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Quantum radar has recently gained increasing importance in a number of military applications. The estimation ac-
curacy of one-shot quantum illumination events is significant in target detection. However, the accuracy is inevitably
deteriorated by measurement noises. The traditional one-shot illumination emits a single photon towards a certain area
which thermal noise exists in the path to, and the states of the received photons are hard to distinguish in the following
processing. Therefore, a new optical probe source is proposed in this work. The independent detecting unit in the enhanced
illumination is comprised of two photons aligned in time by using Hong–Ou–Mandel (HOM) interferometer. Further, one-
shot detection in a general discrete model is realized and it proves a significant promotion in accuracy. The expansion of
useful parts in parameter space and the lower minimal error probability for hypothesis testing have been mathematically
demonstrated. The accuracy of one-shot detection can be effectively improved by the proposed scheme implying that it
possesses great potential applications in quantum illumination and imaging.
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1. Introduction

Finding the optimal probe scheme for illumination is one
of the most critical tasks in the field of quantum radar. At
present, the problems restricting the development of quantum
radar are that the optical signal sources is not bright enough,
atmospheric scattering, and absorption of the target, so the
radar receiver can obtain few useful signal photons. In ad-
dition, it is necessary to identify the emitted signal photons
and various material factors from the complex environmen-
tal noises, all the above factors prevent the practical applica-
tion of quantum radar from maturing. As an important type
of quantum radar, quantum illumination has a simple appli-
cation architecture and is suitable for several different illu-
mination sources. The accuracy of radar detection can be
effectively improved through various quantum methods.[1–4]

Therefore, the illumination source, noise influence, and mea-
surement methods in quantum illumination have become a
research hotspot. In particular, the design of illumination
sources has important application, and their performance anal-
ysis has been completed recently, and many experiments have
been successful.[5–9] While in the whole radar system, the
quantum state emitted by the transmitter and the quantum
measurement at the receiver need optimizing. On this basis,
the performance limit of the quantum illumination state in the
detection needs determining mathematically, and clear deriva-
tion results must be given. The one-shot measurement is the
smallest unit event in illumination radar, and its detection per-

formance under various kinds of illumination sources has the
important significance in the radar detection system.[10] As
a consequence, it is a research hotspot of quantum radar to
find an illumination source that can improve the performance
in one-shot illumination and can be prepared experimentally.
The pursuit of wider target applicability and lower minimum
error probability in one-shot detection also paves the way for
the experimental landing of quantum radar.

Plenty of efforts were made to seek for a high-brightness
and well-controlled optical transmitter.[11,12] Hereinto, an ef-
fective method of producing particular photon states and con-
trolling their specific quantum properties has matured con-
siderably, by the spontaneous parametric down-conversion
(SPDC) process in well-prepared nonlinear crystals.[13,14]

This SPDC process was predicted in the 1960s,[15] and first
demonstrated experimentally by Burham and Weinberg in
1970.[16] Until now, the most mature and widely used nonlin-
ear crystals have been BBO (BaB2O4),[6] KDP (KD2PO4),[17]

and PPKTP (periodically poled KTiOPO4).[18] Based on two
types of SPDC processes in several nonlinear crystals, pho-
ton pairs with different characteristics can be prepared experi-
mentally and steadily.[19,20] Meanwhile, to reach better perfor-
mance, various quantum resources such as entanglement[21]

and squeezing[22] were applied to quantum computation,[23,24]

quantum cryptography,[25] quantum simulation,[26,27] quan-
tum teleportation,[28] quantum metrology,[29,30] etc. Most of
the investigations in the field of quantum measurement tend to
improve the resolution and signal-to-noise ratio (SNR) of the
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receiver,[31–33] which exactly manifests the particular advan-
tages for quantum resources over conventional measurement.
Actually, increasing either the number of photons in pulses or
the detection times in ranging events helps improve the pre-
cision of positioning procedures, and so does it in entangled
and squeezed pulses.[34–36] Generally, the two photons pro-
duced by the pump photon are utilized separately by divid-
ing their paths into different spatial paths, and subsequently,
a joint positive-operator valued measure (POVM) measure-
ment is performed on these two paths at the receiver.[37] More
importantly, the scheme of quantum entangled illumination
proposed by Lloyd has exhibited explicit advantages in SNR
over conventional illumination.[38] This method which can in-
crease the SNR of the radar receiver primarily depends on
the dimension of entanglement even if noises and losses are
huge,[31,39,40] and was later realized in the experiment by
Lopaeva et al.[41] The error probability analysis in the above-
mentioned illumination process has also matured with the ef-
forts of many scholars.[42] Recently, Yung et al. conducted
the detailed analyses of quantum entanglement advantages in
terms of the minimum error probability of hypothesis test-
ing at the receiver for the one-shot event.[10] Construction of
hypothesis testing problem aims to identify whether the ob-
ject is absent or not by treating it as a problem of channel
discrimination, where there exist the two channels: one cor-
responds to the presence of the target, and the other corre-
sponds to the absence of the target.[43–49] Thereinto, the white
noise and arbitrary noise situations for conventional and en-
tangled illumination have been discussed, and crucial conclu-
sions were obtained.[50,51] Even more importantly, an accurate
and reliable framework was also provided for analyzing the
performance of one-shot quantum illumination.[10] Based on
the framework above, the primary target of one-shot illumina-
tion then turns to investigating how can we optimize the probe
scheme to make these two channels most discriminable.

