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Noether theorem is applied to a variable order fractional multiscale mechano-electrophysiological model of neuron
membrane dynamics. The variable orders fractional Lagrange equation of a multiscale mechano-electrophysiological model
of neuron membrane dynamics is given. The variable orders fractional Noether symmetry criterion and Noether conserved
quantities are given. The forms of variable orders fractional Noether conserved quantities corresponding to Noether symme-
try generators solutions of the model under different conditions are discussed in detail, and it is found that the expressions
of variable orders fractional Noether conserved quantities are closely dependent on the external nonconservative forces and

material parameters of the neuron.
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1. Introduction

The action potential (AP) has been considered to be only
an electric signal, and the well known Hodgkin—-Huxley (H-
H) model!l is the foundation of this viewpoint. However, a
recent experiment!?! found that the AP propagation accompa-
nies mechanical deformation like swelling or contraction. So
the standpoint of AP being a mechano-electrophysiological
coupling process was proposed.*! Engelbrecht et al.[*! gave
a continuum mechanics model to explain this mechano-
electrical coupling phenomenon, Chen et al.!> gave a finite
element computation model and Drapacal®! proposed an elec-
tromechanical model using Hamilton’s principle, and gave its
Euler-Lagrange equation. Later, she extended this model to
a fractional derivative scenario.l”! However, due to the com-
plexity and nonlinearity, it is hard to solve the mathematical
equations of these models. Symmetry is an important tool in
finding the first integral, differential equation reduction and
classification,!®! so we can apply symmetry in electromechan-
ical coupling equations to find their conserved quantities, fur-
ther to reduce orders of the differential equations. However, to
our knowledge, the Noether symmetry and conserved quanti-
ties of neuron dynamics have not been investigated.

Symmetry is a higher rule in physics. Since Noether re-
vealed the relations between symmetry and conserved quan-
tities in her eminent paper,®! Noether theorem has had
various extensions and has been applied in physics and

10-22] Fractional calculus is increasingly important

mechanics. !
as it can more exactly describe complex phenomena in sci-

ence and engineering. Fractional Noether theorem has been
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extended to the fractional Lagrange system, Hamilton sys-
tem, generalized Hamilton system, Birkhoff system, and so
on.[23-331 However, there is no research on fractional Noether
symmetry in mechano-electrophysiological coupling equa-
tions of neuron dynamics. Considering the visco-elasticity
of neuron membranes, we will adopt a fractional derivative
of variable orders. In this paper we will generalize fractional
Noether theorem to neuron dynamics.

The structure of this paper is as follows. In Sec-
tion 2 we will introduce a variable order fractional mechano-
electrophysiological model of a neuron membrane with
Riemann—Liouville fractional derivative, deduce its variable
order fractional Lagrange equation, and show that the variable
order fractional H-H equation can be deduced from the vari-
able order fractional Lagrange equation. In Section 3 variable
order fractional Noether symmetry and conserved quantities of
the neuron dynamics are studied, and the criterion of variable
order fractional Noether symmetry and the form of variable or-
der fractional conserved quantities are given. In Section 4 we
will specifically discuss the deduced variable fractional con-
served quantities in various conditions. The final section is the

conclusion.

2. The variable order fractional Lagrange equa-
tion of neuron membrane dynamics

Conduction and processing of information are the char-
acteristics of neurons. Neurons make use of electric signals
to conduct information. As we know, action potential plays
a key role in producing electric signals in neurons. However,

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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experimental observations prove that action potential produc-
tion is not only because of ion transmission across neuron
membranes, but also accompanied with deformation of the
neuron membrane, a multiscale mechanics and electrophysi-
ology coupling process. Recently, Drapaca!’! proposed a new
fractional multiscale mechano-electrophysiological coupling
model using Hamilton’s principle, however its numerical so-
lutions are in fact uncoupled. In this paper we will revisit the
model, but study the more general case using Noether symme-
try analysis.

