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Lie symmetry analysis is applied to a (3 + 1)-dimensional Virasoro integrable model and the corresponding similarity
reduction equations are obtained with the different infinitesimal generators. Invariant solutions with arbitrary functions
for the (3 + 1)-dimensional Virasoro integrable model, including the interaction solution between a kink and a soliton, the
lump-type solution and periodic solutions, have been studied analytically and graphically.
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1. Introduction

It is well known that many phenomena in nature can be
modeled by nonlinear partial differential equations. To fining
more exact solutions of nonlinear partial differential equations
is one of the most important subjects in nonlinear science.
With the development of soliton theory, many effective meth-
ods have been proposed to study the nonlinear systems, such as
Darboux transformation, the Painlevé analysis method, clas-
sical Lie group method, nonclassical Lie group method, the
function expansion method, and so on. U-171 On the one hand,
many higher dimensional nonlinear systems can be regarded
as the extension of the lower dimensional nonlinear systems,
for instance, the Korteweg—de Vries (KdV) equation can be
extended to Kadomtsev—Petviashvili (KP) equation. It is lucky
that one can find some higher dimensional models which have
infinite dimensional centerless Virasoro type symmetry alge-
bra by the concrete realizations of the Kac—Moody—Virasoro
symmetry algebra.[!819]

In this paper, we will focus on a (3 + 1)-dimensional Vi-
rasoro integrable model

3 2
Uyt Uy — UgxtUyx + = Uy UyxxUyz; — 2uyz Uy

2

+muz(uxxuxxy - Mxyuxxx) - muy(ux_xuxxz - szuxxx) =0, (I

where m being an arbitrary constant and u = u(x,y,z,t). Equa-
tion (1) is derived as a (3 + 1)-dimensional Virasoro integrable
model from the realization of the Virasoro symmetry algebra

[6(f1),0(f2)] = (fafi — fif2),

where the functions f] and f; are arbitrary functions of a sin-
gle independent variable and the dots over the functions f;
and f, present the derivatives with respect to the independent
variable.!?°! The authors have proved that Eq. (1) is not only
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Virasoro integrable but also Painlevé integrable when the con-
stant m = 0 through the standard WTC method.

We aim to secure various new exact solutions of the
(3 + 1)-dimensional Virasoro integrable Eq. (1) that have not
been earlier obtained via Lie group theory technique. With-
out loss of generality, we will perform the Lie group analysis
and its symmetry reduction for Eq. (1) by fixing m = 1. Then
Eq. (1) becomes the following form:

3
2
Uyt Uy — Uyt Uy + Euxuxxxuyz - 2“}'2 Uy

+uz(uxxuxxy - uxyuxxx) - uy(uxxuxxz - uxz”xxx) =0. 2)

As we know, the Lie group analysis and the abundant exact so-
lutions for Eq. (2) have not been reported in the literature. The
organization of the paper is as follows. In Section 2, the in-
finitesimal generators of Eq. (2) are obtained by means of Lie
group analysis method. In Section 3, many reduction equa-
tions and the corresponding similarity solutions of Eq. (1) or
Eq. (2) are obtained by different selection of the vector fields,
which contain arbitrary functions and constants. The struc-
tures of the similarity solutions of Eq. (2) are shown analyti-
cally and graphically in Section 4. Section 5 gives the sum-
mary and discussion.

2. Lie symmetry analysis of Eq. (2)

In this section, the classical Lie group method is applied
to Eq. (2) and the infinitesimal generators of Eq. (2) are ob-
tained directly. First of all, we make a one-parameter Lie
group transformation for Eq. (2)

x—x+e&, y—y+en, z—z+ey,
t—>t+€t, u—ut+ed, 3)

where € is a small parameter. The infinitesimal genera-

tors {&,1,x,7, P} are undetermined functions depending on
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x,v,z,t,u. The corresponding vector field is