However, conventional radars still have shortcomings in
target detection such as poor accuracy and resolution.[52–54]

Meanwhile, disturbances like false alarm detections and miss
detections are mainly caused by measurement noises and ghost
waves. Therefore, unlike previous researches, we attempt to
explore the quantum advantages of simultaneous detection of
two-photon to reduce these disturbances as much as possible.
Besides, the time and spatial correlation characteristics of two-
photon have also great potential applications in imaging and
positioning.[55] Considering that the temporal correlation of
photons in the two output paths of the SPDC procedure is eas-
ily affected by the length of fiber realistically, we determine
to calibrate the two optical paths for time via the Hong–Ou–
Mandel (HOM).[17] effect and take both two arms of the inter-
ferometer output as the transmitting port of radar. The down-
converted identical two photons with a fixed and small enough
time interval can be regarded as a larger detection unit in the

illumination process. We analyzed its minimal error proba-
bility performance in one-shot detection and obtained an ef-
fective performance improvement. On the premise that probe
state and POVM measurement are both optimal, white and ar-
bitrary environmental noise states are considered to demon-
strate that the enhanced quantum illumination performs bet-
ter in both parameter space and minimal error probability, just
as we intuitively observed. A lower minimal error probabil-
ity corresponds to a lower limit of the error probability of the
one-shot event, i.e., a higher detection accuracy. Our paper
provides a new method that can improve the accuracy of il-
lumination via the splitting process of high-energy particles,
and its advantages are analyzed mathematically in detail. In
particular, we deliberately control the two photons to form a
detection unit in a fixed time interval, and the application po-
tential of this temporal correlation is certainly far more than
that.

The whole system of enhanced illumination is exhibited
in the form of figure and formula derivation in the following
sections. In our work, the HOM effect is demonstrated through
the principle of the beam splitter (BS), which lays the theoret-
ical foundation for the two-photon alignment of time in the
radar transmitter. Superadd the optical alignment diagram of
the transmitter path, then all of these researches will provide
strong theoretical support for the feasibility of this scheme.
Then the performance advantages of the enhanced detection
unit in quantum illumination are analyzed in the framework of
channel discrimination. The first part of the results mainly il-
lustrates that the useful region in illumination parameter space
is effectively expanded, and the second part mainly illustrates
that the new detection unit has a lower minimal error probabil-
ity than conventional illumination. In the results of these two
parts, the white noise and arbitrary noise are analyzed respec-
tively, and clear formula derivations and simulation results are
given.

2. Methods
2.1. Transmitter design

HOM experiment is a classic work demonstrated by
Hong, Ou, and Mandel in 1987,[17] which has the ability to
measure the time interval between two-photon wave packets
received one after another, and completely surpass the time
resolution of the single photon counter.

The essence of the HOM effect is the destructive interfer-
ence of two-photon probability amplitudes via the incidence
of beams on both input sides of a 50:50 BS as shown in Fig. 1.
If two photons enter into the BS through two input ports one
after another severally, with their time interval longer than co-
herence time, the arrivals of two photons do not occur at the
same time. At this time, these two photons will not interact
with each other and will pass through the BS independently
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by transmission or reflection, and the coincidence counting
value can be observed between the two paths as well. If the
incidences of two photons occur simultaneously, i.e., the in-
put state is |1〉0 |1〉1, which is expressed in the Fock state, the
photons then will blend and come out from either of the output
sides of the BS with the same probability, rather than exiting
from both sides severally. The output state can be written as

|ϕBS〉=
1√
2
(|2〉1 |0〉2 + |0〉1 |2〉2) . (1)

