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Complete relativistic corrections of an effective Hamiltonian for a single-particle system in an external electromag-
netic field and their unitary equivalent form up to the order of mα8 are obtained. The derivation is based on two approaches
applying Foldy–Wouthuysen (FW) transformation to the Dirac Hamiltonian for a particle in an external electromagnetic
field. The results are consistent with the previous work at the mα6 and mα8 order correction [Phys. Rev. A 71 012503
(2005); Phys. Rev. A 100 012513 (2019)]. We also further consider the effect of anomalous magnetic moments, namely, the
Dirac–Pauli equation, and obtain FW-Hamiltonians at the same order. The results obtained can be used for the subsequent
calculation of relativistic and radiation effects in simple atomic and molecular systems.
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1. Introduction
Precision spectrum calculations for simple atoms such as

hydrogen and helium have important theoretical value for test-
ing quantum electrodynamics (QED) and finding new physics
beyond the standard model by comparison with the values
from high-precision experimental measurements.[1–3] Sven
Sturm and colleagues measured the magnetic moment of a sin-
gle electron bound to a hydrogen-like carbon ion with the rela-
tive precision of 3×10−11,[4] which is matched by theoretical
calculations based on quantum electrodynamics.[5,6] Experi-
ment and theoretical calculations are in excellent agreement
so far.

In theoretical calculations, with nonrelativistic approxi-
mation (low-energy), the energy level of a simple atom system
can be expanded in a series of powers of fine-structure con-
stant α

E = E(2)+∆E(4)+∆E(5)+∆E(6)+∆E(7)+∆E(8)+ · · · , (1)

where the number in the subscript indicates the order is mαn.
The leading term E(2) can be derived through resolving the
time-independent Schrödinger equation Ĥ0|ψ⟩= E|ψ⟩, where
Ĥ0 = p̂2/(2m) + eA0. The rest of the terms of Eq. (1) are
high-order corrections, such as relativistic, radiative, and re-
coil corrections. For a light hydrogen-like system, the energy
level was calculated up to the order of mα7.[7] For helium, the
complete formula for the mα7 contribution to energy levels
was derived recently.[8] At the order of mα8, the derivation of
the high-order correction operators has already begun by dif-

ferent methods,[9–11] but the correctness of the results has yet
to be verified.

In order to obtain high-order correction, the derivation
of an effective Hamiltonian is first needed. One of the prac-
tical methods to get relativistic and QED correction opera-
tors is Foldy–Wouthuysen (FW) transformation, which was
proposed by Foldy and Wouthuysen in 1950.[12] This tech-
nique is widely used in deriving relativistic effects on low-
energy atomic and molecular systems.[13–15] For Dirac par-
ticles with free and weak electromagnetic field approxima-
tions, high-order expansion with the FW transformation for
the Hamiltonian has been obtained up to the order of mα14.[16]

However, the approximation condition of weak electromag-
netic field cannot apply to atomic and molecular systems. In
the field of calculation of atomic and molecular systems, FW
transformation is often used to obtain the correction of the
low-energy part in the Lamb shift,[17] which contributes to the
hyperfine structure of helium, H+

2 , and HD+.[18–20] At present,
with the application of the FW transformation, the relativistic
corrections of a Dirac particle in an external electromagnetic
field are evaluated to the order of mα8,[9] but there are some
numerical errors in the coefficients, which are corrected in this
paper.

In this paper, by applying the FW transformation in two
different approaches, we obtain the complete relativistic cor-
rection operators in unitary equivalent form for the effective
Hamiltonian up to mα8, as well as the corrections for Pauli
anomalous magnetic moments. In Section 2, the traditional ap-
proach to FW transformation is introduced, which is covered

†Corresponding author. E-mail: qhx@whu.edu.cn
‡Corresponding author. E-mail: zhouwp@whu.edu.cn
© 2023 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

083101-1

https://doi.org/10.1088/1674-1056/ac9e98
mailto:qhx@whu.edu.cn
mailto:zhouwp@whu.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B 32, 083101 (2023)

in many textbooks.[21] In Section 3, two approaches of the FW
transformation are applied to the Dirac equation for a particle
in electromagnetic field. The different forms for relativistic
corrections up to mα8 are obtained. In Section 4, considering
Pauli anomalous magnetic moments, the FW transformation
of the Dirac–Pauli equation up to the same order is performed.

2. Formalism
The system of single-electron atoms in an external elec-

tromagnetic field can be described by the following Dirac
Hamiltonian:

HDirac = α̂ ·𝜋+ β̂m+ eA0

= α̂ · (𝑝− e𝐴)+ β̂m+ eA0

=

(
m+ eA0 σ̂ ·𝜋

σ̂ ·𝜋 −m+ eA0

)
, (2)

where α̂ and β̂ are 4×4 matrices under the Dirac representa-
tion

α̂ =

(
0 σ̂

σ̂ 0

)
, β̂ =

(
12×2 0

0 −12×2

)
, (3)

and σ̂ is the Pauli matrix, while A0 and 𝐴 are the scalar
and vector potentials of the electromagnetic field, respectively.
And the wave function is

φ =

(
φ L

φ S

)
,

where φ L denotes large component and φ S denotes small com-
ponent. Due to the existence of the α̂ operator, the positive
energy states of the Hamiltonian couple with the negative en-
ergy states, which means the states cannot be dealt with by
non-relativistic quantum mechanics. Theoretically, one can
find a unitary transformation that transforms all positive en-
ergy states into positive energy subspaces with a certain preci-
sion.

The Foldy–Wouthuysen transformation is an excellent
method to decouple large and small components of the wave
function. By this decoupling, such a transformation allows one
to get the low-energy approximation of relativistic corrections
to a non-relativistic system, such as an electron surrounding a
light atomic nucleus. The transformed Hamiltonian is called
HFW,

HFW =UH0U†. (4)

Here H0 is the Dirac Hamiltonian (Eq. (2)). In principle, the
transformation can be applied to other forms of Hamiltonian,
such as spin-0 and spin-1. Only the spin-1/2 case is considered
in this work. For the time-dependent Hamiltonian,

HFW =U (H0 − i∂t)U† + i∂t , (5)

where U = e i Ŝ.
The aim of FW transformation is to transform the Dirac

Hamiltonian into the following form:

HFW =

(
h+ 0
0 h−

)
, (6)

where h+ is the positive energy part of the Hamiltonian and h−
is the negative. Each of them is a 2×2 matrix. Unfortunately
no energy-independent closed-form solutions for the transfor-
mation U are known in general. Therefore, the form expanded
in terms of mαn is the final result that people usually pursue.

