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Rigorous solution to second harmonic generation considering
transmission and reflection of light at air—crystal interface
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Considering the transmission and reflection of TE-polarized pump light at the air—crystal interface, the second har-
monic generation (SHG) in a lithium niobate (LN) crystal is investigated theoretically and systematically in this work.
In previous studies, the theoretical analyses of reflection and transmission of incident wave in the process of nonlinear
frequency conversion were not considered in LN crystal on account of the complicated calculations. First, we establish
a physical picture describing that a beam of light in TE mode transports in the LN crystal considering transmission and
reflection at the crystal surface and generates nonlinear second-order optical polarization in crystal. Then we analytically
derive the reflection coefficient and transmission coefficient of pump light by using the dispersion relationships and elec-
tromagnetic boundary conditions. We construct the nonlinear coupled wave equations, derive and present the small signal
approximation solution and the general large signal solution exactly. Under the transmission model and reflection model,
we find that the conversion efficiency of the second-harmonic wave is obviously dependent on transmission coefficient and
other general physical quantities such as the length of LN crystal and the amplitude of pump light. Our analytical theory
and formulation can act as an accurate tool for the quantitative evaluation of the SHG energy conversion efficiency in an
LN crystal under practical situations, and it can practically be used to treat other more complicated and general nonlinear

optics problems.
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1. Introduction

In recent years, tremendous progress in the field of non-
linear optics technology has been made. Considerable effort
has been dedicated to generating broadband coherent light
sources and ultrafast pulse lasers by using the laser light inter-
acting with nonlinear crystals. Different second-order nonlin-
ear optical effects such as second harmonic generation (SHG),
sum frequency generation (SFG), difference frequency gen-
eration (DFG), and optical parametric oscillation and ampli-
fication allow spectral range to expand to new wavelength
band.!=16] Two schemes called the birefringence phase match-
ing (BPM)!>!7] scheme and quasi-phase-matching (QPM)!8]
scheme have been proposed to achieve high conversion ef-
ficiency. By changing the sign of the second-order nonlin-
ear susceptibility x(2 to compensate for the phase mismatch-
ing, many periodic, %811 quasi-periodic,*”! chirped, ']

aperiodic?%-2?]

structures have been designed. More and more
crystals are used to interact with lasers to give rise to nonlinear
effects.[”->3-231 But, the solution and the discussion for general
nonlinear processes considering reflection and transmission of
fundamental wave (FW) on the crystal surface are still lacking.

The reflection and transmission of incident wave on crys-
tal surface is a very old and classical problem. The reflec-
tion and transmission of incident wave on the crystal surface

and the transmission of incident wave through the crystal can
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[26-30] [t has been well

be found in the classical textbooks.
established that reflection and transmission of light is an in-
dispensable part of linear optics dealing with the light trans-
port across impedance-mismatched air—crystal interface, and
in principle it should also be an important subject for nonlinear
optics when pump light passes across the surface of nonlinear
crystal, thereby triggering off nonlinear frequency conversion.
Unfortunately, the extension from the linear optics problem
about pump light transport across a nonlinear crystal to nonlin-
ear optics problem of various nonlinear frequency conversion
processes (e.g., the second-harmonic generation, SHG) under
pump light illuminating nonlinear crystal, with the air—crystal
reflection and transmission fully considered, is very rare. Be-
cause many nonlinear crystals have a large refractive index, the
air—crystal reflection and transmission cannot be ignored, and
thus it is highly desirable to develop a systematic, complete,
comprehensive theoretical analysis method and process that
can quantitatively evaluate spatiotemporal evolution charac-
teristics of various nonlinear frequency conversion processes
in the frame of the reflection and transmission model.

In this work, we will take SHG for example and eval-
uate the SHG efficiency by using the reflection and trans-
mission model. According to Maxwell’s equations and the
electromagnetic boundary conditions, we will derive a set of
analytical equations to describe the whole process when the
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fundamental-wave (FW) pump light polarized in TE mode,
whose polarization direction is parallel to the crystal axis,
passes across the surface of a z-cut lithium niobite (LN) crys-
tal, is subjected to certain reflection, transmission, and trans-
port in the crystal, and thus inducing the SHG. We want to
obtain some explicit analytical mathematical expressions that
allow us to directly find out the SHG efficiency depending on
various physical parameters in this more complete model con-
sidering the reflection and transmission on the crystal surface
of LN. This kind of solution method is closer to the practi-
cal situation of nonlinear optical experiment, and thus has a
better reference significance than the conventional model and
method of pure nonlinear optics without considering the air—
crystal interface reflection and transmission.