2.1. The model

The membrane of a neuron consists of a phospholipid bi-
layer embedded channel protein. The propagation of electric
signals in the neuron system is achieved by producing action
potential accompanied with an ion channel open or shut. The
action potential can induce deformation of the neuron mem-
brane, and inversely the deformation of the neuron membrane
can also induce action potential. We can use the Hodgkin—
Huxley model to describe the electric process and a linear
visco-elastic Kelvin—Voigt model to describe the mechanical
process, and Maxwell models to control the activations of the
Nat and Kt channels, and the inactivation of the Na* chan-
nel, respectively. The coupling process is connected through
membrane capacitance and displacement (see Fig. 1). As we
know, the neuron can be considered as an axis-symmetric
cylinder with circular cross section, so we can study half the
neuron by symmetry.
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Fig. 1. Schematic of the mechano-electrophysiological coupling model
of an axon membrane. The axon is considered as an axis-symmetric
homogeneous circular cylinder with intracellular space filled with axo-
plasm, and the outer layer is the membrane. Using the symmetry and
homogeneity of the column we only need to study half of the axon. At
cellular scale we model the intracellular space as a viscoelastic material
using the Kelvin model connected with axon capacitor (the dotted box @),
where (x2,x3,x3) denote the deformation motion of the cytoskeleton with
different ionic channels, which correspond to the m,n,h gate. x; is the
displacement of the membrane. Mechanical motion or electrical stimuli
can trigger the circuit. At subcellular scale ionic exchange obeys frac-
tional Hodgkin—Huxley equations (the dotted box @) and is controlled by
Maxwell models.

We can express the macro-mechanical kinetic energy T =

%ml (OD;X (I)xl )2, where m; denotes the half constant mass of

the neuron, A is the cross-sectional area, and x; is the macro-
scopic (cell level) displacement that depends on time. In or-
der to use the nonconservative Hamilton principle proposed in
Ref. [34], we use the left and right Riemann-Liouville frac-
tional derivative of variable orders with 0 < o/(f) < 1

afr) _ 5(0)
oDy f(t) - W
' df(r)/dz
+/0 r(lf(x(t—f))(tff)a(t—r) dr, (t>0)7 €))
a(r) _ fla)
Da f(t) = T(1—ala—1))(a—rean

“ df(r)/dr
) ity g

However, definitions (1) and (2) will introduce additional

dr, (¢>0). (2

memory effects for piecewise uniform accelerated motions. [
Fortunately, when 0 < o/(¢) < 1 the approximations

oD f(0) = 0B £ o), DE f0) = DEV F) )

hold!”! by power series expansion, and are identically sat-
isfied for a(r) = const € [0,1), whose approximate relation
could satisfy the nonlocality criteria in Ref. [35], where OD,O‘ <'),

th ® are the Marchaud fractional derivatives of variable order

with definition ¢!
S0
0B S0 = R ) e
1 T df(r)/dT
+ [(1—a(t)) /0 (t—1)20) dr, (t>0), 4
;ﬁg(t)f(t) — f(a)

(1 — o)) (a—1)*0)

1 adf(r)/dr
(1 — o)) /z (t—1)20) a7,

(t>0). (5

In this paper we will use a Riemann-Liouville fractional
derivative of variable orders with 0 < a(r) < 1, |da/dr| < 1,
t € (0,a).

The macro mechanical potential energy V =
—%kl (xg,x3,x4)x%, the micro mechanical potential energy
Ve = 7%/(2(}62 — fz)z — %k3()€3 — 323)2 — %k4()€4 — 554)2, and
the micro kinetic energy of the sub-cytoskeleton (sub-
cellular scale) T* = %mz(oDP(l)xz)z + %m3(0D,B(f)X3)2 +
%m4(0D,ﬁ (t>x4)2, where my,m3,ms are subcytoskeleton masses
in the Maxwell model, and x;,x3,x4 are the displacements of

2
The electric energy W, = %%C,

masses (subcellular level).
where ec is the sum of the charges in the capacitor, and C is
the capacitance of the capacitor in the H-H electric circuit.
Introduce the mechanical dissipation function (work
of viscous force) v, = mx[thamxl + nziz()D,ﬁmiz +
M3%3 oDzﬁ(t))% + Naky on(r)fm where 11,M2,M3, 14 are damp-
ing coefficients in the Kelvin and Maxwell elements. The
electric dissipation function W, = (1/2)Rna(oD;) (l>eNa)2 +
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(1/2)Rk (D] ex)? + (1/2)Ri(0D! " er)? + Ena(0D] ) +
Ex (OD,y meK) +El(0D,7(t)el), where ena, ek, €] denote the elec-
tric charges of the Na*, K* and leakage channels, respec-
tively, RNa, Rk, Ry are the resistances, and En,, Ex, E; are the
reverse electric potentials in the H-H electric circuit, where
fractional derivatives of electric charges denote the transmem-
brane current induced by membrane deformation or action po-
tential.