For simplicity and without losing generality, we refer to
operators which cause two-component coupling to the wave
function as odd operators, such as α̂ ·𝜋, and even operators,
such as β̂ , A0, etc. Defining Ô and ℰ̂ as abstract odd–even
operators

Ô ≡ α̂ ·𝜋,
ℰ̂ ≡ eA0. (7)

ℰ̂ can be changed to (eA0 − i∂t) in the time-dependent case.
Then the Dirac Hamiltonian can be divided into

H0 = β̂m+ Ô+ ℰ̂ , (8)

where the following commutative relations are satisfied:{
β̂ , Ô

}
= 0,

[
β̂ , ℰ̂

]
= 0. (9)

For the sake of simplicity, only the time-independent
Hamiltonian will be considered here.

For the unitary transformation of H0,

H ′ = UH0U† = e i ŜH0 e−i Ŝ

= H0 +
i

1!
[
Ŝ,H0

]
+

i2

2!
[
Ŝ,
[
Ŝ,H0

]]
+ · · ·

+
in

n!

n︷ ︸︸ ︷[[
Ŝ,
[
Ŝ, · · ·

[
Ŝ,H0

]
· · ·
]]]

+ · · · , (10)

here, using the following formula:

eABe−A =
∞

∑
n=0

1
n!

[
A(n),B

]

=
∞

∑
n=0

1
n!

n︷ ︸︸ ︷
[A, [A, · · · [A,B] · · · ]].

Ŝ can be chosen as: Ŝ = − iβ̂ Ô
2m . Substituting Ŝ and H0 from

their own expressions into the equation and simplifying, H ′

can be derived as

H ′ = mβ̂ + ℰ̂+
1

2m
Ô2

β̂ − 1
8m3 Ô4

β̂ − 1
8m2

[
Ô,
[
Ô, ℰ̂

]]
+

1
384m4

[
Ô,
[
Ô,
[
Ô,
[
Ô, ℰ̂

]]]]
− 1

3m2 Ô3 +
1

30m4 Ô5 +
1

2m
β̂
[
Ô, ℰ̂

]
− 1

48m3 β̂
[
Ô,
[
Ô,
[
Ô, ℰ̂

]]]
+ · · · . (11)
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The term multiplying an odd (even) number of odd oper-
ators is an odd (even) operator. It can be seen that the lowest
level of odd operator is from 1/m0 up to 1/m1 according to the
term 1

2m β̂
[
Ô, ℰ̂

]
. As long as one chooses the proper form of Ŝ

operator, HFW will contain only even operators of the desired
order after a finite number of transformations. Therefore, all
the odd(even) operators can be defined as Ô′ (ℰ̂ ′), and Hamil-
tonian (11) will become

H ′ = β̂m+ Ô′+ ℰ̂ ′.

And a new operator Ŝ can be chosen from

Ŝ′ =− iβ̂ Ô′

2m
.

Repeating the same process, H ′′ = e i ŜH ′ e−i Ŝ can be evalu-
ated with the lowest level of the odd operator up to 1/m2.

Repeating the process until the lowest order of the odd
terms exceeds the desired order, one can obtain a full-even
Hamiltonian.

In atomic precision spectroscopy, the fine-structure con-
stant α is used as an order for the magnitude scale to represent
contributions to energy level in the electromagnetic interac-
tion. The magnitude of every operator mentioned in our work
is listed below:

⟨p̂⟩ ∼ m(v/c) , ⟨∂t⟩ ∼ m(v/c)2 ,
〈
eA0〉∼ m(v/c)2 ,

⟨e𝐴⟩ ∼ m(v/c)3 , ⟨𝐸⟩ ∼ m2 (v/c)3 , (12)

where (v/c)∼ α .

3. FW transformation for Dirac Hamiltonian

The approach described in the previous section is known
as the traditional approach to FW transformation. This ap-
proach is easy to understand but hard to implement in high-
order cases. With the help of a computer program, we get
the FW Hamiltonian up to mα8 order. However, the algo-
rithm is rather complicated and time-consuming. Pachucki
proposed a new approach to do the transformation, which sim-
plifies the complexity of calculations. To distinguish this from
the traditional approach, the FW transformation developed by
Pachucki is called the “new approach”.

In this section, all relativistic correction operators of the
effective Hamiltonian in an external electromagnetic field with
an order of mα8 are derived using both approaches mentioned
above. Furthermore, the arbitrary form of the effective Hamil-
tonian is derived by combining the two methods. Each result
expressed by the even and odd operators is also given here,
and they can be used in wider equations.

3.1. Traditional approach

Based on the traditional approach, with the help of a com-
puter program, we apply FW transformation successively sev-
eral times to increase the order of the odd operators beyond
mα8, and the results obtained are as follows:

HFW = ℰ̂+
Ô2β̂

2m
−
[
Ô,
[
Ô, ℰ̂

]]
8m2 − Ô4β̂

8m3

−
[
Ô, ℰ̂

]2
β̂

8m3 −
[
Ô,
[
Ô,
[
Ô,
[
Ô, ℰ̂

]]]]
128m4 +

{
Ô2,
[
Ô,
[
Ô, ℰ̂

]]}
16m4 −

[
Ô2,
[
Ô2, ℰ̂

]]
32m4 +

Ô6β̂

16m5

+

[[
ℰ̂ ,
[
Ô, ℰ̂

]]
,
[
Ô, ℰ̂

]]
32m4 +

{
Ô3,
[[

Ô, ℰ̂
]
, ℰ̂
]}

β̂ +2
{[

Ô, ℰ̂
]
,
{

Ô2,
[
Ô, ℰ̂

]}}
β̂

48m5

+

([
Ô, ℰ̂

]
Ô
)2

β̂ +
(
Ô
[
Ô, ℰ̂

])2
β̂

96m5 −
49
[
Ô4,
{

Ô,
[
Ô, ℰ̂

]}]
1536m6 −

77
{

Ô4,
[
Ô,
[
Ô, ℰ̂

]]}
3072m6

+
43
{[

Ô2, Ô3
[
Ô, ℰ̂

]]
−
[
Ô3, Ô2

[
Ô, ℰ̂

]]}
1536m6 − 5Ô8β̂

128m7 . (13)

The results listed above are in the form of odd–even operators.
The expression of HFW in terms of specific operators can be
derived using the following commutation relation:[