The remainder of this paper is arranged as follows. In
Section 2, we introduce the theoretical model of light trans-
port in the LN crystal with considering transmission and re-
flection of light at air—crystal interface. We exhibit the general
physics image of SHG in an LN crystal when transmission
and reflection occur. In Section 3, we derive the spatiotempo-
ral evolution of electromagnetic fields of the LN crystal in the
TE polarization state, starting from the Maxwell’s equations.
In Section 4, we analyze the reflection and transmission the-
ory according to the mathematical dispersion relations and the
continuous boundary conditions and calculate the reflection
coefficient and transmission coefficient of the incident wave.
In Section 5, we derive the coupled-wave equations of FW
and SHG from wave equation with considering transmission
and reflection of light at the air—crystal interface. In Section 6,
we further derive and present the exact theoretical analytical
solutions with considering the transmission and reflection of
incident TE mode at the crystal surface. We then find that
the conversion efficiency of SHG depends on some important
physical quantities, including the transmission coefficient of
incident wave in both small signal approximation model and
the general large signal model. In Section 7, We take spe-
cific examples to observe intuitively the conversion efficiency
of FW to the second-harmonic wave (SHW) by comparing the
ideal circumstance without reflection loss with the actual cir-
cumstance with reflection loss at the crystal surface. Finally,
in Section 8, we summarize the main results of this work and
draw some conclusions that the SHGs produced in LN crys-
tal are determined by the reflection and transmission at crystal
surface under strict small signal solution and large signal solu-
tion situations, and present an overview of the perspective of
some new directions worthy of consideration for the study of
nonlinear optics.

2. Physical model

Suppose that a monochromatic FW plane-wave beam is
incident on a z-cut LN crystal from the air in a coordinate

system as shown in Fig. 1(a), where the principal crystalline
orientation of LN is collinear with the coordinate axis. More
specially, the extraordinary crystalline axis of LN is parallel
to the z axis and the ordinary crystalline plane of the crystal
is coplanar with the xoy plane in our system. For simplic-
ity, we consider that the ray propagates along the y axis with
a TE polarization state which involves the field components
(E;,Hy,Hy). The air has refractive index ng = 1, relative per-
mittivity & = 1, and relative permeability y,; = 1. When one
focuses on the transport of FW and its conversion into SHW
via SHG within the LN crystal, it is convenient to look upon
the LN crystal as an infinite crystal, as described in most text-
book about nonlinear optics. In the present situation with con-
sidering the FW transmission and reflection at the front (first)
surface of LN crystal, the crystal can be looked upon as a semi-
infinite crystal and the influence from the back (second) sur-
face can be neglected.

The linear permittivity & of the LN crystal can be ex-

pressed as
€: 0 0 n2 0 0
&= 0¢, 0 |=[0n20 |, (1)
0 0 &, 0 0 n?

where /€, = V&y = no and /&, = n, are the refractive in-
dices, respectively, for ordinary light (o-light) and extraordi-
nary light (e-light) in crystal. The incident wave is z-polarized,
and corresponds to e-light with n.. Moreover, L, is the rela-
tive permeability of the LN crystal. More details are explicitly
marked in Fig. 1(b).
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Fig. 1. (a) Schematic diagram of a TE polarization state (polarizes parallel
to the z axis) plane wave incident into a z-cut LN crystal in air, described
by the wave vectors of incident wave, reflection wave, transmission wave
(FW), and SHW. (b) Plan of the propagations of incident wave, reflection
wave, transmission wave (FW), and SHW from air to LN crystal.

When the transmission wave at frequency w; propagates
through the LN crystal as FW, it will interact with the LN crys-
tal to generate electric polarization P, which contains linear
and nonlinear terms as follows:

P=g(xV-E+x? . EE+x®:EEE+--), ()

where &) = 8.85 x 1072 F/m is the vacuum permittivity and
2V is known as the linear susceptibility satisfying & = 1 +
x“). The quantities x(z) and x<3) represent the second- and
third-order nonlinear susceptibilities, respectively.