2.2. The fractional Lagrange equation of variable orders

Based on the electric charge conservation law, we have
a holonomic constraint to charge: ec —ena — ex — €] = 0, so
the freedom of the coupling system is 10. Introduce gener-
alized coordinates to express universally the spatial variables
and electrical variables, ¢; (s = 1,...,
q2 = X2, g3 = X3, g4 = X4, 5 = €Na, 6 = €K, 47 = €1, g3 = X2,
q9 = X3, q10 = X4. The Lagrangian of the neuronal mechano-

10), where ¢ = xi,

electrophysiological model is
L(t,45,0D*"q5) = T(t,0D{""q) + T*(1,0D{" ")
_V(qs)_V*(QS)_We(taCIs)- (6)

The virtual work of nonconservative generalized forces is

%w)) Sa. (D
doD%

The Hamilton principle of the nonconservative mechano-

SW(t,q5,0D% " gy) = (Qs

electrophysiological system of the axon membrane is
a
/ (L+8W)di = 0. @®)
0

By expanding the above equation and using the communi-
OF - oo Da‘ which holds for the holo-

nomic constrained system, and the relation of the fractional
[23-25,34]

cation relation OD

integral by parts

A O LI Y P )
0 al(t)qs

0, 8q(a)
the fractional multi-scale mechano-electrophysiological cou-

and the end points relations dg(0) = =0, we can get

pling Lagrange equation of neuronal membrane dynamics

oL oL oy
— 4t — =0,
oD% Vg, 945 gep%W g,
(s=1,...,10, a’*“*l(t) =al(t),
o == = B(r), o () = y(1)),  (10)

The coupling equation of motion de-

tD(aXl(>

where ¥ = Y, + V..
scribes the changes of ions between the outer layer and intra-
cellular space and deformation of the neuron membrane.

When y = Qs = 0, we can get the fractional Lagrange
equation of a conservative system

oL N oL
oD% g, 945

D% —0. (11)

Putting the expression of Lagrangian L into Eq. (10), we can
get the Euler—Lagrange differential equations

m1 DI DI g1 — k(gs,q9,q10) 1
1 (9C qc

DA Vg 4 2% 7) 12

Mo +2 S (C ) (12)

oky

_2<<9 ( 2_618)24‘87(5]3_‘]9)2

dk
+aq‘1‘<q4—qlo)2> =0, (13)
my DL oD% gy — iy (g2 — gs) = Os, (14)
m3 DL DB g3 — ks (g3 — q0) = O3, (15)
ma DX ,D® g4 — ky(qa — q10) = Qs (16)
RnaoD g5+ Ena =V, a7
RxoD{*" g+ Ex =V, (18)
RioDY g7 +E =V, (19)

10k
—120D% g + k2 (g2 — qs) - Ea—q;q% —0s, (0
10k
oD g0 k(g —a0) = 55 i =00 @D
1 dk
—7740D,O“°(Z)Q10 +ka(q4 —q10) — EW;OCI% =00, (22)
where V = U; = q¢/C is the potential of the capacitor.

Here the Euler—-Lagrange equations are different from the
equations in Ref. [7], because we suppose the elastic param-
eters of the cytoskeleton depend on the macro-deformation of
" (qc +
where [ is a known external electric cur-

the membrane. Kirchhoff’s current law demands oD/
qNat+qx +qi) =117
rent applied on the membrane.

Putting Eqgs. (17)-(19) into Kirchhoff’s current law, the
fractional Hodgkin—Huxley equation of the membrane poten-
tial can be found

oD (cv) =

(V - ENa)
Na

e VB)- g VB @)

Because of lack of information on the mechanotransduc-
tion process of axons, the expressions of my, msz, ma, ko, k3, k4,
M2, M3, Na, Qy are difficult to know, so in Ref. [7], the author
made a simplification to neglect them by a scales compari-
son. However, these factors should affect the characteristics
of axon action. So, in the following study we will treat the
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general cases by Noether symmetry analysis to study these ne-
glected parameters and how they affect conserved quantities
and the expression of these parameters, which may be useful
for numerical solutions of the mechano-electrophysiological
coupling equations of axons.

