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Changes in the concentration of charged ions in neurons can generate induced electric fields, which can further mod-
ulate cell membrane potential. In this paper, Fourier coefficients are used to investigate the effect of electric field on vi-
brational resonance for signal detection in a single neuron model and a bidirectionally coupled neuron model, respectively.
The study found that the internal electric field weakens vibrational resonance by changing two factors, membrane potential
and phase-locked mode, while the periodic external electric field of an appropriate frequency significantly enhances the vi-
brational resonance, suggesting that the external electric field may play a constructive role in the detection of weak signals
in the brain and neuronal systems. Furthermore, when the coupling of two neurons is considered, the effect of the electric
field on the vibrational resonance is similar to that of a single neuron. The paper also illustrates the effect of electric field
coupling on vibrational resonance. This study may provide a new theoretical basis for understanding information encoding
and transmission in neurons.
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1. Introduction
Stochastic resonance (SR) was first proposed by Benzi

et al.[1,2] in the study of climate change, and it was subse-
quently used to describe the enhancement of the system out-
put by internal or external noise in nonlinear systems.[3] SR
is widely used in physics,[4,5] interdisciplinary,[6–8] and en-
gineering applications.[9,10] With the deepening of research,
scholars have discovered a new form of resonance, vibra-
tory resonance (VR).[11] When the nonlinear system is af-
fected by the dual-frequency signal, the high-frequency pe-
riodic signal will replace the noise to amplify the weak sig-
nal. Zaikin et al. studied the vibrational resonance of a space-
expanded system of coupled noise oscillators under dual-
frequency periodic force, and the noise-induced phase tran-
sition and vibrational resonance together optimize the sig-
nal processing.[12] Chizhevsky et al. studied VR in bistable
vertical cavity lasers, where the detection of low-level sig-
nals depends on the magnitude of the applied high-frequency
modulation.[13] Ghosh et al. studied the nonlinear response
of bistable systems driven by high-frequency forces to low-
frequency weak fields, and showed that rapidly changing time
oscillations break the spatial symmetry of the centrosymmet-
ric potential.[14] In addition, the internal or external chaotic
signals of nonlinear systems can also enhance the system’s
response to weak signals.[15] The amplification effect of this
chaotic signal on the weak signal is called chaotic resonance

(CR). Nobukawa et al. proposed that the method of reduc-
ing orbital area is applied to the nervous system composed
of excitatory and inhibitory neurons and induced chaotic res-
onance, in which external noise exhibits the effect of reduc-
ing and enhancing the signal response.[16] Baysal et al. stud-
ied the effect of chaotic activity on the collective behavior of
Hodgkin–Huxley (HH) neurons in small-world networks and
observed chaotic resonances in both individual neurons and
neuron networks.[17] Yao et al. observed utilizing the interac-
tion of chaotic signals and periodic forces and the coupling-
generated CR in a coupled bistable system that can operate ro-
bustly as a specific logic gate in an optimal window of chaotic
signal strengths.[18]

Neurons transmit and encode information in the form of
firing.[19–21] The HH classical neuron model has reliable math-
ematical models and physical explanations, and provides a fea-
sible method for studying different neuronal electrical activi-
ties and brain operating mechanisms. As the main feature of
electrical activity, the membrane potential of neurons can ex-
hibit resting, spiking, bursting, and chaotic states and nonlin-
ear circuits can be constructed for research.[22,23] In addition,
scholars have successively proposed some simplified neuron
models, such as the two-parameter FitzHugh–Nagumo (FHN)
neuron model,[24] the Morris–Lecar (ML) neuron model in-
spired by barnacle muscle fibers,[25] the Hindmarsh–Rose
(HR) neuron model obtained from snail neurons,[26] and the
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Prescott neuron model with slow recovery variables by im-
proving the ML neuron model.[27] The simplified model fa-
cilitates bifurcation studies and the construction of nonlin-
ear neural circuits and preserves complex neuronal electrical
activity patterns. As a way of information processing, the
resonance phenomenon is ubiquitous in biological neuronal
systems.[28,29] In recent years, the effects of parameters of
neuronal systems and external stimuli on the resonance of in-
dividual neurons and different coupled neural networks have
been extensively studied. Song et al. studied CR in HH neu-
ron models with self-synapses, which exhibited different firing
behaviors under subthreshold and suprathreshold inputs.[30]