The SHG process in the LN crystal originates from the
second-order nonlinear polarization Plsi) =& x(z) :EE. The
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FW will excite the nonlinear polarization Pﬁ) with frequency
2w, and PI\%) = PyL(2wy) = P® (2w;)e 1! serving as a
new radiation source will generate the SHW at frequency 2@ .
The nonlinear susceptibility tensor satisfies dj; = % /2 and
relies on various FW electric field components and the corre-
sponding nonlinear polarization components, where i and / are
contracted Cartesian indices. As a result, the explicit formula-
tion of P()(2ay) for the SHG can be expressed as

P2 (2ay)
(E)°

(")’

0 0 0 0 dy —dn )

— 2| —dndn 0 dy 0 0 E") .0
dsi dyd 00 0 )25 E]
2EL ES
2EEY

Here, the nonzero nonlinear coefficients are dy; = 2.76 pm/V,
dz; = 5.45 pm/V, d33 = 27.2 pm/V in the LN crystal. Note
that EX', E}w ', and E' are the complex amplitudes of FW
field components along the principal coordinate directions x,
v, and z, respectively.

3. Electromagnetic solution of TE mode trans-
port

Our analysis is naturally based on the original Maxwell’s
equations because of the electromagnetic features of light
waves. As a consequence, the spatiotemporal evolution!3!]
of electromagnetic fields with frequency @; can be calculated

from
VX E=iowuH, VxH=—-iw&eE. @)

Here pg = 47 x 1077 H/m is permeability in vacuum and i,
is the relative permeability of medium, which is 1 for current
situation. Considering TE mode light passing across the sur-
face of LN and transporting along the y axis, equation (4) is
reduced to

JE, . OE .
—— =ioHopHy, —— = —ioUop:Hy,
dy dox

JH, JH,
dy ox

It is found that the electric field for the incident wave, reflec-

=10 &EE;. (®))

tion wave, and transmission wave are expressed as
ikiyy n—iogt —ikyy o—i@pt
Ei,=FEe e v E,=Ee e L
E. = Ejelfoye=ion (6)

Here, Ej, E;, and E; denote the amplitude of incident wave,
reflection wave, and transmission wave, whose wave vectors
are k; = kiy, k; = ky, and k; = kyy, respectively. Since the in-
cident wave, reflection wave, transmission wave for FW light
and SHW light maintain the same polarization direction in the
considered model, we can directly calculate and represent the
electromagnetic fields in the scalar form.

4. Reflection and transmission of incident wave
on LN crystal surface

When the normal incidence occurs, the incident wave, re-
flection wave, and transmission wave field are expressed in
Eq. (6). By substituting Eq. (6) into Maxwell’s equation (5),
the corresponding magnetic fields can be obtained as follows:

kiyEiz
ix = )
w1 Mo Hr1

keyEr

o ktyEtz
o1 tolr1

= . @@
" 1 oy @

At the same time, we can obtain a series of simple dispersion

expressions below:

ki = kiotri €, Ky = kgolri &, ko =kopt1 €2, (8)
where koo = @ /c indicates the wave vector of incident wave
in vacuum, and €2 is the relative permittivity of transmitted
FW light in the crystal.

The following continuous boundary conditions are used
to describe the matching of tangential components of the elec-
tromagnetic field on the interface y = 0O:

Eiz|y:0 +Erz‘y:0 = Etz‘yzOv Hix|y:0 + er‘y:() = Htx|y:0- (9)

Substituting Egs. (7) and (8) into Eq. (9), and considering
that the optical system of homogeneous medium has transla-
tional symmetry (described as ki, = k;y) in the yoz plane, we
can calculate the field reflection coefficient and transmission
coefficient when the TE mode with frequency @; reaches the
LN surface. The result is simply the well-known Fresnel’s for-

mula
E.  1—nd
rco1 Ei l+n§’1’ ( )
E: 2
toy = — = ——— 11
[O)] Ei 1+ng)1a ( )

where ng' = \/u1es refers to the refractive index of light
wave with frequency ®; in the crystal.

Further, we consider the energy transfer in the presence
of reflection and transmission. The energy flux of the wave
can be calculated by defining an average pointing vector as

follows:
1 «
S:ERe[E x HJ. (12)
In this regard, combining Eq. (6) with Eqgs. (7) and (12), we
have
_ |Ei|? _ |E.|? ,
" 201 pop 20 oy
kiy | Ee|?
t— ZUJE}H (13)
1 Hot
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In order to distinguish the pump light from the generated
SHW light in the crystal, the field amplitude of the transmitted
wave E; is written as Ejo (y) and the field amplitude of the gen-
erated SHW is denoted as Ex (y). The FW energy transmitted
to LN crystal is obtained as follows:

1
Li(y) =S| = S ecm E1o ()], (14)

where n; = n" is the refractive index of FW in the LN crystal.
In the same way, the energy of wave with the other fre-
quency @, is