3. Variable order fractional Noether theorem of
neuronal membrane dynamics

We introduce a one-parameter infinitesimal Lie transfor-
mation group in space (,¢s,qs)

q: :q.Y+8§T(t7qvq)a §= ]‘7""]‘07 (24)

where € is an infinitesimal parameter, and &y (7, q,q),&s(t,q, q)
are infinitesimal transformation generators. The infinitesimal
generator vector

9 J
X0 =bolt.q.4) 5, +&(na.d) 5 - (25)

N

is the operator for the infinitesimal generator of the one-
parameter Lie group of transformations (24) in space (7, ¢, q).
The first prolongation of the infinitesimal generator vector>*!

is
xM = x© 4 (OD?“’)(&s(r,q,q) —45&0(t,q,9))

d :
+CUOD?"<’)qséo(t,q,q)) . (©6)

;(t
d oD; ( )CIS
which defines a first extended one-parameter Lie group of
transformation in space (¢,q,q) by partial derivatives, ()
means first derivative to ¢.

The Hamilton action is

S(y) = /0 L(t.4,0D% " g,)dr. @7

Under the infinitesimal transformation, the curve 7y is trans-
formed to curve y*. The corresponding Hamilton action is
transformed to

S0 = [ L i D g ar (28)

The variation AS of Hamilton action S is the main linear part
of the difference S(y*) —S(y) to infinitesimal parameter €, and
we have

a
AS = / AL+ L(Ar)]dr, (29)
0
where A denotes anisochronous variation, and 6 denotes

isochronous variation. Expanding the above equation, we have

a d oL oL
AS = L—At +—At+ —A
/0 { ar A g A

L .
+ %AOD;’" Vg } dr (30)
d ODz ' qs
and using the relation
20D f = oS+ S oD A 31)
500" f = oD V57, (32)
8f=Af—fAr, (33)

where f is an arbitrary function of ¢, we can get

af d. L. dL oL
AS = S+ Eny ZEag+ — 22
/0 { ™ TN 9g, M 5 pe,

< (0D (Mg, — Gur) + 30D g 1) } di. (34)

Put the infinitesimal transformation Eq. (24) into Eq. (30), and
the following expression can be obtained:

af d JL oL JL
AS = / {Léo+50+ &+ ———
Jo | dr ot 9qs 9oD% Vg

. d )
X (OD?'([) (& —ds&o) + m OD;X'(I)%gO) } dt.  (35)

Definition 1 If the variation of the Hamilton action satis-
fies

AS =0, (36)

the infinitesimal transformation (24) is a Noether symmetrical
transformation.

Based on definition 1, we can get the Noether symmetry
criterion.

Criterion 1 If the infinitesimal generators &y(7,q,q).

&1, q,q) satisfy
11,500 g 0+ X" (L(t,5,0D{ ")) =0, 37)

the transformation invariance is named Noether symmetry,
which is also called variational symmetry. For Noether sym-
metry we can deduce the invariant.

Theorem 1 For the Lagrange system (11), if the gener-
ators &y(z,q,q),&;(t,q,q) of the infinitesimal transformations
have Noether symmetry (37), there exist fractional conserved
quantities as

In = L(taqS70D?i<[)Qs)€0

@ (OL(t,qs,0D"qe) o .
+f { Wotsn0De_4s) ), — . 29)
0 30D,’ qs

(1) L 1,45, Dai([) N
_ pu 9L(t.q o Q)(és—qséo)}dt
doD;/"" g

= const., (a €]0,1]), (38)

which are called variable order fractional Noether conserved

quantities. We can verify this theorem by defining %IN =0,

which denotes that Iy is a conserved quantity.2®]
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Proof
d d oL oL JL d
—IN =L = &0+ ———~—— oD} qs'ﬁo
dt de™ " 9t dg D% g, di a
JL ) ]
S 60
ol;  gs
. oL )
*IDgtO) 8 (1) (é\ qu‘éO)
ODz qs

8L Oli(l) aL .
= - ((9% +:Dg OW)%) (és _CIS€O) =0. (39

In the proving process of this theorem we have used condi-
tion (37) and variable order fractional Lagrange equation (11).
In fact we can generalize the Noether symmetry to non-
conservative dynamical systems.