To obtain the above-mentioned results, it is essential to
conduct the standard quantum analysis of 50:50 BS. Out of the
purpose of this work, only the special case where both photons
arrive at the BS at the same time shall be discussed in detail.
Each single reflection of the photon on the BS brings an extra
π/2 to its phase, because of the fixed skewing exp(±iπ/2) =
±i between transmission and reflection. If the input state is the
Fock state |0〉0 |0〉1, apparently we obtain the output |0〉2 |0〉3.
If the input state is |1〉0 |1〉1 = â†

0â†
1 |0〉0 |0〉1, where â†

0 and
â†

1 correspond to the creation operator of input ports 0 and
1 respectively, and with the addition of â†

0 = (â†
2 + iâ†

3)/
√

2,
â†

1 = (iâ†
2+â†

3)/
√

2, the output state can be given by

|1〉0 |1〉1 −→BS

1
2
(â†

2 + iâ†
3)(iâ†

2 + â†
3) |0〉2 |0〉3

=
i
2
(â†

2â†
2 + â†

3â†
3) |0〉2 |0〉3

=
i√
2
(|2〉2 |0〉3 + |0〉2 |2〉3). (2)

Clearly, at the output, there is no relative phase between
|2〉2 |0〉3 and |0〉2 |2〉3. But inside the two-photon state, one
will be reflected while the other passes through, that is to say,
the output after the interference is in a two-photon state with a
fixed π/2 relative phase inside.

BS

α̂1

α̂2

α̂0

α̂3

↼r′↪t′↽

↼r↪t↽

Fig. 1. Characteristic of the beam splitter.

To satisfy the commutation relation, the parameters above
must meet the following conditions:∣∣r′∣∣= |r| , ∣∣t ′∣∣= |t| , |r|2 + |t|2 = 1,

r∗t ′+ r′t∗ = 0, r∗t + r′t ′∗ = 0. (3)

Therefore, we design a radar transmitter as shown in
Fig. 2. A laser device with a stable output wavelength of
405 nm is fabricated as an illuminant. When a beam of light
of frequency ωp falls on a beta barium borate (BBO) crys-
tal with 1–2 mm in length, some of the incident photons split
into lower-frequency signal and idler photons at frequencies
ωs and ωi, where the subscripts “s” and “i” indicate “signal”
and “idler” respectively.[56] It realizes an efficient generation
of high-quality two photons that are non-collinear via the type-
I SPDC process, and the lower-frequency photons have the
same polarization which is perpendicular to the polarization
of the pump. However, not all the spatial and temporal rela-
tions between two-photon pairs can be completely ascertained
in practice, and the optical fiber of both roads cannot ensure
the same length precisely. Nevertheless, the HOM interfer-
ometer can adjust the time interval between two photons to
a fixed value i.e., π/2ωs for the signal photon, which is too
small to be measured by the single-photon counter. In the ex-
periment, the two photons generated in the SPDC process are
imported into the HOM interferometer, and the two-photons’
coincidence count rate on the output paths is minimum by ad-
justing the position of the BS to make the two paths equal in
length. At this time, beams in both optical roads are aligned
for time with the fixed interval ±π/2ωs, which means that the
detection of time-alignment two-photon can be recognized as
one single counting. In other words, we can consider the two
photons as a new probe unit, and also ensure that there are al-
ways two identical photons in each one-shot detection event.
We move those single-photon counters away and regard the
two optical output paths of the interferometer together as the
output of the radar transmitter. So that the detection of a two-
photon probe state emitted from the transmitter can be consid-
ered as a one-shot detection event stably.

Bump

Signal

BBOLD
Idler

(a) (b)

Fig. 2. Type-I SPDC process on BBO. (a) Pump light entering into a BBO
crystal and the output consisting of several concentric emission cones. Vari-
ous values of radius and colors correspond to different frequencies. (b) Sec-
tional views of emission cones in panel (a). Light beams satisfying phase
matching conditions are represented by the same marks, e.g., circles, trian-
gles, and squares. In this work, we are going to choose the pair of circles,
denoting wavelength-degenerate signal and idler beams.