1
hL(y) = 5 &ocm |Eao (9)], (15)

where 1y = n¢” is the refractive index of SHG in the LN crys-
tal. According to Eq. (13), the reflectivity and transmittance
of the incident wave are obtained as follows:

R—Sfry—\r |2_ L= 2
= Siy — [ - 1+ng)l )
Sy| ky 4nd"
T= |2 :A&wzz%. (16)
Syl kiy (1+n")

The expressions of Eq. (16) are the field energy reflec-
tion coefficient and transmission coefficient which are related
to the refractive index of the FW light polarized in TE mode.
The refractive index can be obtained by Sellmeier formula, 3!
which shows that it has different values for different wave-
lengths of the incident wave, namely it has obvious disper-
sion. As can be seen from Fig. 2, there appear clear changes
in the energy reflection coefficient and transmission coeffi-
cient with respect to the wavelength in a range of 800 nm—
1300 nm, and this is purely attributed to, and thus also re-
flects the dispersion nature of the LN crystal. As displayed in
Fig. 2(a), the reflection coefficient decreases with wavelength
increasing monotonically. In contrast, the transmission co-
efficient increases with wavelength increasing monotonically.
As shown in Fig. 2(b), the reflectivity and transmittance of
field energy change with the wavelength increasing in a sim-
ilar trend, which satisfies the law of conservation of energy.
From the figure, it is easy to identify the quantity of the reflec-
tion coefficient and transmission coefficient, or the reflectivity
and transmittance at a fixed incident wavelength of FW pump
light. Despite the small variations for different wavelengths, to
be more exact, the incident wave energy is reflected by about
14%, while the transmission of wave energy decreases from
100% in the ideal case to about 86% due to the reflection of
FW light on the surface of LN crystal, which will yield a no-
ticeable effect on the SHG efficiency. The results are consis-
tent with law of conservation of energy: the more the trans-
mission, the less the reflection is.

0.66{ (2) T
—
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Fig. 2. (a) Calculated reflection coefficient and transmission coefficient of
incident wave field amplitude from air to LN crystal surface. (b) Calculated
reflectivity and transmittance of incident wave field energy from air to LN
crystal surface.

5. Nonlinear coupled-wave theory of SHG in LN
crystals

As mentioned above, there are a linear part and a nonlin-
ear part in the polarization P, which leads to the fact that the
electric displacement vector D composed of E and Py, also
involves two parts. We have

D =¢gy&-E+ AL, (17

where & is described by Eq. (1). It is not too difficult to substi-
tute D into Maxwell’s equations and reach the following wave
equation which describes the evolution behavior of nonlinear
wave field in crystal:

0%E 92
VE — pogoee 3 = to* 3. (18)

5.1. Case 1: 01 + w1 —

Our derivation starts from the well-established wave
equation, which is described by Eq. (18). We first consider
the process in which the FW excites the SHW in the crystal.
In this case, the wave equation can be rewritten as
82E2 82PNL (2(1)1)

oz Mo
Here, E, denotes the field of SHW, and Py (2w, ) is the non-
linear polarization serving as the secondary radiation source of

V2E; — togo&: (19)

SHW. Note that we only consider TE polarization mode par-
ticipating in the nonlinear interaction between FW and SHW.
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The forward propagating SHW light has a form of plane wave
as

E, = Ey (y) ek g —iont, 20)

Here Ey (y) is the field amplitude of SHW, varying with the
distance slowly; ky, is the propagation wave vector of SHW
obtained from kay, = ny@, /c.

Further, we assume the complex amplitude of SHW to be
E>o (@2,y) in the form of

Exo (@2,y) = Exo (v) . Q1)

We use the slowly varying amplitude approximation
(SVA)31 92Ex (v) /9y? < kaydEn (y) /9y to study the am-
plitude of wave varying very slowly in the range of a single
wavelength. Then equation (20) is substituted into the left-
hand side of Eq. (19), yielding the resulting equation

J’E, o 0E0(Y) ity i
W = ZIkaTy el 2y) € 1(02t. (22)

Again, the wave function for the transmitted FW light is

V2E, — Hogo&:

assumed to be
Ei=E (y) eik]yyeiiwlt, (23)

where Ej¢ (y) varying with the distance slowly is the field am-
plitude of FW, and kj, is the corresponding propagation wave
vector in Eq. (23) and calculated from k1, = k; = n1 o, /¢, and
E1o (@1,y) is the complex amplitude of FW and given by