Han et al. studied VR in parallel arrays, where local con-
nections play a key role in weak signal detection.[31] Li et
al. discussed stochastic multi-resonance in small-world FHN
neuronal networks, showing that the occurrence of stochas-
tic multi-resonance is closely related to the period of the sub-
threshold signal and the noise-induced average period of the
neuronal network.[32]

For biological neurons, the electric charges flowing be-
tween the membranes will cause fluctuations in the concentra-
tion distribution of charged ions, and the time-varying electro-
magnetic fields generated by such fluctuations will affect the
electrical activity of neurons.[33] Lv et al. established a four-
variable HR neuron model, and the electromagnetic induction
generated by the change of ion concentration was realized by
a magnetron memristor.[34] In addition, the effects of exter-
nal electromagnetic fields on biological nerve tissue have also
been widely studied.[35–37] Based on the study of neuronal dy-
namics by electromagnetic fields, the treatment of neurode-
generative diseases by external magnetic stimulation has been
applied in clinical medicine, such as Alzheimer’s disease[38,39]

and epilepsy.[40,41] Therefore, it is of great practical signifi-
cance to explore the effect of electromagnetic fields and dif-
ferent factors on the electrical activity of neurons. In recent
years, many works have investigated the resonance of neurons
modulated by various factors in the electromagnetic environ-
ment through experimental and numerical methods. Yao et
al. by studying the resonance characteristics of HH neurons
under magnetic flux noise concluded that an appropriate ex-
ternal electromagnetic field can partially restore the damaged
information encoding ability, while too strong electromagnetic
radiation can lead to neurological disorders.[42] Ge et al. stud-
ied VR in FHN neuronal networks under electromagnetic in-
duction, and high-frequency stimulation played an important
role in the collective activity of the network.[43] Baysal et al.
found that electromagnetic induction can reduce the energy
required for VR to occur in neuronal networks, but reduce the
resonance peak, which means that a magnetic flux of appro-
priate strength can enhance the detection of weak signals by
the system.[44] In addition, the transmembrane flow of charged

ions can also generate polarization phenomena on the cell
membrane,[45,46] thereby creating an induced electric field in
the medium. Deep brain stimulation (DBS)[47] is an effective
method for the treatment of neurological diseases. Its princi-
ple is to suppress the abnormal electrical activity of neurons
by implanting electrodes in specific nerve groups and giving
low-frequency or high-frequency electrical stimulation. To-
day, electrical stimulation can treat a variety of diseases such
as epilepsy, Parkinson and obsessive–compulsive disorder, and
has good results in improving the quality of life of patients.
However, the effect of electrical stimulation on the electrical
activity of neurons and the specific therapeutic mechanism still
needs further exploration.[48,49] The HR neuron model, as a
derived model of the HH neuron, is widely used in the field
of neuroscience research. Consider the mathematical model
of a single HR neuron as a nonlinear system with more pa-
rameters than other simplified neuron models, capable of sim-
ulating major neural behaviors such as spiking, bursting, and
chaos.[34] Therefore, this paper is inspired by the work done
by Wouapi et al. to consider the effects of internal and external
electric fields on VR in a fourth-order HR neuron model with
field variables.[50]

The structure of the paper is as follows. In Section 2, a
single HR neuron model with electric field is introduced, and
HR neurons model coupled with electric field is also included.
Section 3 presents the main numerical results. Finally, Sec-
tion 4 gives our conclusions.

2. Model and methods
2.1. Hindmarsh–Rose model

The general HR neuron model is described by a set
of three-dimensional nonlinear differential equations, written
as:[25]

dx
dt

= y−ax3 +bx2− z+ Iext,

dy
dt

= c−dx2− y,

dz
dt

= r
[
s
(
x−χe

)
− z
]
, (1)

where x represents the cell membrane potential, y is the recov-
ery variable associated with the rapid rate of change of sodium
and potassium ion currents, and z stands for the adaptation
variable associated with the slow change of the ion channel.
Iext = Acos(ωt)+Bcos(N1ωt) is the external stimulation cur-
rent, Acos(ωt) is the low frequency signal (LFS), Bcos(N1ωt)
is the high frequency signal (HFS), and N1 is the frequency ra-
tio of HFS to LFS. The other parameters a, b, c, d, r, and s are
the internal characteristic parameters of the system, and χe is
the stable points of the system.
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2.2. Coupled Hindmarsh–Rose model without electric
field