0 0 0 0 0
Vzéa +na +xa +ra +d>a 4)

which must satisfy the Lie invariant condition
PV (A)[s—0 =0, 5)

where

3
2
A = UgUygy — Upg Uy + Euxuxxxuyz - 2”}’1 Uy

+u; (uxxuxxy - uxyuxxx) — Uy (Mxxuxxz — Uy Mxxx)a
and Pr®V is the third prolongation of Eq. (4)
POV v 4ol o gl +¢“a—2+qb” A
dx dy dz dx? dxdy
9? 02 9? 9°
(D)CZ @Xl (pyZ @XXX
R T PR T PR o R
3 3 3
PV L P —— o P .
* 0x2dy + 0x20z + 0x20t

Then we can get Lie invariant condition

3
X v4 y
5 o5 UpyxxUyz +o (uxxuxxy - u)qy”xxx) o (Mxxuxxz + uxzuxxx)

. . .
+ P uuy + Pty — PV U Uy

(3
+ D (Uglxy — Uyllr; — Uy — Hity;) + P° (2uwcux — 2”;2@()

3
XZ XXX
— DUyt + P (e + Euxuyz — Ugllyy — Uyllyz)

_ @XXZ uy Uy

- (pXXtuxx =0, (6)

where @?, ¥, ¥, ¥ PV P P PV Y VY P
and @™ are invariant coefficients. From the standard proce-
dure of Lie group method, we can compute these coefficients
and substitute them into the invariant Eq. (6) of the original
Eq. (2). Then with the help of Eq. (2), we will have the deter-
mined equations for the functions {&,n,%,7, P}

=0, =0, 7,=0, 1,=0, &, =0, ¢, =0,
d)uy = 0, Dy = 07 ¢MMV = O> Dy = 07 ¢uuz = 0,

gxxt 0 ‘gxxx - 0 éu - O 5\) - 0 gz - 0 gxx - 0

N:=0, 0,=0, nx=0, =0, xu=0, =0

Dy —x%=0, &, +1,=0, &,—x =0

2Py —2&y +3Py, =0, 2&y —2d,, — D, =0,
Xe+My— 7 — P, =0. (7)

Solving the determined Eq. (7), we can get the corresponding
infinitesimal generators

£— (f1+c1)x+fz, = (—fl + eyt fo

X =flz+ fa, T=fi+cat+cs,
fu+ fiyz+ fiy— fiz+ fs. (®)

where f1, f>, f3, f1, and f5 are arbitrary functions about ¢ and

(PZ(Cz—C4

c1, €2, €3, ¢4 are arbitrary constants. Then the vector field is

given as
V =caVi+aVa+aVa+aVi+Vs(fi)
+Vs(f2) + Va(f3) + Va(fa) + Vo(fs),
where
0 0 0 d 0 0
Vlzxa, Vz:y(Ty—i_u%’ %:Ea V_fa U

1 ,a ,a /(9 a 7 ! a
Vs(fi) = Exfla—Yfla*y+2flafz+flg+(yzf1 —“fl)a*7

0 0 0
Ve(/f2) :fza*, Vi(f3) :f387y *Zféw,

0
Vi(fs) = f4 +yf487 9(f5):f5£~ Q)

That is to say, the (3 4 1)-dimensional Virasoro integrable
Eq. (2) admits the Lie algebra spanned by the vectors V;
(j=12,...,9).

3. Symmetry reduction and invariant solutions
of Eq. (2)

In this section, we will consider the symmetry reduction
and invariant solutions of Eq. (2) by selecting different vector
fields. In order to find the exact similarity solutions of Eq. (2),
we fix the arbitrary functions in the infinitesimal generators
to derive the abundant solutions for the Virasoro integrable
Eq. (2). We perform the symmetry reduction equations with
the aid of the symmetries gained in Eq. (9) and their corre-
sponding invariant solutions of Eq. (2) are illustrated in the
following cases.

Casel V| = x%.

Solving the characteristic equation

dx dy dz dr du
x 0 0 0 0’
we can obtain similarity solution and similarity variables, re-

(10)

spectively
=F({Y,Z,T), Y=y, Z=z, T =t,

where F(Y,Z,T) is an arbitrary function. It is evident that the
arbitrary function F (y,z,t) satisfies Eq. (2).