Eio(o1,y) = Eio (y) e, (24)

Notice that the electric field has only the z-component
in the process that the normal incident TE propagation mode
travels through the LN crystal. From Eq. (3), the induced po-
larization P(?) (2w, ) arising from SHG process can be calcu-
lated. There is only z-component in the nonlinear polariza-
tion Py (2001 ). For convenience, we use the scalar to express
Par (2(1)1) as

AL (20)) =280ds3E, (v) e 07 e i (25)

When this is substituted into the right-hand side of Eq. (19),
the result is

02pNL (2wp) _ 2&)22d33

Ho——gp— =~ Eno (e e ™, 26)
which leads to the first coupled-wave equation as expressed
below:

dEy (y) _ idzen i
ay( - e E10 () ', 27

where Ak, denotes the phase mismatch between FW and SHW,
and is defined as

Aky = 21y — kay. (28)

Various methods have been developed to overcome the phase
mismatch in quadratic nonlinear process.

5.2. Case2: 0, — 0 —

The SHW generated in the nonlinear LN crystal is cou-
pled with the FW to generate a new nonlinear polarization
Py (o)), which serves as the new radiation source of FW.
The wave equation of the nonlinear wave used in this case is

82E1 asz ((1)1)
VZE1 — pofo&— 5 = Ho— 5 (29)

Here E; is the field generated through the coupling between
FW and SHW, and has the same form as Eq. (23). The slowly
varying amplitude approximation (SVA) 9%Ejq (y)/dy* <
kiydEio(y) /dy has been used once again here to solve
Eq. (29). The left-hand side of Eq. (29) becomes
9’E IE10(y) ; :
2 1 . 100) ikpyy o
V°E; —,uoeoerW = 21k1yTy e nYeT1ON - (30)
It is a fairly necessary matter to calculate the nonlinear polar-
ization Pyp (@) = P®)(w;)e =1,
The complex amplitude P®) (@, ) is given by

P (ay) =4eydy : Exo(02,) Ero(—1,y).
It can be expanded to

0 0 0 0 d3; —dx
—dyp dy 0 dy3x 0 O
dyy dyidiz 0 0 O
0
0

Eno (@2,y) E1o (—1,y)
0 ) (€29)
0
0

PP (@) = 4g

X

where the complex amplitude of the SHW field and the FW
field come from Egs. (21) and (24), respectively. And equa-
tion (31) brings us Pyr. (@) in the scalar form as

PaL (@) = 4epdszEx (y) E]*() (y) Ci(kzy_kl-")yeiiwll. (32)
The right-hand side of Eq. (29) becomes

u 9*PaL (@)
0T o2
4ds3 6012

= T En () Ejg (y) e (e 33)

Therefore, the second coupled-wave equation we need has the
following simple form:
8E10 (y) . 2id33())1

* —iAkyy
oy me Eo (y)Efo () e . (34

Equations (27) and (34) constitute the coupled-wave equations
describing the SHG in LN crystal.
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6. Exact solutions of SHG in nonlinear LN crys-
tal under reflection and transmission model

Through the calculation above, we know that when the
light in TE polarization mode is normally incident on the sur-
face of the LN crystal, the nonlinear frequency conversion pro-
cess generated by the transmitted FW light can be completely
described by the coupled-wave equations (27) and (34). Now
we continue to solve the coupled-wave equations explicitly to
establish the quantitative relation of FW and quantitative rela-
tion of SHW with the full consideration of the reflection and
transmission of FW light at air—crystal interface. There are
two kinds of theories dealing with coupled-wave equations,
namely small signal approximation theory and general large-
signal theory.

6.1. Smallsignal approximation theory of SHG under re-
flection and transmission model

Under the small-signal approximation theory, we think
that the FW pump intensity at frequency m; varies little with
transmission distance, so that the intensity (or amplitude) of
the pump wave can be treated as an invariant. In other words,
the coupling process is considered to be one that does not con-
sume the energy of the pump light. So we have

JE
10 () —0. (35)
dy
By using Eq. (35), we just need to solve Eq. (27) in the cou-
pled wave equations . We can integrate both sides of Eq. (27)

from O to y, obtaining

Exo ()~ Ex0 (0) = <22 B} (0) = (7 = 1), (36)

where y is the length of the crystal.
The initial boundary conditions of FW and SHW are

Ex(0)=0, Ejp(y)=E0(0). 37
The output amplitude of the SHG field can be given by

2. @22

2 3y

B0 () = =273
2

\E,o(0)|4sinc2(@). (38)

Using Eqgs. (14) and (15), we can rewrite the connec-
tion channels between amplitude and intensity of incident FW,
transmitted FW, and generated SHW orderly.