Ô, ℰ̂
]
=
[
α̂ · π̂,e𝐴0 − i∂t

]
= ieσ̂ ·𝐸

(
0 12×2

12×2 0

)
,[

σ̂ ·𝐸, ℰ̂
]
=
[
σ̂ ·𝐸,e𝐴0 − i∂t

]
= iσ̂ · 𝐸̇,[

σ̂ · 𝐸̇, ℰ̂
]
=
[
σ̂ · 𝐸̇,e𝐴0 − i∂t

]
= iσ̂ · 𝐸̈, (14)

where 𝐸 is electric field

𝐸 =−∇A0 − ∂𝐴

∂ t
. (15)

Using the relation above, the effective Hamiltonian can be de-

rived as

Heff = H0 +H(4)
FW +H(6)

FW +H(8)
FW,

H0 = m+ eA0 +
(σ̂ · 𝜋̂)2

2m
,

H(4)
FW = − ie

8m2 [σ̂ · 𝜋̂, σ̂ ·𝐸]− (σ̂ · 𝜋̂)4

8m3 ,

H(6)
FW =

e2 (σ̂ ·𝐸)2

8m3 +
5ie

128m4

[
(σ̂ ·𝜋)2,{σ̂ · 𝜋̂, σ̂ ·𝐸}

]
083101-3
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+
3ie

64m4

{
(σ̂ · 𝜋̂)2 , [σ̂ · 𝜋̂, σ̂ ·𝐸]

}
+

(σ̂ · 𝜋̂)6

16m5 ,

H(8)
FW =

ie2

32m4

[
σ̂ · 𝐸̇, σ̂ ·𝐸

]
− e

48m5

{
(σ̂ · 𝜋̂)3 , σ̂ · 𝐸̇

}
− e2

24m5

{
σ̂ ·𝐸,

{
(σ̂ · 𝜋̂)2 , σ̂ ·𝐸

}}
− e2

96m5

[
(σ̂ ·𝐸 (σ̂ · 𝜋̂))2 +(σ̂ · 𝜋̂ (σ̂ ·𝐸))2

]
− 49ie

1536m6

[
(σ̂ · 𝜋̂)4 ,{σ̂ · 𝜋̂, σ̂ ·𝐸}

]
− 77ie

3072m6

{
(σ̂ · 𝜋̂)4 , [σ̂ · 𝜋̂, σ̂ ·𝐸]

}
+

43ie
1536m6

{[
(σ̂ · 𝜋̂)2 ,(σ̂ · 𝜋̂)3

σ̂ ·𝐸
]

−
[
(σ̂ · 𝜋̂)3 ,(σ̂ · 𝜋̂)2

σ̂ ·𝐸
]}

− 5(σ̂ · 𝜋̂)8

128m7 . (16)

H(n)
FW represents the order mαn. This result is consistent with

previous work on mα6 done by Zhou[10] but has two different
terms compared to Pachucki’s work. Actually, they are equiv-
alent, and we will discuss this later.

3.2. New approach

The difference between this approach and the traditional
approach is the choice of Ŝ operator:

Ŝ = − i
2m

{
β̂ Ô− 1

3m2 β̂ Ô3 +
1

2m

[
Ô, ℰ̂ − i∂t

]
+ Ŷ
}

= − i
2m

{
β̂𝛼 ·𝜋− 1

3m2 β̂ (𝛼 ·𝜋)3

+
1

2m

[
𝛼 ·𝜋,eA0 − i∂t

]
+ Ŷ
}
, (17)

where Ŷ is an unspecified odd operator and has following com-
mutation relation: {

β̂ ,Ŷ
}
= 0.

The purpose of introducing the Ŷ operator is to cancel all
high-order odd terms at the end of the calculation. Thus, after
manually eliminating the odd operators in the Ŷ operator, only
one FW transformation is required to obtain the Hamiltonian
of Eq. (6).

According to this idea, we choose the form of the Ŝ oper-
ator as follows instead of Eq. (17):

Ŝ =
−iβ̂
2m

{
Ô+

(
c11Ôℰ̂+ c12ℰ̂Ô

)
β̂

m
+

c21Ô3

m2 +
c22Ôℰ̂2 + c23ℰ̂Ôℰ̂+ c24ℰ̂2Ô

m2

+

(
c31Ô3ℰ̂+ c32Ô2ℰ̂Ô+ c33Ôℰ̂Ô2 + c34ℰ̂Ô3

)
β̂

m3 +

(
c35Ôℰ̂3 + c36ℰ̂Ôℰ̂2 + c37ℰ̂2Ôℰ̂+ c38ℰ̂3Ô

)
β̂

m3

+
c40Ô5

m4 +
1

m4

[
c41Ô3ℰ̂2 + c42Ô

(
Ôℰ̂
)2

+ c43Ô2ℰ̂2Ô+ c44Ôℰ̂Ô2ℰ̂+ c45Ô
(
ℰ̂Ô
)2

+c46Ôℰ̂2Ô2 + c47ℰ̂Ô3ℰ̂+ c48ℰ̂Ô2ℰ̂Ô+ c49
(
ℰ̂Ô
)2

Ô+ c4,10ℰ̂2Ô3]
+

1
m5

(
c51Ô5ℰ̂+ c52Ô4ℰ̂Ô+ c53Ô3ℰ̂Ô2 + c54Ô2ℰ̂Ô3 + c55Ôℰ̂Ô4 + c56ℰ̂Ô5

)
β̂ +

c6Ô7

m6

}
. (18)

After the transformation, there will be a Hamiltonian with
both odd and even terms. Combining similar terms and mak-
ing the coefficients of the odd terms equal to 0, parameters in
the Ŝ operator can be determined as

c11 =−1
2
, c12 =

1
2
, c21 =−1

3
, c22 =

1
4
,

c23 =−1
2
, c24 =

1
4
, c31 =

7
24

, c32 =− 5
24

,

c33 =
5
24

, c34 =− 7
24

, c35 =−1
8
, c36 =

3
8
,

c37 =−3
8
, c38 =

1
8
, c40 =

1
5
, c41 =− 5

24
,

c42 =
1
4
, c43 =−1

8
, c44 =−1

6
, c45 =

1
6
,

c46 =−1
8
, c47 =

1
3
, c48 =−1

6
, c49 =

1
4
,

c4,10 =− 5
24

, c51 =− 49
240

, c52 =
11
80

, c53 =− 19
120

,

c54 =
19
120

, c55 =−11
80

, c56 =
49

240
, c6 =−1

7
. (19)