Case2 V, :ya% +u%.

From the characteristic equation

dx dy dz _dr _ du

= ="=_—=— 11
0 y 0 0 u (i
the similarity solution and their variables are
u=yF(X,Z,T), X=x, Z=z, T =t. (12)
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Substituting Eq. (12) into Eq. (2), we obtain the first nontrivial
reduction as

1
FxxxFxr — F{xFz — FxxrFxx + EFXXXFXFZ
—FFxxzFxx + FFxxxFxz =0. (13)
Some special solutions of Eq. (13) and the corresponding so-
lutions of Eq. (2) are given as follows:
Fl =X +G(27 T)7 uy = xY+yG1(Z7t)7
12 :XG(ZaT)7 Uz = Xsz(Zaf)7
where G|(z,t) and G»(z,t) are two arbitrary functions.

Case3 V; = %.
It is easy to solve the equation

de dy dz dr du

0 0 0 1 0’

and we have the similarity solution
u=F(X,Y,Z), (14)

with X =x, Y =y, and Z = z.
Eq. (14) into Eq. (2), we obtain the second reduction as

Substituting the reduction

3
EFXXXFYZFX — 2F2yFyz + Fxxy Fxx Fz
—FxxxFxyFz — FxxzFxxFy + FxxxFxzFy =0. (15)

Then the exact solutions of Eq. (2) are
uz3 = x+Gs(y,2), us =xG4(y,z2),

which can be obtained directly from the reduction Eq. (15)
with two arbitrary functions G3(y,z) and G4(y,z).

Cased V, = t% fu%.

The corresponding characteristic equation is formed as

de_dy dz_dr_du

16
0 0 0 t —u’ (16)
and the similarity reductions are
F(X,Y,Z
u:M,X:x, Y=y Z=z a7

t

Making use of the Eq. (17) in Eq. (2), we have the third re-
duced equation

F¢x — 2FgxFyz — FxxxFx + %FXXXFYZFX + Fxxy FxxFz
—FxxxFxyFz — FxxzFxxFy + FxxxFxzFy = 0. (18)
Now a special solution of Eq. (18) is
F=X+Gs(Y,2).
Subsequently, the exact solution for Eq. (2) becomes

x+G5(y7z)
us = ————

)

where Gs(y,z) is an arbitrary function.
J / d
Case 5 V5(f3) = f3a—y —2f35.
The characteristic equation associated to the vector field
V5 can be written as

0 f5 0 0 —zff

dx_g_dzzdt_ du (19)

It is easy to find the similarity variablesare X =x,Z =2, T =t
and the similarity solution

b

which can be solved by Eq. (19). Substituting Eq. (20) into
Eq. (2), we can achieve the fourth reduction equation

f3(FxxxFxr — FxxrFxx)
+f3(2Fgx — %FXXXFX + FxxzFxxZ — ZFxxxFxz) = 0. (21)
The special solution to this reduction Eq. (21) is
F(X,Z,T)=H|(Z,T)+ H,(Z,T)X, (22)
and the explicit solution of Eq. (2) is derived as

w= _y% +H (2,1) + Ha (z,)x, 23)

where H| (z,t) and H,(z,t) are two arbitrary functions.

Case 6 Vi(fs) = fa g+ i3
We solve the characteristic equation

dr_dy dz_di_du
0 0 fa 0 yfy
and obtain the similarity solution and similarity variables
U
/1
4

+F(X,Y,T), X=x, Y=y, T=t. (24)

Substituting Eq. (24) into Eq. (2), we can obtain the fifth re-
duction equation as

Fxxx (2faFxr — 2f3Y Fxy + 3 fiFx) — 4F¢x fi
—2faFxxtFxx +2f;,Y FxxyFxx = 0. (25)
Case7 Vi +V, :x% +ya% +u%.
With the characteristic equation

dx dy dz dr du
=L == =" 26
x y 0 0 u’ (26)

one can obtain the similarity solution and similarity variables

u=xF(X,Z,T), X=2, Z=z, T=1. 7
X

Substituting Eq. (27) into Eq. (2), we can obtain the sixth re-
duced equation as