1 1
[00(0) = 580110C|E()0 (O)|2, L (0) = 5801116‘|E10 (O)|27

1 1
Li(y) = 530”IC|510 WI*, bO)= 5807120\‘520 )% (39)

The definition of transmission coefficient t,, from
Eq. (11) leads to

|E10(0)| = ta, |Eoo (0)]. (40)

Combining Eq. (39) with Eq. (40), the relation between the in-
tensity of incident wave and the transmitted wave can be given
as follows:

1(0) = 1, mIoo (0). (41)

Therefore, the conversion efficiency of FW to SHW under
the reflection and transmission model is determined by

_ b)) _ 83,07 y*tg, 100 (0) Ginc? Akyy 42)
I()()(O) gonac3 2 ’

which gives us an obvious conclusion that the reflection and

transmission of incident wave on LN crystal surface is one
of the important factors determining the conversion efficiency
of SHG. On the other hand, it is not difficult to see that the
conversion efficiency of FW to SHW is dependent on various
factors including the transmission distance y, initial intensity
Ipo (0) of the incident wave, and the phase mismatch Ak, be-
tween FW and SHW.

6.2. General large signal theory of SHG under reflection
and transmission model

In contrast to the case of the small-signal approximation,
there is a consumption of FW energy in general large signal
theory. This is the so-called general pump power depletion
situation. The energy is converted between the pump FW and
the generated SHW. In this case, the pump amplitude cannot
be considered as a constant , SO

M £0. (43)
dy

Meanwhile, the initial boundary conditions are
E19(0) #0, Ex(0)=0. (44)

In this situation, two coupled wave equations in Egs. (27)
and (34) need to be solved simultaneously. We make a discus-
sion on the phase mismatch and the condition for phase match-
ing first. As we have discussed above, the phase mismatch is
closely related to the wave vector mismatch, and given by

Aky = il (I’ll — I’lz) . (45)
2

Equation (45) indicates that the wavelength (frequency) of in-
cident wave has an effect on the phase mismatch through af-
fecting the refractive index of light in the crystal. The key to
achieving the complete phase matching is to meet the equality
of the refractive index between FW and SHW in the LN crys-
tal, which unfortunately cannot be realized under the condition

of simple normal incidence of TE polarization mode.
However, as a feasible scheme, phase matching can
be readily implemented by using the first-order quasi-phase
matching (QPM) periodic structure of lithium niobate crystal
(PPLN), and the scheme can solve the coupled wave equations
by using the general large-signal theory. In this scheme, the
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crystal structure is redesigned and the second-order nonlinear
polarization coefficient x(2) of the crystal is changed so that it
can provide the reciprocal lattice vectors (RLVs) exactly equal
to Ak, for compensating for the phase mismatch successfully.
The new nonlinear polarization coefficient is called the first-
order effective nonlinear polarization coefficient y,.**! When
the first-order QPM condition is satisfied, ¥, has the value of

Im =24 /n = 4ds3 /7. (46)
We define the new phase mismatch quantity Ak, as
Ak = Aky — G, @7)

where Aky, = 0 if the phase matching condition is achieved. In
this condition, we can obtain the following nonlinear coupled-
wave equations from Eqgs. (27) and (34):

8E10 (y) . i(Dl «

dy EXmEzo M E(»), (48)
JdExy(y) 1o 2

Jy  me AmEio (v) - (49)

Combing the two equations above, we obtain

9 |E1o () L d|Ex (v)*

5 AT —0. (50)

We integrate both sides of the equation and make use of the
initial boundary conditions from Eq. (44). Finally, we obtain

ny

[E10 () |> = E10 (0)[* - - |Exo ()] (51)

We next take the absolute values of both sides of Eq. (49) and
take Eq. (51) into account, then we obtain

d|Ex(y)] o

=— 2_ M 2
dy - nchm <E10 (0)] m |E2o ()] > . (52)

Furthermore, we integrate the left side and right side of
Eq. (52) and use the integral equation

/ 2dx S = %tanh_l (g) (53)

as—xX

which gives the output field of the generated SHW as follows:

|Exo (Y)\z
= ™ £ (0)[? tanh? (wl, /™2y o (0)|y> (54
ny nyc ni

Then equations (51) and (54) are then combined and thus
yielding

10 0)F = [E10 (0)Psec? (2 /%2 10 0)]y) . 55)
2\ my

Not only the relations listed in Eq. (39) between the in-
tensity and amplitude of wave but also the transmission coef-
ficient t4, are utilized to calculate conversion efficiency.