Then, the Ŝ operator can be determined as

Ŝ =
iÔβ̂

2m
−

i
[
Ô, ℰ̂

]
4m2 − iÔ3β̂

6m3 −
i
[
ℰ̂ ,
[
Ô, ℰ̂

]]
β̂

8m3

+
i

48m4

{
7
[
Ô, ℰ̂

]
Ô2 +2Ô

[
Ô, ℰ̂

]
Ô+7Ô2 [Ô, ℰ̂

]}
− i

16m4

[
ℰ̂ ,
[
ℰ̂ ,
[
Ô, ℰ̂

]]]
+

24iÔ5β̂

240m5

+
i

48m5

(
−2Ô

[
Ô, ℰ̂

]
ℰ̂Ô−5Ô2 [Ô, ℰ̂

]
ℰ̂+2ℰ̂Ô

[
Ô, ℰ̂

]
Ô+5ℰ̂Ô2 [Ô, ℰ̂

])
β̂

083101-4
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+
i

48m5

{
5
[
ℰ̂ ,
[
Ô, ℰ̂

]]
Ô2 −2

[
Ô, ℰ̂

][
Ô, ℰ̂

]
Ô−3

[
Ô, ℰ̂

]
Ô
[
Ô, ℰ̂

]
+ Ô

[
Ô, ℰ̂

][
Ô, ℰ̂

]}
β̂

− i
480m6

{
49
[
Ô, ℰ̂

]
Ô4 +16Ô

[
Ô, ℰ̂

]
Ô3 +54Ô2 [Ô, ℰ̂

]
Ô2 +16Ô3 [Ô, ℰ̂

]
Ô+49Ô4 [Ô, ℰ̂

]}
− iÔ7β̂

14m7 . (20)

Finally, HFW is obtained as

HFW = ℰ̂+
Ô2β̂

2m
− Ô4β̂

8m3 −
[
Ô,
[
Ô, ℰ̂

]]
8m2

+
Ô6β̂

16m5 +

{
Ô,
[[

Ô, ℰ̂
]
, ℰ̂
]}

β̂

16m3 −
[
Ô,
[
Ô,
[
Ô,
[
Ô, ℰ̂

]]]]
128m4 +

{
Ô2,
[
Ô,
[
Ô, ℰ̂

]]}
16m4

− 5Ô8β̂

128m7 +

[[
Ô, ℰ̂

]
,
[[

Ô, ℰ̂
]
, ℰ̂
]]

32m4 −
[
Ô,
[[[

Ô, ℰ̂
]
, ℰ̂
]
, ℰ̂
]]
−
[[[

Ô, ℰ̂
]
, ℰ̂
]
,
[
Ô, ℰ̂

]]
32m4

−
5
{[

Ô, ℰ̂
]
,
{

Ô,
{

Ô,
[
Ô, ℰ̂

]}}}
β̂ +

{[
Ô, ℰ̂

]
,
{

Ô2,
[
Ô, ℰ̂

]}}
β̂

128m5 +
11
[{

Ô,
[
Ô, ℰ̂

]}
,
[
Ô,
[
Ô, ℰ̂

]]]
β̂

256m5

+
−
[
Ô2,
[
Ô,
[[

Ô, ℰ̂
]
, ℰ̂
]]]

β̂

64m5 +
−11

{
Ô,
{

Ô,
{

Ô,
[[

Ô, ℰ̂
]
, ℰ̂
]}}}

β̂

256m5

−
5
{

Ô4,
[
Ô,
[
Ô, ℰ̂

]]}
128m6 −

[
Ô4,
{

Ô,
[
Ô, ℰ̂

]}]
512m6 +

11
[
Ô2,
[
Ô2,
[
Ô,
[
Ô, ℰ̂

]]]]
1024m6 . (21)

After substituting each odd (even) operator with its rele-
vant operator in the Dirac equation and using the commutator
relation described in Eq. (14), the transformation on the Dirac
Hamiltonian can be obtained as

Heff = H0 +H(4)
FW +H(6)

FW +H(8)
FW,

H0 = m+ eA0 +
(σ̂ · 𝜋̂)2

2m
,

H(4)
FW = − (σ̂ · 𝜋̂)4

8m3 − ie
8m2 [σ̂ · 𝜋̂, σ̂ ·𝐸] ,

H(6)
FW =

(σ̂ · 𝜋̂)6

16m5 − e
16m3

{
σ̂ · 𝜋̂, σ̂ · 𝐸̇

}
− ie

128m4 [σ̂ · 𝜋̂, [σ̂ · 𝜋̂, [σ̂ · 𝜋̂, σ̂ ·𝐸]]]

+
ie

16m4

{
(σ̂ · 𝜋̂)2 , [σ̂ · 𝜋̂, σ̂ ·𝐸]

}
,

H(8)
FW = −5(σ̂ · 𝜋̂)8

128m7 − ie2

32m4

[
σ̂ ·𝐸, σ̂ · 𝐸̇

]
− ie2

32m4

[
σ̂ · 𝐸̇, σ̂ ·𝐸

]
+

ie
32m4

[
σ̂ · 𝜋̂, σ̂ · 𝐸̈

]
+

5e2

128m5 {σ̂ ·𝐸,{σ̂ · 𝜋̂,{σ̂ · 𝜋̂, σ̂ ·𝐸}}}

+
e2

128m5

{
σ̂ ·𝐸,

{
(σ̂ · 𝜋̂)2 , σ̂ ·𝐸

}}
− 11e2

256m5 [{σ̂ · 𝜋̂, σ̂ ·𝐸} , [σ̂ · 𝜋̂, σ̂ ·𝐸]]

+
e

64m5

[
(σ̂ · 𝜋̂)2 ,

[
σ̂ · 𝜋̂, σ̂ · 𝐸̇

]]
+

11e
256m5

{
σ̂ · 𝜋̂,

{
σ̂ · 𝜋̂,

{
σ̂ · 𝜋̂, σ̂ · 𝐸̇

}}}
− 5ie

128m6

{
(σ̂ · 𝜋̂)4 , [σ̂ · 𝜋̂, σ̂ ·𝐸]

}
− ie

512m6

[
(σ̂ · 𝜋̂)4 ,{σ̂ · 𝜋̂, σ̂ ·𝐸}

]

+
11ie

1024m6

[
(σ̂ · 𝜋̂)2 ,

[
(σ̂ · 𝜋̂)2 , [σ̂ · 𝜋̂, σ̂ ·𝐸]

]]
. (22)

This result is consistent with Puchucki’s work at the order of
mα6.[22]

At the order of mα8, this result corrected the coefficient
error in the work by Mei.[9] By comparing the two results item
by item, one can see that their difference is only in the coef-
ficients of some items. By subtracting one equation from the
other, we get the different terms

∆H = − e2

96m5

{
{σ̂ ·𝐸, [σ̂ ·𝜋, [σ̂ ·𝜋, σ̂ ·𝐸]]}

+2
{

σ̂ ·𝐸,
{
(σ̂ ·𝜋)2 , σ̂ ·𝐸

}}}
− ie

23040m6

{
148

[
σ̂ ·𝐸,(σ̂ ·𝜋)5

]
+765

[
(σ̂ ·𝜋)4 ,{σ̂ ·𝜋, σ̂ ·𝐸}

]
+865

[
(σ̂ ·𝜋)5 , σ̂ ·𝐸

]
−100

[
(σ̂ ·𝜋)3 ,

{
(σ̂ ·𝜋)2 , σ̂ ·𝐸

}]}
. (23)

As one can see, the coefficient errors occur to terms containing
one or two (σ̂ ·𝐸), while terms containing the first or second
derivatives of (σ̂ ·𝐸) with respect to time are the same. Since
the same approach is applied, the differences are mostly due
to the miscalculation of Ref. [9].