As shown in Fig. 2, different colors in the type-I SPDC
process represent different frequencies of down-converted
light, and the pairs of identical marks correspond to pairs of
beams that satisfy the phase-matching condition ωp = ωs +ωi

and 𝑘p = 𝑘s +𝑘i. In this experiment, we choose the degener-
ate scenario, i.e., ωs = ωi = ωp/2, which is denoted as circles
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in Fig. 2(b). Then, the following is to import that pair of pho-
tons into the arms of the HOM interferometer and adjust the
position of BS slightly to make these two optical paths have
the same length. As mentioned in the previous section, the
two photons’ coincidence rate is a few percent of their me-
dian values in the wing, due to the destructive interference of
probability amplitudes of two photons. And finally, the out-
put of the HOM interferometer is collected and coupled into
an optical fiber before the emission (see Fig. 3). At the re-
ceiver, positive-operator valued measure (POVM) measure-
ments are performed on the photons received by the single
photon counter to analyze the existence probability of the tar-
get. Therefore the measurement of quantum illumination can
be seen as a problem of channel discrimination; two different
channels correspond to the absence or presence of the target,
and their input should be optimized to make the outputs most
discriminable.

POVM

Enhanced 
illumination

Noise
Signal

LD

HWP

WP

BBO Signal

Idler

Bump

BS

Fiber
π/2ωs

π/2ωi

Fig. 3. Schematic diagram of radar transmitter and detection system.

In addition the materials and optical paths of the prepa-
ration for probe states are elaborately designed as shown in
Figs. 2 and 3. In our setup, a pump laser beam at 405-nm
pumps a type-I 2-mm-long BBO crystal that is cut for pro-
ducing non-collinear degenerate emission. According to the
two-photon spatial properties of parametric down conversion,
the degenerate twin beams can be captured at symmetric po-
sitions in the far field around the degeneracy wavelength of
810 nm (see the pair of circles in Fig. 2(a)).[41,57] Then, a
BS whose position is precisely adjusted ensures the condi-
tions for the occurrence of destructive interference, i.e., the
same length of both optical paths for identical twin beams.[17]

After the alignment process via the HOM interferometer, the
enhanced probe unit consisting of two time-aligned photons
is generated at both outputs of the BS and coupled into the
single-mode fiber (810 nm) for emission. At this point, the
degenerate probe state equation (2) has been prepared realis-
tically. Moreover, the optimal POVM measurement operators
(given in Subsection 2.2) are assumed to be used at the radar
receiver to distinguish between signal and noise, so that the
limit of error probability can be derived later.

2.2. Conventional and enhanced illumination

Following the frame of Ref. [22], where the signal is en-
coded with an optical photon mode and assuming that the ther-
mal environment is at a temperature significantly lower than
the optical energy, the received signal can be visible in the
noise. Furthermore, we also assume that the radar receiver
can perfectly distinguish a finite number of photonic modes of
single photons. That is to say, the environment state can be
approximately written as

ρth ≈ |vac〉〈vac|+∑
k

O(ε) |1k〉〈1k|+O
(
ε

2) , (4)

where |1k〉 denotes a single-photon state with frequency mode
k.[10]

In this work, we pay attention to the one-shot part, which
is a single detection event of the single-photon counter at the
receiver of the radar. If we consider ρth shown above on the
frequency basis with finite dimension d, then after triggering
a one-shot event when the transmitter emits no signal photons,
we can obtain the photon state at the receiver as

ρN =
d

∑
i=1

λi |ωi〉〈ωi|. (5)

That is a noise state with d kinds of possibilities in which
each state |ωi〉 corresponds to a frequency mode whose possi-
bility is λi and ∑

d
i=1 λi = 1. In our radar setup, the frequency

is set to be of single-mode, by using a red filter to ensure
that the received photons are in an identical 810-nm frequency
mode with a fixed bandwidth. The post-selected photons out
of the red filter are sent to the measurement device and mea-
sured with the optimal POVM operators to discriminate signal
photons from environment ones in polarization modes, which
means d = 2. That is to say, the final noise we receive can be
written as

ρN = λ1 |H〉〈H|+λ2 |V 〉〈V | , (6)

where |H〉 and |V 〉 denote horizontal polarization state and
vertical polarization state respectively, and λ1+λ2 = 1. But
for the sake of generality, we are going to perform the follow-
ing derivations in frequency modes with Eq. (5).

For conventional illumination in one-shot detection, we
transmit a single-photon state ρs to probe the distant targets
and have two reception scenarios, ρ0 and ρ1.