5X%Fyxx FxzFx — 3X Fxxx FxzF — 2X Fxxx Fx Fz
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+15X Fxx FxzFx — 9F Fyx Fxz — 4X*Fx 7 F¢y — 6Fxx Fx Fy
—2X*FxxFxxzFx — 2X Fgx Fz +2X*Fxxx Fxr — 2X Fxxx Fr
—ZXZFXXTFxx+6XFxxFXT —6FxxFr =0. (28)

The special solutions of the reduction equation Eq. (28) can be
written as

F(X,Z,T)=X+Gs(Z,T), (29)

where Gg(Z,T) is an arbitrary function.
Case8 Vi +Vy zx%—i-fs%.
Using the characteristic equation

d_dy_dz_dr_du
x 0 0 0 f5

one can obtain similarity solution and new variables
u=fslnx+FY,Z,T), Y=y, Z=z, T=t. (30)

Substituting Eq. (30) into Eq. (2), one can obtain the seventh
reduced equation

fsFrz+f5=0. €29

Hence, the exact explicit solution of Eq. (2) is

!

u= fslnx+Gy(y,t) +Gg(z,t) — ?yz, (32)
5

where G7(y,t) and Gg(z,t) are two arbitrary functions of the
indicated variables.

Case9 V) +Vj :fz% +y(% +u%.

Using the characteristic equation

dx dy dz dt du
Ay 00w Gy

we obtain similarity solution and new variables
u=yF(X,Z,T), X=x—folny, Z=2z, T=t. (34)

Substituting Eq. (34) into Eq. (2), we can obtain the eighth
reduction equation

4frFey Fxz — 2F2y F7 4 2Fxxx Fxr — 2Fxx1Fxx
=5 fHhFxxxFxzFx + Fxxx FxFz +2frFxxzFxx Fx
—2FFxxzFxx +2F FxxxFxz = 0. (35)

The exact solutions of Eq. (35) are given with two arbitrary
functions

R(X,Z,T)=X+Gy(Z,T), F,=XGo(Z,T),
and the corresponding explicit solutions of Eq. (2) are

u=ylx— frIny+Go(z,1)), u=y(x— frlny)Gio(z,t). (36)

Case 10 V; + Vg3 = t% +f49% + (v fa —u)%.
By solving the characteristic equation
dx dy dz dr  du
00 fi 1 o
the following invariant functions are generated:

F(X,Y,Z
”:M’ X=x, Y=y, Z:Z—/édt. (37)

Substituting Eq. (37) into Eq. (2), the ninth similarity equation
is obtained as
2F2y — AF} Fyz — 2Fxxx Fx + 3Fxxx FyzFx + 2Fxx Fxxy Fz
—2FxxxFxyFz —2FyFxxzFxx +2FxxxFxzFy = 0.

Consequently, some exact solutions of Eq. (2) are given as fol-
lows:

u= % ()’f4+x+G11()’7z—/{4dI))7

1
u=- ()’f4 +xG12(y72—/J;4df)) ) (38)

where G1; and Gy, are arbitrary functions of the indicated
variables.
Case 11 V3 + Vo (fo) = $ + fo 2.
From the characteristic equation
dr_dy _dz_dr_du
0 0 1 0
we can obtain the similarity solution and new variables

u=F(X,Y,2), X:x—/fgdt, Y=y, Z=z (39)

Utilizing the invariants (39), we can obtain the tenth reduction
equation

Fxxx (3FxFyz — 2FxyFz +2FxzFy)
+2Fxx (FxxyFz — 2FyzFxx — FxxzFy) =0.  (40)

A particular solution to Eq. (40) is
F(X,Y,Z)=X+G3(Y,2),

and the corresponding explicit solution of Eq. (2) is

u:x—/fzdtJrGlS()’aZ)a

where G13(y,z) is an arbitrary function. Due to the arbitrari-
ness of the function Gy3(y,z), one can gain different similarity
solutions of the original Eq. (2), such as the solitary solution,
rational solution and dromions in yz-plane.