Definition 2 If the Hamilton action is generalized quasi-
invariant under the infinitesimal transformation group, that is,
the variation satisfies

orefd oy
AS—*/O {clt(AGN)+ (QsaOD;xi(,)qs> 5%}(”’ (40)

the infinitesimal transformation (24) is a generalized quasi-
symmetrical transformation, where Gn(t, q,oDa’<')q) is a

gauge function, and (Q; — )04; is the sum of the vir-

_9v
P R
tual work of the generalized non- conservatlve force.
Based on definition 2, we can get the generalized Noether
symmetry criterion.
Criterion 2 If
Gn(t,q, on‘i(t)q) that makes the infinitesimal generators

S0(,q,9). &(1, g, q) satisfy

there exists a gauge function

L(taq‘v,thai(t)%)éO +X1 (L(t,CIs»ODtaim%))

oy :
+ s T s — s
(Q aOD;X"(t)qS> (5 q 50)

+Gn(t,q5,0D5gy) = 0, “n
1._,0C : d
& (k1q1 + EVZ &(chl)) +my OD;X(I)CII (OD;Z(I)(Q —q16) + aoD

ok

the infinitesimal transformation is named variable order frac-
tional quasi-Noether symmetry. The Noether symmetry can
always lead to conserved quantities.

Theorem 2 For the Lagrange equation Eq. (10) of neu-
ronal membrane dynamics, if the infinitesimal generators
&(t,q,4), &(s,q,q) satisfy equation (41) (criterion 2), the
system has the following first integrals:

aLt 6]anD ()) Dai(t)

t

IN—L(tq;,oD’ §+/{

do Da’ qs
1 IL(t,qs,0D%
(& o) - DS AP ) g g L
aODz' qs
+Gn(t,g5,0D" ;) = const., (a € [0,1]), 42)

which are variable order fractional Noether conserved quanti-
ties.

Proof
% . §o+ §0+§ q;§0+aoaL (;1; Ori(f)qséo
aoD";mqson‘f(’>(és—qséo>
_thm(%I;j;%@ a0+ 6
x (& —q¢s&o) = 0. @

In the proving process of this proposition we have used condi-
tion (41) and variable order fractional Lagrange equation (10).

4. Solutions of Noether symmetry generators
and conserved quantities

Putting the exact form of Lagrangian L (6) and dissipative
function y into the Noether identity Eq. (41), we have

za(t)éhéo) + (Ql —M OD;Z(I)CII> (&1 —q1&o)

-& <2611 202 + k2 (g2 —618)) +myoDP Vg, (oDﬁ (& — ¢2&0) + *oD 61250) + 02 (& — ¢28o)

1 ,0dk :
& ( 2 — +k3(61% )) +m30DF Vg5 <0Df(t)(§3 —q380) +

d ot .
aoDz ()11350) + 03 (& —4¢380)

& (2611 gk +k4(6]4—6]10)> +maoDP Vg, (oDﬁ (&4 —qabo) + *OD Q4§0> + 04 (84— 44&o)

+ka (g2 — g8) +k3(q3 — q9) +ka(qs — q10) + (Qs — RnaoD?"gs

+ (Q7 —R OD,V(’)cn —E1> (&7 —q780) + (Qs —M oD

+ (Q10 —NaoDP cho) (E10— g10&0) + LE + Gn =

) (& —qsdo) + (Q9 -3 on([)CIsJ

_ENa) (&5 —qs0) + <Q6 —RioD!" g _EK> (&6 —g6S0)
) (&o—g9&o)

(44)
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Next let us discuss the structures of Noether conserved
quantities when external nonpotential forces Qs # 0 (s =
1,2,3,4,8,9,10).
ized potential forces impact the integrability of the system.

We will show that the forms of general-

In the following we use the approximate relation (3) to sim-
plify the calculus, and for convenience we still use the symbols
OD;Z,-(I) ., D% )

When 01 = mioD{"qy,
130D g9, 010 = naoDP"
force is synchronized with the viscoelastic deformation of the

Qs = 7720D1B<[)518, Qo =
q10, the external non-potential

axon membrane material. Let us study conserved quantities
for this case. One generator solution of Noether identity is

S0=0, §&1=0, HL=86=8==*1, & =gs,
&6 =4qs, &1 =1q71, & =860 =&10=+1, (45)

and we can work out the gauge function

B ~d a
mgt ~
Gn = iz /0 oD Vgudrt "0 asadr. (46

The corresponding Noether conserved quantities are
SR TG PR:It) ‘4
K=%Y [ Df monfVq)dix [ Oansar. @)
§=2

Here Q~S=273,4 has several forms that may be chosen by the
experiment conditions with Q> = ¢, or ga, 03 = g3 or {3,
Q4 = ¢4 or §y or any combination of them.