2.2.1. ρ0

As shown in Fig. 3, if the target is absent, the probe pho-
ton is completely lost, we can only receive photons from ther-
mal noises. Thus the evolution of the photon state from radar
transmitter to radar receiver is

ρS→ ξ0(ρs) = ρN. (7)
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2.2.2. ρ1

if the target is present with probability η , which means
that the single flight photon can be reflected by the target
with probability η , and absorbed or scattered with probabil-
ity 1−η . Then the quantum state evolution is

ρs→ ξ1(ρs) = ηρs +(1−η)ρN. (8)

However, for the enhanced probe state emitted from our radar,
two identical photons arrived at the receiver one by one with
the invariable time interval π/2ωs can only trigger one single
detection event, i.e. “one-shot”. If one of the two photons is
absorbed or scattered, the other photon can still finish the il-
lumination process without any loss of accuracy, therefore, in
a “one-shot” event, the two-photon state has one more chance
to be detected . Therefore, this combination of identical pho-
tons can obviously increase the probability of signal reflection
without changing the detection method. In this way, a scene
where no signal photon arrives may occur with a probability of
(1−η)2, that is to say, we can describe the enhanced evolution
situation of ρs as

ρs→ ξe(ρs) =
(
2η−η

2)
ρs +(1−η)2

ρN. (9)

In this work, firstly, we simply approximate the back-
ground as white noise, i.e., the values of λi for all |ωi〉 are
identical so that equation (5) can be specified as

ρN =
d

∑
i=1

1
d
|ωi〉〈ωi|. (10)

The final aim is to distinguish ρ0 from ρ1 with a minimum
error probability via optimal input state and POVM measure-
ment operators. Therefore, we construct a hypothesis testing
model whose outcome is Y = 0 for ρ0 and Y = 1 for ρ1 to
formulize the minimal error probability of measurement. The
prior probability of ρ0 is assumed to be p0, thus the prior
probability of ρ1 is p1 = 1− p0. After POVM measurement
operators {𝐸0,𝐸1} are used to test which quantum state is
given, one may make two mistakes of judgement: type-I error

(‘false alarm’) ρ0
E1−→
test

Y = 1 and type-II error (‘false nega-

tive’) ρ1
E0−→
test

Y = 0 so that the error probability can be writ-

ten as Perror = p0 tr[ρ0E1] + p1 tr[ρ1E0], which can be trans-
formed into Perror = 1/2{1− tr[(p0ρ0− p1ρ1)(E0−E1)]}. By

denoting χ := p0ρ0− p1ρ1, χ can be decomposed by a set of
orthonormal basis {|i〉} into χ = ∑ iαi |i〉〈i| with eigenvalue
{αi}. According to the Helstrom theorem,[58] the optimal
POVM is given by E0 = ∑ αi≥0 |i〉〈i| for the projector onto the
positive support of χ; and E1 = ∑ αi<0 |i〉〈i| for the projector
onto the negative support of χ . Thus the minimal error proba-
bility can be written as

Perror =
1
2
(1−‖p0ρ0− p1ρ1‖) , (11)

where ‖𝐴‖ =
√
𝐴†𝐴 denotes the trace norm of matrix 𝐴.

To minimize the error probability, we must find out the op-
timal input state and POVM measurement to maximize the
value ‖p0ρ0− p1ρ1‖, where ρ0 = ξ0(ρs), ρ1 = ξ1(ρs) and
ρe = ξe(ρs).

However, in optimizing the trace norm of the matri-
ces over all possible density matrices, pure states prove to
be capable of reaching the optimal result, so we only need
to maximize the value ‖p0ρ0− p1ρ1‖ with the set of pure
states.[10] In the background of the environment being a white
noise state and for simplicity of calculation, we define Ωc =

p1ρ1− p0ρ0 = p1ξ1(ρs)− p0ξ0(ρs), Perror = 1/2(1−‖Ωc‖)
for conventional illumination, and for enhanced illumination.
Further Ωc and Ωe can be specified by the pure state input
|ϕ〉〈ϕ|= |ωk〉〈ωk| as

Ωc = p1

(
η |ϕ〉〈ϕ|+(1−η)

(
d

∑
i=1

1
d
|ωi〉〈ωi|

))

− p0

(
d

∑
i=1

1
d
|ωi〉〈ωi|

)

= p1η |ϕ〉〈ϕ|+κ

(
d

∑
i=1

1
d
|ωi〉〈ωi|

)
,

Ωe = p1

((
2η−η

2) |ϕ〉〈ϕ|+(1−η)2

(
d

∑
i=1

1
d
|ωi〉〈ωi|

))

− p0

(
d

∑
i=1

1
d
|ωi〉〈ωi|

)