Hindmarsh–Rose model of electrical synaptic coupling
reads

dx1

dt
= y1−ax3

1 +bx2
1− z1 +g1(x2− x1)

+Acos(ωt)+Bcos(N1ωt),

dy1

dt
= c−dx2

1− y1,

dz1

dt
= r
[
s
(
x−χe

)
− z
]
,

dx2

dt
= y2−ax3

2 +bx2
2− z2 +g1(x1− x2)+Bcos(N1ωt),

dy2

dt
= c−dx2

2− y2,

dz2

dt
= r
[
s
(
x−χe

)
− z
]
, (2)

where g1(x2− x1) is the electrical synaptic coupling between
two neurons and g1 represents the coupling strength of the
electrical synapse. We study the VR phenomenon in coupled
neurons under local stimulation by allowing each neuron to be
stimulated by the same high-frequency signal.[51]

2.3. Hindmarsh–Rose model with electric field

When charged ions inside and outside the cell membrane
move across the membrane, an electric field (EF) is induced
across the membrane. The fluctuation of the membrane po-
tential is described by the electric field variable E. Assuming
that the size of the neurons cell membrane is S, and the charge
on the neurons cell membrane is Q, we can obtain the electric
field and potential on the cell membrane as follows:

E =
Q

2εS
, ∆V = RE = E

√
S, (3)

where ε represents the dielectric constant related to the inter-
nal properties of the cell. R represents the average radius of
cells under a uniform EF, and E is the strength of the uniform
electric field. ∆V represents the potential difference across the
cell membrane.

To reveal the effects of electric fields on neuronal dynam-
ics, we introduced electric field variables into the HR neuron
model. When we consider the influence of the EF, the im-
proved Hindmarsh–Rose model can be written as[44]

dx
dt

= y−ax3 +bx2− z+Acos(ωt)+Bcos(N1ωt),

dy
dt

= c−dx2− y+RE,

dz
dt

= r
[
s
(
x−χe

)
− z
]
,

dE
dt

= my+Eext, (4)

where m = (1/2)εS is used to describe the polarization char-
acteristics. R is the size of the cell radius considering the
spherical shape. Since fast currents are more sensitive to elec-
tric fields than slow currents, the term is added to the second
term.[46] Field variable as a new variable to estimate the trans-
membrane motion of ions and changes in membrane potential.
Eext =C cos(N2ωt) is the external electric field, which can be
in the form of noise-like radiation or periodic modulation, C
is the intensity of the external EF and N2 is the ratio of the
external EF to the frequency of the LFS.

2.4. Coupled Hindmarsh–Rose model with electric field

The coupled Hindmarsh–Rose model considering the in-
fluence of EF is described as

dx1

dt
= y1−ax3

1 +bx2
1− z1 +g1(x2− x1)

+Acos(ωt)+Bcos(N1ωt),

dy1

dt
= c−dx2

1− y1 +RE,

dz1

dt
= r
[
s
(
x−χe

)
− z
]
,

dE1

dt
= my1 +Eext +g2(E2−E1),

dx2

dt
= y2−ax3

2 +bx2
2− z2 +g1(x1− x2)+Bcos(N1ωt),

dy2

dt
= c−dx2

2− y2 +RE,

dz2

dt
= r
[
s
(
x−χe

)
− z
]
,

dE2

dt
= my2 +Eext +g2(E1−E2), (5)

where g2(E2 − E1) represents the electric field coupling be-
tween two neurons, and g2 is the strength of the electric
field coupling. We exposed both neurons to the same high-
frequency signal and an external electric field.

2.5. Fourier coefficient

Fourier coefficients can accurately measure the amount of
information in the signal transmitted in the outer period.[52] As
a measure of VR, we used Fourier coefficients Q to quantify
neuronal responses to low-frequency signals. Q is defined as

Q =
√

Q2
sin +Q2

cos,

Qsin =
2

nT

∫ T0+nT

T0

x(t)sin(ωt)dt,

Qcos =
2

nT

∫ T0+nT

T0

x(t)cos(ωt)dt, (6)

where T = 2π/ω , n is the number of calculation cycles. In
order to study the response of neurons to low-frequency sig-
nals in a macroscopic time range, this paper selects n = 500.