Case 12 Vs (f2) + V3(f3) + Vo(f5) = o+ f3 55+ (fs —
of5) 5

Solving the characteristic equation

dx dy dz dr = du

L 0 0 fs—zfy
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one can find the similarity solution and new variables

o /
u="B"2  pzry,

f2
Y=yfr—xf3, Z=2z, T=t. (41)

Substituting Eq. (41) into Eq. (2), we can obtain the eleventh
reduced equation

(55 FrzFy +33Z i Frz+ 213 f3Frr + 413 fiFy
~3f3 fsFyz + 22113 ) Fryy =2 (Zf3f2+ fofs — f513) Fryvy

21315 (HFrvzFy + Fryr)Fry —Af3 (2 Fvz + f3) Fy = 0.
(42)

It is difficult to obtain the exact solutions of Eq. (42) because
the existence of three arbitrary functions. If fixing three arbi-
trary functions, one can construct abundant exact solutions of
Eq. (42).

4. Invariant solutions of Eq. (2)

In this section, we will give several concrete invariant so-
lutions of Eq. (2) by selecting the proper arbitrary functions
in the solutions obtained in the last section. The first invariant
solutions can be obtained by fixing the arbitrary function

16(212 4 3tz — 3ty + 22 — dzy — 5y* — 12)
T (2t +z—59)2+ (t+z+y)2 424
8y—1t—9z
27— 3y)t+922 —4zy+y* + 1’

Fl (yvzat) =

)

FZ(y,Zat) = l2+(

in Case 1, then we will have the exact solutions of Eq. (2)

16(262 4 3tz — 3ty + 2> — 4zy — 59> — 12)
[(2t+7—35y)2+ (t +z+y)2 +24]2
8y—t—9z
24 (22 =3y)t +922 —dzy +y> + 1

Uy =— ;o (43)

uy = (44)

and the corresponding plots are given in Figs. 1(a) and 1(b),
respectively.

The second invariant solution of Eq. (2) in Case 2 can be
got by selecting the arbitrary functions

Gai(z,1) = e +arctan %!, Gy = sech®(z+21),
and the invariant solutions are obtained as follows:
uz = xy(e +arctan e ), uy = xysech®(z+2r). (45)

If fixing the arbitrary function in Case 7

1
Ge(z,t) = tanh(z +1) + ————, 46
6( ) ( ) COSh2 (l — Z) ( )
then the third similarity solution of Eq. (2) is given as
1
us =y—+x |tanh(z+1)+ ————— |, 47
5=Y ( ) COSh2 (t — Z) ( )

and the corresponding plot is shown in Fig. 3.

(a) t=2

Fig. 1. The first invariant solutions (43) and (44) of Eq. (2).

Fig. 2. The second invariant solution (45) of Eq. (2), which can be re-
garded as the periodic solution and solitary solution respectively.
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Fig. 3. The third invariant solution (47) of Eq. (2) withx =1,y =1,
which can be regarded as the interaction between a kink and a soliton.

Fig. 4. The fourth invariant solution (48) of Eq. (2) withx =0,y =1,
which can be regarded as a lump-type solution.

Fixing the arbitrary function in Case 10 as

4[y* — (z+41)* +3]
=—4, Gn(y,z+4)= ,
fa 04 = a4 3P

so we obtain the fourth invariant solution

4Lv2—(z+4t)2+3])_

2+ (z+41)2+3]2 (48)

1
ug = n <x—4yt—|—

The structure of the solution (48) is shown explicitly in Fig. 4.