= p1ηe |ϕ〉〈ϕ|+κe

(
d

∑
i=1

1
d
|ωi〉〈ωi|

)
, (12)

where κ = p1 (1−η)− p0, κe = p1 (1−η)2− p0, ηe = 2η−
η2. Thus

‖Ωc‖ = tr
(√

Ω
†
c Ωc

)
= tr


√√√√[p1η |ϕ〉〈ϕ|+κ

(
d

∑
j=1

1
d

∣∣ω j
〉〈

ω j
∣∣)][p1η |ϕ〉〈ϕ|+κ

(
d

∑
i=1

1
d
|ωi〉〈ωi|

)]
= tr

√√√√(p1η)2 |ωk〉〈ωk|+
2κ

d
||ϕ〉|2 |ωk〉〈ωk|+

κ2

d2 |ωk〉〈ωk|+κ2
d

∑
i 6=k

1
d2 |ωi〉〈ωi|


= tr

(∣∣∣p1η +
κ

d

∣∣∣ |ωk〉〈ωk|+
d

∑
i6=k

|κ|
d
|ωi〉〈ωi|

)
=
∣∣∣p1η +

κ

d

∣∣∣+ d−1
d
|κ| . (13)
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Similarly, ‖Ωe‖ for the enhanced two-photon state is
given

‖Ωe‖=
∣∣∣p1ηe +

κe

d

∣∣∣+ d−1
d
|κe| . (14)

3. Results
3.1. Expansion of useful parameter space

According to the equation derived above, the parameter
space can be divided into three distinct regions, namely A, B,
and C, by the positive and negative results for p1η +κ/d and
κ . The comparison between conventional.[10] and enhanced
illumination is shown below.

Region A: p0 ≤ 1/2 and κ ≥ 0 (η < 1− p0/p1) for
conventional illumination, p0 ≤ 1/2 and κe ≥ 0 (η < 1−√

p0/p1) for enhanced illumination. Intuitionally p1η +

κ/d ≥ 0 and p1ηe + κe/d ≥ 0, we can finally obtain the re-

sult Perror = Pe
error = p0 a constant value, which means that it

does not matter what the detection state is. That is to say, any
pure state or mixed state can reach the bound as well. It seems
that the received signal photons become useless for analyzing
whether an object is present or not, due to the high prior prob-
ability of being present p1 > 1/2 and low reflectivity η for the
object. In this case, we always guess that the object is present
to ensure the minimal error probability.

Region B: p0 > 1/2 and p1η + κ/d < 0 for conven-
tional illumination, i.e., η < (p0/p1−1)(λi/(1−λi)), and
p1ηe + κe/d < 0 for enhanced illumination, i.e., ηe <

(p0/p1−1)(λi/(1−λi)), where

λi =
1
d
, κ < 0, κe < 0. (15)

And make ηe = 2η−η2 and analyze η , then we will obtain

{
η < 1−

√
1− (p0/p1−1)(λi/(1−λi)), (p0/p1−1)(λi/(1−λi))≤ 1,

for all η , (p0/p1−1)(λi/(1−λi))> 1
(16)

for enhanced probe state. In this region, we can finally obtain the result Perror = Pe
error = p1.
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probability amplitudes of all the frequency bases are 1/d, with the probe state being pure and the optimal POVM measurement being applied
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illumination. (b) In arbitrary noise background, we assume that the eigenvalues of the whole frequency basis follow decreasing sequence
with ∑

d
i=1λi = 1, and the minimum eigenvalue λd = 1/(4d), the red dotted lines in the figure correspond to the region B boundary of the

conventional and enhanced situation in panel (a). Both measurements above are based on a polarized basis {|H〉, |V 〉}, hence d = 2, and the
yellow parts denote the advantage of enhanced illumination.

It is similar to region A, which means it does not mat-
ter what the probe state is, that is to say, any pure or mixed
state can achieve the bound as well. We can explain this
region as a regime, in which the received photons are use-
less for analysis due to the low reflectivity η . Therefore, we
guess that the target is absent because of the high probability
p0 > 1/2, and minimal probability of making a wrong judg-
ment is Perror = Pe

error = p1.
Region C: the rest of the parameter space that satisfies the

conditions p1η +κ/d ≥ 0 and κ < 0 for conventional illumi-
nation, and p1η +κe/d ≥ 0 and κe < 0 for enhanced illumi-

nation is named after region C. In this case, the minimal error
probability is given by Perror = p1(1−η) + (2/d2− 1)κ for
conventional illumination, and Pe

error = p1(1−ηe)+ (2/d2−
1)κe for enhanced illumination.