048701-3



Chin. Phys. B 32, 048701 (2023)

When the output is synchronized with a low-frequency signal,
the signal transfer is enhanced, resulting in higher response
amplitude Q.

The fourth-order Runge–Kutta method is used, the time
step is set to 0.01, and the other parameters are set as a = 1,
b = 3, c = 1, d = 5, r = 0.006, s = 4, χe = −1.56, A = 0.3,
ω = 0.0314, R = 0.00001, and m = 0.1.

3. Result
3.1. VR in single Hindmarsh–Rose neuron model

First, we investigated the effect of internal EF on the re-
sponses of single neuron to the LFS. Figure 1 illustrates the
value of Q versus B for a single HR neuron at different HFS
frequencies. It can be seen that a variety of VR phenomena
can be observed with or without the influence of EF. Multi-

ple vibration resonances (MVR) can be observed at low N1,
and with the N1 increasing, the number of resonance peaks
decreases, and the neuronal response amplitude Q increases.
This suggests that the frequency of the HFS is an important
factor affecting the response of HR neurons to LFS. And when
the ratio N1 of HFS to LFS frequency is small, neurons can de-
tect weak signals at multiple HFS intensities.

Furthermore, HR neurons exposed to EF had a smaller
response Q (red line) than HR neurons unaffected by the EF
(black line) for the same frequency ratio N1, suggesting that
the internal EF has an inhibitory effect on VR. We also found
that when the effect of EF on HR neurons was considered, the
HFS amplitude B required to achieve the maximum response
Q was larger, implying that more energy was required for VR
in neurons exposed to EF.
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Fig. 1. Neuronal responses Q to the amplitude B of HFS at different frequency ratios N1, without and with EF, A = 0.3, ω = 0.0314, R = 0.00001,
m = 0.1; (a) N1 = 9, (b) N1 = 12, (c) N1 = 18, (d) N1 = 80.
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Fig. 2. Time evolution of membrane potential and LFS for different values of HFS amplitude B; (a) B = 1, (b) B = 3, (c) B = 5; without EF and
N1 = 9, A = 0.3, ω = 0.0314, R = 0.00001, m = 0.1.

The evolutions of membrane potential and LFS with time

are shown in Fig. 2. As shown in Fig. 2(a), for a relatively

small HFS amplitude (for B = 1), the neuron has only individ-

ual action potentials, the response to the LFS is low, and only a

small amount of information can be transmitted. As shown in

Fig. 2(b), with the increase of the HFS amplitude (for B = 3),
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sparse spikes begin to appear in the positive half of the LFS
driving period, and maintain a certain synchronization with
the frequency of the LFS. At this time, the neuron has a strong
ability to encode information. As shown in Fig. 2(c), with the
further increase of the amplitude of HFS (for B= 5), the spikes
become denser and the LFS component disappears. This im-
plies the degradation of information encoding, and only appro-
priate HFS amplitudes can drive neurons for optimal informa-
tion processing.

To compare globally the different effects of EF and the
frequency of HFS on VR, contour plots of neuronal responses
Q versus HFS amplitude B and frequency ratio N1 are shown in
Fig. 3. Comparing Fig. 3(a) with Fig. 3(b), it can be seen that
multiple resonance peaks can be observed when the frequency
ratio N1 is relatively small, especially without EF. As N1 is in-
creased, HR neuron not exposed to EF changed from multiple

resonances to double resonances, and to single vibration reso-
nances at a higher frequency ratio N1. In contrast, the model
of HR neuron exposed to EF switched from multi-resonance
to single-resonance earlier. As a result of the participation of
the EF, the number of formants can be affected and the effect
of the amplitude B and frequency N1ω of the HFS is reduced.
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Fig. 3. Contour plot of the response magnitude Q in the parameter
space (B, N1) for the single HR neuron model at A = 0.3, ω = 0.0314,
R = 0.00001, m = 0.1; (a) without EF, (b) with EF.
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Fig. 4. Time series of the membrane potential and the LFS for different frequency ratios N1 at A = 0.3, ω = 0.0314, R = 0.00001, m = 0.1; [(a1)
and (b1)] N1 = 9, B = 3, without EF; [(a2) and (b2)] N1 = 9, B = 3, with EF; [(a3) and (b3)] N1 = 9, B = 4, with EF; [(a4) and (b4)] N1 = 80,
B = 17.5, without EF; [(a5) and (b5)] N1 = 80, B = 17.5, with EF; [(a6) and (b6)] N1 = 80, B = 18.5, with EF.