Compared with the result Eq. (16) obtained by the tradi-
tional approach, we find that there are several formal differ-
ences. Subtracting Eq. (22) from Eq. (16) to get the difference

∆HFW =
e

16m3

{
2e (σ̂ ·𝐸)2 +

{
σ̂ · 𝜋̂, σ̂ · 𝐸̇

}}
− ie2

32m4

[
σ̂ ·𝐸, σ̂ · 𝐸̇

]
− ie

32m4

[
σ̂ · 𝜋̂, σ̂ · 𝐸̈

]
083101-5
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− ie
32m4

[
σ̂ ·𝐸 (σ̂ · 𝜋̂)3 + σ̂ · 𝜋̂σ̂ ·𝐸 (σ̂ · 𝜋̂)2

− (σ̂ · 𝜋̂)2
σ̂ ·𝐸σ̂ · 𝜋̂− (σ̂ · 𝜋̂)3

σ̂ ·𝐸
]

− e
768m5

[
17σ̂ · 𝐸̇ (σ̂ · 𝜋̂)3 +51σ̂ · 𝜋̂σ̂ · 𝐸̇ (σ̂ · 𝜋̂)2

+51 (σ̂ · 𝜋̂)2
σ̂ · 𝐸̇σ̂ · 𝜋̂+17 (σ̂ · 𝜋̂)3

σ̂ · 𝐸̇
]

− e2

768m5

[
68 (σ̂ ·𝐸)2 (σ̂ · 𝜋̂)2 +68 (σ̂ ·𝐸σ̂ · 𝜋̂)2

+70σ̂ ·𝐸 (σ̂ · 𝜋̂)2
σ̂ ·𝐸

+66σ̂ · 𝜋̂ (σ̂ ·𝐸)2
σ̂ · 𝜋̂+68 (σ̂ · 𝜋̂σ̂ ·𝐸)2

+68e(σ̂ · 𝜋̂)2 (σ̂ ·𝐸)2 ]
+

ie
1536m6

[
41σ̂ ·𝐸 (σ̂ · 𝜋̂)5 +51σ̂ · 𝜋̂σ̂ ·𝐸 (σ̂ · 𝜋̂)4

+10σ̂ · 𝜋̂ (σ̂ · 𝜋̂)2
σ̂ ·𝐸 (σ̂ · 𝜋̂)3

−10(σ̂ · 𝜋̂)3
σ̂ ·𝐸 (σ̂ · 𝜋̂)2 −51(σ̂ · 𝜋̂)4

σ̂ ·𝐸σ̂ · 𝜋̂
−41 (σ̂ · 𝜋̂)5

σ̂ ·𝐸
]
. (24)

As one can see, the operators of mα4 are the same, but mα6

(the first term in Eq. (24)) and mα8 operators are not. This is
because of the arbitrariness of unitary transformation. In the
next subsection, we give the Hamiltonian with unitary trans-

formation of the arbitrary form.

3.3. Arbitrary form of HFW

As shown by the results above, different forms can be ob-
tained by using different approaches. We hope to find a form
of HFW with some undetermined parameters to include all the
forms we can get from FW transformation.

For this purpose, we start from the Ŝ operator in Eq. (18),
and perform multiple FW transformations on H0 successively
to “push” the odd operators beyond the considered order, just
as we did with the traditional approach, except that in each
transformation we use an arbitrary form of odd operators with
undetermined parameters during the iteration. Noticing that
only the term corresponding to the lowest power of 1/m in the
Ŝ operator affects the lowest order of the odd operator after
transformation, we choose the lowest order of the odd oper-
ators in H as the first term in the Ŝ operator before the next
transformation. Other terms in the Ŝ operator are arbitrary.

After doing FW transformation several times, HFW is ob-
tained as

HFW =
Ô2β̂

2m
+ ℰ̂ −

[
Ô,
[
Ô, ℰ̂

]]
8m2 − Ô4β̂

8m3

+
−C1

([
Ô, ℰ̂

])2 −C4
[[

Ô, ℰ̂
]
, ℰ̂
]

Ô−C6Ô
[[

Ô, ℰ̂
]
, ℰ̂
]

8m3 β̂ −
C9ℰ̂

[
Ô, ℰ̂

]
Ô+C11ℰ̂Ô

[
Ô, ℰ̂

]
4m3 β̂

+
1

128m4

{
C13
[
Ô, ℰ̂

]
Ô3 +C16Ô3 [Ô, ℰ̂

]
+C14Ô

[
Ô, ℰ̂

]
Ô2 +C15Ô2 [Ô, ℰ̂

]
Ô
}
+

Ô6

16m5 β̂

+
1

32m4

{
−C2

[
Ô, ℰ̂

][[
Ô, ℰ̂

]
, ℰ̂
]
−C3

[[
Ô, ℰ̂

]
, ℰ̂
][

Ô, ℰ̂
]}

−
C8ℰ

[
Ô, ℰ̂

]2
4m4

+
−C5

[[[
Ô, ℰ̂

]
, ℰ̂
]
, ℰ̂
]

Ô−2C7Ô
[[[

Ô, ℰ̂
]
, ℰ̂
]
, ℰ̂
]

16m4 +
ℰ
(
−C10

[[
Ô, ℰ̂

]
, ℰ̂
]

Ô+C12Ô
[[

Ô, ℰ̂
]
, ℰ̂
])

16m4

+
1

384m5

{
−C34

[[
Ô, ℰ̂

]
, ℰ̂
]

Ô3 −C30Ô3 [[Ô, ℰ̂
]
, ℰ̂
]
−C32Ô

[[
Ô, ℰ̂

]
, ℰ̂
]

Ô2 −C27Ô2 [[Ô, ℰ̂
]
, ℰ̂
]