As shown in Fig. 4(a), we call the regions A and B to-
gether a “guess region”, where the probe photons are useless
because only a few parts of the signal photons can be reflected
and received successfully, then judgments have to be made
simply with the prior probabilities p0 and p1. When the char-
acteristic of the target is in region A or B, it means that the
illumination radar will lose its function. On the contrary, the
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larger region C makes the better adaptability of illumination
radar to the target and the lower reflectivity limit of the target
that can be detected so that reducing the area of guess region in
parameter space is of great significance in improving the per-
formance of illumination radar. In Fig. 4, comparing with the
single-photon state, the upper and lower boundary of region C
is expanded explicitly by the two-photon state, and the same
p0 on the new boundary of region C can tolerate a lower reflec-
tivity η , which signifies a greater detection capability of radar
for stealth objects with lower reflectivity. Even though we do
not increase the maximum value of the analyzable region, i.e.,
region C, we do accelerate the approximation of the upper and
lower boundaries to a maximum value and minimum value as
η increases, by improving the reflectivity of the stealth objects
in a disguised form, and ultimately we realize an explicit pro-
motion of the utilization efficiency of the parameter space.

3.2. Enhancement of minimal error probability

The comparison of minimal error probability between
conventional[10] illumination and enhanced illumination is
analyzed. As calculated in region A, i.e., p0 < 0.5, the
conventional boundary η < 1− p0/p1 is always larger than
the enhanced boundary η < 1−

√
p0/p1, except p0 = p1.

And similarly in region B, the conventional boundary η <

(p0/p1−1)(λi/(1−λi)) is always larger than the enhanced
boundary η < 1 −

√
1− (p0/p1−1)(λi/(1−λi)), except

p0 = p1. Therefore, as η increases, the value of enhanced

minimal error probability starts to decline much earlier and re-
mains lower than it in the conventional situation until η = 1,
for both p0 < 0.5 and p0 > 0.5. However, as shown in Fig. 4,
region C has a maximal value Cmax on p0 axis while η = 1.
Therefore, the parameter of the target falls into region B, i.e.,
the guess region when p0 exceeds the level Cmax. From then
on, signal photons become useless and the minimum error
probability of the target is no longer affected by its reflectivity
η , and it always equals p1.

The calculation of performance advantage of the mini-
mal error probability in the case of white noise has been com-
pleted. For the sake of generality, the characteristic of minimal
error probability in the context of arbitrary noise whose spec-
trum λ1 ≥ λ2 ≥ λ3 ≥ ·· · ≥ λd is decreasingly ordered is also
calculated next in detail. The performance advantages in both
situations of noise are plotted in the same figure for compari-
son, with several cases of the prior probability p0 enumerated
[see Fig. 5]. Similar to the white noise, the division of parame-
ter space of arbitrary noise remains unchanged, so we discuss
the useful parameter space region C directly. Still, the pure
state is inferred to be the optimal probe state. We assume that
the probe state is the pure state |ϕ〉= |ωi〉, thus the Ωc can be
written as

Ωc = p1ρ1− p0ρ0 = p1η |ωk〉〈ωk|+κ

d

∑
i=1

λi |ωi〉〈ωi|. (17)

Then the trace norm of this operator is given by

‖Ωc‖ = tr

√√√√[(p1η)2 +2κλk +(κλk)
2
]
|ωk〉〈ωk|+

d

∑
i6=k

(κλi)
2 |ωi〉〈ωi|= |p1η +κλk|+(1−λk) |κ| . (18)

While in region C, we obtain p1η +κλk > 0 and κ < 0, so that

‖Ωc‖= p1η +2κλk−κ. (19)

Because of κ < 0, lower λk gives higher ‖Ωc‖, which means
that the state |ωd〉〈ωd | corresponding to the minimum eigen-
value λd in the noise spectrum turns out to be the optimal
probe state. After substituting |ωd〉〈ωd | into Eq. (18), we have

‖Ωc‖1 = p1η +2κλd−κ, (20)

Pa
error =

1
2
(1−‖Ωc‖1) , (21)

where ‖Ωc‖1 = max(‖Ωc (|ϕ〉〈ϕ|)‖). Using λd = 1/d in
white noise, and the unchanged constraint of the number of
the dimension , the λd= min(λi)

d
i=1 here definitely meets the

condition λd < 1/d. Therefore, as a matter of course, a lower
minimal error probability can be reached as long as we utilize
the eigenstate corresponding to the minimum eigenvalue of the
thermal environment as a probe state. As analyzed before, re-
gion A remains unchanged because of depending on nothing

but p0, thus the boundary between regions A and C does not
change at all. However, the area of region B turns smaller with
λd diminishing( see Fig. 4(b)).