To further explore the effect of EF on neuronal VR, the
evolution of LFS and membrane potential with time over n =

500 signal cycles at different frequency ratios N1 are shown
in Fig. 4. As can be seen from the membrane potential se-

quences, for neuron not exposed to EF (Figs. 4(a1) and 4(a4)),
the peak of membrane potential remained unchanged, while
the membrane potential spikes of the neuron under the influ-
ence of EF decreased significantly with time (Figs. 4(a2) and
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4(a5)). Further increasing the amplitude of the high-frequency
signal to the maximum resonance response Q, the downward
trend of membrane potential is alleviated at this time, and this
phenomenon is more obvious when the frequency ratio N1 is
small.

In addition, as can be seen from the more detailed local
magnification, for HR neurons not exposed to EF (Figs. 4(b1)
and 4(b4)), the burst firing of the neuron is synchronized with
the LFS during the positive half-cycle of each LFS. Compar-
ing the six subgraphs, it can be seen that the larger N1 is, the
more spikes are contained in each burst firing of the HR neu-
ron, and the stronger the synchronization with LFS is. How-
ever, influenced by EF (Figs. 4(b2), 4(b3), 4(b5), and 4(b6)),
the amplitude of the spikes in each burst firing of the neuron
decreased with time and the number of spikes contained in the
positive half of each LFS drive cycle decreased, which indi-
cates a decreased ability of neuron to encode information. As
can be seen from these figures, the inhibitory effect of EF on
VR is significant.

To further investigate the effect of EF on neuronal firing
frequency, we investigated the spiking pattern of membrane
potential upon LFS stimulation. According to the frequency
relationship between the frequency of the LFS and the neu-
ronal response, the spiking pattern is divided into p:q mode-
locking and chaotic. p:q mode-locking is defined as p action
potentials generated by q cycles of stimulation. Pattern 1:1
represents the synchronous response of membrane potentials
to low-frequency stimulation signals, and pattern p:1 (p ≥ 2)
represents p-cycle burst synchronization. Chaotic oscillations
are aperiodic or irregular responses of membrane potential to

input stimuli.
Figure 5 shows the time evolution of neuronal spiking

patterns under different HFS. To exclude the influence of pa-
rameter B, the time evolution of the spiking pattern when only
affected by the electric field is plotted (blue dots in the figure).
The red dots show the time evolution of the spiking pattern
corresponding to the maximum resonance of the system under
the influence of the electric field. It can be seen that the spik-
ing patterns (black dots) of neuron not exposed to EF appear
as a fixed mode-locked state over n= 500 signal cycles. While
affected by EF, the number of spikes in each burst of neurons
gradually decreased with time (red dots). Furthermore, com-
paring the four plots, it can be seen that the initial position of
the spike mode increases with increasing frequency ratio N1,
regardless of exposure to EF.

Figure 6 shows the phase diagram and Lyapunov expo-
nent of a neuron driven by dual-frequency periodic signal.
Studying the Lyapunov exponent of the system can intuitively
analyze the characteristics of chaotic motion. When the neu-
ron was exposed to EF, the orbitals became dense. As shown
in Fig. 6(a2), LE1 is positive, LE3 is negative, and LE2 is
close to zero, indicating that the three-dimensional system
exhibits the characteristics of chaotic motion at this time. In
Fig. 6(b2), affected by the electric field, LE1 and LE3 are pos-
itive, LE4 is negative, and LE2 is close to zero, indicating that
the four-dimensional system exhibits the characteristics of hy-
perchaotic motion at this time. However, the maximum Lya-
punov exponent of the system did not increase. The possible
reason is that due to the polarization effect of the electric field,
the membrane potential of neurons prematurely transitioned
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to a subthreshold oscillatory state (Fig. 5(a)), which weakened

the chaotic discharge of the system. As shown in Fig. 6(c2),

the maximum resonance response is achieved by increasing

the amplitude of the high-frequency signal. At this time,

the maximum lyapunov exponent of the system increases sig-

nificantly, and the degree of chaos further increases. When

N1 = 80, under the influence of the electric field, the maxi-

mum Lyapunov exponent increases and the degree of chaos
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increases. That is, the modulation of electrical activity pat-
terns by EF is significant.