Ô
}

β̂

− 1
384m5

{
C33
[
Ô, ℰ̂

]2
Ô2 +C35Ô2 [Ô, ℰ̂

]2
+C36Ô

[
Ô, ℰ̂

]2
Ô

+C31
[
Ô, ℰ̂

]
Ô2 [Ô, ℰ̂

]
+4C23

([
Ô, ℰ̂

]
Ô
)2

+4C24
(
Ô
[
Ô, ℰ̂

])2
}

β̂

− ℰ
48m5

{
C22
[
Ô, ℰ̂

]
Ô3 +C19Ô3 [Ô, ℰ̂

]
+C21Ô

[
Ô, ℰ̂

]
Ô2 +C20Ô2 [Ô, ℰ̂

]
Ô
}

β̂

+
1

3072m6

{
C28
[
Ô, ℰ̂

]
Ô5 +C25Ô5 [Ô, ℰ̂

]
+C26Ô

[
Ô, ℰ̂

]
Ô4

+C29Ô4 [Ô, ℰ̂
]

Ô+2C17Ô2 [Ô, ℰ̂
]

Ô3 −2C18Ô3 [Ô, ℰ̂
]

Ô2
}
− 5Ô8β̂

128m7 . (25)

Using Eq. (14), it can be concretized into the Dirac Hamiltonian operators

Heff,arb = H0 +H(4)
FW +H(6)

FW,arb +H(8)
FW,arb,

H(6)
FW,arb =

e
8m3

[
C1e(σ̂ ·𝐸)2 +C4σ̂ · 𝐸̇σ̂ · 𝜋̂+C6σ̂ · 𝜋̂σ̂ · 𝐸̇

]
−

ieC9
(
eA0 − i∂t

)
4m3 {σ̂ · 𝜋̂, σ̂ ·𝐸}

+
ie

128m4

[
C13σ̂ ·𝐸 (σ̂ · 𝜋̂)3 +C14σ̂ · 𝜋̂σ̂ ·𝐸 (σ̂ · 𝜋̂)2 +C15 (σ̂ · 𝜋̂)2

σ̂ ·𝐸σ̂ · 𝜋̂+C16 (σ̂ · 𝜋̂)3
σ̂ ·𝐸

]
+

(σ̂ · 𝜋̂)6

16m5 ,
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H(8)
eff,arb =

ie2

32m4

(
C2σ̂ ·𝐸σ̂ · 𝐸̇+C3σ̂ · 𝐸̇σ̂ ·𝐸

)
+

e2C8

4m4

(
eA0 − i∂t

)
(σ̂ ·𝐸)2

+
ie

16m4

(
C5σ̂ · 𝐸̈σ̂ · 𝜋̂+2C7σ̂ · 𝜋̂σ̂ · 𝐸̈

)
+

e
(
eA0 − i∂t

)
16m4

(
C10σ̂ · 𝐸̇σ̂ · 𝜋̂−C12σ̂ · 𝜋̂σ̂ · 𝐸̇

)
+

e
384m5

[
C34eσ̂ · 𝐸̇ (σ̂ · 𝜋̂)3 +C30e(σ̂ · 𝜋̂)3

σ̂ · 𝐸̇+C32eσ̂ · 𝜋̂σ̂ · 𝐸̇ (σ̂ · 𝜋̂)2 +C27e(σ̂ · 𝜋̂)2
σ̂ · 𝐸̇σ̂ · 𝜋̂

]
+

e2

384m5

[
C33 (σ̂ ·𝐸)2 (σ̂ · 𝜋̂)2 +C35 (σ̂ · 𝜋̂)2 (σ̂ ·𝐸)2 +C36σ̂ · 𝜋̂ (σ̂ ·𝐸)2

σ̂ · 𝜋̂

+C31σ̂ ·𝐸 (σ̂ · 𝜋̂)2
σ̂ ·𝐸+4C23 (σ̂ ·𝐸σ̂ · 𝜋̂)2 +4C24 (σ̂ · 𝜋̂σ̂ ·𝐸)2 ]

−
ie
(
eA0 − i∂t

)
48m5

[
C22σ̂ ·𝐸 (σ̂ · 𝜋̂)3 +C19 (σ̂ · 𝜋̂)3

σ̂ ·𝐸+C21 (σ̂ · 𝜋̂) σ̂ ·𝐸 (σ̂ · 𝜋̂)2 +C20 (σ̂ · 𝜋̂)2
σ̂ ·𝐸 (σ̂ · 𝜋̂)

]
+

ie
3072m6

[
C28σ̂ ·𝐸 (σ̂ · 𝜋̂)5 +C25 (σ̂ · 𝜋̂)5

σ̂ ·𝐸+C26σ̂ · 𝜋̂σ̂ ·𝐸 (σ̂ · 𝜋̂)4

+C29 (σ̂ · 𝜋̂)4
σ̂ ·𝐸σ̂ · 𝜋̂+2C17 (σ̂ · 𝜋̂)2

σ̂ ·𝐸 (σ̂ · 𝜋̂)3 −2C18 (σ̂ · 𝜋̂)3
σ̂ ·𝐸 (σ̂ · 𝜋̂)2

]
− 5(σ̂ · 𝜋̂)8

128m7 , (26)

H0 and H(4)
FW are the same as previous results above. Every coefficient Cn in Eqs. (25) and (26) is listed in Table 1.

Table 1. The parameters in Eqs. (25) and (26).

Cn The value determined by cn

C1 3c11 + c12 +1

C2 12c22 +4c23 −1

C3 2c11 +2c12 +8c22 +8c23 +4c24 +1

C4 2c11 + c12

C5 c11 + c12 +2(c23 + c24)

C6 c11

C7 c22

C8 c22 + c23 + c24

C9 c11 + c12

C10 c11 + c12 +2c23 +4c24

C11 c11 + c12

C12 c11 + c12 −2(2c22 + c23)

C13 8c12 −11

C14 8c11 +16c12 +1

C15 16c11 +8c12 −1

C16 8c11 +11

C17 8c11(12c2 +12c21 −7)+48c2 −60c12 +96c21 +96c32 +192c33 +96c34 +59

C18 −8c12(12c2 +12c21 −7)+48c2 +60c11 +96c21 −96c31 −192c32 −96c33 +59

C19 (c11 + c12)(12c2 +12c21 −1)−3(2c22 + c23 −4(c31 + c32 + c33 + c34))

C20 (c11 + c12)(12c2 +12c21 −1)−3(c23 +2c24 −4(c31 + c32 + c33 + c34))