The values of the minimum error probability and param-
eter space boundaries in two types of noise backgrounds for
enhanced illumination and conventional illumination are illus-
trated in Fig. 5. Thereinto the boundary between regions A
and C is called “region A boundary”, and the boundary be-
tween regions B and C is named “region B boundary”. When
p0 < 0.5, due to the enhanced ηe the region A boundary of en-
hanced illumination is always lower than that of conventional
illumination, which corresponds to the downward extension
of region C (see Fig. 4). When p0 = 0.5, both boundaries
are equal to 0. When Cmax > p0 > 0.5, similar to the region
A boundary, enhanced illumination brings about a lower re-
gion B boundary, which corresponds to the upward extension
of region C (see Fig. 4). The advantage of the arbitrary noise
situation is derived from its known noise spectrum, and then
the minimum eigenvalue state can serve as the optimal probe
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pure state, which provides a lower minimal error probability
and the upward extension of region C only if Cmax > p0 > 0.5
(see Fig. 4(b)). In other words, the probe pure state which has
the lowest weight in the background noise spectrum gives the
best performance of detection, not only for the probing accu-
racy but also for the radar applicability. Not to mention, when
the enhanced illumination system is put into use, the perfor-

mance of quantum illumination radar will reap a considerable
improvement, especially for targets with low reflectivity. Fur-
thermore, a lower detection error limit means that the prob-
ability of successfully detecting the target state in the radar
detection process is greater, and the larger useful space un-
doubtedly renders radar more comprehensive and reliable in
operational capability.
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Fig. 5. Advantage of enhanced illumination in white noise and arbitrary noise background. Plots of minimal error probability versus reflectivity
for prior probability p0 = 0.1 (a), 0.3 (b), 0.5 (c), and 0.6 (d). In total region B p0 ≥ 0.7 and the minimal error probability is always p1. The blue
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filter whose central frequency is set to ωp/2, we discuss the simulation above with d = 2 and assumed λd = 1/(4d), due to the two-dimensional
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4. Discussion

The transmitter designed above takes advantage of the
type-I SPDC process on a nonlinear crystal, as is well known,
pump photon whose frequency is ωp splits into two lower-
frequency photons only with a quite low probability. Par-
ticularly, after selecting phase-matching paired photons (sig-
nal and idler) from the output of crystal by using well-
defined apertures and interference filters (IF) that are placed
in the accurate position, there are fewer remaining pho-
tons which are available for the following interference. De-
spite this, we still cannot ensure the down-converted pho-
tons produced are precisely identical in practice since the
substantial frequency spreads are hard to eliminate. Hence,
the photon state out of the crystal should be written as∫

dωφ (ω)
∣∣ωp/2+ω

〉∣∣ωp/2−ω
〉
, where φ (ω) denotes the

weight function of ω and is peaked at ω = 0. Theoretically,
the coincidence rate falls to zero while the destructive inter-

ference occurs, however, because of a slight lack of overlap
of the two photons’ fields, the coincidence rate cannot always
fall that far. The reason why we choose SPDC rather than
two arbitrary beams of light is that the signal photons and the
corresponding idler photons in the SPDC process are always
generated simultaneously, so that the HOM interference takes
place on each single pair of photons, which provides an en-
hanced light source with two photons aligned in time steadily
and precisely. The vital difference between the enhanced il-
lumination we put forward and the conventional illumination
is that there are always two identical photons with fixed time
intervals participating in each detection event.

5. Conclusions and perspectives

In this work, we proposed a brand new quantum illumi-
nation scheme and showed the elaborate design of the optical
source, as well as its principle from the viewpoint of practical
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experiments. Under the premise of optimal POVM measure-
ment performed at the receiver, the performance of the pro-
posed two-photon probe state is analyzed theoretically in de-
tail under the famous illumination frame. The obtained results
are explicit and forceful, as compared with the conventional
method of single-photon detection. This time-aligned two-
photon probe unit can greatly expand the proportion of use-
ful area in parameter space, which reduces the dependence of
quantum illumination radar in terms of the target prior knowl-
edge and thus improving applicability. On condition that either
prior knowledge or reflectivity of the target with strong capa-
bility of stealth is constant, compared with the conventional
scheme, our scheme has an explicitly superior detection limit
by means of its effective reduction of minimal error probabil-
ity. Therefore, this radar transmitter can distinctly enhance the
accuracy of illumination events, based on keeping the existing
probing regime and receiving system unchanged. This strict
time correlation also has great potential applications in quan-
tum ranging and imaging, which can get rid of the time preci-
sion loss caused by clock alignment and obtain better imaging
precision.
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