This phenomenon suggests that the inhibitory effect of EF
on VR is caused by two factors, reducing the membrane po-
tential and disrupting the regular spiking pattern of HR neuron.
EF attenuated the VR of neuron, reduced the ability of neuron
to encode and detect weak signals, and the effect of attenuating
multiple vibrational resonances was more pronounced when
the ratio of frequencies N1 was small. The possible reason is

that the time-varying electric field generated by the polariza-
tion of the medium affects the transmembrane movement of
charged ions, so that the firing of neurons becomes disordered,
and the accumulation of the electric field causes the membrane
potential to decrease with time. In fact, maintaining charge
balance during deep brain stimulation therapy is an important
factor in ensuring safe stimulation with functional electrical
stimulators. Over time, excessive charge accumulation can
lead to nerve tissue destruction and electrode dissolution.[53]
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Next, we study the dynamic response of neurons when a
periodic external EF Eext =C cos(N2ωt) is applied. Again, we
choose appropriate frequency ratios N1 to ensure comparisons
are made at different numbers of formants. Figure 7 shows the
relationship between the response amplitude Q of neuron and
the amplitude B of HFS under different electric field strengths
C. It can be observed that regardless of the magnitude of the
frequency ratio N1, the increase of the electric field strength
C on the response amplitude Q of the neuron is obvious. In-
terestingly, the response magnitude Q curves gradually flatten
with increasing C. For lower frequency ratios N1, the number
of formants also decreases with increasing C.

To further explore the effect of external EF on neuron
VR, the time evolution of membrane potential and LFS over
n = 500 signal cycles under different EF strengths is plotted

in Fig. 8. On the time scale of n = 500 cycles, the downward
trend of the membrane potential peak was slowed by the ex-
ternal EF.

Discussing further, we plot the peak distribution of mem-
brane potential (MPD) of neurons over n = 500 signal cycles
under an external periodic EF in Fig. 9. Since information
transmission and encoding in neurons is achieved by positive
spiking potentials, neuronal oscillations below the threshold
cannot be used to transmit any information, so we mainly fo-
cus on the positive half of neuronal spiking signals. It can be
observed that the external EF makes the peak of the membrane
potential more concentrated near the higher potential, and the
higher the strength of the external EF, the more obvious this
concentration. This corresponds to the larger membrane po-
tential peak in Fig. 8.
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Considering the effects of internal and external EF on
neuronal firing activity, it can be seen that the internal EF re-
duces the number of spiking contained in each LFS driving
cycle, and the internal EF gradually decreases the peak value
of membrane potential due to the effect of charge accumula-
tion. The external EF weakened this downward trend to a cer-
tain extent, and increased the membrane potential of neurons,
so that neurons transmit more information energy in the same
time range, which enhanced VR.

After studying the effect of the external EF strength C

on the output response, we are also interested in the effect of
the frequency N2ω of the external EF on the output response.
Therefore, in a single HR neuron model, the response am-
plitudes Q as a function of frequency ratio N2 are shown in
Fig. 10. Interestingly, for different frequency ratios N1 and EF
strengths C, we found that the response amplitude Q of neu-
rons has a clear screening effect on the frequency N2 = 1, and
the higher the strength C of the external EF, the more obvious
the screening effect. This indicates a strong frequency depen-
dence between the external EF and LFS.
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In the presence of subthreshold electrical stimulation and
the periodic external electric field (C = 4000), the angular fre-
quency of the periodic electric field was varied to detect elec-
trical activity, and the results are shown in Fig. 11. For the
smaller frequency ratio (N2 = 0.5) in Fig. 11(a), the corre-
sponding period of neuronal electrical activity is not synchro-
nized with the period of LFS. When the frequency of the EF
is increased (N2 = 1), as shown in Fig. 11(b), the burst fir-

ing of neurons maintains a high synchronization with the LFS.
Continue to increase the electric field frequency, as shown in
Fig. 11(c), N2 = 2; Fig. 11(d), N2 = 3, at this time, the cor-
relation between the electrical activity of neurons and LFS
is weakened. The results show that tuning the frequency of
the periodic external EF can trigger multiple electrical activity
patterns, and the electrical activity of HR neurons has a strong
dependence on the electric field frequency of N2 = 1.
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3.2. VR in coupled Hindmarsh–Rose neurons model