C21 (c11 + c12)(12c2 +12c21 −1)+3(2c22 + c23 +4(c31 + c32 + c33 + c34))

C22 (c11 + c12)(12c2 +12c21 −1)+3(c23 +2c24 +4(c31 + c32 + c33 + c34))

C23 6c11(6c2 +6c21 −1)+ c12(24c2 +24c21 −5)+6c2 +12c21 −6c23 −12c24 +48c31 +36c32 +24c33 +12c34 +1

C24 c11(24c2 +24c21 +1)+2c12(6c2 +6c21 +1)+6c2 +12c21 −12c22 −6c23 +36c31 +24c32 +12c33 +1

C25 4c11(48c2 +48c21 −13)+96c2 +192c21 +192c31 −143

C26 4c11(48c2 +48c21 −13)+16c12(12c2 +12c21 −7)+3(64c33 +128c34 +7)

C27 16c11(3c2 +3c21 −1)+ c12(48c2 +48c21 −13)−24(c23 + c24 −4c31 −2c32)

C28 4c12(48c2 +48c21 −13)−96c2 −192c21 +192c34 +143

C29 16c11(12c2 +12c21 −7)+4c12(48c2 +48c21 −13)+3(128c31 +64c32 −7)

C30 c11(48c2 +48c21 −1)+8(3c2 +6c21 −3c22 +6c31 +2)

C31 3c11(48c2 +48c21 −5)+ c12(48c2 +48c21 −1)+8(6c2 +12c21 −6c22 −3c23 +18c31 +12c32 +12c33 +6c34 −2)

C32 c11(48c2 +48c21 +5)+8c12(6c2 +6c21 +1)+24(c22 +4c31 +4c32 +2c33)

C33 3c11(48c2 +48c21 −5)+ c12(96c2 +96c21 −11)+8(3c2 +6c21 +6c22 +3c23 +24c31 +24c32 +18c33 +6c34 −1)

C34 c11(96c2 +96c21 −8)+ c12(48c2 +48c21 −7)+8(3c2 +6c21 +3c23 +3c24 +12c31 +12c32 +12c33 +6c34 +2)

C35 c11(96c2 +96c21 −5)+ c12(48c2 +48c21 −1)+8(3c2 +6c21 −6c22 −3c23 +18c31 +6c32 −1)

C36 c11(96c2 +96c21 −5)+ c12(96c2 +96c21 −11)−24(c23 +2c24 −8c31 −6c32 −2c33)
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Each of the numbered, lowercase values cn in the table
above is an undetermined parameter and can be chosen as any
real number.

If parameters in Eq. (26) take the following values,
HFW can then be obtained by using the traditional approach
Eq. (16):

c11 = 0, c12 = 0, c22 = 0, c23 = 0,

c24 = 0, c31 =−1
2

c2 − c21 −
1
6
,

c32 = c2 +2c21 +
1
3
, c33 =−c2 −2c21 −

1
3
,

c34 =
1
2

c2 + c21 +
1
6
, (27)

and for the new approach (Eq. (22)):

c11 =−1
2
, c12 =

1
2
, c22 =

1
4
,

c23 =−1
2
, c24 =

1
4
,

c31 =
1
8
− c21

2
, c32 = c21 +

1
8
,

c33 =−c21 −
1
8
, c34 =

c21

2
− 1

8
. (28)

By comparison with the previous work by Zhou[10]

(Eq. (57)), which reached to mα8 by scattering matching, it
can be seen that the two results are perfectly matched, with
the list of parameters as follows:

c11 = 0, c32 =
1
3
(6c21 +3c2 +2),

c33 =
1
3
(−6c21 −3c2 −2),

c31 =
1
6
(−6c21 −3c2 −2). (29)

This verifies the correctness of our results.

4. FW transformation for the Dirac–Pauli
Hamiltonian
In the previous section, higher-order relativistic correc-

tions of the effective Hamiltonian were obtained by applying
the FW transformation to the Dirac equation. By adding cer-
tain additional factors to the Dirac equation, one can obtain
partial corrections for QED effects through the FW transfor-
mation.

In this section, the anomalous magnetic moment of the
Dirac particle is considered. A Dirac particle with the Pauli
anomalous magnetic moment can be described by Dirac–Pauli
Hamiltonian. In addition to the Dirac Hamiltonian, there is an
anomalous electric interaction VE and an anomalous magnetic

interaction VB,

HDP = HD +HP,

HP = −iVE

(
0 12×2

12×2 0

)
· β̂ +VBβ̂

=

(
VB iVE

−iVE −VB

)
, (30)

where HD is given by Eq. (2), VB = −µ ′σ̂ ·𝐵, VB = µ ′σ̂ ·𝐸,
and the coefficient µ ′ is defined as follows:

µ
′ =

e
2m

(g
2
−1
)
.

For the case of an electron with g = 2, HP = 0, the Dirac–Pauli
Hamiltonian degenerates to the Dirac Hamiltonian.

For an FW transformation U , the effective Hamiltonian
corresponding to the Dirac–Pauli Hamiltonian has the follow-
ing form:

Heff = U (HDP − i∂t)U† + i∂t

= U (HD +HP − i∂t)U† + i∂t . (31)

Defining

η̂ =

(
0 12×2

12×2 0

)
, (32)

this is an odd operator, so the term
(
−iVEη̂ · β̂

)
in HP is also

an odd operator. The term VBβ̂ is an even operator. It is easy
to obtain the following relations:{

−iVEη̂ · β̂ , β̂
}
= 0,[

VBβ̂ , β̂
]
= 0. (33)

This relation is same as Eq. (9). Therefore, when FW transfor-
mation of the Dirac–Pauli Hamiltonian is performed, Eq. (26),
obtained previously, can be applied directly. Substitute the odd
and even operators in Eq. (26) into the following form:

Ô → Ô− iVEη̂ · β̂ ,
ℰ̂ → ℰ̂+VBβ̂ . (34)

By expanding all the terms, we obtain the following effec-
tive Hamiltonian expression for the Dirac–Pauli Hamiltonian:

Heff,DP = Heff,arb +HFW,P,

HFW,P = H(4)
FW,P +H(6)

FW,P +H(8)
FW,P, (35)

where Heff,arb is given by Eq. (26). HFW,P is the part of the
effective Hamiltonian that relates to the Pauli anomalous mag-
netic moment. The specific form of HFW,P is as follows:

H(4)
FW,P = −e(g−2)(σ̂ ·𝐵)

4m
− ie(g−2) [σ̂ ·𝜋, σ̂ ·𝐸]