5. Summary

A (3+ 1)-dimensional nonlinear system, which is inte-
grable in the sense of possessing the Virasoro symmetry al-
gebra, is studied by means of symmetry reduction method.
The infinitesimal generators with five arbitrary functions and
four arbitrary constants are solved directly from the usual Lie
symmetry procedure. The corresponding similarity reduction
equations have been proposed with new similarity variables
and different types of similarity solutions are obtained analyt-
ically by selecting proper arbitrary functions. These invariant
solutions include the interaction solution between a kink and
a soliton, the lump-type solution, periodic solutions, etc. Be-
cause of the existence of the arbitrary functions and constants
in the solution expression of the similarity reduction equa-
tions, we get abundant interesting exact solutions as possible.
Other integrable properties about this Virasoro integrable sys-
tem, such as Lax pair and bilinear form, will be studied in
future.

References

[1] Matveev V B and Salle M A 1990 Darboux Transformations and Soli-
tons (Berlin: Springer-Verlag) p. 70

[2] Bluman G W and Kumei S 1989 Symmetries and Differential Equa-
tions (New York: Springer) p. 195

[3] Weiss J, Tabor M and Carnevale G 1983 J. Math. Phys. 24 522

[4] LouSY and Hu X B 1997 J. Phys. A: Math. Gen. 30 L95

[5] JiaJ and Lin J 2012 Opt. Express 20 7469

[6] LinJ,RenB,Li HM and Li Y S 2008 Phys. Rev. E 77 036605

[71 HuHC,Li Y Y and Zhu H D 2018 Chaos Soliton. Fract. 108 77

[8] HuH C and Li X D 2022 Int. J. Mod. Phys. B 36 2250001

[9] Kumar S, Kumar D and Kumar A 2020 Chaos Soliton. Fract. 142
110507

[10] ChenJ C,MaZY and Hu'Y H 2018 J. Math. Anal. Appl. 460 987
[11] Chen]J C and Zhu S D 2017 Appl. Math. Lett. 73 136

[12] Hu H C and Sun R L 2022 Mod. Phys. Lett. B 36 2150587
[13] HuH C and Zhang Y Q 2021 Mod. Phys. Lett. B 35 2150108
[14] HuH C and Liu F Y 2020 Chin. Phys. B 29 040201

[15] Huang L 2006 Acta Phys. Sin. 55 3864 (in Chinese)

[16] LinJ and Wang K L 2001 Acta Phys. Sin. 50 13 (in Chinese)
[17] Zhang HY and Ran Z 2009 Chin. Phys. Lett. 26 030203

[18] LinJ 1996 Commun. Theor. Phys. 25 447

[19] LinJ,Lou S'Y and Wang K L 2001 Phys. Lett. A 287 257
[20] LinJ, Lou S'Y and Wang K L 2000 Z. Naturforsch. A 55 589

040503-6


https://doi.org/10.1007/978-1-4757-4307-4
https://doi.org/10.1007/978-1-4757-4307-4
https://doi.org/10.1063/1.525721
https://doi.org/10.1088/0305-4470/30/5/004
https://doi.org/10.1364/OE.20.007469
https://doi.org/10.1103/PhysRevE.77.036605
https://doi.org/10.1016/j.chaos.2018.01.023
https://doi.org/10.1142/S0217979222500011
https://doi.org/10.1016/j.chaos.2020.110507
https://doi.org/10.1016/j.chaos.2020.110507
https://doi.org/10.1016/j.jmaa.2017.12.028
https://doi.org/10.1016/j.aml.2017.05.002
https://doi.org/10.1142/S0217984921505874
https://doi.org/10.1142/S0217984921501086
https://doi.org/10.1088/1674-1056/ab6dca
https://doi.org/10.7498/aps.55.3864
https://doi.org/10.7498/aps.50.13
https://doi.org/10.1088/0256-307X/26/3/030203
https://doi.org/10.1088/0253-6102/25/4/447
https://doi.org/10.1016/S0375-9601(01)00488-1
https://doi.org/10.1515/zna-2000-6-705

	1. Introduction
	2. Lie symmetry analysis of Eq. (2)
	3. Symmetry reduction and invariant solutions of Eq. (2)
	4. Invariant solutions of Eq. (2)
	5. Summary
	References