Finally, we find that in the case of the first-order quasi-
phase matching, the conversion efficiency of FW to SHW
propagation in a nonlinear LN crystal, when considering
the air—crystal reflection and transmission, are explicitly ex-

pressed as
Ii(y) 2 2 O [np4dss
= =nit, h™ | —/ ——tw, |Eoo (0
M= g0y~ Mlanseeh™ (o T T |Eoo (0)] ],
L(y) 2 2 @1 [no4dss
= = h | —,/ ——ty |E .
n2 IOO(O) nltwl tan nyc no twl | 00 (0>|y

(56)

It is quite clear that the form of the rigorous solution con-
tains the transmission coefficient of incident FW light, and this
verifies that the reflection and transmission of incident wave
cannot be neglected.

7. Results and discussion

7.1. Small signal solution of SHG under reflection and
transmission model

We discuss and analyze the small signal solution of
Eq. (42) of SHG under the reflection and transmission model
by considering a practical example. For comparison, an LN
crystal and a PPLN with first-order quasi-phase matching
structure are explored. In our example, the wavelength and
amplitude of the incident pump FW light beam are set to
800 nm and Egy = 4 x 10° V/m. When the light beam is inci-
dent from the air into LN crystal, the corresponding refractive
index in crystal is 2.176 for the FW and 2.332 for the SHW.
In crystal, the phase mismatch between FW and SHW is equal
to 2.4488 um~! where the wavelength is set to 800 nm so that
shorter distance is selected to clearly observe the oscillatory
characteristics of the curves. We will explore the intensity of
light at a defined position in a crystal. The propagation length
of LN is set to 0.1 mm for LN and 0.8 mm for PPLN. We
investigate the evolution of the SHW conversion efficiency n
with the propagation distance y, and comparisons are made be-
tween the models without and with considering the air—crystal
reflection and transmission of pump FW light denoted with
lines in different colors, as illustrated in Figs. 3(a) and 3(b),
respectively.

As can be seen from Fig. 3, according to the small sig-
nal approximation theory, the energy conversion efficiency of
SHW in LN crystal changes with the propagation distance,
showing the characteristic of periodic oscillation due to phase
mismatching, while the energy conversion efficiency of SHW
in PPLN crystal presents a monotonically increasing trend
with the propagation distance as the phase mismatching van-
ishes. Yet, the differences in the quantity of conversion effi-
ciency between the two models under the ideal condition and
the actual condition are distinctly observable in both LN and
PPLN.
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Firstly, in the LN crystal, the curve profiles resemble the
squared term of the sinc function in Eq. (42). The amplitude of
the SHW efficiency depends on the wavelength if the incident
light intensity and crystal length are both fixed in the anal-
ysis model, while the oscillation period relies on the phase
mismatch determined by the wavelength essentially and the
propagation length as well. Moreover, we can find an opti-
mal length for the LN crystal interacting with optical wave
to evaluate the highest SHG conversion efficiency. The fea-
ture can be disclosed that the influence from reflection will
not bring about the period change of oscillation. Secondly,
it is apparent that the conversion efficiency of the SHW de-
creases from 1.76 x 1077 to 1.31 x 107 for LN crystal (both
obviously are very small, Fig. 3(a)) but from 6.86% to 5.11%
for QPM PPLN crystal (both are modestly large, Fig. 3(b))
when the laser beam transports a distance of 0.8 mm within
the crystal due to the energy consumed for the reflection on
the crystal surface in LN crystal at the wavelength of 800 nm.
It implies that reflection and transmission cannot be neglected
in the discussion on nonlinear frequency conversion of pump
light wave. This example gives an intuitive way to confirm that
the air—crystal transmission coefficient plays an important role
in manipulating SHG as an indispensable optical parameter.

X 9.0 —— Ideal condition
wo (a) — Actual condition
o
Z 1.6

>

O
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g
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Fig. 3. Conversion efficiency of FW to SHW under the small signal
approximation theory on (a) LN crystal surface where reflection and
transmission are ignored in ideal condition and considered in actual
condition; (b) the first-order quasi-phase matching PPLN crystal sur-
face where reflection and transmission are ignored in ideal condition
and considered in actual condition.