8m2 , (36a)
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H(6)
FW,P =

e(g−2)
32m3

[
eg(σ̂ ·𝐸)2 −

{
σ̂ ·𝜋, σ̂ · 𝐸̇

}]
+

e(g−2)
32m3 {σ̂ ·𝜋,{σ̂ ·𝜋, σ̂ ·𝐵}}+ ie(g−2)

32m4

{
(σ̂ ·𝜋)2 , [σ̂ ·𝜋, σ̂ ·𝐸]

}
,

H(8)
FW,P =

ie2 (g−2)
128m4

[
(4C9 −8C6 +3g−2) σ̂ ·𝐵σ̂ ·𝐸σ̂ ·𝜋+(12C9 −8C6 −g−2) σ̂ ·𝐵σ̂ ·𝜋σ̂ ·𝐸

+ (4C1 −8C11 +g−2) σ̂ ·𝐸σ̂ ·𝜋σ̂ ·𝐵+(8C6 −12C9 −3g+2) σ̂ ·𝜋σ̂ ·𝐵σ̂ ·𝐸
]

+
ie2 (g−2)

128m4

[
−(4C6 −4C9 +g+2) σ̂ ·𝐸σ̂ · 𝐸̇+(4C6 −8C11 +g+2) σ̂ · 𝐸̇σ̂ ·𝐸

]
+

ie(g−2)
32m4

[
− (C4 −2C9) σ̂ · 𝐵̇ (σ̂ ·𝜋)2 +(C6 −2C11)(σ̂ ·𝜋)2

σ̂ · 𝐵̇−C9σ̂ ·𝜋
(
σ̂ · 𝐵̇

)
σ̂ ·𝜋

]
+

e2 (g−2)2

64m4

[
−2σ̂ · (𝐸×𝐵) σ̂ ·𝜋+ σ̂ ·𝜋σ̂ ·𝐸×𝐵

]
+

ieC9 (g−2)
32m4 σ̂ ·𝜋σ̂ · 𝐸̈

− e2 (g−2)
512m5

[
(−C13 +C14 +4g−8)(σ̂ ·𝐸)2 (σ̂ ·𝜋)2 − (C15 −C16 −4g+8)(σ̂ ·𝜋)2 (σ̂ ·𝐸)2

+ (C14 −C15 +4g−8) σ̂ ·𝜋 (σ̂ ·𝐸)2
σ̂ ·𝜋− (C13 −C16 −4g+8)(σ̂ ·𝐸)(σ̂ ·𝜋)2 (σ̂ ·𝐸)

+ (C13 +C15 −4g+8)(σ̂ ·𝐸σ̂ ·𝜋)2 −4(4C9 +g+1)(σ̂ ·𝜋σ̂ ·𝐸)2 ]
+

e(g−2)
512m5

[
C13σ̂ ·𝐵 (σ̂ ·𝜋)4 −C16 (σ̂ ·𝜋)4

σ̂ ·𝐵+(C13 −C14) σ̂ ·𝜋σ̂ ·𝐵 (σ̂ ·𝜋)3

+ (8C9 −12)(σ̂ ·𝜋)3
σ̂ ·𝐵σ̂ ·𝜋− (C14 −C15)(σ̂ ·𝜋)2

σ̂ ·𝐵 (σ̂ ·𝜋)2 ]
− e(g−2)

512m5

[
C13σ̂ · 𝐸̇ (σ̂ ·𝜋)3 −C16 (σ̂ ·𝜋)3

σ̂ · 𝐸̇−C14 (σ̂ ·𝜋) σ̂ · 𝐸̇ (σ̂ ·𝜋)2 +C15 (σ̂ ·𝜋)2
σ̂ · 𝐸̇σ̂ ·𝜋

]
+

ie(g−2)
64m6

[
σ̂ ·𝐸 (σ̂ ·𝜋)5 − (σ̂ ·𝜋)5

σ̂ ·𝐸− σ̂ ·𝜋σ̂ ·𝐸 (σ̂ ·𝜋)4

+ (σ̂ ·𝜋)4
σ̂ ·𝐸σ̂ ·𝜋+(σ̂ ·𝜋)2

σ̂ ·𝐸 (σ̂ ·𝜋)3 − (σ̂ ·𝜋)3
σ̂ ·𝐸 (σ̂ ·𝜋)2 ]

−C9e(g−2)
16m4

{[
(σ̂ ·𝜋)2 , σ̂ ·𝐵

]
+
[
σ̂ ·𝜋, σ̂ · 𝐸̇

]}(
eA0 − i∂t

)
, (36b)

and the form of coefficient Cn is given by Table 1.
Since 𝐵 ≡ ∇×𝐴= i𝑝×𝐴, 𝐵 is the order of m2α4. The

term σ̂ · (𝐸×𝐵) is derived from the relation [σ̂ ·𝐸, σ̂ ·𝐵] =

2iσ̂ · (𝐸×𝐵), in which we used the following relation:

σ̂ ·𝑎σ̂ ·𝑏= 𝑎 ·𝑏+ iσ̂ · (𝑎×𝑏) .

At the order of mα8, each (σ̂ ·𝜋)2 can be substituted by
𝜋2, because (σ̂ ·𝜋)2 = 𝜋2 − eσ̂ ·𝐵 = 𝜋2 +O

(
α4
)
.

5. Conclusion
Foldy–Wouthuysen transformation is an excellent tech-

nology to obtain high-order correction of the effective Hamil-
tonian in the field of the high-precision calculations of atoms
and molecules. In this work, under low-energy approximation,
the higher order effective Hamiltonian that describes relativis-
tic effects at the order of mα8 is derived through two ways of
FW transformation (Eqs. (16) and (22)), and the unitary trans-
formation of any form equivalent to them is further obtained
by combining the two approaches (Eq. (26)).

Each result is consistent with previous work done by
Pachucki and Zhou[10,22] up to the order of mα6. At the or-
der of mα8, the result, Eq. (16), corrects the error of the co-
efficients from Mei.[9] After comparing the arbitrary unitary
equivalent Hamiltonian (Eq. (26)) obtained in this paper with

the result obtained by Zhou through scattering matching,[10]

and taking appropriate values for the coefficients, it can be
seen that they are in good agreement, which shows the cor-
rectness of the results in this paper.

And finally, the effect of Pauli anomalous magnetic mo-
ment is considered. The whole Hamiltonian with anomalous
magnetic moment is also obtained up to the order of mα8

(Eq. (35)).
With the results from this paper, it is possible to derive

the mα8 operators which can be used for numerical calcula-
tions. Although it is derived from single-particle Dirac and
Dirac–Pauli equations, each result can also be used for a multi-
particle system with additional terms of correlated interaction.
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