It is well known that synaptic connections play an impor-
tant role in energy exchange and signal propagation between
neurons, and electrical synapses through gap junctions can en-
sure fast responses between neurons. Figure 12 shows con-
tour plots of response amplitude Q versus HFS amplitude B
and frequency ratio N1 for an HR neuron model of electrical
synapse coupling. In this paper, g2 = 0 indicates no electric
field coupling. The response magnitudes Q of the coupled neu-
ron model exhibit similar characteristics to those of the single
neuron. Coupled neurons that were not exposed to EF exhib-
ited a pronounced MVR at lower frequency ratios N1, becom-
ing a double-peak resonance with increasing N1 and a single
resonance with larger N1. Affected by EF, the MVR of cou-
pled neurons weakened, and the response amplitude changed
from multiple resonances to single resonances earlier with the
increase of N1. Furthermore, unlike the response of individual
HR neuron to LFS, coupled neurons completed signal detec-
tion within a narrow range of HFS amplitudes B.
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Fig. 12. Contour plot of the response amplitude Q of the coupled HR
neuron model in the parameter space (B, N1) of g1 = 1, g2 = 0, A = 0.3,
ω = 0.0314; (a) without EF, (b) with EF.

Next, contour plots of response amplitude Q versus cou-
pling strength g1 and HFS amplitude B in the bidirectionally
coupled HR neuron model are plotted in Fig. 13. It can be seen

that, with or without EF, the magnitude Q of the response and
the coupling strength g1 show an obvious proportional rela-
tionship. When it is smaller, the resonance effect is weak, and
the increase of g1 increases the response amplitude Q, and has
no effect on the number of formants.
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Fig. 13. Contour plots of the response magnitude Q for the coupled
HR neuron model in the parameter space (B, g1) of N1 = 30, A = 0.3,
ω = 0.0314; (a) without EF; (b) with EF, g2 = 0; (c) with EF, g2 = 2; (d)
with EF, g2 = 4.

Existing studies have shown that electromagnetic cou-
pling can affect the electrical synaptic coupling between
neurons.[55,56] Therefore, studying the effect of electric field
coupling on VR is important for understanding neural electri-
cal activity. Figure 14 shows a contour plot of response ampli-
tude versus coupling strength g2 and HFS amplitude B for HR
neurons coupled by symmetric activation electric fields. It can
be seen from Figs. 13(b)–13(d) and 14 that the EF coupling
has little effect on VR. From a deeper perspective, whether EF
coupling can affect the electrical activity of neurons deserves
further investigation.
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4. Conclusion
The effect of the electric field on the vibrational resonance

of a single Hindmarsh–Rose neuron model and two bidirec-
tionally coupled Hindmarsh–Rose neuron models was inves-
tigated. For the single Hindmarsh–Rose neuron model, the
internal electric field reduces membrane potential and impairs
fixed phase-locked patterns. Thus, the internal electric field

suppresses the vibrational resonance, indicating impaired de-
tection of low-frequency signals by neurons. The periodic ex-
ternal electric field significantly increased the membrane po-
tential of neuronal and enhanced the vibrational resonance. In-
terestingly, we found that a distinct phase-locking mode only
appeared when the frequency of the external electric field was
the same as that of the low-frequency signal.
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The effects of the electric field on the coupled Hind-
marsh–Rose neuron model have similarities to that of a single
neuron. Furthermore, we can enhance the vibrational reso-
nance by increasing the electrical synaptic coupling strength
regardless of the presence of an electric field, while the elec-
tric field coupling has no appreciable effect on the vibrational
resonance of the system.

The clinical application of deep brain stimulation (DBS)
is one of the important advances in neuroscience, however,
the further application of this technology still needs to solve
some problems.[57] The specific working mechanism of DBS
is still under debate, and current studies suggest that the
stimulatory effect of DBS occurs at the ionic and cellular
levels.[58,59] At the ionic level, electrical stimulation redis-
tributes charged particles inside and outside the cell membrane
and generates polarized electric fields that further influence
action potentials.[60] Electric fields are ubiquitous in our sur-
rounding environment. Studying the transmission of electric
field-induced action potentials helps to understand the mech-
anism of action of electrical stimulation. Although the effect
of electric field on neuronal vibration resonance is obtained
based on numerical simulation in this paper, it is hoped that
this study can enrich neuroscience research, especially to es-
tablish a certain theoretical basis for deep brain stimulation
and vibration resonance.
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