If k; = const., we have solutions

o=1, &i=q, &=

&6 =14q6, E1=1q71, &=

=43, &G =4q, & =45,
49, 10 = q10, (48)

q.Za 63
QSv 59 =
and we can work out the gauge function

2 4

e 1 ) 1
G *k C - Dal(t) 2 Zk _ 2
1611+2C l;::lzms(o ' gs) +2 2(q2 —qs)
1 1
+5k3(q3 = 99)° + S ka(gs — q10)”. (49)

The corresponding Noether conserved quantity is trivial with
In=0.
If ki = const. and the generalized nonpotential forces

have forms Qs = m20Df "gs, Qo = M30Df g0, Q10 =
N4 ng (l)qlo, we have solutions

So==1, & =%q1, & =%¢, & =*4s,
&a=%qs, & =4qs, &6 =4q6, &1=14qn,
8 = *£q2, &o==+q3, Si10=+qa, (50)
and we can work out the gauge function
15 e Lol o(t) 2
On=43kigi 55— ), 5moD ™ g)* (D)

The corresponding Noether conserved quantity is

1 1 1
In= :Fk2§(612 —q3)° F 5’(3(43 —q9)° F §k4(f14 —qu0)*, (52)

which denotes the micro mechanical potential energy.

If k; = const., C = const., we have solutions

So==1, & =%q1, &=+, & =+¢s,
Sa==+q4, & =4qs5, E6=d6, G1=q1

& =*q2, &o =743, &0o= %4, (53)
So==1, & =%q1, & =+¢, & =+¢s,

& ==+q4, & =45, & =dqs, &1 =g,

& = £qs, & ==Eq9, &0 = %410, (54)

and we can work out gauge functions respectively

Gn = +5 kﬂ]ﬁFZ Smy(oD{g,)2, (55)

lYl

1 1
Gy = izquliF Z =~y oDa’()qs)2i5k2(CI%+61§)

lsl

1 1
ks (43 +45) & Ska (43 + o). (56)

The corresponding conserved quantities are

2
1 1
IN = F5 F k(g2 — q8)* F sks(q3 — q0)?

2C 2 2
1
Fyka(gs—q10)%, (57)

which denote the sum of the electric energy and the micro me-

chanical potential energy.

2
In = F=5 Fkagags F k3q3q0 F kaqaqio- (58)

2C

In this section we have discussed the effects of param-
eters k(q2,43,494),C(gq1) and non-potential forces Q; on the
forms of Noether conserved quantities. From the above cal-
culations we can conclude that the Noether symmetry and
Noether conserved quantities are strongly determined by non-
potential forces and the material parameters. We did not give
all the conserved quantities for the neuron membrane dynam-
ics model, because we can see the conserved quantities are
strongly dependent on the external non-conservative forces
and characteristic parameters of the neuron membrane. But
we give general formulations (41) and (42) to calculate its con-

served quantities.

074501-6
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5. Conclusion

Considering a neuron axon without myelin as an axis-
symmetrical cylinder with homogeneous deformation in a
neuron membrane, we unified the deformation and electro-
physiological multiscale coupling process through Hamilton’s
principle in generalized coordinates with fractional derivative
of variable orders. The Lagrange equation (10) of the vari-
able order fractional multiscale mechano-electrophysiological
model of the neuron membrane is given through which we
can deduce the variable order fractional differential equa-
tions of motion found in Ref. [7] and the variable or-
der fractional Hodgkin—Huxley equation. The variable or-
der fractional Noether symmetry criterion (37) and (41) and
Noether conserved quantities (38) and (42) are given under Lie
group transformations. Through the variable order fractional
Noether criterion we work out some solutions that correspond
to Noether conserved quantities under different external stim-
uli. The results show that Noether conserved quantities closely
depend on the external nonconservative forces and material
parameters of the neuron, which need to be further verified
by experiments. Other symmetrical methods, like Lie symme-
try and Mei symmetry can also be applied to this system, and
these will be studied in the future.
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