7.2. General large signal solution of SHG under reflection
and transmission model

Our discussion on large signal solution starts from the an-
alytical expressions of Eq. (56). In order to highlight the ef-
fect of reflection and transmission of incident wave more in-
tuitively, we compare the models without and with consider-
ing reflection and transmission of wave on the PPLN crystal
surface as seen in Figs. 4(a) and 4(b), respectively. It should
be noted that the crystal under consideration has a first-order
QPM structure. Here the incident wave has a wavelength of
800 nm, generating SHW at 400 nm in the PPLN crystal. We
select y = 10 mm to discuss the changes of the FW intensity.
The amplitude of incident wave is Egg = 4 X 100V /m.

120
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Fig. 4. Conversion efficiency between FW and SHW in general large signal
theory on the first-order quasi-phase matching PPLN crystal surface without
(a) and with (b) considering reflection and transmission.

Unlike the case of the small signal solution, the FW can
be converted into the SHW significantly in the current large
signal solution when the phase matching condition is satisfied.
For the case that the reflection effect on the crystal surface is
negligible, the energy of FW tends to transfer to the generated
SHW fully if the FW propagates about 10 mm. However, for
the case that reflection effect is considered, about 86.3% en-
ergy can be converted if the FW propagates the same distance.
The point where the FW energy equals the SHW energy has a
right shift because of the role of optical wave reflection. The
comparison between the two figures indicates that under the
condition of first-order quasi-phase matching, the FW needs

to travel a longer distance in the nonlinear crystal material to
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realize entirely nonlinear frequency conversion due to the re-
flection and transmission of incident wave on the PPLN sur-
face. The reflection phenomenon brings about spatial delayed
response in the SHW coupling process.

8. Conclusions and perspective

In this work, we present a series of rigorous solution of
coupled wave equations for SHG, fully considering the reflec-
tion and transmission for FW pump light passing through the
air-LN crystal interface. Both the small-signal approximation
solution and the general large-signal solution are discussed.
The results indicate that the conversion efficiency of SHG de-
pends on transmission coefficient of incident wave visibly and
other general physical quantities. It should be noticed that in
many previous researches of nonlinear optics, such a reflection
and transmission effect was neglected, thereby greatly simpli-
fying the solution of nonlinear optics. Yet, our present the-
oretical solution indicates that considering the reflection and
transmission at the air—crystal interface does not add any extra
burden to nonlinear optics problems.

Our theoretical solution involves several major steps.
Firstly, we consider the electromagnetic boundary conditions
and translational symmetry of homogeneous medium, and ob-
tain both the reflection coefficient and transmission coefficient
of field amplitude, reflectivity and transmittance of field en-
ergy. Secondly, under the reflection and transmission model,
our derivation starts from the electromagnetic field wave equa-
tions rooting in Maxwell’s equations and we obtain the non-
linear coupled-wave equations. The phase mismatching is also
calculated and discussed. Thirdly, under the reflection and
transmission model, we derive the small-signal approximate
theory and the general large-signal theory from the coupled-
wave equations. We obtain the small-signal approximation
solution and general large-signal solution about transmission
coefficient, where the conversion efficiency of the SHW is reg-
ulated by the transmission coefficient. It directly reveals that
the relation between the nonlinear frequency conversion and
the reflection and transmission of light wave.

We use the new theory to treat several practical examples,
which show that the reduction of incident wave energy, caused
by the air—crystal reflection effect, leads the SHW conversion
efficiency to decrease. We compare the situations where the
reflection and transmission are considered and neglected re-
spectively, and find that the light loss caused by the first air—
crystal surface reflection is significant and observable. Note
that our model can be directly extended and applied to treating
the second crystal—air interface when light goes across a crys-
tal. These practical examples intuitively highlight the nega-

tive effects of reflection and transmission on nonlinear pro-

cess. Our work clearly show that the transmission coefficient
of incident wave is an important index to evaluate the conver-
sion between FW and SHW in the LN crystal and cannot be
ignored. Our new physical model and the analytical theory are
clear, simple, and easy to use. At the same time, our work
also proposes a new direction worthy of consideration for the
study of nonlinear optics. In future studies, the current theory
developed for the simple TE mode (the scalar-wave nonlin-
ear optics for LN crystal) can be extended to treating the TM
mode nonlinear optics, which is more complex and has more
polarization components, for exploring and achieving a more
complete theoretical system model. Moreover, in addition to
LN crystals, there are other popular and widely used crystals,
such as barium borate (BBO), lithium tantalite (LiTaO3), etc.,

which are also worth studying.
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