z Y 2014 Appl. Phys. Lett. 105
151106

[25] Zhang J, Huang J Y, Wang H, Wong K S and Wong G K 1998 J. Opt.
Soc. Am. B 15 200

[26] Avendaño-Alejo M, Stavroudis O N and Goitia A R B 2002 J. Opt. Soc.
Am. A 19 1668

[27] Avendaño-Alejo M and Stavroudis O N 2002 J. Opt. Soc. Am. A 19
1674

[28] Mosteller L P and Wooten F 1968 J. Opt. Soc. Am. 58 511

[29] Simon M C 1983 Appl. Opt. 22 354

[30] Born M and Wolf E 1999 Principles of Optics, 7th edn. (Cambridge:
Cambridge University Press) Chap. XV

[31] Pan J B, Chen J F, Hong L H, Long L and Li Z Y 2022 Chin. Phys. B
31 054201

[32] Edwards G J and Lawrence M 1984 Opt. Quantum Electron. 16 373

[33] Li Z Y, Gu B Y and Yang G Z 1999 Phys. Rev. B 60 10644

[34] Ren M L, Li Z Y 2011 Europhys. Lett. 94 44003

050301-10

https://doi.org/10.1002/lpor.200910006
https://doi.org/10.1038/lsa.2014.70
https://doi.org/10.1088/0022-3727/45/36/365105
https://doi.org/10.1007/s00340-009-3506-z
https://doi.org/10.1007/s00340-009-3506-z
https://doi.org/10.1063/1.4898187
https://doi.org/10.1063/1.4898187
https://doi.org/10.1364/JOSAB.15.000200
https://doi.org/10.1364/JOSAB.15.000200
https://doi.org/10.1364/JOSAA.19.001668
https://doi.org/10.1364/JOSAA.19.001668
https://doi.org/10.1364/JOSAA.19.001674
https://doi.org/10.1364/JOSAA.19.001674
https://doi.org/10.1364/JOSA.58.000511
https://doi.org/10.1364/AO.22.000354
https://doi.org/10.1088/1674-1056/ac4747
https://doi.org/10.1088/1674-1056/ac4747
https://doi.org/10.1007/BF00620081
https://doi.org/10.1103/PhysRevB.60.10644
https://doi.org/10.1209/0295-5075/94/44003

	1. Introduction
	2. Physical model
	3. Electromagnetic solution of TE mode transport 
	4. Reflection and transmission of incident wave on LN crystal surface 
	5. Nonlinear coupled-wave theory of SHG in LN crystals 
	5.1. Case 1: 1 + 1 2
	5.2. Case 2: 2 - 1 1

	6. Exact solutions of SHG in nonlinear LN crystal under reflection and transmission model
	6.1. Smallsignal approximation theory of SHG under reflection and transmission model
	6.2. General large signal theory of SHG under reflection and transmission model

	7. Results and discussion
	7.1. Small signal solution of SHG under reflection and transmission model
	7.2. General large signal solution of SHG under reflection and transmission model

	8. Conclusions and perspective
	References

